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The recent breakthrough of realizing the Bose-Einstein condensate of polar molecules and degenerate Fermi
molecules in three dimensions relies crucially on the microwave shielding technique, which strongly suppresses
the collision loss between molecules. In this Letter, we show that the cooperation of microwave shielding and
dipolar interaction naturally leads to the emergence of a synthetic gauge field. Unlike that studied in cold atoms
before, this gauge field couples to the relative motion of every two molecules instead of single-particle motion,
therefore being a mutual gauge field. In this case, every molecule carrying a synthetic charge sees the other
molecule as carrying the source of the magnetic field, and the spatial distribution of the magnetic field is
reminiscent of a solenoid attached to the molecule. In other words, in addition to microwave-shielded interaction,
another part of the interaction between two molecules behaves as a charge interacting with a solenoid, which
was missed in the previous discussion. We argue that the physical manifestation of this gauge field is breaking
time-reversal symmetry in the collective spatial motion of molecules. Finally, we discuss the challenges in

quantitatively studying such a quantum many-body system.
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Introduction. Since achieving Bose-Einstein condensation
of atoms, it has been a long-lasting effort for over two decades
to realize quantum degenerate gases of polar molecules, which
offer the promise of richer quantum many-body phenomena
thanks to their long-range dipolar interactions [1-4]. How-
ever, the main obstacle is the sticky collision loss between
molecules because of their complicated short-range interac-
tion potentials [4,5]. When these molecules are confined in
two dimensions, a DC electric field is sufficient to reduce the
collision loss because the dipolar interaction is repulsive with
these molecules’ dipole moments polarized perpendicular to
the plane [6]. Nevertheless, in three dimensions, a DC electric
field cannot make interaction repulsive in all directions and
cannot prevent collision loss. Later, it was proposed that a
circularly polarized microwave coupling different molecular
rotational states can engineer a three-dimensional repulsive
short-range potential to suppress collision loss, a technique
called microwave shielding [7,8]. Since 2021, several ex-
perimental groups have realized the suppression of collision
loss by microwave shielding in optical tweezers and traps
[9-15]. With this new technique, fermionic molecules have
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been cooled to below the Fermi temperature [10], and Bose-
Einstein condensation of bosonic molecules [15] has been
recently realized.

In this Letter, we point out that microwave shielding is
not only a tool to overcome the obstacle, but it can also
generate an intriguing correlated quantum many-body system
that has never been encountered or discussed before. In short,
microwave shielding, cooperating with dipolar interactions
between molecules, generates a synthetic gauge field in this
system, which possesses the following two unconventional
features.

First, the synthetic gauge field has been extensively inves-
tigated in cold atom physics before, where such a gauge field
is coupled to the motion of each single particle [16-26]. In
our case, we show that, in a two-molecule system, the gauge
field emerges and couples to the relative coordinate of two
molecules. That is to say, one molecule sees another molecule
as a moving source of the synthetic magnetic field. In a many-
body system, every molecule carries a synthetic charge and
sees any other molecule as carrying the source of the magnetic
field. This is reminiscent of the composite fermion description
of the fraction quantum Hall effect, where such a gauge field
is called the mutual gauge field [27].

Second, the mutual gauge field manifests as flux attach-
ment in the fractional quantum Hall case. Namely, a magnetic
field is attached to each electron. However, each electron
does not see the magnetic field attached to itself but sees
the magnetic flux attached to other electrons. In a two-
molecule system, the synthetic mutual gauge field behaves
like solenoid attachment instead of flux attachment. That is to
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FIG. 1. Schematic of synthetic mutual gauge field as solenoid at-
tachment. Each molecule carrying a synthetic charge (denoted as red
balls) sees a synthetic magnetic field produced by other molecules
(denoted by yellow lines with arrows), and the synthetic magnetic
field looks like a solenoid is attached to these molecules. The syn-
thetic magnetic field bends the spatial trajectories of these molecules
(dashed lines).

say, one molecule behaving as a charged particle sees the other
molecule as if a solenoid is attached to it. More concretely, in
the relative coordinate, the synthetic magnetic field lines go
from the north pole to the south pole, where the microwave
polarization defines the poles. We emphasize that this is not
the scenario in which two molecules interact by magnetic
dipolar interaction as two solenoids.

In Fig. 1, we schematically illustrate this physical pic-
ture of the mutual synthetic gauge field in microwave-
shielded polar molecules. Below, we will first show how
such a gauge field emerges and then discuss its physical
consequences.

Physical system. For each molecule, four internal rotational
states with angular momentum J = 0 and J = 1 are mostly
relevant to this discussion, and we denote them by |g) =
[0, 0), le_1) = |1, —1), |eg) = |1, 0), and |e;) = |1, 1), where
|J, M) is an eigenstate with quantum number J for internal
angular momentum and M for its z component. As shown in
Fig. 2(a), we consider a o -polarized microwave beam that
couples |g) to |e;). The single-particle Hamiltonian reads

Ho=2A Y le) {es| + Qcos(r) ler) (¢l +He., (1)
s=0,%1

where A is the molecular rotational constant, and 2 and w are
the coupling intensity and angular frequency of the o™ beam,
respectively. The dipolar interaction Hj, between two polar
molecules reads

A A RN A
Hin(r) = [d1 rdy = 5 (dy 1), -r)}, (@)

4megrd
where r=r; —r, is the relative position of the two
molecules, d j (j =1, 2) is the electric dipole operator of the
molecule j, and ¢ is the dielectric constant. The strength of
the dipolar interaction can also be characterized by a bare
dipolar length defined as aq = ud?/ (67 %), with p be-
ing the reduced mass and d being the dipole moment. For
example, for NaCs molecules, we have aq ~ 3.3 x 10%ay,
where qa is the Bohr radius.

(a) b
le_1) [€) le1) ( ) 1g)

19) le-1) |€o) le1)
M=-1 0 +1

FIG. 2. (a) Single-particle Hamiltonian in the laboratory frame.
For each molecule, among the four internal rotational states, |g) and
|e1) are coupled by circular polarized microwave o * with strength €.
(b) Dipolar interactions in the rotating frame. The arrows denote two
typical interaction processes and the phase factors attached to these
processes.

We apply the rotating-wave approximation to eliminate the
largest energy scale A, and in the rotating frame, Hy becomes

- Q
Hy = Alg) (gl + 5 le1) (gl + H.c., 3)

and A = w — 2A. We focus on the blue detuning case with
A > 0 for discussing the microwave shielding. We project
the dipole interaction into the subspace spanned by these
four internal states of each molecule. With the rotating-wave
approximation, we only keep the near-resonance interaction
processes. Then, in the rotating frame, the dipolar interaction
becomes [28]

2W2rd?
_\/1_%”0"3 3 [Saai6. 93] @

m=-—2
Here 6 and ¢ are the polar and the azimuthal angles of of r,
respectively, and Y;"(6, ¢) are the spherical harmonics. The
operators 3, (m = %2, £1, 0) are given by

Hint (r) =

A 1
20 = m@ leos 8) (g: €0l — ler: g) (g e

—le-1;8) (g;e—1| + H.c.), %)

A

1
Yo = mﬂel;g)(g; eo| — leo; g) (g e—1]

+1g; e1){eo; gl — 1g; eo) {e—1: &), (6)

. 1
o = —E(Iel;gﬂg;e_ll + g er){e-1: 8D, 7

and 22,_1 = E;l and f)z._z = 2;.2, where |oi; ) =
lai)1]o2)2 (@12 = g, e +1) is the direct product state of the
two molecules. Here 22,0 process conserves total M. ﬁz,il
and f)zﬂ processes change total M by one and two, respec-
tively, and therefore, these two processes are associated with
a phase factor ¢™ in Y;1(0, ¢)* and e™** in Y;52(0, ¢)*,
respectively. These processes are shown in Fig. 2(b). These
phase factors include all complex numbers in the Hamiltonian
after the rotating-wave approximation.
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Synthetic gauge field. We consider a two-body problem
with j = 1, 2 denoting two molecules. The total Hamiltonian
in the center-of-mass framework reads

22

H=——"+Ww), (8)
2u
W)=Y H” + Hin(r), )
j=1,2

in the rotating frame, where ﬂéj ) is Ho of the molecule j,
and W (r) describes the internal couplings between different
rotational states due to both microwave shielding and dipolar
interactions.

The phases attached to the scattering processes shown in
Fig. 2 suggest that a unitary transformation U (¢) can make
VT/(r, 0) = U (¢)W (r)U(¢) as a ¢ independent and real one,
where U (¢) is defined as

U(¢) = exp[ip(2N._, + N.,)]. (10)

and 1\76,. (i =0, £1) counts the total number of molecules in
the |e;) state. Thus, V?/(r, 0) shares the same set of eigenvalues
as W (r, 0). By diagonalizing V?/(r, 0), we can obtain the high-
est eigenvalue, denoted by V (r, ), and its corresponding real
eigenstate |{(r,0). Here V(r, 0) is the microwave-shielded
potential [7,8,28]. It is an antidipolar potential, which is purely
repulsive along 6 = 0 and has a zero crossing for 6 = /2, as
shown in the inset of Fig. 3. We define the zero crossing r, as
the shielding core because the repulsion of V (7, 6) increases
rapidly for all directions when r < r.. It forbids two molecules
from being closer, which is also why microwave shielding can
reduce collision loss. Typically, 7. is of the order of 1073 of
ay and decreases smoothly as €2/ A increases.

The separation of different eigenvalues of V?/(r, 0) is large
enough to ensure the adiabatic approximation, as justified
by recent experiments [9-15], the internal state follows the
eigenstate U (@) ¢ (r,0) of W (r, 0), and thus the total wave
function of the two-molecule system in the center-of-mass
framework is given by

W) =y U@, 0)). 1)

Here v (r) experiences an effective Hamiltonian [30-32]
. 1
H = S [=ilV, —AOF + V(1 0), (12)
i

where A(r) = iR (¢ (r,0)| UV, [U [¢(r,6))] is the induced
gauge field. Since | (r, 8) is real and U only depends on ¢,
A only has a e, component as A(r) = Ay(r, 0)ey, and

h N "
Ay(r,0) = nd (€O 2N, , +Ney) 16(r,0)) . (13)

We can further derive the synthetic magnetic field as B(r) =
V x A(r) = B,(r,0)e, + By(r, 0)ey. This synthetic magnetic
field has no ¢ dependence, respecting the cylindrical symme-
try of o™ microwave.

We show a numerical illustration of B(r) in Fig. 3. First,
in the inset of Fig. 3(a), we plot the synthetic magnetic field
distribution in the xz plane outside of the shielding core, which
clearly shows that the magnetic field distribution follows the
distribution produced by a solenoid outside of the shielding

x10
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FIG. 3. (a) The synthetic magnetic field. The two solid lines
are B,(r,0 = 0) and By(r, 6 = 7 /2), respectively, and the other two
dashed lines with vanishing values are B,(r, 0 = 7 /2) and By(r, 0 =
0), respectively. The gray vertical dashed line indicates the location
of the shielding core r., defined as the zero crossing of V(r,0 =
7/2). aq is taken as the length unit, of the order of 10°a,. The inset
shows a magnetic field distribution along the xz plane outside of 7.
(b) Total magnetic flux across the equator in the regime outside of
the shielding core r.. Here, the total flux is plotted as a function of
2/A. The inset illustrates the microwave-shielded potential and the
definition of r.. Here, we take NaCs molecule as an example, and
we set A = /(2 )10 MHz. For (a), we take 2 = A. The codes for
numerical calculations and figure generation are provided in a public
GitHub repository [29].

core r.. Following the cylindrical symmetry, rotating this plot
along Z generates the magnetic field distribution in the entire
three-dimensional space. In Fig. 3(a), we also show thatat 0 =
0, B is purely along the radial direction. At the equator with
0 = /2, B is purely along the ey direction. Their strengths
both increase toward short distances and become significantly
smaller when the distance is about twice the shielding core
size. This indicates that molecules experience the strongest
effect of this mutual gauge field when their relative distance
lies in a sphere shell just outside of the shielding core. We
note that the average intermolecular distance is indeed in this
regime for the typical density of current experiments [15].
To quantify the strength of the synthetic magnetic field, we
calculate the total magnetic flux through the equator outside
of the shielding core, i.e.,

o0
® = 271/ rdrB(r,6 = 71/2) - e,. (14)
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This result of ® is shown in Fig. 3(b) as a function of Q2/A.
It shows that the magnetic flux can easily reach the order of
one flux quanta, indicating that it can produce a significant
effect by altering the trajectory of relative motion between two
molecules.

Before ending this section, let us remark that the situation
is very different if the microwave is pure 7 polarized instead
of o polarized. The 7 polarized microwave only couples |g)
to |eg). We can repeat the analysis above by defining U (¢) as

U) =exp[ip(N., — N.,)]. (15)
This also leads to A(r) = Ay(r, 6)es and

—h N N
Ag(r,0) = Sind O (Ney —Ney) 16(r,0)) . (16)

However, with 7 polarized microwave only, the system pos-
sesses the time-reversal symmetry, which ensures that A, (r, 6)
is always zero. Hence, o polarized microwave is essential for
generating the synthetic mutual gauge field.

If the microwave mixes o polarization with 7 or o~ po-
larization, there is no such analytical expression of U that can
eliminate all phase dependence in W (r). However, one can al-
ways straightforwardly diagonalize W (r) to obtain a complex
eigenstate |¢(r)) corresponding to the microwave-shielded
potential. We can further compute A(r) as il (£ (r)| V, [ (r)).
In this case, the resulting synthetic magnetic field no longer
obeys cylindrical symmetry, leading to a distorted solenoid.
However, the general physical picture should not change. We
will leave the more detailed calculation for future investiga-
tion.

Two-body problem. Now, we discuss the physical conse-
quences of this synthetic gauge field. The emergent magnetic
field around each molecule is very similar to the magne-
tosphere around our Earth, which bends the trajectory of
charged particles in the solar wind especially when two
molecules approach each other along the equator. The col-
lision along the third direction is less affected because the
trajectory of relative motion is nearly parallel to the magnetic
field. By this physical intuition, the dominant physical effect
is to generate the mutual rotation between two molecules,
and we can consider a simpler two-dimensional situation
to illustrate this effect. Below, we solve a two-dimensional
problem with two molecules restricted in the xy plane and
confined by a two-dimensional harmonic trap. We calculate
the relative angular momentum for the ground state as (L,) =
—ih f dr(\lf(r)|%|\ll(r)), where r now refers to the relative
position in the xy plane. As shown in Fig. 4, a nonzero relative
angular momentum indeed appears. The magnitude of this
angular momentum is of the order of %, consistent with the
amount of the flux outside of the shielding core shown in
Fig. 3(b). However, the angular momentum is not quantized.
This is a fundamental difference compared with the case
of flux attachment, where the relative angular momentum is
quantized because a quantized flux is attached to the particle,
with the magnetic field outside the particle always being zero.

The presence of o™ microwave breaks the time-reversal
symmetry on the internal states. However, the finite relative
angular momentum breaks the time-reversal symmetry in the
spatial coordinate space. Hence, the two-body calculation
reveals that the mutual gauge field is similar to spin-orbit

0.4

0.3
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FIG. 4. The relative angular momentum (L) for the ground state
of two molecules in a two-dimensional harmonic trap as a function
of Q/A. As an example, we consider the system of two NaCs
molecules. We set the harmonic trap frequency wy, as (27)1 MHz
and A as /(27 )10 MHz. We provide the codes for numerical calcu-
lations and figure generation in a public GitHub repository [29].

coupling, which transmits the effect of time-reversal symme-
try breaking from the internal space to the spatial coordinate
space. In this sense, these two effects are similar. However,
as we have emphasized at the beginning, conventional spin-
orbit coupling is a single-particle physics, while this mutual
gauge field occurs in the relative motion between any two
molecules, which is an intrinsic interacting physics. With
this intuition, we expect to detect the manifestation of this
gauge field in many-body systems by looking at the break-
ing of time-reversal symmetry in terms of the spatial motion
of molecules. For instance, in a Bose-Einstein condensate
of microwave-shielded molecules, the critical rotational fre-
quencies for generating vortices should be different between
clockwise and counterclockwise rotation. One should also
expect to observe the classical Hall effect in this system.
Measuring critical rotation frequency and classical Hall effect
has been realized in atomic condensate before and can be
straightforwardly applied to molecular condensate [33,34].

Concluding remarks. Having discussed the qualitative ef-
fect of the gauge field, here we emphasize that a quantitative
study of such quantum many-body systems is highly chal-
lenging. First of all, the mutual gauge field occurs between
any pairs of molecules and couples to all relative coordinates,
but we cannot write the kinetic energy term in the relative
coordinates of all pairs since

" "
DI D D an

This prevents including the mutual gauge field in the first
quantization form of the many-body Hamiltonian. In the frac-
tional quantum Hall case, the flux attachment is implemented
in the field theory form by the Chern-Simons gauge theory.
However, so far, it is also not clear how to attach a solenoid in
a field theory approach.

To highlight the potential impact of this finding on future
quantum simulation, we present in Table I the similarities
and differences between microwave-shielded polar molecules
and the other three extensively studied quantum many-body

L032027-4
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TABLE 1. The comparison of similarity and difference between microwave-shielded polar molecules and other three quantum systems

studied extensively in the past.

Similarity

Difference

Liquid helium

Hardcore repulsion
Interaction range comparable

With versus without gauge field
Isotropic versus anisotropic interaction

To interparticle spacing

Gauge field emerges
Because of similar mechanism
Internal states twist spatially

Cold atoms with synthetic gauge field

Single particle gauge field
Versus
Mutual gauge field

Fractional quantum Hall effect

Repulsive interaction
Presence of a mutual gauge field

Flux attachment versus
Solenoid attachment

systems. First, in comparison to liquid helium, both systems
exhibit hard-core repulsion, with an interaction range compa-
rable to the interparticle distance [35]. The long-range nature
of the interaction can lead to a supersolid phase for bosons
or a Wigner crystal phase for fermions. Investigating the un-
conventional properties induced by the emergent gauge field
in polar molecules within the supersolid or Wigner crystal
phase is worthwhile. Second, when compared to cold atoms
with synthetic gauge fields, both systems show effects of
spin-orbit coupling as discussed earlier. The key difference
is that in cold atoms, the gauge field pertains to single-
particle physics, whereas it is part of the interaction in polar
molecules. Spin-orbit coupling is known to be an essential
ingredient for topological physics, making it intriguing to
explore whether interaction-driven topology will emerge in
this system. Third, compared to the fractional quantum Hall
effect, both systems feature repulsive interactions and mutual
gauge fields. The angular momentum displayed in Fig. 4 is
also sufficiently large to ensure that the system transitions into
the fractional quantum Hall regime. However, the difference
lies in the structure of the mutual gauge field. In the fractional
quantum Hall case, a quantized flux is locally attached to
each electron [27], whereas, in the polar molecule case, the
magnetic field has an extended spatial distribution around
each molecule. This enhances the spatial fluctuation of the
gauge field as molecules move, potentially resulting in novel
types of strongly correlated phases in the fractional quantum
Hall context.
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Appendix: Derivation of Eq. (4) Equation (4) is the ex-
pression of the dipolar interaction in the rotating frame under
the rotating-wave approximation (RWA). This expression was
first derived by Ref. [28], and we rederived this expression

using a slightly different approach and with our notation, to
be self-contained.

As discussed in the main text, we first project the expres-
sion in Eq. (2) onto the subspace spanned by the two-molecule
states |op; ) (@2 = g, €o,+1) and obtain

Aur)= >l mlona)e):af).

’ !
ay,00,a],0

(AD)

The matrix element 4o (r) is given by

oo
hay .0, ()

= (a; o]

A A 3 . -
|:d1 -dy — ﬁ(dl -r)(d> "')]WE;O‘Q-
(A2)

4JT€QF3

By applying the RWA, we ignore the off-resonant terms on the
right-hand side of Eq. (A1) and only keep the terms satisfying
Ey + Ey, = Ey, + Eyy, where E, =0 and E,,,, =2A are
the bare energies of the one-molecule internal states |g) and
leo.+1), respectively. Under the RWA, the dipolar interaction
is given by

Hu() = ) haw (s, 15,5, +£,

' o
op,00,0},0)

(A3)

X Joers ) (o s ).

Furthermore, we note Eq. (A3) is invariant under the rotating
wave transformation. .

Finally, we notice that dipole operator d; (j=1,2)
of molecule j can be expressed as d j=d«4Am /?»[c?_}o)eZ +
c?](.+)e+ + aA’j(.f)e_], where d is the dipole moment and ey =

(Fe, +iey)/ V2, with e, , . being the unit vectors along the
X, y, z axis, respectively. Furthermore, in the subspace spanned

by |g); and |eg.+1); (j = 1, 2) the operators dA}0’+> only have
the following nonzero matrix elements:

(812 leo); = steol ¥ lg) = J%; (Ad)

HerldS? 1g) = J%_ﬂ; (A3)

(gld lesy); = —\/%, (A6)
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and the nonzero matrix elements of ﬁj(f) in this sub-

space can be derived via the relation d ) = —c?;HT. Using
these coefficients, we can derive the explicit expressions

for hzijgé(r) of Eq. (A2). We finally arrive at Eq. (4)
by substituting these expressions into the right-hand side
of Eq. (A3).
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