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General spin- 1
2 chains with symmetric nearest-neighbor interaction are studied. We rigorously prove that all

spin models in this class, except for known integrable systems, are nonintegrable in the sense that they possess
no nontrivial local conserved quantities. This result confirms that there are no missing integrable systems; i.e.,
integrable systems in this class are exactly those that are already known. In addition, this result excludes the
possibility of intermediate systems that have a finite number of nontrivial local conserved quantities. Our findings
support the expectation that integrable systems are exceptional in quantum many-body systems and most systems
are nonintegrable.
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I. INTRODUCTION

In the study of quantum many-body systems, distinc-
tion between integrable and nonintegrable systems is crucial.
Quantum integrable systems have Hamiltonians whose eigen-
values and eigenstates are exactly solvable [1–4]. Integrable
systems have been studied for almost a century, and various
models have been unveiled to be integrable [5–16]. Integrable
systems are highly useful in that many important physical
quantities can be calculated exactly. The solvability of inte-
grable systems is thought to be a consequence of the presence
of an infinite number of local conserved quantities [17,18].
Here, a local conserved quantity is a conserved quantity given
by a sum of operators acting on a few spatially consecutive
sites. To the best of our knowledge, all known integrable sys-
tems with local and shift-invariant Hamiltonians discovered to
date possess infinite local conserved quantities [19,20].

On the other hand, unlike conventional macroscopic sys-
tems, integrable systems exhibit some anomalous behaviors.
For instance, thermalization of isolated systems, a fundamen-
tal principle of thermodynamics, does not occur in integrable
systems due to the obstruction of local conserved quan-
tities [21–23], as observed in experiments using ultracold
atoms [24–26]. In addition, other empirical laws including
the Kubo formula in linear response theory and Fourier’s
law in thermal conduction do not apply to integrable sys-
tems [27–30]. Since these laws are empirically confirmed, it
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is believed that integrable systems are exceptional and almost
all systems are nonintegrable in the sense of the absence
of nontrivial conserved quantities [31,32]. Various numerical
experiments support this belief. For instance, the distribution
of the energy level spacings is qualitatively different between
integrable and nonintegrable systems, and generic systems
follow the distribution for the latter one (the Wigner-Dyson
distribution) [33–37].

In spite of these strong expectations, ubiquitousness of
nonintegrability has not yet been addressed from an analyt-
ical perspective. In contrast to vast literature on integrable
systems, it has been considered to be difficult to prove non-
integrability. In fact, a rigorous proof of nonintegrability was
elusive for a long time.

Recently, nonintegrability was rigorously proved in the
XYZ model with Z magnetic field [32]. Triggered by this
work, several models, the mixed-field Ising model [38], the
PXP model [39], and the Heisenberg model with next-nearest-
neighbor interaction [40], were proved to be nonintegrable.
However, these studies treat nonintegrability of individual
systems. To substantiate the expectation that most systems are
inherently nonintegrable, it is necessary to prove nonintegra-
bility of a broad class of systems.

In this paper, we demonstrate the ubiquitousness of non-
integrability within a general class of systems. Precisely, we
consider general spin- 1

2 chains with shift-invariant and parity-
symmetric nearest-neighbor interactions. We rigorously prove
that all systems except known integrable systems are indeed
nonintegrable; i.e., they have no nontrivial local conserved
quantity. This class of models in consideration includes many
well-established integrable systems, such as the Heisenberg
model and the transverse-field Ising model. Our result es-
tablishes that there is no further integrable system beyond
known ones (see Fig. 1). In addition, our result also shows
that any system has infinitely many local conserved quantities
or no nontrivial local conserved quantity, and there is no
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FIG. 1. A schematic of what we have proven in this article. All
systems except for known integrable systems are rigorously proven
to be nonintegrable, which dominates the space of possible models
in this class.

intermediate system with a finite number of nontrivial local
conserved quantities. This result supports the view that in-
tegrable systems are exceptional and almost all systems are
nonintegrable.

II. SETUP AND MAIN RESULT

We consider a general spin- 1
2 chain with N spins satisfying

the following conditions: the Hamiltonian is translationally
invariant, and the Hamiltonian consists only of parity-
symmetric nearest-neighbor interaction terms and magnetic
field terms. Precisely, the Hamiltonian in consideration is
given by

H =
N∑

i=1

⎛
⎝ ∑

α,β∈{x,y,z}
Jαβσ α

i σ
β

i+1 +
∑

α∈{x,y,z}
hασ α

i

⎞
⎠, (1)

with Jαβ = Jβα for any α and β. We identify site N + 1 to site
1, meaning the periodic boundary condition. We abbreviate
Pauli matrices σ x

i , σ
y
i , and σ z

i as Xi, Yi, and Zi, respectively.
In this article, we use the term nonintegrable to signify that

the system has no nontrivial local conserved quantity. Here,
we say that a quantity is conserved if it commutes with the
Hamiltonian of the system, and a quantity is local if it can
be written by a sum of operators that act on O(1) consec-
utive sites. In particular, a quantity that can be written by a
sum of operators on k consecutive sites is called a k-support
quantity. Notice that locality means spatial locality of the
range of interactions, not few-body interactions. For instance,∑N

i=1 XiYi+4 is a 5-support local quantity (not 2-support), and∑N
i=1 ZiZi+N/2 is not a local quantity. A local conserved quan-

tity with at least 3-support is referred to as nontrivial. If a
system has an infinite number of local conserved quantities in
the thermodynamic limit, we call this system integrable, and if
it has a finite number of nontrivial local conserved quantities,
we call this system partially integrable in correspondence
with the terminology in studies of classical Hamiltonian sys-
tems [41].

Below, we complete the classification of the systems repre-
sented by Eq. (1) with a rigorous proof from the viewpoint of
integrability. We prove that all systems represented by Eq. (1)
are classified into the following two groups:

(i) Integrable systems: The XXX (Heisenberg) model [5],
the XXZ model [7], the XYZ model [9], the XY model [6],
the transverse-field Ising model [6], trivial classical models,
and their global spin rotations.

(ii) Nonintegrable systems: All systems except the above.
This is the main result of this article. Notably, even at

finely tuned magnetic field, no additional integrable points
arise beyond the known families. Since the listed integrable
models are already established in the literature, it suffices to
prove nonintegrability for all remaining systems. We outline
the argument here; full details are given in the companion
paper [42].

III. IMPLICATIONS OF MAIN RESULT

Before going to the proof idea and the proof outline, we
here highlight the meaning of our result. Our main result man-
ifests the fact that there is no missing integrable system that is
awaited to be discovered. By conventional approaches in the
field of integrable systems, it is almost hopeless to prove that
obtained integrable models are the complete list of integrable
models and there is no oversight. Our nonintegrability proof
indeed does this and proves that there are no more integrable
systems in the form of Eq. (1).

This result also supports the expectation that integrable
systems are highly exceptional systems and most generic sys-
tems are nonintegrable. Since nonintegrability is necessary to
fulfill the linear response theory and thermalization, the ubiq-
uitousness of nonintegrability is strongly believed. However,
this belief is usually confirmed only by numerical simulations,
and its rigorous mathematical foundation has been elusive.
Our result serves as the first mathematical foundation of the
above belief.

In addition, our result demonstrates the absence of a par-
tially integrable system in this class, i.e., an intermediate
system with finite nontrivial local conserved quantities. Al-
though all known generic models have sufficiently many local
conserved quantities or no nontrivial local conserved quantity,
in principle, there may exist an intermediate system that has
a few nontrivial local conserved quantities. This is an open
problem in the research field of integrable systems [43]. Our
result solves this problem in negative as long as the system is
described in the form of Eq. (1).

IV. PROOF IDEA

In accordance with Refs. [32,38–40], we prove the ab-
sence of local conserved quantities by the following approach:
We first expand a candidate of a local conserved quan-
tity by strings of Pauli operators and the identity (X,Y, Z,

and I). We call these strings l-support Pauli strings Al
i =

AiAi+1 · · · Ai+l−1, where Aj ∈ {X,Y, Z, I} ( j �= i, i + l − 1)
and Ai, Ai+l−1 ∈ {X,Y, Z} are satisfied. Since the basis of
k-support quantities is l (�k)-support Pauli strings (hereafter
simply called l-support operators), any k-support quantity can
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TABLE I. We classify integrability/nonintegrability of all systems expressed in Eq. (4). Any system in the form of Eq. (1) is reduced to
Eq. (4). The asterisk in the table means that similar classifications apply to cases where Pauli X , Y , and Z are permuted.

Rank Standard form (JX , JY , JZ �= 0) Detailed conditions Integrability Name and Reference

0
∑N

i=1 hZ Zi – Integrable Free spins

hX = 0 Integrable Longitudinal-field Ising model
1

∑N
i=1(JZ ZiZi+1 + hX Xi + hZ Zi ) hX �= 0, hZ = 0 Integrable Transverse-field Ising model [6]

hX �= 0, hZ �= 0 Nonintegrable Proven in Ref. [38]

2
∑N

i=1
(JX XiXi+1 + JY YiYi+1

+hX Xi + hY Yi + hZ Zi )
(hX , hY ) = (0, 0) Integrable XY model [6]

(hX , hY ) �= (0, 0) Nonintegrable Proven in this article

JX = JY = JZ Integrable XXX model [5]
JX = JY �= JZ ,

(hX , hY ) = (0, 0) Integrable XXZ model [7]

3
∑N

i=1
(JX XiXi+1 + JY YiYi+1 + JZ ZiZi+1

+hX Xi + hY Yi + hZ Zi )
JX = JY �= JZ ,

(hX , hY ) �= (0, 0) Nonintegrable Proven in this article
JX �= JY , JY �= JZ , JZ �= JX ,

(hX , hY , hZ ) = (0, 0, 0) Integrable XYZ model [9]
JX �= JY , JY �= JZ , JZ �= JX ,

(hX , hY , hZ ) �= (0, 0, 0) Nonintegrable Proven in this article
(Special case: Ref. [32])

be expanded as

Q =
k∑

l=0

N∑
i=1

∑

Al

qAl
i
Al

i , (2)

where all coefficients {qAl
i
} are real numbers. Moreover, since

H is a 2-support quantity, the commutator of Q and H is an at
most (k + 1)-support quantity, which can be expanded as

1

2i
[Q, H] =

k+1∑
l=0

N∑
i=1

∑

Bl

rBl
i
Bl

i . (3)

The conservation condition, rBl
i
= 0 for all Bl

i , yields a
system of linear equations of {qAl

i
}. The goal of the proof of

nonintegrability is to show that these equations do not have
solutions except for qAk

i
= 0 for all Ak

i , which means that
Q cannot be a k-support conserved quantity. Since we need
to treat general k, we should find a systematic way to show
qAk

i
= 0 for all Ak

i .
We first simplify the Hamiltonian (1) by diagonalizing the

interaction matrix (Jαβ ) with the global spin rotation (
X ′
Y ′
Z ′

) =

R(
X
Y
Z

). Through this, a general Hamiltonian (1) can be trans-

formed into the following standard form:

H =
N∑

i=1

(JX XiXi+1 + JY YiYi+1 + JZ ZiZi+1

+hX Xi + hY Yi + hZ Zi ).
(4)

Notice that the integrability/nonintegrability does not change
through this transformation. Hence, it suffices to treat only the
standard form (4). Our complete classification for the standard
form is summarized in Table I.

Note that the procedure for the nonintegrability proof de-
pends on the rank of (Jαβ ) (i.e., the number of nonzero entries

in JX , JY , JZ ). Below, we prove the absence of 3-support local
conserved quantity in the case of rank 2 (i.e., JX , JY �= 0, and
JZ = 0) as an example (See the companion paper [42] for the
full proof). Our proof for this case consists of two steps. In
Step 1, we use the condition {rBk+1

i
= 0} to eliminate most

of coefficients {qAk
i
}. In Step 2, we show that the remaining

coefficients are also zero by using the condition {rBk
i
= 0}.

V. PROOF FOR 3-SUPPORT CONSERVED QUANTITIES
WITH RANK 2: STEP 1

To consider linear equations of {qAk
i
} given by the con-

servation condition, we introduce a useful expression called
column expression, with which we can grasp commutation
relations visually. Let us take as an example a commutator
between A3

i = ZiYi+1Xi+2 in Q and Yi+2Yi+3 in H generates
B4

i = ZiYi+1Zi+2Yi+3 as

[ZiYi+1Xi+2,Yi+2Yi+3] = +2i ZiYi+1Zi+2Yi+3. (5)

In the column expression, this commutation relation is ex-
pressed as

Zi Yi+1 Xi+2

Yi+2 Yi+3

+ Zi Yi+1 Zi+2 Yi+3.

(6)

Here, the horizontal line represents commutation operation,
and the horizontal positions of three operators reflect the
spatial positions of the sites they act on. The coefficient 2i
is dropped.

Since the coefficient of a 4-support operator B4
i in [Q, H]

is zero due to the conservation condition, each 4-support op-
erator B4

i accompanies a linear equation of {qA3
i
} derived from

the commutation relation. For example, B4
i = ZiYi+1Zi+2Yi+3

is generated only by Eq. (6) and no other commutator gener-
ates ZiYi+1Zi+2Yi+3, since the Hamiltonian does not have ZZ
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interaction and thus we do not have the following form of
commutator:

? ? ?
? ?

+ Zi Yi+1 Zi+2 Yi+3.

(7)

The above fact directly means

JY qZiYi+1Xi+2 = rZiYi+1Zi+2Yi+3 = 0. (8)

By similar arguments, we can show that qZiAi+1Ai+2 = 0 for
arbitrary Ai+1 and Ai+2. Due to the inversion symmetry, Pauli
strings with the reverse order of above also have zero coeffi-
cients: qAiAi+1Zi+2 = 0 for arbitrary Ai and Ai+1.

We also observe that

Xi X Y
X X

− Xi X Z X
(9)

is the only contribution to B4
i = XiXi+1Zi+2Xi+3, since we do

not have the following form of commutator:

? ? ?
X X

− Xi X Z X
. (10)

This fact directly implies qXiXi+1Yi+2 = 0. Moreover, by observ-
ing that

Xi I Z
X X

+ Xi I Y X
(11)

is the only contribution to B4
i = XiIi+1Zi+2Xi+3 and consid-

ering similar commutators, we find qXiXi+1Ai+2 = qXiIi+1Ai+2 =
qYiYi+1Ai+2 = qYiIi+1Ai+2 = 0 for arbitrary Ai+2.

Moreover, all contributions to B4
i = XiYi+1Zi+2Xi+3 are

listed as

Xi Y Y
X X

− Xi Y Z X

Zi+1 Y X
X X

+ Xi Y Y X,

(12)

which lead to

JX qXiYi+1Yi+2 = JX qZi+1Yi+2Xi+3 . (13)

Recalling that qZi+1Yi+2Xi+3 has already been shown to be zero,
we conclude that qXiYi+1Yi+1 = 0. In a similar manner to above,
we can show qXiYi+1Ai+2 = 0 as well as qYiXi+1Ai+2 = 0 for arbi-
trary Ai+2.

In summary, qA3
i
= 0 holds for all A3 except for A3 =

XZX, XZY,Y ZX, and Y ZY . In addition, we can show that the
remaining coefficients satisfy the following linear relations:

qYiZi+1Yi+2

JY
= qXi+1Zi+2Xi+3

JX
= qYi+2Zi+3Yi+4

JY
= · · · ,

qYiZi+1Xi+2 = −qXi+1Zi+2Yi+3 = qYi+2Zi+3Xi+4 = · · · . (14)

Hence, to prove the absence of 3-support conserved quantity,
it suffices to show the coefficients of Y1Z2Y3, Y2Z3Y4, Y1Z2X3,
and Y2Z3X4 as zero.

VI. PROOF FOR 3-SUPPORT CONSERVED
QUANTITIES WITH RANK 2: STEP 2

We next focus on 3-support operators {B3
i } in [Q, H] and

derive qXiZi+1Yi+2 = 0 and qXiZi+1Xi+2 = 0 for general i, which in-
clude the case of i = 1 and 2. Applying a global spin rotation
if necessary, without loss of generality, we assume hX �= 0.

Dropping all the contributions from A3
i whose coefficients

are shown to be zero in Step 1, we find that B3
i = YiYi+1Yi+2 is

generated only by

Yi Z Y
X

+ Yi Y Y,

(15)

which directly implies hX qYiZi+1Yi+2 = 0, meaning

qYiZi+1Yi+2 = 0. (16)

Inserting Eq. (14) to this, we have

qXiZi+1Xi+2 = 0. (17)

Next, all commutators generating B3
i = ZiZi+1Xi+2 are

Yi Z X
X

− Zi Z X

Xi Z X
Y

+ Zi Z X

Zi Y
X X

− Zi Z X,

(18)

and all commutators generating B3
i−1 = Xi−1YiYi+1 are

Xi−1 Z Y
X

+ Xi−1 Y Y

Zi Y
X X

+ Xi−1 Y Y
, (19)

which lead to

−hX qYiZi+1Xi+2 + hY qXiZi+1Xi+2 − JX qZiYi+1 = 0,

hX qXi−1ZiYi+2 + JX qZiYi+1 = 0. (20)

Summing these two relations and inserting Eq. (14) into it, we
have

−2hX qYiZi+1Xi+2 + hY qXiZi+1Xi+2 = 0. (21)

Plugging Eq. (17) into Eq. (21), we conclude that qYiZi+1Xi+2 =
0. This completes the proof of the absence of 3-support con-
served quantities in rank 2 case.

VII. OUTLINE OF THE PROOF FOR THE GENERAL CASE

We here outline the proof of our main result. The complete
proof is given in the companion paper [42].

The proof of the absence of k-support conserved quantities
in rank 2 case is quite close to that for k = 3. In Step 1, we em-
ploy the condition {rBk+1

i
= 0} and show that (1) qAk

i
= 0 holds

except for A = XZZ · · · ZZX , XZZ · · · ZZY , Y ZZ · · · ZZX ,
and Y ZZ · · · ZZY and (2) some linear relations hold between
the remaining coefficients. In Step 2, we employ the condition
{rBk

i
= 0} and show that all the remaining coefficients are zero.

In rank 1 case [38] and rank 3 case [32,42], the framework
of showing qAk

i
= 0 for all Ak by first focusing on {rBk+1

i
= 0}

and then on {rBk
i
= 0} is common to rank 2 case, while how to

eliminate the coefficients qAk
i

are quite different.
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VIII. CONCLUSION AND DISCUSSION

We have performed a complete classification of integra-
bility and nonintegrability for spin- 1

2 chain with symmetric
nearest-neighbor interaction, based on the number of local
conserved quantities. All systems, other than known inte-
grable systems, are rigorously proved to be nonintegrable.
Precisely, it is established that systems are either integrable
systems with infinite local conserved quantities or noninte-
grable systems with no local conserved quantity, and there
is no intermediate system with a finite number of local con-
served quantities. Our result offers a rigorous confirmation of
the expectation that most systems are nonintegrable.

We remark that a rank-by-rank analysis is essential. The
proof often yields constraints of the form JαqO = 0 [e.g.,
Eq. (8)], which imply qO = 0 only if Jα �= 0. Hence, when
the set of nonzero couplings changes, the implication becomes
vacuous and the proof must be reformulated.

Notably, the integrable systems naturally emerge as excep-
tional cases in the proof of nonintegrability without resorting
any existing techniques for integrable systems, including
the Bethe ansatz and the Jordan-Wigner transformation to
free fermions. Therefore, the nonintegrability proof method
is expected to help the discovery of novel integrable sys-
tems without relying on specific tools for integrable systems.
Also, the result in the companion paper [42], along with
Refs. [38,44,45], shows that expansion of physical quantities
and coefficient comparison are useful not only for proving
nonintegrability, but also for construction of local conserved
quantities of both integrable and nonintegrable systems.

In the class of models in consideration, the presence or
absence of k-local conserved quantities for 3 � k � N/2 fol-
low the same fate, i.e., if a system has (respectively, does not
have) 3-local conserved quantity, then this system has (does
not have) k-local conserved quantities for any 4 � k � N/2.
A similar property is conjectured for more general classes
of spin systems in Ref. [43], where for a broad class of
spin chains with nearest-neighbor interactions, the presence
or absence of 3-support conserved quantities is conjectured
to determine the presence or absence of general k-support
conserved quantities with k � 4. Clarifying whether this con-
jecture holds or does not hold in a more general class of
systems is left as an important future problem.
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