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We study the bifurcation and stability of radial symmetric solitons in one- (1D), two- (2D), and three-
dimensional (3D) damped-driven Kerr cavity systems. We employ a dimension-parameterized one-dimensional
framework, by imposing symmetry, where the dimension of the systems can be adjusted by a real parameter,
enabling us to analyze the impact of the dimensionality increase, in a continuous fashion, on the system’s
dynamics. Our results applied to Kerr cavity solitons unveil how key bifurcations, such as Hopf or exponential

instabilities, appear in the system and reveal that the soliton solutions tend to become more and more unstable in
systems with increased dimensions. Consequently, the stability region for 2D solitons is much narrower than in
1D, and all 3D solitons are unstable against collapse in the 3D damped-driven nonlinear Schrodinger equation.
Our results and methods may be applied to other physically relevant 1D, 2D, 3D systems under symmetric

conditions.
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Solitons are wave packets that maintain their shape while
propagating through nonlinear media, appearing in different
physical contexts such as Bose-Einstein condensates, plas-
mas, hydrodynamics, biology, and optics [1-5], to cite a few.
In optical conservative systems, solitons form due to a balance
between nonlinearity and dispersion or diffraction. This bal-
ance occurs in one- (1D), two- (2D), and three-dimensional
(3D) systems, respectively, giving rise to a plethora of possi-
ble solitary waves, ranging from, e.g., temporal, spatial, and
spatiotemporal solitons, which in the case of 3D are called
light bullets (LB) [6-9]. Purely conservative spatiotemporal
solitons have only been experimentally observed in scant oc-
casions, in the form of dynamical wave packets which survive
over a few dispersion or diffraction lengths only [10-12]. In
open or dissipative systems, where loss and external energy
sources play a key role [5], solitons tend to become robust
attractors and are referred to as dissipative solitons (DS):
examples include DS in mode-locked lasers [13—15] and mul-
timode Fabry—Perot microresonators [16]. Compared to their
1D counterparts [17,18], spatiotemporal solitons exhibit more
complex dynamics, owing to their higher-dimensional nature.

Exploring changes in system dimensionality across dif-
ferent scientific fields has often led to the discovery of new
phenomena and performance improvements. Examples in-
clude nanophotonics and plasmonics [19,20], cosmology [21],
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Fermi gases [22], geosciences [23], Casimir effects [24,25],
and quantum networks [26,27]. Similarly, in the field of DS,
the reduction of 2D spatial Kerr cavity solitons (CS) [28,29]
to 1D temporal CS [17,18,30-32] has facilitated the devel-
opment of coherent optical frequency combs, unlocking the
potential of a new technology. Conversely, exploring higher
dimensions has led to the prediction of more complex forms
of solitons and patterns in 2D [29,33-37] and in 3D [38—45].

The dynamics of multidimensional Kerr CS are de-
scribed by the driven and damped nonlinear Schrédinger
equation (NLSE), that was originally studied in plasma
physics [46,47]. This equation is adaptable across various
dimensions, as illustrated by the spatial Lugiato-Lefever equa-
tion [48] and the 1D temporal Haelterman-Trillo-Wabnitz
equation [49-51]. Localized states in these systems, which
involve bistability induced by nonlinearity, have been ex-
tensively theoretically studied [52-56]. While an attempt to
explore 3D bulk optical Kerr cavities, incorporating both
diffraction and dispersion [57], claimed stable LB, a thorough
stability analysis was absent, which is crucial to elucidate
the presence of bifurcations in the solutions and to verify
the LB’s stability. Moreover, in higher-dimensional systems
the dynamics may undergo significant changes, such as wave
collapse—a long-standing challenge in systems with a cu-
bic nonlinearity in both conservative and dissipative systems
[3,58-60]. Until now, how these phenomena evolve with in-
creasing dimensionality remains an open question.

In this work, we analyze the bifurcation structure of the
damped-driven NLSE as the dimension parameter, introduced
in Refs. [6,61], changes continuously. In this way, we can
trace the onset of characteristic higher-dimensional dynamics
associated with the cubic nonlinearity [3,58,59]. In particu-
lar, we reveal how dimensionality impacts the existence and
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stability of multidimensional CS within the framework of the
damped-driven NLSE, covering settings from 1D to 3D. By
reducing all models to a single 1D equation with an added
parameter, we are able to elucidate the distinct characteris-
tics of radial symmetric CS, both within specific dimensions
and across transdimensional regimes. Our findings show that
the stability region for 2D CS is significantly reduced when
compared to 1D CS, in agreement with previous 2D studies
[29]. In 3D, although localized solutions (LS) exist, they are
all unstable, and prone to wave collapse, unless additional
constraints are imposed, as previously noted [35,42].

By neglecting the angular (azimuthal and polar) degrees of
freedom, the driven and damped NLSE reads as
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where ¢ is the propagation time, r stands for, e.g., the propa-
gation coordinate in 1D systems or the radial coordinates in
2D and 3D systems with cylindrical and spherical symmetry,
respectively. § is the cavity detuning and P is the amplitude of
the external driving.

This model adopts a dimension-parametrized framework
in which D =1, 2, 3 correspond to 1D, 2D, and 3D sys-
tems, respectively. The parameter D modulates the differential
operator and serves as a continuous variable to explore the
impact of dimensionality on the system’s dynamics. While
noninteger values of D may lack a direct physical meaning,
the reduced 1D NLSE still supports soliton-like solutions en-
abling a systematic tracking of their stability variations within
a constrained subset of the support domain. This mathemati-
cal extension provides valuable insights into the evolution of
bifurcation behaviors as the system transitions between well-
defined physical dimensions. The regime D > 3 is beyond the
scope of the present study, but may offer meaningful insights
in future work if relevant physical analogs are identified. To
distinguish between physical and nonphysical solutions, we
refer to LS for D # 1, 2, 3, whereas CS specifically denote
cases with physically meaningful integer dimensions D =
1, 2, 3. Other similar approaches have been explored in fractal
NLSE studies [62—64] and fractional nonlinear-wave physics
models [65].

Figure 1(i) illustrates the case of a stable 1D CS for param-
eters P = 1.21 and § = 1.7. By progressively increasing D,
we compute new LS through the pde2path [66]. As shown in
Fig. 1(a), the peak amplitude max(|A|) of these LS increases
with D. For D = 2 and 3, we extend the radial profiles A(r)
to their full distributions and plot their 1D cross sections
A(x,y=0) and A(x =0,y =, 7) in Figs. 1(ii),(iii). Profiles
of the 2D CS [A(x, y)] and 3D CS [A(x, y, T)] are represented
in Figs. 1(iv) and 1(vi), while the cross-section of the 3D
CS |A(x,y =0, 7)| is displayed in Fig. 1(v). As shown in
Figs. 1(1), 1(ii), 1(iii), increasing D leads to higher peak val-
ues of CS, whereas the background field amplitudes remain
unchanged.

A linear stability analysis (LSA) reveals that the stability of
the radially symmetric LS is compromised as D increases [cf.
Fig. 1(a)]. In the transdimensional regime between D = 1 and
2, the LS develop an oscillatory instability, known as Hopf
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FIG. 1. (a) Bifurcation diagram, in the form max(|A|) vs D, of LS
with§ = 1.7, P = 1.21. Stable and unstable LS predicted by LSA are
shown as solid black and red dashed curves, respectively, and verified
by simulations of Eq. (1), where blue circles indicate the maximum
and minimum values of |A(r = 0)|. The dynamical regimes include:
(1) stable LS, (2) breathing LS, (3) breathers decaying into HS, and
(4) wave collapse. The profiles of the 1D, 2D, and 3D solitons,
marked by (i),(ii),(iii)) at D =1, 2, 3 in (a), are plotted vs r in
(1),(i1),(iii). Panels (iv),(v),(vi) reconstruct the 2D profile of panel (ii),
the cross of the bullet in (iii) and its full 3D profile.

bifurcation (H) [67]. Between D =2 and 3, the instability
becomes a purely exponential one, as the two eigenvalues
associated with the internal modes [68] collapse onto the real
axis, giving birth to a purely exponential instability [69]. We
mark this instability C. The LSA is validated by numerical
simulations of Eq. (1). Our results show that stable breathing
solutions are restricted to region 2 [see Fig. 1(a)]; beyond
this, the final state converges to the homogeneous state (HS),
while in region 4, wave collapse occurs (see examples in
Supplemental Material [69]). Notably, wave collapse occurs
before reaching point C, as the C value is determined for
stationary solutions. Once an LS enters the breathing process,
transient field intensities exceed those of the stationary state,
potentially triggering wave collapse. A video illustrating the
simulation of radial field profiles for various values of the
dimension parameter D is available in [70]. In what follows,
we will unfold the structure of these multiple bifurcations and
explore the existence of stable high-dimensional CS.

Figures 2(a)-2(c) show examples of bifurcation diagrams
of the soliton peak max(|A|), when varying § forD =1, 2, 3
in Fig. 1(a). In Fig. 2(a), the stable HS branch (solid gray
curve) bifurcates at the branching point B, where it intersects
with the unstable HS (dashed gray) branch and the unstable
CS (dashed red) branch. The latter connects to the stable
CS branch at the fold point F;. When D = 2 [cf. Fig. 2(b)],
solitons feature higher peak-intensity levels, and the branch
between F; and F, extends over a larger § range (1.68 <
8 < 2.32), although the stable CS only exist in a narrow
range (A8 ~ 1073) in between the Hopf bifurcation H and
F; (see inset). For D =3, CS undergo a similar structure,
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FIG. 2. (a),(b),(c) Bifurcation diagrams for CS and HS repre-
sented by max(|A|) versus § for D = 1,2, 3 dismensions, respec-
tively, with a fixed driving value P = 1.21. (d) Bifurcation diagram
vs § for different P when D = 1. Stable and unstable HSs are shown
as solid and dashed gray curves, respectively, separated by fold
bifurcations (B; and Fy), indicated with brown curves. Stable and
unstable CS are represented by solid black and red dotted curves,
respectively. Two fold bifurcations (F,, F,) for CS are shown as solid
red curves, and Hopf bifurcations H are marked by purple curves.
Cusp bifurcations are labeled as Cg for CS and Cy for HS. (e) Phase
diagram of P versus §, highlighting regions divided by fold and Hopf
bifurcations. For the 2D and 3D cases, fold bifurcations (F;, F3) are
represented by blue and green curves, respectively, in contrast to the
1D case.

with branches extending over an even larger § region
[6 € (1.68,4)].

To further illustrate the system’s stability, we analyze the
evolution of both fold (F) and Hopf (H) bifurcations. Starting
from the 1D cases, as depicted in Fig. 2(d), we explore the
bifurcation diagram vs § for both HS and CS for different
driving values P. The HS undergo Turing or modulational
instability (MI) (see gray line) for P > 1, and a cusp bifurca-
tion Cy at (P, §) = (1.24, V3 ), which leads to the appearance
of two bifurcation curves, Fy and B;. For CS, the fold (Fi,
F,) and Hopf (H) bifurcations, depicted by red solid and
purple curves in Fig. 2(d), are replotted in Fig. 2(e) as a phase
diagram. F, for CS shares the same (P, §) values as B; for
HS. The point Cg where F; and F, collide and disappear
corresponds to the cusp bifurcation at (P, §) = (1.1, 1.48). 1D
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FIG. 3. Phase diagram showing different bifurcations (marked
by F,, F,, F; for fold and H for Hopf) when varying D and § in
(@P=3,1)08<P<1,and(c) 0.8 <P < 3.

CS are confined to the region between F; and F,, while 1D
breathers occur between H and F,.

We extended our analysis to the fold bifurcation of 2D
and 3D CS [see blue and green curves in Fig. 2(e)]. For P
values above Cg, 2D and 3D CS solution branches behave as
their 1D counterparts: CS are limited by F; and F,, as de-
picted in Figs. 2(b), 2(c). However, this configuration changes
drastically below Cg, where 2D and 3D CS still exist. At
the MI threshold, near P = 1, the existence of CS may now
extend until reaching a new fold bifurcation F;. This point
evolves into F; through the point N, (P, §) = (1.148, 0.976)
for 2D, and N3 (P, §) = (1.016, 0.761) for 3D, respectively.
Unlike the 1D scenario, CS can now reach negative values
of detuning, owing to the broad existence of stable patterns
[33,36,71].

The transition from 1D to 3D bifurcation structures is
analyzed by gradually increasing D, as shown in Fig. 3(a)
for P = 3. The evolution of F; and F, is traced from 1D
CS, while F; is identified from higher-dimensional states.
Localized solutions exist within the region bounded by F; and
F;, with their stability governed by Hopf bifurcation H (see
eigenvalue analysis in the Supplemental Material [69]). The
positions of F, and F3 remain nearly constant in &, whereas F;
and H shift toward higher § as D increases. This shift leads to
a compression of the stable regions (black solid lines) and an
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expansion of the unstable regions, separated by H, indicating
a progressive reduction in soliton stability with increasing D.
At driving value P = 3, 2D CS are unstable, and for D > 2,
a bifurcation associated with the C point (solid pink curve)
emerges, moving upward in the diagram as 6 decreases.

To identify regions of stable LS in higher dimensions, we
analyzed the evolution of bifurcations for reduced driving
amplitudes, as shown in Fig. 3(c). Reducing the driving can
stabilize LS between H and F;, as observed in 1D [56] and
2D [29], or may shift the C point above D = 3. Figure 3(c)
compares bifurcation Fy, F,, F3, H for P = 3, 1.5, 1.02. At
P = 1.5, the unstable region for D = 1 vanishes as H shifts
to higher D, but the stable region at D = 2 remains narrow.
The instability C continues to dominate at higher D. Further
reducing P to 1.02 brings F; and F; closer around § = 1. For
P < 1 (blue curves), F, disappears, and F; merges with Fs,
as illustrated by the blue curves for P = 1, 0.96, 0.90, 0.8 in
Fig. 3(c), with a detailed view in Fig. 3(b).

As P decreases, the CS regions between the two folds
shift to higher dimensions. This is demonstrated for P =
1, 0.96, 0.9 in Fig. 3(b), where the folds move toward larger
D values, indicating the absence of 2D CS. The minimum
driving value required for 2D CS existence is P = 0.975. For
3D CS, the existence region similarly shrinks as P decreases
from 1 to 0.8, eventually disappearing entirely for P < 0.761.
This means at lower driving powers, LS are restricted to
higher dimensions; however, their stability must be further
examined.

In fact, low driving levels are insufficient to stabilize 3D
CS. As P decreases from 1 to 0.9, the two branching points
[labeled BP in Fig. 3(b)] from which the Hopf lines bifurcate
move closer together until they collide, causing the Hopf
curves to vanish for P < 0.93. This suggests that, in higher
dimensions, LS may persist but remain unstable for P < 0.93.
For example, at P = 0.9 and P = 0.8, CS exist only for D = 3
but remain unstable. Additionally, the C instability, occurring
between 2D and 3D and represented by the pink curve, per-
sists as P decreases (see Supplementary Material [69]). At
P = 0.8, all CS in Fig. 3(b) exhibit instability. This analysis
indicates radially symmetric stable 3D CS cannot exist.

We perform numerical simulations to validate the predicted
stability of 2D and 3D CS. For D = 2, Fig. 4(a) presents
bifurcation diagrams versus é for P = 1, 0.99, 0.98. AtP = 1,
the CS branch forms a closed loop, disconnected from HS.
Loading CS as initial solutions, numerical simulations reveal
the CS stability by plotting peak values max(|A(x,y = 0,1)])
[blue dots in Fig. 4(a)]. The upper branch transitions through
four regimes: (i) stable CS, (ii) 2D breathers, (iii) stable CS,
and (iv) quasiperiodic 2D patterns, as demonstrated in Sup-
plementary Material [69] and videos [70]. Examples of (i) 2D
CS and (ii) 2D breathers are shown in Figs. 4(i), 4(ii), with
their temporal evolution depicted in Fig. 4(e).

If the LS predicted by the LSA along the radial direction
are unstable, it implies that the CS in the full-dimensional
system are unstable. However, the LSA is restricted to radial
perturbations and does not account for nonradial angular in-
stabilities. To address this limitation, we perform numerical
simulations in their original coordinates to verify the stability
of these solutions. As revealed in Fig. 4(a), the pattern-
formation regime (iv), highlighted in pink, is unstable due to
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FIG. 4. (a) Bifurcation diagram showing max(|A|) of 2D CS vs
8 for driving values P = 1, 0.99, 0.98. Loading CS solutions [i.e.,
at (i)—(iv)] from continuation, the final states are obtained by numer-
ical simulations and are represented by blue dots for P = 1: (i),(iii)
solitons (6 = 1.4, 1.2); (ii) breathers (6 = 1.3); (iv) patterns (§ = 1).
Panels (i),(ii) show the time evolution of (i),(ii). The time evolutions
of the peak values max(]A|) for the case (i),(ii),(iii) is depicted in
(e). (b) Phase diagram summarizing the four final stable states for
2D CS. (c),(d) Bifurcation and phase diagrams versus § for 3D CS,
as P varies from 1 to 0.765, in comparison with 2D diagrams. LSA
and DNS show that all 3D CS are unstable. Time evolutions of four
examples marked at (v)—(viii) in (c),(d) are shown in (f).

angular instabilities. At P = 0.99, the pattern region dimin-
ishes, and the breather region disappears. By P = 0.98, only
stable 2D solitons remain, consistent with LSA predictions. A
synthesis of continuation and simulation results is presented
in Fig. 4(b), where color-coded dots represent the standard
deviation of the peak amplitude |A| (values increasing from
blue, green, yellow to red). Reduced fluctuations are observed
in patterned regions at lower detuning values. Within the
breather zone, some breathers transition into HS, while stable
2D CS exist within the shallow gray region.

For 3D CS, as predicted in Fig. 3(b), stable 3D CS are
not feasible under the current conditions. Nonetheless, nu-
merical simulations were performed for scenarios most likely
to support stability, specifically at very low driving values.
The bifurcation and phase diagrams for P ranging from 1
to 0.765 are presented in Figs. 4(c), 4(d), alongside their 2D
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counterparts for comparison. The red curves confirm that all
3D CS remain unstable across these conditions. The time
evolution of four 3D CS examples, labeled (vi)—(viii) in
Figs. 4(c), 4(d), is shown in Fig. 4(f). As expected, the 3D CS
undergo rapid spatiotemporal wave collapse before decaying
into HS (see video [70] for detailed time evolution).

In conclusion, we have investigated the stability of multidi-
mensional solitons by analyzing the bifurcation structures of
solutions through the continuous variation of the parameter D.
Our study was applied to the driven-damped NLSE, which de-
scribes the dynamics of scalar fields in cubic nonlinear media,
including optical systems. By employing dimension reduction
and continuation methods, we unveiled the existence and sta-
bility of CS across different dimensions. Although noninteger
values of D may not correspond to physical dimensions, treat-
ing D as a continuous parameter provides useful insight into
how stability and bifurcation properties evolve between lower

and higher dimensions (1 < D < 3). Our findings indicate
that the stability of these states decreases very strongly with
increasing dimensionality, so that while stable 1D and 2D CS
do exist, stable 3D solitons do not, even in the limit of very low
driving values. Because of the universality of the driven and
damped NLSE, we anticipate that the results of our approach
may have significant ramifications in a variety of different
physical settings.
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