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Multiloop functional renormalization group from single bosons

Kilian Fraboulet ,1,2,3,* Aiman Al-Eryani,4 Sarah Heinzelmann,3 Anna Kauch ,5 and Sabine Andergassen 2,5

1Max-Planck-Institut für Festkörperforschung, Heisenbergstraße 1, 70569 Stuttgart, Germany
2Institute of Information Systems Engineering, TU Wien, 1040 Vienna, Austria

3Institute for Theoretical Physics and Center for Quantum Science,
Universität Tübingen, Auf der Morgenstelle 14, 72076 Tübingen, Germany

4Institute for Theoretical Physics III, Ruhr-Universität Bochum, 44801 Bochum, Germany
5Institute of Solid State Physics, TU Wien, 1040 Vienna, Austria

(Received 1 June 2026; accepted 6 October 2026; published 6 November 2026)

The functional renormalization group (fRG) is an established tool in the treatment of correlated electron
systems, notably for the description of competing instabilities. In recent years, methodological advancements led
to the multiloop extension of the fRG, which systematically includes loop corrections beyond the conventional
one-loop truncation and yields a quantitatively accurate description of two-dimensional lattice systems. At
the same time, the single-boson exchange (SBE) decomposition of the two-particle vertex has been shown
to offer both computational and interpretative advantages, paving the way to more affordable approximation
schemes. We here apply their combination coined as multiloop SBE fRG to the two-dimensional Hubbard
model at weak coupling. After providing a detailed account of the underlying formalism in physical channels,
we analyze the results for the frequency- and momentum-dependent vertex functions. We find that the SBE
approximation, i.e., neglecting the flow of the multiboson exchange contributions, accurately reproduces the
parquet approximation at loop convergence. The presented algorithmic improvement opens the route for the
treatment of more challenging parameter regimes and more realistic models.
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I. INTRODUCTION

Quantum many-body approaches based on the diagram-
matic resummation of the one- and two-particle vertices
such as parquet solvers [1–6] and functional renormaliza-
tion group (fRG) [7–11] methods are widespread tools to
investigate the interplay between competing instabilities in
many-electron systems. In particular, the accurate treatment
of two-particle vertices constitutes one of the main bot-
tlenecks in their numerical implementations. Considerable
progress can be obtained by using the recently introduced
single-boson exchange (SBE) decomposition [12]. It relies
on a diagrammatic classification based on the reducibility
with respect to bare interaction vertices, instead of fermionic
propagator lines as used in the well-known parquet decom-
position [13–21]. This alternative decomposition allows one
to circumvent the divergences of two-particle irreducible
(2PI) vertices that hinder the theoretical description of many-
electron systems at intermediate-to-strong coupling, notably
in parquet-based approaches [22–31]. The SBE decompo-
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sition can also be viewed as a bosonization technique,
providing a more insightful formulation of quantum many-
body approaches in terms of physically relevant degrees of
freedom.

As a result, this SBE formulation provides a fruitful frame-
work for efficient and insightful approximations, motivated
from both diagrammatic arguments and physical understand-
ing. This has led to a number of studies with various
quantum many-body approaches: the dynamical mean-field
theory (DMFT) [32,33] in the original work formulating the
SBE decomposition [12], parquet solvers for the Anderson
impurity model [34] as well as lattice models [6,35], and
combinations [2,36] with the dual fermion approach [37]. The
interpretative advantage of the SBE decomposition has also
been used in Ref. [38] to identify the origin of the break-
down of the self-consistent many-electron perturbation theory
[22,27,39], considering DMFT results for the Hubbard model
on the Bethe lattice and exact solutions of the Hubbard atom
and the Anderson impurity model. Most recently, the SBE
approach has been used to formulate a method termed embed-
ded multiboson exchange (eMBEX), based on an embedded
cluster and used to capture correlations beyond DMFT [40].

Aside from the SBE decomposition, several other
bosonization approaches have been proposed and successfully
applied to the study of many-electron systems in recent years.
Notable examples include the fluctuating local field (FLF)
technique [41–43], the dual boson approach [36,44–48],
the TRILEX method [49–52], and its combination with the
dual boson framework, known as D-TRILEX [53–55]. These
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methods provide efficient and even nonperturbative treatments
of many-electron models, but differ fundamentally from the
SBE framework in their underlying construction. In particular,
the dual boson approach and, consequently, the D-TRILEX
method rely on vertices and correlation functions of an aux-
iliary dual theory, whereas the SBE approach is formulated
directly in terms of physical vertices (i.e., the vertices of
the original theory), thus making the physical interpretation
more transparent. In practical applications, the D-TRILEX ap-
proach further relies on local fermion-boson vertices, whereas
the SBE approach retains momentum dependence in all of its
vertices. Furthermore, the FLF technique requires identifying
a priori a dominant ordering tendency in order to provide a
particularly efficient and nonperturbative description of the
corresponding collective fluctuations, whereas the SBE ap-
proach offers an unbiased treatment of competing orders by
treating them on an equal footing. Owing to their different un-
derlying philosophies, all these bosonization techniques offer
distinct and complementary approximations worth studying.

For the fRG, several bosonization procedures have also
already been proposed [56–65], building on the partial
bosonization of the vertex function in the channel decom-
position [53,66–73] (as well as its use in parquet solvers).
Here, we extend the one-loop (1�) fRG in the SBE formu-
lation presented in Refs. [74,75] to the multiloop SBE fRG
and apply it to the two-dimensional (2D) Hubbard model
[76] at weak coupling. In particular, we assess the quality
of the SBE approximation that allows one to considerably
reduce the numerical effort with respect to the conventional
fermionic implementation based on the parquet decomposi-
tion and high-frequency asymptotics [72,77] and therefore
access more challenging parameter regimes. For weak to in-
termediate couplings, we find quantitatively accurate results
that depend only slightly on the choice of the cutoff function
at loop convergence.

The paper is organized as follows: In Sec. II, we introduce
the multiloop SBE fRG formalism, providing a brief review
of the notational conventions, the SBE decomposition, and the
flow equations both in diagrammatic and physical channels. In
Sec. III, we present the application to the 2D Hubbard model
together with its algorithmic implementation. We then present
the results for the susceptibilities and the Yukawa couplings
in Sec. IV, both at half filling and finite doping, and provide
additional results for the self-energy in an Appendix. In partic-
ular, we (1) discuss the multiloop convergence and the cutoff
dependence in the SBE approximation, (2) assess the accu-
racy of this numerically very advantageous approximation by
comparing to results from the parquet approximation, and (3)
investigate the temperature dependence in the vicinity of the
Van Hove singularity. We finally conclude with a summary
and an outlook in Sec. V.

II. MULTILOOP SBE fRG FORMALISM

A. Classical action and notational conventions

The flow equations underlying the multiloop SBE fRG
approach have been derived recently in diagrammatic chan-
nels for generic fermionic models [78]. We will explain
in this section how to determine the multiloop SBE fRG

equations in physical channels for translationally invariant
fermionic systems relying on energy conservation and SU(2)
spin symmetry, which includes, in particular, the 2D Hubbard
model that we will focus on in our subsequent numerical
study. Similarly to Ref. [78], we consider a fermionic system
with the classical action

S[c, c] = −c1′G−1
0;1′ |1c1 − 1

4U1′2′|12c1′c2′c2c1, (1)

where G0 and U are, respectively, the bare propagator and the
bare interaction, with U satisfying crossing symmetry (i.e.,
U1′2′|12 = −U2′1′ |12 = −U1′2′|21 = U2′1′|21). The general index
i encompasses all indices labeling the Grassmann field ci (or
its conjugate ci). We consider here that it includes a spatial
momentum k, a Matsubara frequency ν, and a spin index σ ,
i.e., i = (ki, νi, σi ) or i = (ki, σi ), with ki = (ki, νi ). Repeated
indices are assumed to be integrated or summed over. Energy
conservation and translational invariance impose frequency
and momentum conservation laws, which translate for G0 and
U into the relations

G0;1′ |1 = G0;σ1′ |σ1 (k1′ |k1) = G0;σ1′ |σ1 (k1)δk1′ ,k1 , (2a)

U1′2′|12 = Uσ1′σ2′ |σ1σ2 (k1′ , k2′ |k1, k2)

= Uσ1′σ2′ |σ1σ2 (Qr, kr, k′
r )δk1′+k2′ ,k1+k2 . (2b)

The full propagator G and the two-particle vertex V satisfy
equations identical to Eqs. (2a) and (2b), respectively. We
parametrize the frequency and momentum dependencies of
two-particle objects, like the bare interaction U or the two-
particle vertex V , in terms of bosonic momenta Qr = (Qr,�r )

and corresponding fermionic momenta k(′)
r = (k(′)

r , ν (′)
r ) that

are defined differently depending on the diagrammatic chan-
nel r under consideration, i.e., the particle-hole (ph), the
particle-hole crossed (ph), or the particle-particle (pp) chan-

nel. Our definitions of Qr = (Qr,�r ) and k(′)
r = (k(′)

r , ν (′)
r ) are

given in Fig. 1 for r = ph, ph, pp.

B. Parquet decomposition

The diagrammatic channels are at the heart of the parquet
decomposition of the two-particle vertex V , which is widely
used in quantum many-body approaches, notably in exten-
sions of DMFT [15,79]. The parquet decomposition can be
written as follows:

V = φph + φph + φpp + I2PI, (3)

where the vertices φr contain all two-particle reducible (2PR)
diagrams contributing to V in each diagrammatic channel
r, whereas I2PI comprises the 2PI ones. By definition, 2PR
diagrams can be split into two disconnected parts by cut-
ting two propagator lines, which are referred to as bubble
[see Eqs. (5)]: A 2PR diagram is then assigned to a given
vertex φr depending on the nature of that bubble [see Fig. 2(a)
for more details and concrete examples]. Finally, we note that,
by construction, I2PI is the sum of all diagrams of V that are
not 2PR, i.e., 2PI.

It can be shown that the vertices φr satisfy the Bethe-
Salpeter equations [15,80,81]:

φr = (V − φr ) ◦ �r ◦ V = V ◦ �r ◦ (V − φr ), (4)
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FIG. 1. Frequency and momentum conventions for the two-
particle vertex in the different channel notations, where �· · · � (�· · · �)
rounds its argument up (down) to the nearest bosonic Matsubara
frequency.

where the bubbles �r are defined as

�ph;1′2′|12 = −G1′ |2G2′ |1, (5a)

�ph;1′2′|12 = G1′ |1G2′|2, (5b)

�pp;1′2′|12 = 1
2 G1′ |1G2′|2. (5c)

The ◦ product is also defined differently depending on the
channel r, i.e.,

ph : [A ◦ B]1′2′|12 = A42′ |32B1′3|14, (6a)

ph : [A ◦ B]1′2′|12 = A1′4|32B32′ |14, (6b)

pp : [A ◦ B]1′2′|12 = A1′2′ |34B34|12, (6c)

where A and B are arbitrary four-point functions, such as �r ,
φr , or V [78].

C. SBE decomposition

The SBE decomposition of the two-particle vertex V relies
on an additional diagrammatic criterion, called U reducibility,
used to split the set of 2PR diagrams in φr into two subclasses

of diagrams [12]. The propagator lines that make a diagram
2PR (i.e., that can be cut in such a way that the diagram
becomes disconnected) are all attached to a bare interaction
U at both ends. If cutting any of those bare interactions
also splits the diagram into two disconnected parts, then the
diagram is considered U reducible, and U irreducible other-
wise [see Fig. 2(b) for more details and concrete examples].
Furthermore, the U -reducible diagrams contributing to φr are
said to be U reducible in channel r. Hence, all U -reducible
diagrams are also 2PR in the same channel r, with the ex-

ception of the bare interaction U = which is 2PI but U

reducible in all channels. This classification based on two-
particle and U reducibility is summarized by Fig. 3. For a
more exhaustive discussion on these diagrammatic properties,
see Refs. [78,82].

Therefore, using the criterion of U reducibility, the 2PR
vertex φr can be rewritten as

φr = ∇r + Mr − U, (7)

where ∇r contains all U -reducible diagrams in channel r,

which includes the diagram for the bare interaction As

mentioned previously, the latter is 2PI and should therefore
not be contained in φr , hence the double-counting correction
−U in Eq. (7). By construction, Mr thus corresponds to the
set of 2PR diagrams in channel r that are not U reducible,
namely, U irreducible. The SBE decomposition is then di-
rectly obtained from the parquet decomposition (3) combined
with Eq. (7), which yields [12]

V = ∇ph + ∇ph + ∇pp + Mph + Mph + Mpp − 3U + I2PI,

(8)

or equivalently, in a more compact form

V =
∑

r

∇r + IU irr − 2U, (9)

with the U -irreducible part of the two-particle vertex V de-
fined as

IU irr =
∑

r

Mr + I2PI − U . (10)

The heart of the SBE decomposition is the parametrization
of the vertices ∇r in terms of bosonic propagators wr and
Yukawa couplings [83,84] (or Hedin vertices [85]) λr . Since
∇r only contains U -reducible diagrams in channel r, it can be
rewritten exactly as (see also Fig. 4)

∇r (Qr, kr, k′
r ) = λr (Qr, kr ) • wr (Qr ) • λr (Qr, k′

r ), (11)

where the • product is defined in the same way as ◦ through
Eqs. (6), but involves only the summation over spin indices
(i.e., without summation over frequencies or momenta). In
that way, the two-particle vertex V (Qr, kr, k′

r ) with its com-
plex frequency and momentum dependencies is replaced by
simpler objects retaining the frequency and momentum con-
servation laws, namely, λr (Qr, kr ) and wr (Qr ), which depend
on fewer frequencies and momenta. The remarkably simple
frequency and momentum parametrization of the ∇r functions
thus makes the SBE framework particularly amenable to ef-
ficient and computationally tractable approximations. At the
same time, it also offers a deeper physical insight into the
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FIG. 2. Illustration of the diagrammatic criteria underlying the parquet and the SBE decompositions of the two-particle vertex V .
(a) Different contributions to the parquet decomposition (3), which relies on two-particle reducibility. The vertices φr include all diagrams
that are 2PR in channel r, whereas the diagrams that are 2PI (i.e., not 2PR in any channel) are contained in I2PI. Hence, by definition, the
diagrams contributing to φr can be split into two disconnected parts by cutting a �r bubble, as indicated by the dashed blue lines. The �ph,
�ph, and �pp bubbles include two transverse antiparallel, two antiparallel, and two parallel lines, respectively. (b) Different contributions to the
SBE decomposition (8), which relies on U reducibility. In the SBE formalism, the 2PR vertices φr are split into U -reducible and U -irreducible
objects according to the relation φr = ∇r + Mr − U . The vertices ∇r contain all diagrams that are 2PR and U reducible in channel r, i.e., all
diagrams that can be split into two disconnected parts by cutting a bare interaction U connected to a �r bubble, as marked by the red dotted
lines. The 2PR diagrams in channel r that are not U reducible are assigned to the SBE rest function Mr .

many-fermion system under consideration. Indeed, competing
orders in many-fermion systems are naturally described by
introducing bosonic degrees of freedom, and this is precisely
what the SBE approach does: The parametrization (11) im-
plicitly [86] introduces bosons in our framework through the
bosonic propagators wr and the associated Yukawa couplings
λr , also called fermion-boson couplings. More concretely,
this parametrization amounts to interpreting all U -reducible
diagrams contributing to ∇r as the exchange of a single
boson with momentum Qr , hence the name of the SBE de-
composition. Moreover, the 2PR and U -irreducible diagrams
contributing to the SBE rest functions Mr can be viewed as
multiboson exchange processes. Finally, it is worth noting that
similar parametrizations of four-point fermionic correlation
functions in terms of SBE processes are also used in the
context of quantum chromodynamics [87].

There is also another important point concerning the
SBE parametrization of Eq. (11). If the bare interaction

of the studied model is nonlocal, which means that
Uσ1′σ2′ |σ1σ2 (Qr, kr, k′

r ) does depend on Qr , kr , and k′
r , then

the bosonic propagators and the Yukawa couplings would
in principle also depend on those three momenta, i.e.,
wr = wr (Qr, kr, k′

r ) and λr = λr (Qr, kr, k′
r ). This can directly

be seen for the bosonic propagators wr since U (Qr, kr, k′
r )

is, by construction, the leading order of their perturbative
expansion, i.e., wr (Qr, kr, k′

r ) = U (Qr, kr, k′
r ) + O(U 2).

With these momentum dependencies of wr and λr , the
computational advantage of the SBE approach is spoiled.
Hence, the parametrization (11) in terms of wr (Qr ) and
λr (Qr, kr ) is in principle only valid for local interactions
if one uses the SBE formalism based on U reducibility, as
originally developed in Ref. [12]. However, the SBE approach
can still be efficiently generalized to nonlocal interactions by
splitting the bare interaction U (Qr, kr, k′

r ) into a bosonic part
Br and a fermionic part Fr , where Fr encompasses the whole
fermionic momentum dependence of U (Qr, kr, k′

r ) [88,89].
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FIG. 3. Venn diagram illustrating the connection between 2PR
and U -reducible diagrams. All U -reducible diagrams in a given
channel r (i.e., all U -r diagrams) are also 2PR in the same channel
r (i.e., are also 2P-r), with the exception of the diagram of the bare
interaction U , which is both 2PI and U reducible in all channels.
Figure adapted from Ref. [12].

This translates into the following relation:

U (Qr, kr, k′
r ) = Br (Qr ) + Fr (Qr, kr, k′

r ). (12)

A parametrization of the form of Eq. (11) is then possible
for the vertex ∇ (B)

r containing all diagrams that are reducible
with respect to the bosonic part Br instead of the whole bare
interaction U , which introduces the notion of B reducibility as
a new diagrammatic criterion. Namely, we have the equality

∇ (B)
r (Qr, kr, k′

r ) = λ
(B)
r (Qr, kr ) • w(B)

r (Qr ) • λ(B)
r (Qr, k′

r ),

(13)

which still allows us to work with objects whose frequency
and momentum dependencies are much simpler than those of
the full vertex V , i.e., w(B)

r (Qr ) and λ(B)
r (Qr, kr ). Relations

connecting w(B)
r (Qr ) and λ(B)

r (Qr, kr ) to their counterparts
wr (Qr, kr, k′

r ) and λr (Qr, kr, k′
r ) defined from U reducibility

can also be worked out. In the following, we will employ
the SBE formalism based on U reducibility but the relations
derived in the rest of Sec. II are in principle still valid for non-
local interactions after reintroducing the “(B)” superscript and
making only a few additional modifications. For more details
on the latter, we refer to the recent studies [88,89] that treat the
extended Hubbard model [90–93] and the Hubbard-Holstein
model [94–96] using the 1� fRG formulated within this gen-
eralization of the SBE approach based on B reducibility [97].

D. Multiloop SBE fRG equations in diagrammatic channels

As a next step, we outline the derivation of the multiloop
fRG equations in the SBE framework that we have just de-
fined. The multiloop fRG was originally developed for generic
fermionic models based on the classical action (1) [81,98],

with a first application to the x-ray-edge singularity [99].
There are also closely related theoretical developments in the
context of a bosonic ϕ4 theory in Refs. [100,101]. The general
idea underlying this approach is to derive flow equations from
the parquet equations [102], which include the Bethe-Salpeter
equations (4), instead of following the more common proce-
dure relying on the Wetterich equation [7–9] from which the
conventional 1� fRG equations were originally derived [9,10].
In that way, one can show that solving the resulting multiloop
fRG equations amounts to adding loop corrections to the
full vertex V on top of the conventional 1� approximation,
until one reaches the well-known parquet approximation at
convergence [99]. The latter is obtained by iteratively solving
the Bethe-Salpeter equations together with the Schwinger-
Dyson equation, with the 2PI vertex set to the bare interaction,
i.e., I2PI = U . Such a connection is particularly appealing
since the parquet equations have been used to design con-
serving and quantitative approximation schemes [15,80,103],
with numerous successful applications and insightful studies
over the years [1,3,17,19–21,104–107]. Hence, the multiloop
fRG has recently also been investigated in the framework of
various models: quantum spin systems [108–110], the Ander-
son impurity model [111–113], and the 2D Hubbard model
[70,72,114–116]. However, none of the multiloop fRG appli-
cations have been carried out within the SBE scheme. Due to
the advantages of this approach, the multiloop fRG method
could be made substantially more powerful if reformulated
within this bosonized framework. We will now show how
this reformulation can be achieved. For completeness, we first
review the derivation of the generic multiloop SBE fRG equa-
tions in diagrammatic channels [78,82], before using physical
channels to treat the SU(2)-spin-symmetric case.

We first determine the self-consistent equations for the
bosonic propagators wr , the Yukawa couplings λr , and the
SBE rest functions Mr . For this, we introduce the following
identity vertices:

1ph;1′2′|12 = δ1′,2 δ2′,1, (14a)

1ph;1′2′|12 = δ1′,1 δ2′,2, (14b)

1pp;1′2′|12 = δ1′,1 δ2′,2, (14c)

with δi, j = δki,k j δσi,σ j . This enables us to define an in-
verse A−1 for any four-point object such as the full vertex
Vσ1′σ2′ |σ1σ2 (k1′ , k2′ |k1, k2) as follows:

A−1 ◦ A = A ◦ A−1 = 1r, (15)

where we recall that the definition of the ◦ product depends on
the channel r, as stated by Eqs. (6). In the SBE parametriza-
tion (11), we have also introduced the • product, defined by
Eqs. (6) like the ◦ product but only for spin indices. In the
same way, we introduce the identity vertices 1r associated
with the • product. Thus, we have

B−1 • B = B • B−1 = 1r, (16)

where B must be a four-point object with respect to spin
indices. The corresponding identity vertices 1r satisfy

1ph;σ1′ σ2′ |σ1σ2 = δσ1′ ,σ2 δσ2′ ,σ1 , (17a)

1ph;σ1′σ2′ |σ1σ2
= δσ1′ ,σ1 δσ2′ ,σ2 , (17b)

1pp;σ1′ σ2′ |σ1σ2 = δσ1′ ,σ1 δσ2′ ,σ2 . (17c)
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FIG. 4. Diagrammatic representation of the SBE decomposition expressed by Eqs. (9) and (11), using the frequency and momentum
notations defined in Fig. 1.

The identity vertices 1r and 1r , with their definitions given
by Eqs. (14) and (17), are constructed from the relations V =
1r ◦ V = V ◦ 1r and V = 1r • V = V • 1r , respectively [117].
Note also that the bosonic propagators wr = wr;σ1′σ2′ |σ1σ2 (Qr )
and the Yukawa couplings λr = λr;σ1′σ2′ |σ1σ2 (Qr, kr ) intro-
duced by the SBE parametrization (11) are both four-point
objects with respect to spin indices, but not with respect to
frequencies or momenta. For our forthcoming derivations, we
also need to introduce the irreducible vertices:

Ir = V − φr, (18a)

Ir = V − ∇r . (18b)

Hence, Ir and Ir collect all diagrams that are, respectively, 2PI
and U irreducible in channel r. With those new definitions, the
Bethe-Salpeter equations (4) can be rewritten as

φr = Ir ◦ �r ◦ (∇r + Ir )

= Ir ◦ �r ◦ ∇r + U ◦ �r ◦ Ir + (Ir − U ) ◦ �r ◦ Ir . (19)

In the last line, we have disentangled the U -reducible and
U -irreducible terms with respect to channel r, i.e., the
U -r-reducible and U -r-irreducible terms. The first two contri-
butions Ir ◦ �r ◦ ∇r and U ◦ �r ◦ Ir are both U -r reducible
due to the presence of ∇r and U , whereas (Ir − U ) ◦ �r ◦ Ir

is U -r irreducible. Comparing to Eq. (7), we thus identify

∇r − U = Ir ◦ �r ◦ ∇r + U ◦ �r ◦ Ir, (20a)

Mr = (Ir − U ) ◦ �r ◦ Ir . (20b)

Focusing on Eq. (20a), we can isolate ∇r on the left-hand side
and obtain

(1r − Ir ◦ �r ) ◦ ∇r = U + U ◦ �r ◦ Ir, (21)

which is equivalent to

∇r = (1r − Ir ◦ �r )−1 ◦ U ◦ (1r + �r ◦ Ir ). (22)

In order to rewrite the inverse (1r − Ir ◦ �r )−1, we can
also use the definitions (18) to rearrange the Bethe-Salpeter
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equations (4) as

V = Ir + Ir ◦ �r ◦ V. (23)

Isolating V on the left-hand side leads to the relation

V = (1r − Ir ◦ �r )−1 ◦ Ir, (24)

which can directly be used to obtain

1r + V ◦ �r = 1r + (1r − Ir ◦ �r )−1 ◦ Ir ◦ �r

= 1r+(1r − Ir ◦ �r )−1 ◦ (−(1r−Ir ◦ �r ) + 1r )

= (1r − Ir ◦ �r )−1. (25)

Using the last equality, which is referred to as extended Bethe-
Salpeter equation, Eq. (22) reduces to

∇r = (1r + V ◦ �r ) ◦ U ◦ (1r + �r ◦ Ir ). (26)

As a next step, we use relations such as 1r ◦ U = U = 1r • U
and U ◦ 1r = U = U • 1r to introduce the identity vertices for
spin indices [see Eq. (16)], leading to

∇r = (1r + V ◦ �r ◦ 1r ) • U • (1r + 1r ◦ �r ◦ Ir ). (27)

We then consider the following expressions of the Yukawa
couplings and their conjugates [35,78]:

λr = 1r + 1r ◦ �r ◦ Ir, (28a)

λr = 1r + Ir ◦ �r ◦ 1r . (28b)

Combining Eqs. (27) and (28a) directly yields

∇r = (1r + V ◦ �r ◦ 1r ) • U • λr . (29)

With V = Ir + ∇r , this becomes

∇r = (1r + Ir ◦ �r ◦ 1r + ∇r ◦ �r ◦ 1r ) • U • λr

= λr • (U + wr • λr ◦ �r ◦ U ) • λr, (30)

where the last line was obtained using Eq. (28b) and the SBE
parametrization (11). From the latter, we know that ∇r = λr •
wr • λr and the term between λr and λr in our last result can
therefore be identified as wr , i.e.,

wr = U + wr • λr ◦ �r ◦ U . (31)

This result corresponds to a Dyson equation for the bosonic
propagator. By isolating wr on the left-hand side, it can also
be rewritten as

wr = U • (1r − λr ◦ �r ◦ U )−1. (32)

We note that starting from φr = (∇r + Ir ) ◦ �r ◦ Ir instead of
φr = Ir ◦ �r ◦ (∇r + Ir ) in Eq. (19) and following the same
reasoning to obtain Eq. (32) yields the following equivalent
expression of wr :

wr = (1r − U ◦ �r ◦ λr )−1 • U . (33)

We have now derived all self-consistent equations needed
for our derivation of the multiloop SBE fRG equations, i.e.,
Eq. (20b) for Mr , Eqs. (28) for λr and λr , and Eq. (32)
[or Eq. (33)] for wr . Note that these self-consistent equa-
tions are also called SBE equations in Refs. [78,82].

As a next step, we introduce a scale or flow parameter
� in the bare propagator via G0 → G�

0 . The scale � can
have different meanings and corresponds, e.g., to a frequency
or a temperature, which will be specified in Sec. III, where

we define our cutoff schemes. As a consequence, all objects
that depend on the bare propagator G0 also depend on the
scale �, which is the case of most entities introduced so far
(including the bosonic propagators wr , the Yukawa couplings
λr , and the SBE rest functions Mr) with the notable exception
of the bare interaction U (∂�U = 0). Hence, by differenti-
ating the �-dependent self-consistent equations above, we
obtain the flow equations.

The flow equation for Mr is determined by differentiating
Eq. (20b):

Ṁr = İr ◦ �r ◦ Ir + (Ir−U ) ◦ �̇r ◦ Ir + (Ir−U ) ◦ �r ◦ İr,

(34)

where we have used the shorthand notation Ẋ ≡ ∂�X for any
vertex X . We can exploit the relation Ir = Mr + Ir − U , or
rather its differentiated version İr = Ṁr + İr to introduce Ṁr

in the last term of Eq. (34). Isolating Ṁr on the left-hand side
then yields

Ṁr = (1r − (Ir − U ) ◦ �r )−1 ◦ [İr ◦ �r ◦ Ir + (Ir − U )

◦ �̇r ◦ Ir + (Ir − U ) ◦ �r ◦ İr]. (35)

The inverse (1r − (Ir − U ) ◦ �r )−1 can also be expressed via
the extended Bethe-Salpeter equation

1r + Ir ◦ �r = (1r − (Ir − U ) ◦ �r )−1. (36)

This equality can be derived following the same steps as in
Eqs. (23)–(25), starting instead from Ir = (Ir − U ) + (Ir −
U ) ◦ �r ◦ Ir , which is directly obtained from Mr = Ir −
(Ir − U ) and Eq. (20b). Rewriting the result (35) by using
Eq. (36), one can show that

Ṁr = Ir ◦ �̇r ◦ Ir + İr ◦ �r ◦ Ir + Ir ◦ �r ◦ İr

+ Ir ◦ �r ◦ İr ◦ �r ◦ Ir . (37)

The flow equations for λr and λr can be derived by differenti-
ating Eqs. (28):

λ̇r = 1r ◦ �̇r ◦ Ir + 1r ◦ �r ◦ İr

= 1r ◦ �̇r ◦ Ir + 1r ◦ �r ◦ (Ṁr + İr ), (38a)

λ̇r = İr ◦ �r ◦ 1r + Ir ◦ �̇r ◦ 1r

= (Ṁr + İr ) ◦ �r ◦ 1r + Ir ◦ �̇r ◦ 1r, (38b)

where the relation İr = Ṁr + İr has been used. We then re-
place Ṁr in the expressions of λ̇r and λ̇r by the right-hand
side of the flow equation (37) and simplify the resulting terms
using Eqs. (28), which leads to

λ̇r = λr ◦ �̇r ◦ Ir + λr ◦ �r ◦ İr + λr ◦ �r ◦ İr ◦ �r ◦ Ir,

(39a)

λ̇r = Ir ◦ �̇r ◦ λr + İr ◦ �r ◦ λr + Ir ◦ �r ◦ İr ◦ �r ◦ λr .

(39b)

Finally, the flow equation for wr is obtained by differentiating
Eq. (32):

ẇr = U • (1r − λr ◦ �r • U )−1 • (λ̇r ◦ �r + λr ◦ �̇r )

◦ U • (1r − λr ◦ �r • U )−1

= wr • (λ̇r ◦ �r + λr ◦ �̇r ) ◦ wr, (40)
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where the last line also follows from Eq. (32). Replacing λ̇r

using the flow equation (39a) and then introducing λr via its
self-consistent equation (28b) yields

ẇr = wr • λr ◦ �̇r ◦ λr • wr

+ wr • λr ◦ �r ◦ İr ◦ �r ◦ λr • wr . (41)

We note that a similar reasoning starting from Eq. (33) instead
of Eq. (32) would have also led to the flow equation (41).

Hence, Eqs. (37), (39), and (41) are the flow equations for
all objects introduced via the SBE decomposition, i.e., wr , λr ,
λr , and Mr , respectively. Their right-hand side still involves
ẇr , λ̇r , λ̇r , and Ṁr through İr , reflecting the self-consistent
character of the Bethe-Salpeter equations that underpins our
derivation. In practice, one reshuffles this structure by per-
forming a loop expansion, implemented by expanding the
left-hand sides as

ẇr =
∞∑

�=1

ẇ(�)
r , (42a)

λ̇r =
∞∑

�=1

λ̇(�)
r , (42b)

λ̇r =
∞∑

�=1

λ̇
(�)

r , (42c)

Ṁr =
∞∑

�=1

Ṁ (�)
r , (42d)

whereas İr is expanded on the right-hand side of each of those
equations according to

İr =
∑
r′ �=r

φ̇r′ + İ2PI =
∑
r′ �=r

∞∑
�=1

φ̇
(�)
r′ + İ2PI. (43)

Imposing the condition

İ2PI = 0 (44)

closes our system of equations. Specifically, in the conven-
tional weak-coupling fRG relying on the parquet approxima-
tion, we have I2PI = U , while in the strong-coupling extension
based on the combination with the DFMT as starting point
of the fRG flow within the so-called DMF2RG [71,118],
I2PI = I2PI

DMFT is used. We stress that Eq. (44) is the only ap-
proximation imposed so far: Eqs. (37), (39), and (41) are all
exact. Using Eq. (44), we rewrite our expression (43) for İr as

İr =
∞∑

�=1

İ (�)
r , (45)

with

İ (�)
r =

∑
r′ �=r

φ̇
(�)
r′ , (46)

where φ̇(�)
r is related to the different loop corrections intro-

duced in Eqs. (42) according to

φ̇(�)
r = λ̇

(�)

r • wr • λr + λr • ẇ(�)
r • λr + λr • wr • λ̇(�)

r + Ṁ (�)
r .

(47)

Expanding the flow equations and identifying the different
loop orders on both sides of those equations, we obtain the
multiloop SBE fRG equations expressed as

ẇ(1)
r = wr • λr ◦ �̇r ◦ λr • wr, (48a)

λ̇
(1)

r = Ir ◦ �̇r ◦ λr, (48b)

λ̇(1)
r = λr ◦ �̇r ◦ Ir, (48c)

Ṁ (1)
r = Ir ◦ �̇r ◦ Ir, (48d)

for 1�,

ẇ(2)
r = 0, (49a)

λ̇
(2)

r = İ (1)
r ◦ �r ◦ λr, (49b)

λ̇(2)
r = λr ◦ �r ◦ İ (1)

r , (49c)

Ṁ (2)
r = İ (1)

r ◦ �r ◦ Ir + Ir ◦ �r ◦ İ (1)
r , (49d)

for 2�, and

ẇ(�)
r = wr • λr ◦ �r ◦ İ (�−2)

r ◦ �r ◦ λr • wr, (50a)

λ̇
(�)

r = İ (�−1)
r ◦ �r ◦ λr + Ir ◦ �r ◦ İ (�−2)

r ◦ �r ◦ λr, (50b)

λ̇(�)
r = λr ◦ �r ◦ İ (�−1)

r + λr ◦ �r ◦ İ (�−2)
r ◦ �r ◦ Ir, (50c)

Ṁ (�)
r = İ (�−1)

r ◦ �r ◦ Ir + Ir ◦ �r ◦ İ (�−1)
r

+ Ir ◦ �r ◦ İ (�−2)
r ◦ �r ◦ Ir, (50d)

for � � 3. The flow equations (48)–(50) correspond to those
reported and derived in Ref. [78].

E. Multiloop SBE fRG equations in physical channels

As a next step, we assume spin rotation invariance, i.e.,
SU(2) spin symmetry, which imposes constraints on the spin
components of the objects underlying our formalism. For the
full propagator and the two-particle vertex, these constraints
translate into the relations [119]

G1′|1 = Gσ1′ |σ1 (k1′ |k1) = G(k1′ |k1)δσ1′ ,σ1 , (51a)

V1′2′|12 = Vσ1′σ2′ |σ1σ2 (k1′ , k2′ |k1, k2)

= V ↑↓(k1′ , k2′ |k1, k2)δσ1′ ,σ1δσ2′ ,σ2

+V ↑̂↓(k1′ , k2′ |k1, k2)δσ1′ ,σ2δσ2′ ,σ1 . (51b)

Note that Eq. (51b) relies on some of the following shorthand
notations that will be conveniently used throughout the rest of
this section:

Aσσ |σσ = Aσσ , (52a)

Aσσ |σσ = Aσσ , (52b)

Aσσ |σσ = Aσ̂ σ , (52c)

with ↑ = ↓, ↓ = ↑, and A an arbitrary four-point object
with respect to spin indices. Furthermore, the relation
V1′2′|12 = −V2′1′ |12 = −V1′2′|21, which follows from the
crossing symmetry of V , imposes that V ↑̂↓(k1′ , k2′ |k1, k2) =
−V ↑↓(k2′ , k1′ |k1, k2) = −V ↑↓(k1′ , k2′ |k2, k1). Therefore,
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Eq. (51b) can be rewritten as

V1′2′|12 = V ↑↓(k1′ , k2′ |k1, k2)δσ1′ ,σ1δσ2′ ,σ2

− V ↑↓(k2′ , k1′ |k1, k2)δσ1′ ,σ2δσ2′ ,σ1 . (53)

Hence, the two-particle vertex V has in principle 24 = 16
spin components. However, in the presence of spin rotation
invariance, only six of those components are finite and satisfy

V ↑↑ = V ↓↓, (54a)

V ↑↓ = V ↓↑, (54b)

V ↑̂↓ = V ↓̂↑. (54c)

Note that this property also applies to the objects introduced
in the SBE formalism, i.e., wr , λr , and Mr , which will be used
repeatedly in the forthcoming derivations. Moreover, accord-
ing to Eq. (53), the vertex V is fully determined by its ↑↓ spin
component. In this case, one can thus only consider the SBE
decomposition parametrizing V ↑↓ without losing information.

We thus define the physical channels in terms of the spin
components of wr , λr , λr , and Mr . Introduced to diagonalize
the Bethe-Salpeter equations with respect to their spin indices
for SU(2) spin-symmetric systems [15], the three physical
channels, i.e., the magnetic (M), the density (D), and the
superconducting (SC) channels, were also used in the original
formulation of the SBE decomposition by Krien et al. [12].
In the following, we will refer to physical channels with the
letter X (as opposed to r for diagrammatic channels) [120]:

AM = A↑↑
ph − A↑↓

ph = −A↑↓
ph

, (55a)

AD = A↑↑
ph + A↑↓

ph , (55b)

ASC = A↑↓
pp , (55c)

where the vertices Ar on the right-hand sides can be any
four-point object with respect to spin indices (e.g., wr , Mr , ∇r ,
or φr) except the Yukawa couplings λr [and the bubbles �r ,
whose physical channels are defined later in this section by
Eqs. (79)]. We use different definitions for the physical chan-
nels of the Yukawa couplings in order to be able to express the
U -reducible vertices ∇X as

∇X(Q, k, k′) = λX(Q, k)wX(Q)λX(Q, k′), (56)

similarly to Eq. (11) in diagrammatic channels. More pre-
cisely, we determine the definitions of the physical channels
for the Yukawa couplings starting from Eqs. (55) for ∇X

and then use the definitions of the • products [see Eqs. (6)]
to rewrite the objects λr • wr • λr in terms of the bosonic
propagators and the Yukawa couplings in physical channels,
namely, wX and λX (as well as λX). For example, for the SC
channel, this gives

∇SC = ∇↑↓
pp = [λpp • wpp • λpp]↑↓

= λpp;↑↓|σ1σ1′ wpp;σ1σ1′ |σ2σ2′ λpp;σ2σ2′ |↑↓ = λ
↑↓
ppw↑↓

pp λ↑↓
pp

+ λ
↑̂↓
ppw↑↓

pp λ↑̂↓
pp + λ

↑̂↓
ppw↑̂↓

pp λ↑↓
pp + λ

↑↓
ppw↑̂↓

pp λ↑̂↓
pp

= (
λ

↑↓
pp − λ

↑̂↓
pp

)
w↑↓

pp

(
λ↑↓

pp − λ↑̂↓
pp

)
, (57)

where the last line was obtained using the relation w↑̂↓
pp (Q) =

−w↑↓
pp (Q), which follows directly from the crossing sym-

metry of wpp(Q). Introducing wSC = w↑↓
pp [consistently with

Eq. (55c)] as well as λSC = λ↑↓
pp − λ↑̂↓

pp (and λSC = λ
↑↓
pp −

λ
↑̂↓
pp ), we indeed recover Eq. (56) for X = SC. Our definitions

of λM and λD are determined following the same reasoning.
We summarize below our definitions of the Yukawa couplings
in physical channels:

λM = λ
↑↑
ph − λ

↑↓
ph = +λ

↑↓
ph

, (58a)

λD = λ
↑↑
ph + λ

↑↓
ph , (58b)

λSC = λ↑↓
pp − λ↑̂↓

pp . (58c)

Our definition (58b) for λD is therefore consistent with
Eq. (55b). In the case of the magnetic channel, we have the
equality λ

↑↑
ph − λ

↑↓
ph = +λ

↑↓
ph

in Eq. (58a), whereas Eq. (55a)

exhibits an opposite sign with A↑↑
ph − A↑↓

ph = −A↑↓
ph

. This sign

discrepancy results from the fact that the Yukawa couplings
follow different crossing symmetry relations as compared to
other vertices like wr or φr , and therefore Ar in Eq. (55a)
[121]. Furthermore, relations identical to Eqs. (58) also ap-
ply to the conjugates λX. However, under time-reversal and
crossing symmetry, one can show that [74,82]

λX = λX, (59)

for X = M, D, SC. We will use this property in what follows,
thus assuming time-reversal symmetry.

As a next step, we will outline the derivation of the multi-
loop SBE fRG equations in physical channels, in the form that
we used for the numerical implementation to obtain the results
for the 2D Hubbard model presented afterward. For this, we
start from the generic flow equations (48)–(50) and simplify
them by evaluating the sums over momenta and frequencies
using the conservation laws of Eqs. (2) and the sums over spin
indices exploiting the SU(2) spin symmetry. We first explain
how those sums are treated in a general fashion.

Frequencies and momenta. In the generic flow equa-
tions (48)–(50), summations over frequencies and momenta
are included in terms of the form

A ◦ �r ◦ B, (60)

with the bubbles �r introduced in Eqs. (5) [more precisely, �r

is replaced by its derivative �̇r in the 1� flow equations (48)],
and A and B generic four-point objects with respect to mo-
menta and frequencies (we will leave spin indices implicit in
most equations here). The objects A and B satisfy frequency
and momentum conservation laws

A(k1′ , k2′ |k1, k2) = A(Qr, kr, k′
r )δk1′+k2′ ,k1+k2 , (61a)

B(k1′ , k2′ |k1, k2) = B(Qr, kr, k′
r )δk1′+k2′ ,k1+k2 , (61b)
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similarly to the bare interaction in Eq. (2b). The same applies
to the whole product, i.e.,

[A ◦ �r ◦ B](k1′ , k2′ |k1, k2)

= [A ◦ �r ◦ B](Qr, kr, k′
r )δk1′+k2′ ,k1+k2 . (62)

Furthermore, we know that the frequency and momentum
conservation for the full propagator read

G(k1′ |k1) = G(k1)δk1′ ,k1 . (63)

With this, the definitions (5) for the bubbles can be simplified
as

�ph(k1′ , k2′ |k1, k2) = −G(k2)G(k1)δk1′ ,k2δk2′ ,k1 , (64a)

�ph(k1′ , k2′ |k1, k2) = G(k1)G(k2)δk1′ ,k1δk2′ ,k2 , (64b)

�pp(k1′ , k2′ |k1, k2) = 1
2 G(k1)G(k2)δk1′ ,k1δk2′ ,k2 . (64c)

Rewriting the product [A ◦ �r ◦ B](k1′ , k2′ |k1, k2) with
Eqs. (61) and (64), we can identify the expressions for
[A ◦ �r ◦ B](Qr, kr, k′

r ) in Eq. (62) for each channel r [122]:

[A ◦ �ph ◦ B](Qph, kph, k′
ph) =

∑
k′′

ph

A(Qph, kph, k′′
ph) • �ph(Qph, k′′

ph) • B(Qph, k′′
ph, k′

ph), (65a)

[A ◦ �ph ◦ B](Qph, kph, k′
ph

) =
∑
k′′

ph

A(Qph, kph, k′′
ph

) • �ph(Qph, k′′
ph

) • B(Qph, k′′
ph

, k′
ph

), (65b)

[A ◦ �pp ◦ B](Qpp, kpp, k′
pp) =

∑
k′′

pp

A(Qpp, k′′
pp, k′

pp) • �pp(Qpp, k′′
pp) • B(Qpp, kpp, k′′

pp), (65c)

with

�ph;σ1′ σ2′ |σ1σ2 (Qph, kph) = −Gσ2′ |σ1

(
kph + Qph, νph +

⌈
�ph

2

⌉)
Gσ1′ |σ2

(
kph, νph −

⌊
�ph

2

⌋)
, (66a)

�ph;σ1′σ2′ |σ1σ2
(Qph, kph) = Gσ1′ |σ1

(
kph + Qph, νph +

⌈
�ph

2

⌉)
Gσ2′ |σ2

(
kph, νph −

⌊
�ph

2

⌋)
, (66b)

�pp;σ1′ σ2′ |σ1σ2 (Qpp, kpp) = 1

2
Gσ1′ |σ1

(
Qpp − kpp,

⌊
�pp

2

⌋
− νpp

)
Gσ2′ |σ2

(
kpp, νpp +

⌈
�pp

2

⌉)
. (66c)

Note that Eqs. (65) still hold if the bubbles �r are replaced by their derivatives �̇r .
Spin indices. In the generic flow equations (48)–(50), we also have to evaluate products between four-point objects with

respect to spin indices (we will leave frequency and momentum indices implicit here). They have the form

A • B, (67)

which can be written explicitly in each diagrammatic channel using the definitions of Eqs. (6), i.e.,

ph : [A • B]σ1′σ2′ |σ1σ2 = Aσ4σ2′ |σ3σ2 Bσ1′σ3|σ1σ4 , (68a)

ph : [A • B]σ1′σ2′ |σ1σ2 = Aσ1′σ4|σ3σ2 Bσ3σ2′ |σ1σ4 , (68b)

pp : [A • B]σ1′σ2′ |σ1σ2 = Aσ1′σ2′ |σ3σ4 Bσ3σ4|σ1σ2 , (68c)

where we recall that the repeated spin indices (σ3 and σ4 here) are summed over their two configurations ↑ and ↓. Their products
can be reformulated efficiently in terms of standard matrix multiplications in the presence of SU(2) spin symmetry. In this case,
the four-point objects A = wr, λr, Mr, . . . have only six nonvanishing spin components (A↑↑, A↓↓, A↑↓, A↓↑, A↑̂↓, and A↓̂↑).
Evaluating the sums over σ3 and σ4 in Eqs. (68) then amounts to carrying out products between the matrices [82,123]

ph : A =

⎡⎢⎢⎣
A↑̂↓ 0 0 0

0 A↓̂↑ 0 0
0 0 A↑↑ A↓↑

0 0 A↑↓ A↓↓

⎤⎥⎥⎦, (69a)

ph : A =

⎡⎢⎢⎣
A↑↓ 0 0 0

0 A↓↑ 0 0
0 0 A↑↑ A↑̂↓

0 0 A↓̂↑ A↓↓

⎤⎥⎥⎦, (69b)

pp : A =

⎡⎢⎢⎣
A↑↑ 0 0 0

0 A↓↓ 0 0
0 0 A↑↓ A↑̂↓

0 0 A↓̂↑ A↓↑

⎤⎥⎥⎦, (69c)
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and analogously for B. In the ph channel, for example, this means that we can write⎡⎢⎢⎣
[A • B]↑̂↓ 0 0 0

0 [A • B]↓̂↑ 0 0
0 0 [A • B]↑↑ [A • B]↓↑

0 0 [A • B]↑↓ [A • B]↓↓

⎤⎥⎥⎦ =

⎡⎢⎢⎣
A↑̂↓ 0 0 0

0 A↓̂↑ 0 0
0 0 A↑↑ A↓↑

0 0 A↑↓ A↓↓

⎤⎥⎥⎦
⎡⎢⎢⎣

B↑̂↓ 0 0 0
0 B↓̂↑ 0 0
0 0 B↑↑ B↓↑

0 0 B↑↓ B↓↓

⎤⎥⎥⎦. (70)

In that way, we find for each diagrammatic channel

ph : [A • B]↑̂↓ = A↑̂↓B↑̂↓,

[A • B]↑↓ = A↑↓B↑↑ + A↓↓B↑↓,

[A • B]↑↑ = A↑↑B↑↑ + A↓↑B↑↓, (71a)

ph : [A • B]↑↓ = A↑↓B↑↓,

[A • B]↑↑ = A↑↑B↑↑ + A↑̂↓B↓̂↑,

[A • B]↑̂↓ = A↑↑B↑̂↓ + A↑̂↓B↓↓, (71b)

pp : [A • B]↑↑ = A↑↑B↑↑,

[A • B]↑̂↓ = A↑↓B↑̂↓ + A↑̂↓B↓↑,

[A • B]↑↓ = A↑↓B↑↓ + A↑̂↓B↓̂↑. (71c)

One can straightforwardly extend this reasoning to products
between more than two four-point objects. In the following,
we will actually exploit the identities:

ph : [A • B • C]↑↑ = A↑↑B↑↑C↑↑ + A↑↑B↓↑C↑↓

+A↓↑B↑↓C↑↑ + A↓↑B↓↓C↑↓,

[A • B • C]↑↓ = A↑↓B↑↑C↑↑ + A↑↓B↓↑C↑↓

+A↓↓B↑↓C↑↑ + A↓↓B↓↓C↑↓, (72a)

ph : [A • B • C]↑↓ = A↑↓B↑↓C↑↓, (72b)

pp : [A • B • C]↑↓ = A↑↓B↑↓C↑↓ + A↑̂↓B↓̂↑C↑↓

+A↑↓B↑̂↓C↓̂↑ + A↑̂↓B↓↑C↓̂↑,

[A • B • C]↑̂↓ = A↑↓B↑↓C↑̂↓ + A↑̂↓B↓̂↑C↑̂↓

+A↑↓B↑̂↓C↓↑ + A↑̂↓B↓↑C↓↑. (72c)

In most cases, we will use Eqs. (72) with B = �r (or B =
�̇r). However, some spin components of the bubbles �r (or
their derivatives �̇r) vanish in the context of spin rotation
invariance, since the ↑↓ and ↓↑ spin components of the
full propagator G vanish in that situation [see Eq. (51a)].
According to the definitions of the bubbles [see Eqs. (5), or
equivalently Eqs. (66)], we thus have �

↑↓
ph = �

↓↑
ph = 0 and

�↑̂↓
pp = �↓̂↑

pp = 0. With this, Eqs. (72) become

ph : [A • �ph • B]↑↑ = A↑↑�
↑↑
ph B↑↑ + A↓↑�

↓↓
ph B↑↓,

[A • �ph • B]↑↓ = A↑↓�
↑↑
ph B↑↑ + A↓↓�

↓↓
ph B↑↓, (73a)

ph : [A • �ph • B]↑↓ = A↑↓�
↑↓
ph

B↑↓, (73b)

pp : [A • �pp • B]↑↓ = A↑↓�↑↓
pp B↑↓ + A↑̂↓�↓↑

pp B↓̂↑,

[A • �pp • B]↑̂↓ = A↑↓�↑↓
pp B↑̂↓ + A↑̂↓�↓↑

pp B↓↑, (73c)

where we relabeled C as B for consistency. We stress that
Eqs. (73) are still valid if the bubbles �r are replaced by their
derivatives �̇r .

We are now equipped to derive the multiloop SBE fRG
equations in physical channels. We will illustrate how to ob-
tain these equations by focusing on the 1� contribution of
the bosonic propagators. Specifically, we will start from the
flow equations in diagrammatic channels that express w(1�)

r for
r = ph, ph, pp and determine the corresponding expressions
of w

(1�)
X for X = M, D, SC. According to the definition of the

physical channels given by Eqs. (55), we have

ẇ
(1�)
M = −ẇ

(1�)↑↓
ph

, (74a)

ẇ
(1�)
D = ẇ

(1�)↑↑
ph + ẇ

(1�)↑↓
ph , (74b)

ẇ
(1�)
SC = ẇ(1�)↑↓

pp . (74c)

The right-hand sides of those three equations can be rewritten
with the help of the corresponding flow equations for w

(1�)
ph ,

w
(1�)
ph

, and w(1�)
pp [see Eq. (48a)]. This gives

ẇ
(1�)
M = −[wph • λph ◦ �̇ph ◦ λph • wph]↑↓, (75a)

ẇ
(1�)
D = [wph • λph ◦ �̇ph ◦ λph • wph]↑↑

+ [wph • λph ◦ �̇ph ◦ λph • wph]↑↓, (75b)

ẇ
(1�)
SC = [wpp • λpp ◦ �̇pp ◦ λpp • wpp]↑↓. (75c)

We can then evaluate some of the sums over spin indices by
making use of Eqs. (72), with A = C = wr and B = λr ◦ �̇r ◦
λr for r = ph, ph, pp. This leads to

ẇ
(1�)
M = −(wM)2[λph ◦ �̇ph ◦ λph]↑↓, (76a)

ẇ
(1�)
D = (wD)2([λph ◦ �̇ph ◦ λph]↑↑

+ [λph ◦ �̇ph ◦ λph]↑↓), (76b)

ẇ
(1�)
SC = 2(wSC)2([λpp ◦ �̇pp ◦ λpp]↑↓

− [λpp ◦ �̇pp ◦ λpp]↑̂↓), (76c)

where wM = −w
↑↓
ph

, wD = w
↑↑
ph + w

↑↓
ph , and wSC = w↑↓

pp . Note

that we also used the crossing symmetry of wpp that implies
w↑̂↓

pp = −w↑↓
pp to obtain Eq. (76c). We evaluate the sums over

frequencies and momenta encoded in the ◦ product by using
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Eqs. (65) and thus rewrite Eqs. (76) as

ẇ
(1�)
M (Q) = −(wM(Q))2

∑
k

[λph(Q, k) • �̇ph(Q, k) • λph(Q, k)]↑↓, (77a)

ẇ
(1�)
D (Q) = (wD(Q))2

∑
k

([λph(Q, k) • �̇ph(Q, k) • λph(Q, k)]↑↑ + [λph(Q, k) • �̇ph(Q, k) • λph(Q, k)]↑↓), (77b)

ẇ
(1�)
SC (Q) = 2(wSC(Q))2

∑
k

([λpp(Q, k) • �̇pp(Q, k) • λpp(Q, k)]↑↓ − [λpp(Q, k) • �̇pp(Q, k) • λpp(Q, k)]↑̂↓). (77c)

Finally, the remaining • products are directly treated with the help of Eqs. (73), yielding

ẇ
(1)
X (Q) = (wX(Q))2

∑
k

λX(Q, k)�̇X(Q, k)λX(Q, k) (78)

for X = M, D, SC. The Yukawa couplings in physical channels λX have been introduced in Eqs. (58), while the bubbles �X are
defined by Eqs. (66) as follows:

�M(Q, k) = �D(Q, k) = −�
↑↓
ph

(Q, k) = �
↑↑
ph (Q, k) = −G

(
k + Q, ν +

⌈
�

2

⌉)
G

(
k, ν −

⌊
�

2

⌋)
, (79a)

�SC(Q, k) = 2�↑↓
pp (Q, k) = G

(
Q − k,

⌊
�

2

⌋
− ν

)
G

(
k, ν +

⌈
�

2

⌉)
, (79b)

where G(k) = G(k, ν) is the diagonal part of the full propa-
gator on the right-hand side of Eq. (63). Hence, Eq. (78) is the
1� flow equation for the bosonic propagators in physical chan-
nels. The corresponding multiloop SBE fRG equations for the
bosonic propagators, the Yukawa couplings, and the SBE rest
functions can be derived analogously. In that way, we find the
following flow equations:

ẇ
(1)
X (Q) = (wX(Q))2

∑
k

λX(Q, k)�̇X(Q, k)λX(Q, k),

(80a)

λ̇
(1)
X (Q, k) =

∑
k′

λX(Q, k′)�̇X(Q, k′)IX(Q, k′, k), (80b)

Ṁ (1)
X (Q, k, k′) =

∑
k′′

IX(Q, k, k′′)�̇X(Q, k′′)IX(Q, k′′, k′),

(80c)

for 1�, with the bubbles defined by Eqs. (79),

ẇ
(2)
X (Q) = 0, (81a)

λ̇
(2)
X (Q, k) =

∑
k′

λX(Q, k′)�X(Q, k′)İ (1)
X (Q, k′, k), (81b)

Ṁ (2)
X (Q, k, k′) =

∑
k′′

İ (1)
X (Q, k, k′′)�X(Q, k′′)IX(Q, k′′, k′)

+
∑

k′′
IX(Q, k, k′′)�X(Q, k′′)İ (1)

X (Q, k′′, k′),

(81c)

for 2�, and for � � 3,

ẇ
(�)
X (Q) = (wX(Q))2

∑
k,k′

λX(Q, k)�X(Q, k)

× İ (�−2)
X (Q, k, k′)�X(Q, k′)λX(Q, k′), (82a)

λ̇
(�)
X (Q, k) =

∑
k′

λX(Q, k′)�X(Q, k′)İ (�−1)
X (Q, k′, k)

+
∑
k′,k′′

λX(Q, k′)�X(Q, k′)

× İ (�−2)
X (Q, k′, k′′)�X(Q, k′′)IX(Q, k′′, k),

(82b)

Ṁ (�)
X (Q, k, k′) =

∑
k′′

İ (�−1)
X (Q, k, k′′)�X(Q, k′′)IX(Q, k′′, k′)

+
∑

k′′
IX(Q, k, k′′)�X(Q, k′′)İ (�−1)

X (Q, k′′, k′)

+
∑
k′′,k′′′

IX(Q, k, k′′)�X(Q, k′′)İ (�−2)
X

× (Q, k′′, k′′′)�X(Q, k′′′)IX(Q, k′′′, k′),

(82c)

where X = M, D, SC. The vertices IX can be expressed di-
rectly in terms of wX, λX, and MX, whereas the derivatives İ (�)

X

are also related to ẇ
(�)
X , λ̇

(�)
X , and Ṁ (�)

X . For IX, this translates
into

IM = MM + 1
2 Pph→ph(φM − φD) − Ppp→phφSC, (83a)

ID = MD − 2Pph→phφM + 2Ppp→phφSC − Ppp→phφSC

+ 1
2 Pph→ph(φM − φD), (83b)

ISC = MSC + 1
2 Pph→pp(φD − φM) − Pph→ppφM, (83c)

where

φX = ∇X + MX − UX, (84)
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with ∇X(Q, k, k′) = λX(Q, k)wX(Q)λX(Q, k′), and UX is de-
fined consistently with Eqs. (55), i.e.,

UM = U ↑↑ − U ↑↓ = −U ↑↓, (85a)

UD = U ↑↑ + U ↑↓, (85b)

USC = U ↑↓. (85c)

The projection matrices Pr→r′
translate the conventions be-

tween our different channel notations (defined by Fig. 1) for
frequencies and momenta. We can also use these projection
matrices to derive the following relations for İ (�)

X (Q, k, k′):

İ (�)
M = 1

2 Pph→ph
(
φ̇

(�)
M − φ̇

(�)
D

) − Ppp→phφ̇
(�)
SC, (86a)

İ (�)
D = −2Pph→phφ̇

(�)
M + 2Ppp→phφ̇

(�)
SC − Ppp→phφ̇

(�)
SC

+ 1
2 Pph→ph

(
φ̇

(�)
M − φ̇

(�)
D

)
, (86b)

İ (�)
SC = 1

2 Pph→pp
(
φ̇

(�)
D − φ̇

(�)
M

) − Pph→ppφ̇
(�)
M , (86c)

with

φ̇
(�)
X = ∇̇ (�)

X + Ṁ (�)
X , (87)

and

∇̇ (�)
X (Q, k, k′) = λ̇

(�)
X (Q, k)wX(Q)λX(Q, k′)

+ λX(Q, k)ẇ(�)
X (Q)λX(Q, k′)

+ λX(Q, k)wX(Q)λ̇(�)
X (Q, k′). (88)

Equations (80)–(82), together with Eqs. (83)–(86), constitute
the multiloop SBE fRG equations for the two-particle vertex.
To summarize, the equations for a fermionic model with the
classical action (1) have been obtained by using the frequency
and momentum notations depicted in Fig. 1, assuming trans-
lational invariance and energy conservation [see Eqs. (2)],
SU(2) spin symmetry [see Eqs. (51)], and time-reversal sym-
metry [see Eq. (59)].

The flow equations for the two-particle vertex (namely, for
wX, λX, and MX in the SBE framework) go hand in hand with
a flow equation for the self-energy that can be derived by
differentiating the Schwinger-Dyson equation [72,116], thus
reflecting the procedure leading to the multiloop equations for
the two-particle vertex from the Bethe-Salpeter equations.
Compared to the multiloop extension of the conventional self-
energy flow equation determined by Kugler and von Delft
[98,102], this form is preferable in the truncated-unity fRG
[67,68,124], where the fermionic momentum dependence is
expanded in form factors. Since the implementations of 2D
systems widely rely on the truncated-unity fRG (see, e.g.,
Refs. [74,75,125–129]), we consider the flow equation ob-
tained from the derivative of the Schwinger-Dyson equation in
the numerical treatment of the Hubbard model presented in
Sec. IV. Furthermore, it was recently shown [123] that, in
the SBE framework, the Schwinger-Dyson equation exhibits a
particularly simple one-loop form. For the repulsive Hubbard
model that we will consider in the following sections, the for-
mulation in the dominating magnetic channel is advantageous
[123]. It reads


(k) =
∑

Q

wM(Q)λM(Q, k̃)G(k + Q), (89)

in the frequency and momentum notations defined by Fig. 1,
with k̃ = (k, ν + ��

2 �), Q = (Q,�), and k = (k, ν). Intro-
ducing the flow parameter � in the bare propagator G0 as
before (G0 → G�

0 ), the corresponding self-energy flow equa-
tion therefore reads


̇(k) =
∑

Q

ẇM(Q)λM(Q, k̃)G(k + Q)

+
∑

Q

wM(Q)λ̇M(Q, k̃)G(k + Q)

+
∑

Q

wM(Q)λM(Q, k̃)Ġ(k + Q). (90)

Although Eqs. (89) and (90) were derived under the same
assumptions as the flow equations for the two-particle vertex
[Eqs. (80)–(82)], we note that its extension to nonlocal inter-
actions is less straightforward [130]. This point is, however,
not relevant for the present study of the Hubbard model since
Fr = 0 for all r.

Importantly, the self-energy flow equation (90) is exact.
Therefore, the only approximation used within the multiloop
fRG setup based on Eqs. (80)–(82) and (90) consists in ne-
glecting the flow of the 2PI part of the vertex, i.e., İ2PI = 0
[see Eq. (44)]. In the conventional cutoff schemes, where G�

0
is chosen such that the starting point of the flow coincides
with the bare or the noninteracting theory (this applies to
all cutoff schemes used in this study; see Sec. III C), this
approximation leads to the parquet approximation [99]. An
important question we address here is whether one can re-
produce the parquet approximation with the multiloop SBE
fRG by ignoring the flow of the SBE rest functions MX,
i.e., by discarding Eqs. (80c), (81c), and (82c). We will refer
to this scheme as the SBE approximation in the following
[131]. Before analyzing our multiloop SBE fRG results for
the 2D Hubbard model, and especially the quality of the SBE
approximation in Sec. IV, we will present in more detail how
the underlying flow equations are implemented and solved
numerically in Sec. III.

III. APPLICATION TO THE HUBBARD MODEL
AND NUMERICAL IMPLEMENTATION

A. Model

We consider the Hubbard model on the square lattice de-
fined by the Hamiltonian

H =
∑
k,σ

(ε(k) − μ0)c†
kσ ckσ + U

∑
Q,k,k′

c†
k+Q↑c†

k′−Q↓ck′↓ck↑,

(91)

where the bold symbols k and Q are momentum vectors
on a square Brillouin zone [0, 2π ) × [0, 2π ) and σ ∈ {↑,↓}
denotes the spin. The integration over momenta is normalized
by the Brillouin zone volume. c(†)

kσ
represent annihilation (cre-

ation) operators for the fermions with the dispersion given by

ε(k) = −2t (cos kx + cos ky) − 4t ′ cos kx cos ky. (92)

In real space, t and t ′ correspond to nearest-neighbor and
next-nearest-neighbor hopping amplitudes, respectively. The
chemical potential shift μ0 is determined by the filling. The
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bare (repulsive) Hubbard U > 0 describes a local interaction
in real space. By translational invariance and SU(2) spin sym-
metry of the model [79], the bare Matsubara Green’s function
further simplifies beyond Eq. (2a) to

G0;σ1′ |σ1 (k) = G0(k, ν)δσ1′ ,σ1 , (93)

with

G0(k, ν) = 1

iν − ε(k) + μ0
. (94)

Similarly, the bare interaction vertex simplifies beyond
Eq. (2b) to

Uσ1′σ2′ |σ1σ2 (Qr, kr, k′
r ) = −U (1 − δσ1,σ2 )

× (δσ1′ ,σ1δσ2′ ,σ2 − δσ1′ ,σ2δσ2′ ,σ1 ). (95)

In this work, we use t ≡ 1 as energy unit.

B. Susceptibilities

The linear response of a system to an external perturbation
coupled to the operator Ô(Q, τ ) is encoded in the susceptibil-
ity

χO(q) =
∫ β

0
dτei�τ (〈Tτ Ô(Q, τ )Ô(Q, 0)〉

− 〈Ô(Q, τ )〉〈Ô(Q, 0)〉), (96)

where τ is the imaginary time. We here consider for Ô the
(s-wave) spin in the z direction, (s-wave) density, and s-wave
and d-wave pairing operators

ŝz(Q, τ ) = 1

2
(n̂↑(Q, τ ) − n̂↓(Q, τ )), (97a)

ρ̂(Q, τ ) = 1

2
(n̂↑(Q, τ ) + n̂↓(Q, τ )), (97b)

�̂sw/dw(Q, τ ) = 1

2

∑
k

fsw/dw(k)(c†
↑(Q − k, τ )c†

↓(k, τ )

+c↑(Q − k, τ )c↓(k, τ )), (97c)

for the magnetic χM, density χD, and (s- and d-wave) su-
perconducting χSC susceptibilities, respectively. The s- and
d-wave form factors are given by

fsw(k) = 1, (98a)

fdw(k) = cos(kx ) − cos(ky). (98b)

The s-wave susceptibilities are trivially related to the bosonic
propagators by

χX(Q) = UX − wX(Q)

U 2
X

, (99)

where in an fRG calculation, wX is readily available as one
of the flowing functions w

�=�final
X (Q) for X = M, D, SC. An

alternative route to obtain the susceptibilities is provided by
considering the generalized susceptibility

χX(Q, k, k′) = �X(Q, k)δk,k′

+ �X(Q, k)VX(Q, k, k′)�X(Q, k′), (100)

termed as postprocessing susceptibilities. The s-wave suscep-
tibilities are determined by summing over the two fermionic

arguments k and k′:

χX(Q) =
∑
k,k′

χX(Q, k, k′), (101)

whereas the d-wave superconducting susceptibility is ob-
tained by

χdSC(Q) =
∑
k,k′

fdw(k) fdw(k′)χSC(Q, k, k′). (102)

We note that in the SBE formulation of the parquet equations,
the s-wave flowing susceptibilities coincide with the postpro-
cessing ones [35].

C. Cutoff schemes

In this work, we utilize three different cutoff schemes (also
called flow schemes) for the bare Green’s function. The lat-
ter features a cutoff-dependent chemical potential δμ� that
ensures a constant filling throughout the flow, which will be
discussed below.

(1) � flow. Introduced in Ref. [67], this flow scheme im-
plements a multiplicative soft frequency cutoff

G�
0 (k, ν) = ��(ν)

G−1
0 (k, ν) + δμ�

, (103)

with

��(ν) = ν2

ν2 + �2
, (104)

a low-frequency cutoff function. Here, the flow parameter �

flows from �init = ∞ to �final = 0, recovering the full G0.
(2) The U flow. This flow scheme [132] is implemented

by considering a parameter �2 multiplying the quartic bare
interaction. This parameter is then absorbed in a redefinition
of the fields, leading to

G�
0 (k, ν) = �

G−1
0 (k, ν) + δμ�

, (105)

with � flowing from �init = 0 to �final = 1. The advantage
of this flow scheme is that vertex functions at intermediate
steps of the flow correspond—after rescaling—to those of a
bare interaction �2U , allowing to scan over the interaction
dependence within a single computation of the flow.

(3) The T flow. Similarly, the temperature flow [133] scans
the temperature dependence of the vertex functions along the
flow; i.e., its values at intermediate steps of the flow corre-
spond, after a proper rescaling, to the results at the scale T .
For this, the inverse temperature appearing in the Matsubara
summation normalization of the bare interaction is absorbed
in a redefinition of the fields. For an instantaneous interac-
tion, this removes all explicit reference to temperature in the
quadratic part, which yields

GT
0 (k, ν) = T 1/2

G−1
0 (k, ν) + δμT

, (106)

for the Green’s function. The temperature as flow parameter
starts at T init = ∞ and ends at the desired T final. Note that
this cutoff is not purely multiplicative since the temperature
dependence also enters via the Matsubara frequency ν.
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FIG. 5. Flow chart: At each integration step of the multiloop equations, there is a self-consistency cycle between the self-energy derivative

̇ and the vertex derivative V̇ . The (multiloop) vertex corrections are considered until higher-order corrections are small, indicated by the
gray box. The resulting vertex derivative is then used to calculate a new self-energy derivative, which—if different—necessitates recalculating
the vertex corrections. Each cycle of updating the self-energy derivative and recalculating the (multiloop) vertex corrections at a given step is
referred to as a self-energy iteration.

Regardless of the choice of the cutoff scheme, the chemical
potential shift δμ� compensates any change of the filling
induced by the deformation in the Fermi surface due to the
self-energy flow [134]. Following Ref. [69], we use the fact
that the filling

n(δμ�) =
∑
k,ν

eiν0+
[G�(k, ν)](δμ�) (107)

is a monotonic function of the chemical potential shift [135]
and therefore invertible. Thus, it is possible to determine δμ�

by a root-finding algorithm such that the filling remains fixed
at each step � of the flow. The total scale derivative of G�

becomes

Ġ�(k, ν) = dG�

d�

∣∣∣∣
δμ�=const

+ dG�

dδμ�

dδμ�

d�
(108)

in the multiloop flow equations, where the flow of the chemi-
cal potential shift is determined numerically by taking a finite
difference in the jth integration step [88,89]

dδμ�

d�
= δμ� j − δμ� j−1

� j − � j−1
. (109)

Note that the first term in Eq. (108) already contains the so-
called Katanin substitution [136].

D. Loop corrections and self-energy iterations

For the numerical integration of the fRG flow, we first
consider the 1� equations


̇ = F
 (
,V ), (110a)

V̇ = F(1)
V (
,V ), (110b)

for which a standard solver for ordinary differential equa-
tions can be used. For the multiloop extension, the multiloop
corrections to the vertex flow equation are added. Fur-
thermore, the self-energy flow equation is replaced by the
Schwinger-Dyson equation [123], leading to


̇ = FSDE(
,V, 
̇, V̇ ), (111a)

V̇ = Fmultiloop
V (
,V, 
̇)

= F(1)
V (
,V, 
̇) +

∞∑
�=2

F(�)
V (
,V, 
̇). (111b)

We note that the Katanin substitution introduces the depen-
dence of F1�

V on 
̇. The function F(�) can be constructed
from F(�−1) and F(�−2). The most prominent difference with
respect to the above conventional 1� equations lies in the
dependence on the derivatives 
̇ and V̇ on the right-hand
side. The associated self-consistent problem has to be solved
at every step of the flow. Specifically, one starts with a guess
for 
̇ from which V̇ can be calculated. The resulting V̇ is then
used to calculate a new 
̇. Such a procedure, which we refer
to as a self-energy iteration, has to be repeated until 
̇ (and
with it V̇ ) is converged. There are various strategies for its
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solution. One is shown in Fig. 5. We used here εse = 10−3 for
the tolerance in the convergence of the self-energy iterations
and εvtx = 10−4 for the convergence of the vertex corrections.
A maximum number of self-energy iterations N
 and multi-
loop vertex corrections N�, which override the convergence
criterion even if the respective tolerances are not achieved,
can be specified. In this work, these are used to study the
effect of capping the number of self-energy iterations or vertex
corrections, respectively. To speed up convergence, we found
it useful to use a dynamic εvtx that after the two-loop cor-
rection adjusts to 10% of the measured self-energy error in
the previous cycle. When the cycle of self-energy iterations
achieves the desired tolerance of εse, then this will corre-
spond to the vertex also achieving the desired tolerance since
εvtx = εse/10. Furthermore, to systematically study aspects of
multiloop convergence, as will be discussed with the results
of Sec. IV, we have opted to fix the guess 
̇guess = F
 (
,V )
(i.e., the first guess for the self-energy derivative is the right-
hand side of the standard self-energy flow equation).

E. Technical parameters

1. fRG calculations

For this study, our fRG calculations were all per-
formed with the BosonFlow codebase, presented in detail in
Ref. [137]. In solving the multiloop flow equations numer-
ically with this setup, we consider different Brillouin zone
meshes for different objects. The coarse momentum grid
presents a uniform discretization into Nk × Nk points and is
used for the momentum dependence of the self-energy 
,
where we have used Nk = 16 for all our calculations. For the
bosonic dependence of the vertex objects wX, λX, and MX, the
coarse momentum grid is selectively refined by a factor of 5,
which results in Nk,δ = 136 additional points in the vicinity
of the high symmetry points � = (0, 0) and M = (π, π ) (see
Fig. 6). The bosonic momentum dependence of the bubbles
appearing on the right-hand side of the vertex flow equa-
tions is calculated on a dense uniform grid of N2

k N2
δ points.

On the other hand, in the spirit of the truncated-unity fRG
[67,68,124], the secondary fermionic momentum dependen-
cies of λX, MX and the bubbles are projected into a small set of
form factors. Specifically, we keep only the s-wave form fac-
tor for calculations at half filling and additionally the d-wave
form factor at finite doping. Moreover, we have neglected
the mixed bubbles (we set �X,nm = �̇X,nm = 0 for unequal
form factor indices n �= m), since their contributions vanish at
q = 0 anyway. Within this approximation, the contributions
from the d-wave component to the Yukawa couplings vanish
identically in the SBE approximation (see Appendix B for
further explanations). Our numerical implementation thus re-
lies on the multiloop SBE fRG equations (80)–(82) and (90)
rewritten in form factor notation (see Appendix A for more
details on this point).

For the frequency dependence, we store the values of the
objects at bounded frequency boxes parametrized by Nw,
where we use Nw = 6 for β = 5, 7.5 and Nw = 8 for β = 10,
20. Outside of these boxes, the objects are taken to assume
their high-frequency asymptotic values [77]. The self-energy
is taken to decay to zero at large frequencies (outside the box),
where the constant part resulting from the Hartree contribu-

FIG. 6. The coarse grid of 16×16 points is refined for the
bosonic momentum dependence of the bosonic propagators wX,
Yukawa couplings λX, and the SBE rest functions MX within a radius
of 2π/16 around the � and M symmetry points. The red crosses
corresponding to the �-X-M-� symmetry path enclose the reduced
Brillouin zone.

tion is absorbed in a redefinition of the chemical potential.
Table I summarizes the information on the frequency and mo-
mentum discretization used for the central objects in the code.
The dependencies for the derivatives and multiloop vertex
corrections are identical to their corresponding objects.

2. Parquet calculations

Our analysis is also based on results obtained from the par-
quet approximation, determined by solving the Bethe-Salpeter
and the Schwinger-Dyson equations fully self-consistently
(i.e., without relying on differential equations). The under-
lying calculations were performed with a different code, the
Truncated Unity Parquet Solver (TUPS) [1]. For complete-

TABLE I. Number of frequency and momentum points used for
the parametrization, where Nδ = 5 for the bubble (see also text). For
the treatment of the momenta within the truncated-unity fRG, the
bosonic momenta of the vertices live on a discretized Brillouin zone,
whereas the fermionic momentum dependence is restricted to (a few)
form factors: an s-wave form factor at half filling and an additional d-
wave one at finite doping. The fermionic momenta of the self-energy
live on a coarse uniform 16×16 discretization of the Brillouin zone.

Bos. freq. Ferm. freq. Bos. mom. Ferm. mom.


, 
̇ ∅ 20Nw ∅ N2
k

�, �̇ 128Nw + 1 128Nw N2
k N2

δ ff.
w, ẇ(�) 128Nw + 1 ∅ N2

k + Nk,δ ∅

λ, λ̇(�) 4Nw + 1 4Nw N2
k + Nk,δ ff.

M, Ṁ (�), İ (�) 4Nw + 1 2Nw N2
k + Nk,δ ff.
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FIG. 7. Static bosonic momentum dependence of the magnetic susceptibility χM and of the real part of the magnetic Yukawa coupling λM

as obtained by the multiloop SBE fRG in the SBE approximation within three different flow schemes (� flow, U flow, and T flow) for different
loop orders (2�, 3�, 5�, and 30�), at U = 2.5, t ′ = 0, β = 5, and half filling (μ = 0).

ness, we describe here in detail how these were performed.
In TUPS, the 2PR vertices are not decomposed into single-
and multiboson exchange contributions as in Eq. (7), but
only the parquet decomposition [Eq. (3)] is used, together
with the Bethe-Salpeter equation (23) and the Schwinger-
Dyson equation, where the self-energy is directly obtained
from the two-particle vertex [138]. The fermionic momenta

are represented using the truncated-unity approximation. For
the results presented in this work, we have used one form
factor (s wave) for the fermionic momenta of the 2PR ver-
tices. For the bosonic momenta and the self-energy, we used
N2

k = 40×40, without refinement around the high-symmetry
points. An overall frequency grid with Nω = 160 was used for
all vertices (N3

ω) and the self-energy. Additionally, scan-edge

FIG. 8. Same as Fig. 7, but for the density channel. The corresponding data for the superconducting channel are obtained from the relations
χSC(Q,�) = χD(Q + (π, π ),�) and λSC(Q, �, ν ) = λD(Q + (π, π ), �, ν ).
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FIG. 9. Frequency dependencies of the susceptibilities and of the real parts of the Yukawa couplings in all three physical channels at
bosonic momenta Q = π = (π, π ) (in the M channel) and Q = 0 = (0, 0) (in the D and SC channels) as obtained from the multiloop SBE
fRG at 30� in the SBE approximation within three different flow schemes (� flow, U flow, and T flow), at U = 2.5, t ′ = 0, β = 5, and half
filling (μ = 0).

asymptotics was used [21] for the reducible vertices in all
equations. Since in TUPS the Yukawa couplings and bosonic
propagators are not part of the computational self-consistent
scheme, they were obtained from the converged solution in
a postprocessing step, as described in Ref. [35]. The d-wave
susceptibilities shown in Fig. 15 were obtained by projecting
the reconstructed momentum dependence of the 2PR vertices
onto the d-wave form factor.

For the additional comparison of the SBE fRG to the SBE
approximation directly in parquet equations (shown as dotted
gray lines in Fig. 12), another parquet equations solver was
used, the MBE-parquet code [6]. In this code, the 2PR ver-
tices are, as in the SBE fRG, decomposed into single- and
multiboson exchange parts, in accordance with Eq. (7). The
MBE-parquet code does not use the truncated-unity approx-
imation and the full momentum grid is used for all momenta.
For the data shown in Fig. 12, the SBE rest functions, i.e., the
multiboson exchange contributions, were set to zero (MX = 0
for all channels X). A grid of N2

k = 16×16 was used for all

bosonic and fermionic momenta, with 11× refinement for
the one-particle Green’s function. The fermionic momentum
dependence of the Yukawa couplings was projected afterward
onto the s-wave form factor for comparison with the SBE fRG.

IV. RESULTS

A. Multiloop convergence and cutoff dependence

In the present section, we analyze the multiloop SBE fRG
results for the 2D Hubbard model, relying on the numerical
implementation described in Sec. III. In particular, we use
the SBE approximation obtained by neglecting the flow of
the SBE rest functions MX, the most complicated objects to
calculate.

The first point that we address is the cutoff dependence
of the multiloop SBE fRG. If the SBE rest functions MX

are included in the flow, the multiloop SBE fRG results
are equivalent to those of the multiloop fRG formulated
within the parquet decomposition and therefore coincide with
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FIG. 10. Convergence parameters for the multiloop SBE fRG at 30� in the SBE approximation within three different flow schemes
(� flow, U flow, and T flow), at U = 2.5, t ′ = 0, β = 5, and half filling (μ = 0). N
 and 〈N�〉
 are the number of self-energy iterations
and the average number of loop corrections per self-energy iteration, respectively.

the parquet approximation at convergence [99]. This applies
regardless of the chosen cutoff scheme. Put differently, the
cutoff dependence of the multiloop SBE fRG results com-
pletely vanishes at convergence when the SBE rest functions
MX are included in the flow. However, this is no longer valid
within the SBE approximation. Indeed, in that case, the closed
system of flow equations to solve is truncated [by discarding
Eqs. (80c), (81c), and (82c)], which introduces a dependence
with respect to G�

0 in the results obtained at the end of the
fRG flow. We note that the cutoff dependence, a well-known
and studied feature of conventional fRG approaches based on
the Wetterich equation [139–144], is a result of the truncation
being implemented after the cutoff function is introduced via
G0 → G�

0 .
In Figs. 7–9, we examine the cutoff dependence of the

multiloop SBE fRG in the SBE approximation quantitatively,
by comparing results for the static susceptibilities and the
Yukawa couplings of the half-filled 2D Hubbard model ob-
tained within the � flow, the U flow, and the T flow, for
U = 2.5 and β = 5. More specifically, Fig. 7 focuses on the
magnetic channel and displays the bosonic momentum depen-
dence of χM(Q,� = 0) and ReλM(Q,� = 0, ν = πT ) along
the �-X-M-� path in the Brillouin zone defined in Fig. 6.
Comparing the 2�, 3�, 5�, and 30� results displayed in the
different panels (the self-energy is converged according to
the criterion in Sec. III D for each loop order), we observe
that the loop corrections from 2� to 30� on the peak of
χM(Q = (π, π ),� = 0) have a much stronger impact within
the U flow and the T flow than within the � flow. The relative
difference (|χ2�

M − χ30�
M |)/χ30�

M between the 2� and 30� results
amounts to 13%, 80%, and 214% at the M point [Q = (π, π )],

respectively. The 2� result obtained with the � flow is thus
much closer to the converged ones than its U -flow and T -flow
counterparts. In this sense, the � flow can be considered as the
optimal flow scheme tested here, consistently with previous
multiloop fRG results [70]. In contrast, the T flow exhibits the
slowest convergence for the magnetic susceptibility, with the
2� peak of χM(Q = (π, π ),� = 0) being more than 3 times
larger than its value at 30�. However, all three flow schemes
yield consistent results at 30�. Indeed, the three corresponding
curves in the 30� panel are hardly distinguishable with a few
percent of relative difference, with its maximal value reached
for (|χT flow

M − χ� flow
M |)/χ� flow

M ∼ 9% at the M point. The cut-
off dependence of our multiloop SBE fRG results for χM is
residual at 30�.

The same general conclusions can be drawn for the real
part of the magnetic Yukawa coupling λM, shown in the lower
panels of Fig. 7. More precisely, the T -flow and �-flow results
are still the most and the least affected by the loop corrections
from 2� to 30�. At the same time, all three flow schemes yield
consistent results at 30�. We note, however, that the deviations
between the results for the different flow schemes appear to
be larger as compared to the ones for χM. Nevertheless, the
maximal relative difference between the curves for ReλM at
30� is smaller than 5%.

Figure 8 presents analogous results as Fig. 7, but in the
density channel. According to the data for the susceptibility
and the Yukawa coupling, we can extend the above con-
clusions on the convergence properties of the different flow
schemes as well as on the residual cutoff dependence at 30�

to the subleading channels. We observe that the discrepancy
between the three flow schemes is clearly less pronounced
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FIG. 11. Static susceptibilities in all three physical channels at
bosonic momenta Q = π = (π, π ) (in the M channel) and Q =
0 = (0, 0) (in the D and SC channels) as a function of the bare
interaction U , at β = 5, t ′ = 0, and half filling (μ = 0), as obtained
from the SBE fRG at 1�, 2�, and at multiloop convergence in the SBE
approximation within the � flow, with comparison to the parquet
approximation (PA).

as compared to the magnetic case, but the � flow is still
the least affected by the loop corrections from 2� to 30�.
In particular, the relative difference between the 2� and 30�

susceptibilities, i.e., (|χ2�
D − χ30�

D |)/χ30�
D , is about 7%, 8%,

and 10% at the M point for the � flow, the U flow, and
the T flow, respectively. This is to be contrasted with the
values of 13%, 80%, and 214% reported previously for the
magnetic susceptibility. Moreover, the results for χD at 30�

from all three flow schemes coincide within 1% relative dif-
ference for all momenta along the �-X-M-� path. Similar
findings on the loop convergence properties and the reduced
cutoff dependence at 30� also hold for the real part of the
Yukawa coupling λD. As a consequence of the symmetry re-
lations χSC(Q,�) = χD(Q + (π, π ),�) and λSC(Q,�, ν) =
λD(Q + (π, π ),�, ν) at half filling, these general remarks
also apply to χSC and λSC [145].

FIG. 12. Static bosonic momentum dependence of the suscepti-
bilities and of the real parts of the Yukawa couplings in the magnetic
and density channels at U = 2.5, β = 5, t ′ = 0, and half filling
(μ = 0), as obtained from the multiloop SBE fRG at convergence
in the SBE approximation (within the � flow), with comparison to
the PA. The corresponding data for the superconducting channel are
obtained by χSC(Q, �) = χD(Q + (π, π ),�) and λSC(Q, �, ν ) =
λD(Q + (π, π ), �, ν ). The dotted gray lines are parquet results ob-
tained by neglecting the SBE rest functions (MX = 0 for all channels
X) (see Appendix C for its discussion).

Figure 9 extends this analysis at zero bosonic frequency
(� = 0) and at the lowest fermionic Matsubara frequency
(ν = πT ) by showing the corresponding frequency dependen-
cies. We observe that the discrepancy between the � flow,
U flow, and T flow is generally most pronounced at � = 0
and at ν = πT , i.e., for the frequency values considered pre-
viously in Figs. 7 and 8. In fact, the curves corresponding
to the three flow schemes are, in most cases, barely distin-
guishable on the displayed scale. Notable exceptions are the
results for ReλM, where a clear discrepancy is observed at
� = 0 and ν = πT , in accordance with the corresponding
results illustrated in Fig. 7. However, the relative difference
(|ReλT flow

M − Reλ� flow
M |)/Reλ� flow

M is still smaller than 5% at
Q = (π, π ), � = 0, and ν = πT , as reported previously.

In the considered parameter regime, the cutoff depen-
dence of our multiloop SBE fRG results in the SBE
approximation is hence residual for both the frequency-
and momentum-dependent susceptibilities χX(Q,�) and the
Yukawa couplings λX(Q,�, ν), with X = M, D, SC. This pa-
rameter regime of the 2D Hubbard model is still within the
reach of the weak-coupling fRG approach used here, but is
already fairly nontrivial in the sense that a substantial num-
ber of loop corrections is required to reach convergence. We
clarify this point in Fig. 10, which displays the number of
self-energy iterations and the average number of loop correc-
tions per self-energy iteration at each step of the flow for the
30� results obtained from the � flow, the Uflow, and the T
flow and shown in Figs. 7–9. Full convergence is defined by
the parameters εse = 10−3 and εvtx = 10−4 in Sec. III D. For
the 30� results of Figs. 7–10, convergence is achieved with
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respect to self-energy iterations (according to εse = 10−3),
whereas the number of loop corrections per self-energy iter-
ation is capped at � = 30 if convergence with respect to loop
corrections cannot be reached (according to εvtx = 10−4) with
less than 30 loops. In fact, none of the three flow schemes are
actually fully converged at U = 2.5, β = 5, and half filling
for � = 30. In Fig. 10, this implies that the average number of
loop corrections per self-energy iteration reaches its maximal
value of 30 (or becomes very close to it) at its last step or
before, for each flow scheme. In the plateau observed in the
top right panel, this is particularly evident in the T flow.
Furthermore, one can see that the T flow requires many more
self-energy iterations to achieve convergence at each step of
the flow as compared to the � flow and the U flow. These
findings are consistent with the above discussion of Fig. 7,
assessing the T flow as a less favorable choice for reaching
convergence.

As a next step, we consider the multiloop SBE fRG in
the SBE approximation at full convergence, as defined in
Sec. III D. For this, we use the � flow as the optimal flow
scheme requiring the smallest number of both loop correc-
tions and self-energy iterations to reach full convergence, and
compare the obtained results to the parquet approximation.

B. Comparison to the parquet approximation at half filling

The comparison of converged multiloop SBE fRG data of
the susceptibilities and the Yukawa couplings (obtained within
the � flow, identified as optimal by our previous analysis)
to the parquet approximation enables us to determine the
importance of the SBE rest functions MX. When the latter
are included, the converged multiloop SBE fRG is equiv-
alent to the parquet approximation, which we also verified
numerically. This provides us with another criterion to judge
the quality of the SBE approximation within the multiloop
SBE fRG approach, alongside the cutoff dependence exam-
ined previously. To reach convergence with respect to both
self-energy iterations and loop corrections according to the
criteria outlined in Sec. III D (εse = 10−3 and εvtx = 10−4),
the � flow requires, at its most demanding step, up to 25
self-energy iterations and an average of 36 loop corrections
per self-energy iteration. The 30� � flow results shown in
Figs. 7–10 are therefore almost converged.

Our converged results for the multiloop SBE fRG in the
SBE approximation (obtained within the � flow) are shown
in Figs. 11–13, together with the corresponding data from the
parquet approximation. First, Fig. 11 shows the evolution of
the susceptibility peaks as a function of the bare interaction
U at β = 5 and half filling. It also includes the 1� and 2�

SBE fRG results obtained with the conventional self-energy
flow equation (derived from the Wetterich equation instead of
the Schwinger-Dyson equation). These 1� and 2� approaches
are standard fRG schemes, and the 1� case was thoroughly
investigated in previous work [75]. The 1� SBE fRG over-
estimates the magnetic peak χM(Q = (π, π ),� = 0) with
increasing U . Its divergence signaling the onset of antifer-
romagnetic order is an artifact of the 1� approximation that
violates the Mermin-Wagner theorem [146]. Adding higher-
order loop corrections, the parquet approximation, which
fulfills the Mermin-Wagner theorem [147–149], is recovered

at convergence [70,99]. In fact, already the 2� corrections
lead to a drastic reduction of the magnetic peak. This behav-
ior is reflected also in the parquet approximation, as can be
seen in Fig. 11. In particular, the converged multiloop SBE
fRG results in the SBE approximation also agree well with
the parquet approximation. The most important discrepancy
between the two schemes is found for the magnetic peak at
U = 2.5, with a relative difference (|χ∞�

M − χPA
M |)/χPA

M still
smaller than 5%.

We now investigate the momentum and frequency de-
pendencies of the susceptibilities and Yukawa couplings at
U = 2.5, β = 5, and half filling, where the most sizable de-
viations of the converged SBE fRG results and the parquet
approximation have been observed (see Figs. 12 and 13).
Focusing on the momentum dependencies shown in Fig. 12,
we observe a good overall agreement, with a relative differ-
ence between the SBE fRG and the parquet approximation on
the order of a few percent, reaching a maximum of 5% for
χM(Q,� = 0) at the M point. Besides χM, the most impor-
tant discrepancy between fRG and parquet results is found in
ReλD(Q,� = 0, ν = πT ) still at the M point, with a relative
difference of 4%. The results for the superconducting chan-
nel (not displayed in Fig. 12) can be inferred from the data
in the density channel by χSC(Q,�) = χD(Q + (π, π ),�)
and λSC(Q,�, ν) = λD(Q + (π, π ),�, ν). Concerning the
frequency dependencies presented in Fig. 13, we find that
the discrepancy between the converged multiloop SBE fRG
results and the parquet approximation remains small in all
three channels, with a relative difference below 4% for the real
parts of all Yukawa couplings. The agreement between fRG
and parquet results is of similar quality for the susceptibilities
shown in Fig. 13. At � = 0, we recover the susceptibility
peaks already shown in Fig. 11 for all three channels, with
a relative difference between converged multiloop SBE fRG
and parquet data always below 5%. It should be noted that,
at finite � in Fig. 13, this relative difference can exceed 5%
for the susceptibilities. However, this corresponds to only
small differences in absolute values [since we always have
χX(Q = QX,�) < 0.013 for all channels X in that case].

We emphasize that the very good quantitative agreement
of the multiloop SBE fRG results in the SBE approximation
with the parquet data in the considered parameter regime can
be traced back to the effective generation of rest-function-like
contributions in the fRG flow, even though these are neglected
in the SBE approximation. This property has been already
pointed out in Ref. [75], where the underlying diagrammatic
resummation is explained in detail (see also Appendix C for a
related discussion). This implicit resummation is not accessi-
ble within a parquet solution in which the SBE rest functions
are not accounted for (see dotted gray lines in Fig. 12 for
comparison). This highlights an important advantage of the
SBE approximation within the fRG framework that allows
one to include contributions of the SBE rest functions at low
numerical cost.

For completeness, we also compare the self-energy ob-
tained from the converged multiloop SBE fRG with the
parquet approximation. The corresponding frequency- and
momentum-dependent results are reported in Appendix D, for
the same parameter regime considered in Figs. 7–10, 12, and
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FIG. 13. Frequency dependencies of the susceptibilities and of the real parts of the Yukawa couplings in all three physical channels
at bosonic momenta Q = π = (π, π ) (in the M channel) and Q = 0 = (0, 0) (in the D and SC channels) at U = 2.5, β = 5, t ′ = 0, and
half filling (μ = 0), as obtained in the multiloop SBE fRG at convergence in the SBE approximation (within the � flow), with comparison
to the PA.

13. The agreement between fRG and parquet data is in that
case of similar quality to that observed for the susceptibilities
and Yukawa couplings, although with somewhat larger devia-
tions at small frequencies.

C. Comparison to the parquet approximation at finite doping

We now illustrate that the multiloop SBE fRG in the SBE
approximation provides a quantitatively accurate description
of the parquet approximation also at finite doping. The results
for the bosonic momentum and frequency dependencies of
the susceptibility and the Yukawa coupling in the leading
channel (which is still the magnetic one) at Van Hove filling
for the same bare interaction and temperature (U = 2.5 and
β = 5) are displayed in Fig. 14. In this figure, the relative
difference between the fRG results and the parquet approx-
imation does not exceed 2% for ReλM, whereas it remains
below 5% for χM(Q,� = 0) over the whole �-X-M-� path.
Such an agreement between fRG and parquet data also holds

for the frequency dependence of the magnetic susceptibility,
with the exception of small absolute values of ReχM(Q =
(π, π ),�) [ReχM(Q = (π, π ),�) < 0.012]. Regarding the
analogous results in the density and superconducting channels
(not shown), the relative difference is always smaller than
4%, except for ReχD(Q = 0,�) and ReχSC(Q = 0,�) at
small absolute values, i.e., for ReχD(Q = 0,�) < 0.003 and
ReχSC(Q = 0,�) < 0.011.

We now analyze the temperature dependence of our con-
verged multiloop SBE fRG results at finite doping, still within
the SBE approximation and exploiting the � flow, with con-
vergence achieved according to the parameters εse = 10−3

and εvtx = 10−4 defined in Sec. III D (for completeness, 1�

and 2� results are reported in Appendix E). In Figs. 15–
17, we report the frequency and momentum dependencies of
the susceptibilities and the Yukawa couplings in all physical
channels at U = 2.5, t ′ = −0.2, filling n = 0.41, and three
different temperatures, i.e., β = 5, 10, and 20 (the results at
β = 5 correspond to the data shown in Fig. 14). Figure 15
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FIG. 14. Bosonic momentum and frequency dependencies of the
real parts of the magnetic susceptibility and the magnetic Yukawa
coupling at U = 2.5, β = 5, t ′ = −0.2, and filling n = 0.41 (μ = 4t ′

at the beginning of the flow), as obtained from the multiloop SBE
fRG at convergence in the SBE approximation (within the � flow),
with comparison to the PA.

illustrates how the competition between magnetic ordering
and d-wave superconductivity evolves with temperature, as
resolved by our multiloop SBE fRG approach, which is an
unbiased tool to study competing orders. For all considered
values of the temperature, the magnetic channel remains the
dominant one (even at β = 20), although one can clearly
observe that d-wave superconductivity becomes more signif-
icant as β increases from the panel showing χdSC in Fig. 15.
At finite doping, magnetism occurs at incommensurate wave
vectors, characterized by increasingly high and sharp peaks
in χM. In general, the temperature dependence of the leading
magnetic and d-wave superconducting static susceptibilities
is much more pronounced with respect to the density and
s-wave superconducting ones: χM(Q = (π, π ),� = 0) and
χdSC(Q = (0, 0),� = 0) are multiplied by a factor of 2 from
β = 5 to β = 20, while χD(Q = (0, 0),� = 0) and χSC(Q =
(0, 0),� = 0) increase by about 10%. The fRG results of
Fig. 15 also agree well with the corresponding parquet ap-
proximation, with a relative difference of at most 5% for
χM(Q,� = 0), χD(Q,� = 0), and χSC(Q,� = 0) over the
whole �-X-M-� path and for β = 5, 10, and 20. For the
d-wave superconducting susceptibility χdSC(Q,� = 0), we
note that the relative difference between fRG and parquet
data reaches slightly higher values, especially at the highest
temperature. At the � point, in particular, it reaches 2%,
6%, and 13% at β = 5, 10, and 20, respectively. This re-
duction of the quality of the SBE approximation for the
d-wave superconducting channel is expected from the fact
that the contributions of the SBE rest functions MdSC must be
taken into account to describe pairing fluctuations in strongly
correlated regimes as already discussed in Refs. [74,75]. Im-
provements of our SBE fRG approach toward the treatment
of these fluctuations could be achieved with the help of re-
bosonization techniques [57,74,143,150–152] used to recast

FIG. 15. Bosonic momentum dependence of the static suscepti-
bilities in all three physical channels, as obtained from the multiloop
SBE fRG at convergence in the SBE approximation (within the
� flow), at U = 2.5, t ′ = −0.2, and filling n = 0.41 (μ = 4t ′ at
the beginning of the flow) and for three different temperatures
(β = 5, 10, 20). Results obtained from the PA are also shown for
comparison.

the information of MdSC in the form of a bosonic propagator
and a Yukawa coupling. Such developments remain, however,
beyond the scope of the present study.

We then consider the bosonic momentum dependence
of the Yukawa couplings in Fig. 16. For all channels
X = M, D, SC, we observe a strong renormalization of their
real part with respect to their initial value λX(Q,�, ν) =
1. This effect can notably be attributed to the Kanamori
screening [36,75,153,154] and is substantially enhanced as
the temperature decreases. We note that the renormalization of
the Yukawa couplings results from the interplay between the
different channels, absent in the random phase approximation
(RPA) [155]. Accounting for their flow is therefore essential
for an accurate description of competing orders. Furthermore,
the relative difference between the Yukawa couplings ob-
tained from our fRG approach and the parquet approximation
shown in Fig. 16 remains strictly below 5% for ReλX(Q,� =
0, ν = πT ) over the whole �-X-M-� path, in all three
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FIG. 16. Bosonic momentum dependence of the real parts of the
Yukawa couplings in all three physical channels at zero bosonic
frequency (� = 0) and at the first fermionic Matsubara frequency
(ν = πT ) as obtained from the multiloop SBE fRG at convergence in
the SBE approximation (within the � flow), at U = 2.5, t ′ = −0.2,
and filling n = 0.41 (μ = 4t ′ at the beginning of the flow) and for
three different temperatures (β = 5, 10, 20). Results obtained from
the PA are also shown for comparison.

channels (X = M, D, SC) and for β = 5, 10, and 20. This
agreement with the parquet approximation is therefore similar
to the one observed for the s-wave susceptibilities in Fig. 15.

The significant renormalization of the Yukawa couplings
can also be observed from their frequency dependencies
shown in Fig. 17. Reducing the temperature, i.e., increasing
β, the significant renormalization of the Yukawa couplings
extends to higher bosonic and fermionic frequencies, with a
rapid broadening of the affected frequency window. A similar
behavior is also observed for the corresponding susceptibili-
ties that exhibit a marked broadening at lower temperatures.
These findings demonstrate the merits of our fRG approach,
which captures such renormalization effects in the frequency-
and momentum-dependent vertices. Finally, concerning the
comparison with the parquet approximation, we obtain a par-
ticularly small relative difference, always below 3% for all

frequencies, between fRG and parquet data of ReλM and
ReλD. This relative difference is slightly higher, but remains
below 5%, for ReλSC. Finally, the susceptibilities obtained
from the fRG agree with the parquet approximation within
a relative difference of 5% or less for β = 5, 10, and 20 at
� = 0, as found previously in Fig. 15. For the (real part of the)
susceptibilities at finite frequency �, the situation at β = 5
was already analyzed previously in Fig. 14, highlighting an
efficient reproduction of the parquet approximation by our
fRG results in that case. This efficient reproduction is also
observed at β = 10 and 20 in Fig. 17, where the relative
difference between fRG and parquet data does not exceed 5%
for ReχM and ReχSC even at finite � (in the density channel,
this relative difference can be larger than 5%, but only for
ReχD < 0.028). Overall, we observe in Figs. 15–17 that the
quality of the agreement between our converged multiloop
SBE fRG results in the SBE approximation and the parquet
approximation is not noticeably affected by lowering the tem-
perature (with the exception of χdSC shown in Fig. 15), at
least within the considered temperature range. This highlights
a certain robustness of the SBE approximation used within our
fRG approach.

V. CONCLUSION

We have applied the recently introduced SBE formulation
of the fRG, which relies on a diagrammatic decomposition
in contributions mediated by the exchange of a single boson
in the different channels, to the multiloop fRG that resums
all diagrams of the parquet approximation. We presented the
details of the algorithmic implementation for the 2D Hubbard
model and provided a systematic analysis of the fermion-
boson Yukawa couplings and of the corresponding physical
susceptibilities by studying their evolution with temperature
and interaction strength, both at half filling and finite dop-
ing. We complemented this analysis with additional results
for the self-energy in Appendix D. The comparison with the
parquet approximation shows that neglecting the SBE rest
functions, which describe correlation effects beyond the SBE
processes, yields a quantitatively accurate description in the
weak-coupling regime, both at half filling and at finite doping
in the studied parameter regime. The quality of this approxi-
mation should be considered alongside the fact that the SBE
rest functions are significantly more demanding to calculate
than the vertices describing SBE processes (i.e., bosonic prop-
agators and Yukawa couplings). It should also be stressed that
rest-function-like contributions are still generated throughout
the fRG flow in the SBE approximation (see also Ref. [75]):
This resummation has no counterpart in the iterative solution
of the parquet equations without the SBE rest functions.

As a result, the SBE formulation of the multiloop fRG
provides a promising framework that allows for a substantial
reduction of the numerical effort, paving a promising route
for future extensions such as temperature flows for electron-
phonon systems [156] or the combination with DMFT in the
so-called DMF2RG [71,118]. The latter could enable access
to the nonperturbative regime by means of the multiloop ex-
tension of the DMF2RG.
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FIG. 17. Frequency dependencies of the real parts of the susceptibilities and of the Yukawa couplings in all three physical channels at
bosonic momenta Q = π = (π, π ) (in the M channel) and Q = 0 = (0, 0) (in the D and SC channels) as obtained from the multiloop SBE
fRG at convergence in the SBE approximation (within the � flow), at U = 2.5, t ′ = −0.2, and filling n = 0.41 (μ = 4t ′ at the beginning of
the flow) and for three different temperatures (β = 5, 10, 20). Results obtained from the PA are also shown for comparison.
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APPENDIX A: MULTILOOP SBE fRG EQUATIONS IN FORM FACTOR NOTATION

In the truncated-unity fRG [67,68,124], the flow equations are rewritten in terms of form factors. For Eqs. (80)–(82) and (90),
this gives

ẇ
(1)
X (Q) = (wX(Q))2

∑
ν,m,m′

λX,m(Q, ν)�̇X,mm′ (Q, ν)λX,m′ (Q, ν), (A1a)
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λ̇
(1)
X,n(Q, ν) =

∑
ν ′,m,m′

λX,m(Q, ν ′)�̇X,mm′ (Q, ν ′)IX,m′n(Q, ν ′, ν), (A1b)

Ṁ (1)
X,nn′ (Q, ν, ν ′) =

∑
ν ′′,m,m′

IX,nm(Q, ν, ν ′′)�̇X,mm′ (Q, ν ′′)IX,m′n′ (Q, ν ′′, ν ′), (A1c)

ẇ
(2)
X (Q) = 0, (A2a)

λ̇
(2)
X,n(Q, ν) =

∑
ν ′,m,m′

λX,m(Q, ν ′)�X,mm′ (Q, ν ′)İ (1)
X,m′n(Q, ν ′, ν), (A2b)

Ṁ (2)
X,nn′ (Q, ν, ν ′) =

∑
ν ′′,m,m′

İ (1)
X,nm(Q, ν, ν ′′)�X,mm′ (Q, ν ′′)IX,m′n′ (Q, ν ′′, ν ′)

+
∑

ν ′′,m,m′
IX,nm(Q, ν, ν ′′)�X,mm′ (Q, ν ′′)İ (1)

X,m′n′ (Q, ν ′′, ν ′), (A2c)

and, for � � 3,

ẇ
(�)
X (Q) = (wX(Q))2

∑
ν,m,m′,

ν ′,m′′,m′′′

λX,m(Q, ν)�X,mm′ (Q, ν)İ (�−2)
X,m′m′′ (Q, ν, ν ′)�X,m′′m′′′ (Q, ν ′)λX,m′′′ (Q, ν ′), (A3a)

λ̇
(�)
X,n(Q, ν) =

∑
ν ′,m,m′

λX,m(Q, ν ′)�X,mm′ (Q, ν ′)İ (�−1)
X,m′n (Q, ν ′, ν)

+
∑

ν ′,m,m′,
ν ′′,m′′,m′′′

λX,m(Q, ν ′)�X,mm′ (Q, ν ′)İ (�−2)
X,m′m′′ (Q, ν ′, ν ′′)�X,m′′m′′′ (Q, ν ′′)IX,m′′′n(Q, ν ′′, ν), (A3b)

Ṁ (�)
X,nn′ (Q, ν, ν ′) =

∑
ν ′′,m,m′

İ (�−1)
X,nm (Q, ν, ν ′′)�X,mm′ (Q, ν ′′)IX,m′n′ (Q, ν ′′, ν ′) +

∑
ν ′′,m,m′

IX,nm(Q, ν, ν ′′)�X,mm′ (Q, ν ′′)İ (�−1)
X,m′n′ (Q, ν ′′, ν ′)

+
∑

ν ′′,m,m′,
ν ′′′,m′′,m′′′

IX,nm(Q, ν, ν ′′)�X,mm′ (Q, ν ′′)İ (�−2)
X,m′m′′ (Q, ν ′′, ν ′′′)�X,m′′m′′′ (Q, ν ′′′)IX,m′′′n′ (Q, ν ′′′, ν ′), (A3c)

and


̇(k) =
∑
Q,m

ẇM(Q) fm(k)λM,m

(
Q, ν +

⌊
�

2

⌋)
G(k + Q) +

∑
Q,m

wM(Q) fm(k)λ̇M,m

(
Q, ν +

⌊
�

2

⌋)
G(k + Q)

+
∑
Q,m

wM(Q) fm(k)λM,m

(
Q, ν +

⌊
�

2

⌋)
Ġ(k + Q), (A4)

where the indices n(′) and m(′) label form factors [{ fm(k)}∞m=0 denotes a complete set of form factors defined on the Brillouin
zone]. As mentioned, only s-wave and d-wave form factors [defined by Eqs. (98)] are considered for the present study of the
2D Hubbard model. Moreover, IX,nn′ and İ (�)

X,nn′ also satisfy, respectively, Eqs. (83) and (86) after replacing each object by the
corresponding form factor component, including notably the projection matrices Pr→r′

whose expressions in form factor notation
can be found in Refs. [116,157].

APPENDIX B: VANISHING OF d-WAVE YUKAWA
COUPLINGS IN THE SBE APPROXIMATION

In the main text, we stated that neglecting the mixed bub-
bles leads to λX,dw = 0, where λX,dw is the d-wave component
of λX. We here demonstrate that if

(1) the SBE approximation applies (ṀX = 0),
(2) mixed bubbles and their derivatives are neglected

(�X,nm = �̇X,nm = 0 for n �= m),

(3) only the local s-wave form factor is included (no ex-
tended s-wave form factors, but d-wave, etc., form factors
may be included),

(4) at the initial fRG scale λ
�init
X,n = 0 for n �= sw,

then λX,m = 0 throughout the flow whenever the form
factor fm changes sign under any of the point group symme-
tries, i.e.,

fm(k) = − fm(Rk), (B1)
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where R is a matrix representing some lattice symmetry that
acts on the momentum vector. In terms of the representations
of the point group of the underlying lattice of the model, such
a form factor represents a nontrivial (non-s-wave) represen-
tation. For example, m = dw satisfies this property on the
square lattice for R being a rotation by π/2.

To show the main claim, one needs to consider the general
structure of the flow equation of the Yukawa couplings. At the
initial scale �init, the flow equation takes the form (omitting
the frequency dependence that will play no role in our argu-
mentation)

λ̇
�init
X,m(Q) =

∑
n,n′

λ
�init
X,n �̇

�init
X,nn′ (Q)

×
[ ∑

k,k′
f ∗
n′ (k) fm(k′)B�init

X′ (Q, k, k′)

]

≈ �̇
�init
X,sw sw(Q)

[∑
k′

fm(k′)
∑

k

B�init
X′ (Q, k, k′)

]
.

(B2)

In going from the first to the second line, we have used
that λ

�init
X,m = δm,sw, fsw = 1, and the approximation that mixed

bubbles are zero (the bubble above may be a nondifferentiated
bubble in the multiloop corrections to λX). If fm satisfies
Eq. (B1) and∑

k

B�
X (Q, k, k′) =

∑
k

B�
X (Q, k, Rk′), (B3)

then the integral in the square bracket of Eq. (B2) vanishes
and consequently λ

�init
X,m = 0. It follows that this applies to all

scales �.
We now show that Eq. (B3) holds in the SBE approxi-

mation. Since in the SBE approximation M�
X ≡ 0 throughout

the flow, BX will generally consist of only non-channel-native
single-boson contributions, i.e., contributions that involve
interchannel projections Pr→r′∇r (Q, k, k′), with r �= r′. For
example, in the 1� equation, BX(Q, k, k′) = IX(Q, k, k′). We
consider, as an example, a contribution to BSC from the mag-
netic single-boson term given by

Pph→pp∇M(Q, k, k′) = ∇M(Q − k − k′, k, k′), (B4)

where we have performed the translation following Fig. 1.
From the integral∑

k

Pph→pp∇�
M(Q, k, Rk′) =

∑
k

∇�
M(Q − k − Rk′, k, Rk′),

(B5)

and the explicit expression ∇X(Q, k, k′) = λX(Q, k)wX(Q)
λX(Q, k′), we see that the secondary momentum dependence
comes only from the Yukawa couplings. However, at the ini-
tial fRG scale, only the s-wave components of λX are nonzero
and hence ∇X does not depend at all on its secondary momen-
tum arguments. We thus have that∑

k

Pph→pp∇�init
M (Q, k, Rk′) =

∑
k

∇�init
M (Q − k − Rk′),

(B6)

which is in fact a constant at the initial scale due to the transla-
tion invariance of the integration domain (i.e., the periodicity
of the Brillouin zone) and Eq. (B3) is trivially satisfied. At a
later scale, a nontrivial dependence of the secondary momenta
can be generated. However, if Eq. (B3) was satisfied at the
previous fRG step, it may only be of the s-wave type. If no
extended s-wave form factors are included, one ends up at
the next scale with trivial secondary momentum dependen-
cies as in Eq. (B6), and Eq. (B3) holds at every step of the
flow. It can be readily checked that these arguments also hold
when considering contributions from and to other channels.
Therefore, with the assumptions specified at the beginning of
this Appendix, we have λX,dw = 0. More generally, λX,m = 0
for any m for which the corresponding form factor satisfies
Eq. (B1).

APPENDIX C: SBE APPROXIMATION FOR
POSTPROCESSING SUSCEPTIBILITIES

In this Appendix, we analyze the SBE approximation at
the level of the postprocessing susceptibilities. We show here
that it can lead to much more severe errors, compared to the
SBE approximation for flowing susceptibilities discussed in
the main text. To that end, we consider expression (100) for
the postprocessing susceptibilities, which can be rewritten as

χX = χX,� +
∑

X′
(χX,∇X′ + χX,MX′ ) + χX,U , (C1)

where the first term reads

χX,�(Q, k, k′) = �X(Q, k)δk,k′ . (C2)

The remaining terms χX,∇X′ , χX,MX′ , and χX,U originate
from the vertex contribution �X(Q, k)VX(Q, k, k′)�X(Q, k′)
in Eq. (100). They contain the direct contributions from the
SBE terms ∇X′ ≡ ∇X′ − UX′ , the SBE rest functions MX′ , and
the bare interaction UX in VX, respectively. Their expressions
can be found from the relation VX = ∇X + IX = ∇X + IX +
UX together with Eqs. (83) and (84). For the contribution to
χM from the density channel, for example, this gives us

χM,∇D
(Q, k, k′) = − 1

2�M(Q, k)[Pph→ph∇D](Q, k, k′)

×�M(Q, k′), (C3a)

χM,MD (Q, k, k′) = − 1
2�M(Q, k)[Pph→phMD](Q, k, k′)

×�M(Q, k′), (C3b)

while the contribution from the bare interaction in each chan-
nel is given by

χX,U (Q, k, k′) = �X(Q, k)UX(Q, k, k′)�X(Q, k′). (C4)

Neglecting the SBE rest functions MX at the level of the post-
processing susceptibilities amounts to setting χX,MX′ = 0 for
all X and X′. However, the other contributions [χX,�, χX,∇X′ ,
and χX,U in Eq. (C1)] can still be renormalized by the flow
of MX [through the differential equations (80c), (81c), and
(82c)], if the SBE approximation is not implemented at the
level of the flow equations.

The different approximations are examined in Fig. 18,
for the parameter regime examined previously for the 2D
Hubbard model at half filling with U = 2.5. As discussed
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FIG. 18. Static bosonic momentum dependence of the flowing
and postprocessing susceptibilities in the magnetic and density chan-
nels at U = 2.5, β = 5, t ′ = 0, and half filling (μ = 0), as obtained
from the multiloop SBE fRG at convergence (within the � flow), by
neglecting (or not) the SBE rest functions MX either at the level of the
flow equations [i.e., ignoring Eqs. (80c), (81c), and (82c)] or at the
level postprocessing susceptibilities [i.e., setting χX,MX′ = 0 for all X
and X′ in Eq. (C1)]. The corresponding data for the superconducting
channel are obtained by χSC(Q, �) = χD(Q + (π, π ),�).

earlier, the flowing susceptibilities obtained by including the
SBE rest functions in the flow match the parquet approxima-
tion and are well reproduced within the SBE approximation
(result referred to as “flow without M” in Fig. 18). Most
importantly, Fig. 18 shows that, for the studied parame-
ter regime, neglecting the SBE rest functions MX at the
level of the postprocessing susceptibilities drastically af-
fects the peaks of the subleading susceptibilities, whether
the flow of MX is taken into account or not. More pre-
cisely, the peak of χD is even spuriously replaced by a dip
within this approximation [and the same occurs for χSC due
to the symmetry relation χSC(Q,�) = χD(Q + (π, π ),�)].
The inset shows that this spurious dip in χD essentially
originates from the missing contribution of χD,MD . In con-
trast, the postprocessing susceptibility χM appears to be well
described by the SBE approximation since the rest-function-
like contributions χM,MX′ are negligible with respect to χM

itself.
In conclusion, the SBE approximation implemented at the

level of the postprocessing susceptibilities can produce quali-
tatively wrong results in the studied parameter regime. This is
in stark contrast to the quantitatively accurate results obtained

FIG. 19. Frequency dependence of the imaginary part of the self-
energy at the node [k = (π/2, π/2)] and the antinode [k = (π, 0)],
at U = 2.5, β = 5, t ′ = 0, and half filling (μ = 0), as obtained from
the multiloop SBE fRG at convergence in the SBE approximation
(within the � flow), with comparison to the PA.

with flowing susceptibilities in the SBE approximation as
reported in the present study. Implementing the SBE approx-
imation at the level of the differential equations of the fRG
thus offers a substantial advantage in that case. This does not
apply to the iterative parquet solution referred to in Fig. 12,
where neglecting the SBE rest functions does not include the
implicit resummation of multiboson exchange contributions
inherent to the fRG framework [75].

FIG. 20. Momentum dependence of the imaginary part of the
self-energy at the first Matsubara frequency (ν = πT ), at U = 2.5,
β = 5, t ′ = 0, and half filling (μ = 0), as obtained from the multi-
loop SBE fRG at convergence in the SBE approximation (within the
� flow), with comparison to the PA.
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APPENDIX D: ADDITIONAL RESULTS
FOR THE SELF-ENERGY

We present here results for the imaginary part of the
self-energy obtained from the converged multiloop SBE fRG
within the SBE approximation (and within the � flow) at
U = 2.5, β = 5, and at half filling. These results can be found
in Figs. 19 and 20, where they are also compared with the
corresponding parquet approximation. Specifically, Fig. 19
shows the frequency dependence of Im
(k, ν) at the node
[k = (π/2, π/2)] and the antinode [k = (π, 0)]. We observe
in this figure a relative difference between converged multi-
loop fRG and the parquet approximation of 15% (12%) at the
node (antinode), and at ν = πT . This relative difference is
somewhat larger than that reported in the main text for the
susceptibilities and the Yukawa couplings in the same param-
eter regime. However, it decreases rapidly as the frequency
ν increases and remains at or below 6% for ν � 11πT , at
both the node and the antinode. The converged multiloop SBE

FIG. 21. Same as Fig. 15 but for results obtained from the 1� and
2� SBE fRG.

results thus adequately reproduce the high-frequency behavior
of the self-energy obtained from the parquet approximation,
even without including the SBE rest functions in the flow.
Finally, the discrepancy observed between fRG and parquet
results at the smallest frequencies in Fig. 19 appears to be
rather constant in the whole Brillouin zone. This is illustrated
by Fig. 20, where the momentum dependence of Im
(k, ν)
is displayed at ν = πT (in the same parameter regime as in
Fig. 19). The momentum dependence of the self-energy is
thus only weakly affected by the larger discrepancy at small
frequencies.

APPENDIX E: ADDITIONAL RESULTS AT FINITE DOPING

For completeness, in Figs. 21–23 we also report the con-
ventional 1� and 2� SBE fRG results for the parameters shown
in Figs. 15–17, in analogy to the 1� and 2� data of Fig. 11 at
half filling.

FIG. 22. Same as Fig. 16 but for results obtained from the 1� and
2� SBE fRG.
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FIG. 23. Same as Fig. 17 but for results obtained from the 1� and 2� SBE fRG.
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