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Thermodynamic speed limits in isolated quantum systems
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We derive thermodynamic speed limits for isolated quantum systems undergoing finite-time unitary driving.
The key ingredient is a set of generalized second-law inequalities: For the Gibbs entropy and for several
thermodynamically motivated observational entropies, the entropy production is bounded from below by a
function of the Vu-Saito quantum Wasserstein distance between the initial and final coarse-grained states. These
inequalities yield lower bounds on the operation time in terms of the average entropy-production rate. We apply
the framework to system-bath coarse graining, local-energy coarse graining, and diagonal entropy, and illustrate
the resulting bounds with numerical and analytically solvable examples. Our results provide a thermodynamic
characterization of finite-time state transformations in isolated quantum systems and clarify how coarse-grained
entropy production constrains macroscopic reachability.
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I. INTRODUCTION

Is it possible, in principle, to move through space or
to make computers perform calculations at arbitrarily high
speed? Prior studies indicate that fundamental physical laws
constrain not only energetic and entropic resources but also
the rate at which physical states—and hence information
processing—can be transformed. In isolated quantum sys-
tems, this constraint is formalized as the quantum speed limit:
The minimum time required to implement a given evolution
is bounded from below by the energy fluctuations [1] or the
mean energy [2], together with a geometric distance between
the initial and final states [3,4]. Such speed-limit inequalities
are important not only from a fundamental perspective but
also for a wide range of tasks based on isolated quantum
systems—such as state transfer, optimal control, and related
tasks—where they set intrinsic bounds on performance [5–8].

Speed limits are not unique to isolated quantum systems.
For open systems, whose dynamics is constrained by ther-
modynamics, it is natural to ask how speed limits are related
to thermodynamic quantities. In the field of stochastic ther-
modynamics, the rate of change of the state distribution is
constrained by trade-offs involving entropy production and
dynamical activity [9–13]. These bounds are now regarded
as fundamental constraints in nonequilibrium thermodynam-
ics. Similar speed-limit relations have also been reported for
Lindblad-type open quantum systems [14].

Recent progress in stochastic thermodynamics has been
further propelled by incorporating optimal transport theory
[15]. Optimal transport theory is a mathematical framework
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that has been developed to construct optimal protocols for
transforming one probability distribution into another [16].
Many tasks realized using physical systems can be viewed
precisely as processes that transform an initial distribution
into a desired target distribution. It is therefore not surpris-
ing that insights from physics concerning such tasks are
closely related to optimal transport theory. In particular, it is
known that, in stochastic thermodynamic systems, the mini-
mum entropy production required to perform a given task is
intimately connected to the L2-Wasserstein distance familiar
in the overdamped Langevin dynamics [17]. Moreover, this
interplay between thermodynamics and optimal transport has
also been developed for the Markov jump process as well
as Lindblad-type open quantum systems [18]. By defining
a quantum Wasserstein distance as a quantum extension of
the classical Wasserstein metric, previous work derived a
Benamou-Brenier-type identity and established new speed-
limit bounds.

Understanding how phenomena that appear irreversible
on macroscopic scales can be reconciled with the reversible
dynamics of isolated quantum systems has long been a funda-
mental problem. With recent advances in quantum simulators
such as ultracold atoms and trapped-ion platforms, the prob-
lem of thermalization and equilibration in isolated quantum
systems has seen rapid progress on both theoretical and exper-
imental fronts [19–24]. In parallel, substantial effort has been
devoted to examining whether an isolated quantum system,
once equilibrated, is consistent with macroscopic thermo-
dynamic laws. In particular, a long-running line of work
has focused on microscopic formulations of thermodynamic
quantities. Within this approach, thermodynamic behavior,
including the second law, is derived directly from the uni-
tary dynamics of isolated quantum systems in a variety of
settings [25–28]. A basic obstacle is that under strictly unitary
time evolution the von Neumann entropy is conserved, and
thus cannot by itself capture irreversibility. To address this,
alternative entropy notions have been proposed, notably, ob-
servational entropy [29–32]—including the diagonal entropy
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[33,34]—and the Gibbs entropy [35,36]. These entropies sat-
isfy thermodynamic differential relations when the system is
in equilibrium and can increase under driving, thereby provid-
ing entropy measures that are compatible with the second law
for isolated quantum dynamics.

As reviewed above, thermal behavior can emerge even in
isolated systems. However, in contrast to open-system, finite-
time thermodynamic constraints for isolated dynamics—e.g.,
thermodynamic speed limits—still appear to be far from fully
understood. At the same time, to the best of our knowledge,
the connection between nonequilibrium phenomena in iso-
lated systems and optimal transport theory remains largely
unexplored. In light of these considerations, we build on the
recent understanding of thermalization in isolated quantum
systems and on microscopic derivations of the second law. We
then develop a more quantitative characterization of entropy
production, based on thermodynamically meaningful en-
tropies and quantified using a quantum Wasserstein distance.

The main contributions of this work are threefold. First, we
derive generalized second-law inequalities for isolated quan-
tum systems, in which entropy production associated with
the Gibbs entropy and observational entropy is bounded from
below by the Vu-Saito quantum Wasserstein distance. Second,
we apply these inequalities to thermodynamically motivated
coarse grainings, including system-bath, local-energy, and
energy-basis coarse grainings. Third, by dividing the entropy-
production bounds by the average entropy-production rate,
we obtain thermodynamic speed limits for finite-time unitary
protocols.

The remainder of this paper is organized as follows. In
Sec. II, we introduce the setup. In Sec. III, we define the Gibbs
entropy, observational entropy, and the Vu-Saito quantum
Wasserstein distance. In Sec. IV, we present the generalized
second laws and derive the corresponding speed limits. In
Sec. V, we discuss applications and numerical demonstra-
tions. In Sec. VI, we provide the derivations of the main
results. Section VII is devoted to conclusions and outlook.

II. SETUP

We consider an isolated quantum system on a d-
dimensional Hilbert space H. Its state is represented by
a density operator ρ, satisfying ρ � 0 and tr[ρ] = 1. The
dynamics are generated by a generally time-dependent Hamil-
tonian H (λt ), where λt denotes an external control parameter.
We write the spectral decomposition as

H (λ) =
n∑

i=1

Ei(λ)P̂(E )
i (λ), (1)

where Ei(λ) is the ith energy eigenvalue in increasing order
and P̂(E )

i (λ) is the corresponding spectral projector.
We use projective measurements as coarse grainings of

the Hilbert space. A projection-valued measure (PVM) C =
{P̂x}x∈X satisfies

∑
x P̂x = Î and P̂xP̂x′ = δxx′ P̂x. For a state ρ,

the probability of outcome x is px = tr[P̂xρ]. We call ρ a
macroscopic state with respect to C if

ρ =
∑

x

px
P̂x

Vx
, Vx = tr[P̂x]. (2)

FIG. 1. Schematic of the two-point coarse-graining protocol for
an isolated quantum system.

For an arbitrary state ρ, the associated coarse-grained state is

ρC :=
∑

x

tr[P̂xρ]
P̂x

Vx
. (3)

One Kraus representation of this map is obtained by choosing
an orthonormal basis {|x, a〉}Vx

a=1 of the image of P̂x and setting

Kx,a,b = 1√
Vx

|x, a〉〈x, b|, a, b = 1, . . . ,Vx. (4)

This representation is used only to make explicit that ρC can
be realized as an unselective measurement outcome.

We now specify the protocol used throughout the paper.
The system is initially prepared with control parameter λ0

and state ρ(0). Immediately before the unitary evolution, we
apply the coarse-graining measurement associated with the
initial PVM Ci = {P̂x}x, so that the initial state becomes ρCi (0).
The system then evolves unitarily during 0 � t � τ under the
externally controlled Hamiltonian H (λt ). At the end of the
protocol, the final PVM C f = {Q̂y}y is applied, yielding

ρC f (τ ) =
∑

y

qy
Q̂y

tr[Q̂y]
, qy = tr[Q̂yρ(τ )]. (5)

This two-point coarse-graining framework allows us to com-
pare entropy-related quantities at the beginning and at the end
of the unitary protocol (see Fig. 1).

III. THERMODYNAMIC ENTROPIES AND QUANTUM
TRANSPORT DISTANCE

A. Entropy production in isolated quantum systems

Understanding thermodynamic irreversibility from the re-
versible dynamics of isolated systems is a central problem in
statistical mechanics. The microscopic time evolution of an
isolated quantum system is unitary and therefore preserves the
fine-grained von Neumann entropy,

SvN(ρ(t )) = −tr[ρ(t ) ln ρ(t )] = SvN(ρ(0)). (6)

This conservation seems, at first sight, to be in tension with
the thermodynamic description of many-body systems, where
relaxation, thermalization, and entropy increase are observed
as irreversible phenomena.

One resolution is that thermodynamic irreversibility is not
a property of the full microscopic state alone, but of a coarse-
grained description of that state. Thermodynamics does not
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track all microscopic degrees of freedom. Instead, it de-
scribes a many-body system in terms of macroscopic variables
such as energy, particle number, external control parameters,
and local conserved quantities. Many distinct microscopic
states are therefore identified as the same thermodynamic
macrostate. From this viewpoint, irreversibility appears when
microscopic information becomes irrelevant or inaccessible
within the chosen coarse-grained description, even though the
underlying unitary dynamics remains reversible.

For this reason, entropy production in isolated quantum
systems should be defined at the same level of description
as the relevant macroscopic variables. In what follows, we
introduce two such entropy functionals: the Gibbs entropy and
observational entropy. A PVM will be used as the mathemat-
ical representation of a coarse graining because it partitions
the Hilbert space into mutually orthogonal macrospaces and
identifies microscopic states that yield the same macroscopic
observable values as the same coarse-grained macrostate.

B. Gibbs entropy

The Gibbs entropy is one of the most fundamental
entropies that describes thermodynamic properties in equi-
librium and satisfies an entropy-increase law under thermo-
dynamic operations. In equilibrium at energy E and control
parameter λ, the Gibbs entropy is defined by

SG(E , λ) := kB ln tr�(E − H (λ)), (7)

where

�(E − H (λ)) :=
∑

i: Ei (λ)�E

P̂(E )
i (λ) (8)

denotes the spectral projection of H (λ) onto the subspace of
the Hilbert space spanned by eigenstates with eigenvalues not
exceeding E . In the following, we set kB := 1. In thermo-
dynamically large systems, the Gibbs entropy is known to
asymptotically coincide with the Boltzmann entropy.

To examine the validity of the present entropy, we first
focus on the fundamental thermodynamic relations that ther-
modynamic entropy must satisfy. In thermodynamics, the
entropy is defined as a function of the energy and the volume,
and it is required to satisfy

∂S

∂E
= 1

T
,

∂S

∂V
= p

T
, (9)

where V , p, and T denote the system volume, the thermo-
dynamic pressure, and the absolute temperature, respectively.
We next show that an analogous structure also holds for
the Gibbs entropy SG adopted in this work. Introducing the
“Gibbs temperature” TG and the microscopic pressure pmic

λ

through

1

TG
:= ∂SG

∂E
, pmic

λ := −tr

[
∂H (λ)

∂λ
ρmic(E , λ)

]
, (10)

we find that

∂SG

∂λ
= pmic

λ

TG
(11)

holds. Here, the microcanonical state ρmic(E , λ) and the den-
sity of states W (E , λ) are defined as

ρmic(E , λ) :=
d∑

i=1

δ(Ei(λ) − E )

W (E , λ)
|iλ〉〈iλ|, (12)

W (E , λ) :=
d∑

i=1

δ(Ei(λ) − E ), (13)

respectively. Thus, SG satisfies differential relations analogous
to those of the conventional thermodynamic entropy, making
it a natural definition in this sense. However, it should be
noted that the above reasoning implicitly assumes the valid-
ity of TG(E ) itself. When examining this validity, one must
consider issues such as the possibility of negative temperature
and the requirement that two systems in thermal contact at
equilibrium share the same temperature. These matters are
closely related to—and often discussed together with—the
consistency between the Gibbs entropy and the Boltzmann
entropy, which represent distinct microscopic formulations of
thermodynamic entropy (see, e.g., Refs. [37–40]).

We emphasize that the Gibbs entropy possesses an im-
portant property relevant for its extension to nonequilibrium
states—namely, the thermodynamic second law—as will be
discussed below. In this paper, we consider

SG(ρ, H (λ)) :=
n∑

i=1

di∑
k=1

ln(ni−1 + k)
tr
[
P̂(E )

i (λ)ρ
]

tr
[
P̂(E )

i (λ)
] , (14)

ni = ni−1 + di, di = tr
[
P̂(E )

i (λ)
]
, n0 = 0 (15)

an extension of this definition that remains well defined for
nonequilibrium states as well. By choosing ρ as the micro-
canonical state ρmic(E , λ), the definition becomes consistent
with that of the equilibrium state.

When the initial state ρ is passive, namely, when ρ is diag-
onal in the eigenbasis {|i(λ0)〉}n

i=1 of the Hamiltonian H (λ0)
and satisfies for

tr
[
P̂(E )

i (λ)[ρ]
]

tr
[
P̂(E )

i (λ)
] �

tr
[
P̂(E )

j (λ)[ρ]
]

tr
[
P̂(E )

j (λ)
] (16)

∀i > j, the second-law-like relation

SG(UρU †, H (λτ )) � SG(ρ, H (λ0)) (17)

holds [36]. Note that Ei(λ) is the ith energy eigenvalue in
increasing order. For any passive state, the unitary operator
that achieves the equality is, up to irrelevant phase degrees
of freedom, uniquely given by Uad := ∑d

n=1 |nλτ
〉〈nλ0 | (see

Appendix B).

C. Observational entropy and thermodynamic coarse grainings

Although the Gibbs entropy is a fundamental thermody-
namic entropy for isolated systems, it is tied to the energy
ordering and therefore cannot capture all forms of macro-
scopic relaxation. For example, relaxation under a fixed
Hamiltonian can be visible at the level of local observables
even when the Gibbs entropy does not change. To describe
entropy production associated with more general thermody-
namic macrostates, we use observational entropy.
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FIG. 2. Thermodynamic coarse grainings used for observational entropy. The system-bath coarse graining resolves the bath-energy shell
and the eigenbasis of the reduced-system state; the local-energy coarse graining resolves the energy profile over spatial cells; and the energy
coarse graining gives the diagonal entropy.

General definition. Let C = {P̂x}x be a coarse graining of
the Hilbert space. For a state ρ, define

px = tr[P̂xρ], Vx = tr[P̂x]. (18)

The observational entropy associated with C is

SC
obs(ρ) := −

∑
x

px ln
px

Vx
. (19)

Equivalently,

SC
obs(ρ) = −

∑
x

px ln px +
∑

x

px ln Vx. (20)

The first term is the Shannon entropy of the coarse-grained
outcome distribution, while the second term is the average
logarithmic volume of the corresponding macrospaces. Since
coarse graining discards microscopic information,

SC
obs(ρ) � SvN(ρ). (21)

If the initial state is already macroscopic with respect to C,
this inequality and the conservation of SvN imply

SC
obs(ρt ) � SC

obs(ρ0). (22)

Thus, the increase of observational entropy reflects the loss
of information induced by the macroscopic description, not
microscopic irreversibility.

Observational entropy depends on the chosen coarse grain-
ing. Hence, only coarse grainings associated with thermody-
namic observables should be interpreted as thermodynamic
entropies. In this work, we use the three coarse grainings
summarized in Fig. 2.

Thermodynamic coarse grainings. We consider three ther-
modynamically motivated coarse grainings.

Thermodynamic speed limits derived for Lindblad dynam-
ics should admit a unitary system-bath description such as
in Ref. [41]. We therefore first consider an isolated system
decomposed into a small system and a bath. For a small
system S coupled to a bath B, let

�B
j := 1 j (HB), ρS := trB[ρ] =

∑
i

νiP̂
(ρS )
i , (23)

where �B
j projects onto the jth mesoscopic bath-energy win-

dow. We define the system-bath coarse graining by

Cρ,HB := {
P̂(ρS )

i ⊗ �B
j

}
i j
. (24)

This coarse graining resolves the reduced-system eigenspaces
and the bath-energy windows. Its relation to the con-
ventional open-system entropy production is discussed in
Appendix A 1.

For an isolated many-body system with

H =
m∑


=1

H
 + Hint, H
 =
∑

E


E
P̂(
)
E


, (25)

we define the local-energy coarse graining and the corre-
sponding factorized observational entropy (FOE) by

ClocH :=
{

m⊗

=1

P̂(
)
E


}
	E
, SFOE(ρ) := SClocH

obs (ρ). (26)

This coarse graining resolves the spatial energy profile and is
appropriate for local and hydrodynamic relaxation.

Finally, for the spectral projectors P̂(E )
i (λ) of H (λ), we

define

CH (λ) := {
P̂(E )

i (λ)
}

i, SD(ρ; H (λ)) := SCH (λ)

obs (ρ). (27)

This coarse graining resolves the global energy occupations
and is appropriate for driven isolated systems and quantum
quenches. For a nondegenerate Hamiltonian, SD reduces to the
conventional diagonal entropy.

The corresponding physical settings and typical initial
macrostates are summarized in Fig. 2. Detailed definitions and
physical interpretations of these three thermodynamic coarse
grainings are provided in Appendix A.

D. Quantum Wasserstein distance

In this paper, we employ the Vu-Saito quantum Wasserstein
distance (VS-QW) introduced by Ref. [18], defined as

Wq(ρ, σ ) := 1
2 min

V †V =I
‖V ρV † − σ‖1. (28)
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Here, ‖ρ − σ‖1 := tr
√

(ρ − σ )†(ρ − σ ). The minimum is
taken over all unitary transformations V . VS-QW was in-
troduced to extend an important property, which holds for
classical fluctuating systems, to open quantum systems de-
scribed by the Lindblad equation [42,43]. In our results, two
features of VS-QW play a central role: It admits a closed-form
expression in terms of the eigenvalues of a given quantum
state, and it is a pseudometric [i.e., Wq(ρ, σ ) = 0 is possible
for ρ �= σ ]. Since Wq depends only on the spectra of the
two states, Wq(ρ, σ ) = 0 means unitary equivalence rather
than equality of density matrices. Specifically, the closed-form
expression reads

Wq(ρ, σ ) = 1

2

d∑
i=1

|μi(ρ) − μi(σ )|, (29)

where {μi(ρ)}d
i=1 and {μi(σ )}d

i=1 are increasing eigenvalues of
ρ and σ , respectively.

IV. MAIN RESULTS

We now present the generalized second-law inequalities
and the resulting thermodynamic speed limits. The main mes-
sage is that, for suitable coarse-grained entropies, entropy
production lower bounds the Vu-Saito quantum Wasserstein
distance between the initial and final coarse-grained states. Di-
viding this entropy-production bound by the average entropy-
production rate gives a lower bound on the operation time.

A. Gibbs-entropy bound

Theorem 1: Gibbs entropy. Assume that the initial state
ρ(0) is passive with respect to the initial Hamiltonian H (λ0).
Define the Gibbs entropy production by

�SG(τ ) := SG(ρ(τ ), H (λτ )) − SG(ρ(0), H (λ0)), (30)

and define

WG
q := Wq(ρCH (λτ ) (τ ), ρ(0)). (31)

Then,

�SG(τ ) � ln 2
(
WG

q

)2
. (32)

Consequently, with

〈σG〉τ := �SG(τ )

τ
, (33)

we obtain the speed limit

τ � ln 2

(
WG

q

)2

〈σG〉τ =: τG,2. (34)

This bound states that, at a fixed average Gibbs entropy-
production rate, a finite redistribution of the energy occupa-
tion distribution requires a finite operation time. It is relevant
to finite-time driving, quantum quenches, and shortcuts to
adiabaticity (STA) in isolated quantum systems.

For finite-dimensional systems, a sharper linear bound is
also available:

�SG(τ ) � ln

(
d

d − 1

)
WG

q , (35)

τ � ln

(
d

d − 1

) WG
q

〈σG〉τ =: τG,1. (36)

Here, d is the Hilbert-space dimension. In particular, for
a two-level system this linear bound is always tighter than
Eq. (32). The proofs of Eqs. (32) and (35) are given in Sec. VI.

B. Bounds for observational entropy production

1. General bound

Theorem 2: Observational entropy. Let C i = {P̂x}x and
C f = {Q̂y}y be the initial and final coarse grainings. Assume
that the initial state is macroscopic with respect to C i,

ρ(0) = ρCi (0) :=
∑

x

px(0)
P̂x

Vx
. (37)

After the unitary evolution ρ(τ ) = U (τ )ρ(0)U †(τ ), the final
coarse-grained state is

ρC f (τ ) :=
∑

y

qy(τ )
Q̂y

Vy
. (38)

The observational entropy production is

�SCi→C f (τ ) := SC f

obs(ρ(τ )) − SCi

obs(ρ(0)). (39)

Then,

�SCi→C f (τ ) � 2Wq(ρC f (τ ), ρ(0))2. (40)

This inequality gives a quantitative form of the entropy-
increase law. A final coarse-grained state that is separated
from the initial macrostate by a finite VS-QW distance nec-
essarily requires a finite amount of observational entropy
production.

Defining the average observational entropy-production rate
by

σ̄Ci→C f (τ ) := �SCi→C f (τ )

τ
, (41)

we obtain the corresponding speed limit

τ � 2Wq(ρC f (τ ), ρ(0))2

σ̄Ci→C f (τ )
. (42)

Thus, if the average entropy-production rate is fixed, a process
that changes the macrostate by a finite distance cannot be
completed in an arbitrarily short time.

The inequality also gives a compact reachability interpre-
tation. For the operation in which a state is first coarse grained
with respect to C and then transformed unitarily, observational
entropy is a monotone. Equation (40) strengthens this mono-
tonicity quantitatively: Whenever the reverse transformation
is impossible because the final and initial coarse-grained
spectra are separated, the entropy ordering becomes strict.
In this sense, Eqs. (32) and (40) are generalized second-law
inequalities.

The same mathematical result can also be applied to non-
thermodynamic coarse grainings. As an example, Appendix D
discusses the entanglement entropy of bipartite pure states.

2. Thermodynamic specializations

Cρ,HB coarse graining. We first apply the general inequality
to the system-bath coarse graining Cρ,HB . As the initial state,
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we assume

ρ(0) = ρs(0) ⊗ πB, πB = e−βH̃B

Z̃B
. (43)

We define the corresponding observational entropy produc-
tion, the conventional open-system entropy production, and
the Vu-Saito quantum Wasserstein distance by

�SSB(τ ) := S
Cρ(τ ),HB
obs (ρ(τ )) − S

Cρ(0),HB
obs (ρ(0)), (44)

�τ := D(ρ(τ ) ‖ ρS (τ ) ⊗ πB), (45)

Wopen
q := Wq

(
ρCρ(τ ),HB

(τ ), ρS (0) ⊗ πB
)
, (46)

where ρS (τ ) = trB[ρ(τ )]. Here, D(·‖·) denotes the Umegaki
relative entropy. Under the assumptions above, �τ is equiva-
lently expressed as

�τ = �SvN(ρS ) + βQτ . (47)

The detailed definitions of the system-bath coarse graining,
the bath heat Qτ , and the derivation of this equivalence are
given in Appendix A 1.

Then, we obtain

�τ � �SCρ(0),HB →Cρ(τ ),HB
(τ ) � 2

(
Wopen

q

)2
. (48)

Equivalently, by introducing the average entropy-production
rates

σ̄Cρ(0),HB →Cρ(τ ),HB
(τ ) := �SCρ(0),HB →Cρ(τ ),HB

(τ )

τ
, (49)

στ := �τ

τ
, (50)

we obtain the thermodynamic speed-limit inequality

τ � 2
(
Wopen

q
)2

σ̄Cρ(0),HB →Cρ(τ ),HB
(τ )

(51)

� 2
(
Wopen

q
)2

στ

. (52)

These inequalities apply to a small system interacting with
a large bath. They provide an isolated-system route to
open-system thermodynamic speed limits, with the important
distinction that the VS-QW is evaluated for the coarse-grained
state of the total system, including the bath.

Factorized observational entropy. Next, we consider the
factorized observational entropy associated with the local-
energy coarse graining ClocH . We assume that the initial state
is given by a product of states that are diagonal with respect
to the corresponding local Hamiltonians:

ρ(0) =
⊗




ρ
(0), [ρ
(0), H
] = 0. (53)

We denote the corresponding factorized observational entropy
production and the Vu-Saito quantum Wasserstein distance by

�SFOE(τ ) := SFOE(ρ(τ )) − SFOE(ρ(0)), (54)

WFOE
q := Wq(ρClocH (τ ), ρ(0)). (55)

Substituting C i = C f = ClocH into the general inequality,
we obtain

�SFOE(τ ) � 2
(
WFOE

q

)2
. (56)

Equivalently, by introducing the average production rate

σ̄FOE(τ ) := �SFOE(τ )

τ
, (57)

we obtain the thermodynamic speed-limit inequality

τ �
2
(
WFOE

q

)2

σ̄FOE(τ )
. (58)

This inequality bounds how fast an isolated many-body sys-
tem can change its local-energy profile at a fixed rate of
factorized observational entropy production. It can therefore
be regarded as a finite-size precursor of a hydrodynamic re-
laxation bound.

If the relaxation time of a hydrodynamic mode is defined
as the time required for the initial coarse-grained local-energy
distribution to reach the state in which the mode becomes
spatially uniform, the FOE speed limit directly gives a lower
bound on this relaxation time. Let the initial FOE macrostate
and the uniform FOE macrostate be denoted by

ρ ini
FOE, ρunif

FOE. (59)

Then, the relaxation time satisfies

τrel �
2
(
WFOE

q

)2

σ̄FOE(τrel )
. (60)

This inequality shows that a hydrodynamic mode whose ini-
tial profile is separated from the uniform profile by a finite
FOE Wasserstein distance cannot relax in an arbitrarily short
time, unless the average FOE entropy-production rate be-
comes correspondingly large.

Diagonal entropy. Finally, we consider the diagonal en-
tropy associated with the energy coarse-graining CH (λ). In this
specialization, we assume that the initial state is diagonal in
the energy eigenbasis of the initial Hamiltonian. We abbre-
viate the corresponding diagonal entropy production and the
Vu-Saito quantum Wasserstein distance as

�SD(τ ) := SD(ρ(τ ); H (λτ )) − SD(ρ(0); H (λ0)), (61)

WD
q := Wq

(
ρCH (λτ ) (τ ), ρ(0)

)
. (62)

Substituting C i = CH (λ0 ) and C f = CH (λτ ) into the general
inequality, we obtain

�SD(τ ) � 2
(
WD

q

)2
. (63)

Equivalently, by introducing the average diagonal entropy-
production rate

σ̄D(τ ) := �SD(τ )

τ
, (64)

we obtain the thermodynamic speed-limit inequality

τ �
2
(
WD

q

)2

σ̄D(τ )
=: τD. (65)

This inequality bounds how fast a driven isolated system can
change its occupation distribution in the energy eigenbasis
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at a fixed rate of diagonal entropy production. It is there-
fore directly relevant to irreversibility under time-dependent
Hamiltonians, including quantum quenches and shortcuts to
adiabaticity.

V. APPLICATIONS

A. Hydrodynamic-mode relaxation

To illustrate FOE’s bound (56), we consider the unitary
dynamics of the mixed-field Ising chain

H = −J
L∑

i=1

σ z
i σ z

i+1 − hx

L∑
i=1

σ x
i − hz

L∑
i=1

σ z
i , (66)

with periodic boundary conditions. For nonzero J , hx, and hz,
this model is a simple nonintegrable spin chain. The initial
state is chosen as a product of local Gibbs states,

ρ(0) =
L⊗

i=1

e−βiHloc

Zi
, Hloc = −hxσ

x − hzσ
z, (67)

where the inverse temperatures are given by βi = 1/Ti, with
the site-dependent temperature prepared as a Gaussian profile,

Ti = 10 + 10 exp

[
−5

(
i − L+1

2

)2

2L2

]
. (68)

The state evolves unitarily as

ρ(t ) = e−iHtρ(0)eiHt . (69)

We use the local-energy coarse graining defined by the prod-
uct eigenbasis of Hloc.

Figure 3 shows �SFOE(t ) and 2(WFOE
q (t ))2. The numerical

result confirms that the entropy production is bounded from
below by the Wasserstein term throughout the evolution. As
shown in Fig. 3(a), both quantities start from zero, increase
during the initial relaxation, and then approach a slowly
varying plateau with finite-size fluctuations. This similarity
reflects the fact that both quantities are determined by the
same coarse-grained local-energy distribution. The behavior
of 2(WFOE

q (t ))2 therefore suggests that the VS-QW captures
information about the coarse-grained local-energy profile in
this finite-size example.

Figure 3(b) shows the speed-limit lower bound obtained
from FOE entropy production. The bound remains below
the actual elapsed time Jτ , confirming the FOE speed limit
throughout the unitary relaxation dynamics. Since the lower
bound is finite, the local-energy macrostate cannot change
in an arbitrarily short time at a fixed average FOE entropy-
production rate. The gap between the bound and the actual
time is partly due to the fact that the VS-QW used here is an
O(1) quantity, bounded independently of system size. Nev-
ertheless, the bound remains nontrivial for the finite system
considered here. The oscillatory behavior reflects finite-size
coherent dynamics rather than purely monotonic hydrody-
namic diffusion.

B. Shortcuts to adiabaticity

The inequalities presented in Sec. IV show that, in iso-
lated quantum systems, fast state transformations can incur

FIG. 3. In panel (a), time evolution of the FOE observational
entropy production �SFOE(t ) and the Wasserstein-distance bound
2(WFOE

q )2. In panel (b), thermodynamic speed-limit bound for the
FOE relaxation dynamics. The blue dashed line shows the actual
elapsed time Jτ , while the orange circles show right-hand side of
Eq. (58). The orange curve stays below the blue dashed line, con-
firming the speed-limit inequality. The horizontal axis is Jt , and the
vertical axis shows the value multiplied by 103. Here, L = 10, hx =
1.0, hz = 1.1, and J = 0.01.

nonadiabatic costs such as Gibbs entropy production and di-
agonal entropy production. A primary example of fast state
transformations in isolated systems is quantum computation.
In particular, there is an implementation scheme known as
adiabatic quantum computation. The computation is carried
out by adiabatically evolving the system from the ground
state of an initial Hamiltonian, whose ground state can be
prepared easily, to the ground state of a final Hamiltonian
whose ground state encodes the solution of the problem of
interest. Although adiabatic transformations typically require
infinitely long operation times, a variety of techniques collec-
tively known as STA have been developed to implement them
within finite time. Among the various STA methods proposed
in the literature, we explain how our main result can be applied
to shortcuts to adiabaticity by taking counterdiabatic (CD)
driving [44,45] as a concrete example.

Counterdiabatic driving is a method for achieving adia-
batic transformations within finite time in isolated quantum
systems. For example, consider the case where the ground
state |0(λ0)〉 of the system Hamiltonian H0(λ0) is driven by
external control so that it evolves into the ground state |0(λτ )〉
of H0(λτ ). However, in general, this type of operation can only
be carried out in the quasistatic driving, and thus requires an
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infinitely long operation time. In counterdiabatic driving, one
introduces an additional Hamiltonian that suppresses diabatic
transitions,

H1(λt ) := i
dλ

dt

∑
n

(|∂λn〉〈n| − 〈n|∂λn〉|n〉〈n|), (70)

and modifies the system Hamiltonian to counterdiabatic
Hamiltonian H0(λt ) + H1(λt ). Here, |n〉 denotes the eigen-
states of H0 and |∂λn〉 := ∂λ|n〉. With this modification, the
quantum state undergoes adiabatic evolution even when λt is
varied rapidly.

From a thermodynamic perspective, it is natural to expect
that performing an operation more rapidly entails a thermody-
namic cost. However, STA protocols such as counterdiabatic
driving appear to realize finite-time adiabatic operations with-
out end-point entropy production. This is because, at the end
of the protocol [i.e., when H1(λτ ) = 0], the population distri-
bution over the energy eigenstates is identical to that of the
initial state. Consequently, the entropy production vanishes
both for the Gibbs entropy and for the diagonal entropy.
Therefore, whether a thermodynamic cost associated with the
operation time of counterdiabatic driving exists is a nontrivial
and important question. Previous studies [46,47] have ad-
dressed the relation between the operation time and the cost
of counterdiabatic driving, but its connection to entropy—
the most fundamental quantity characterizing thermodynamic
cost—has remained unclear. From Eqs. (34), (36), and (65),
we obtain the following inequalities for the operation time τ

of any STA protocol, including counterdiabatic:

τmax,2 := ln 2 max
0�t�τ

Wq
(
ρCH (λt ) (t ), ρ(0)

)2

〈σG〉t
� τ, (71)

τmax,1 := ln

(
d

d − 1

)
max

0�t�τ

Wq
(
ρCH (λt ) (t ), ρ(0)

)
〈σG〉t

� τ, (72)

τmax := 2 max
0�t�τ

Wq
(
ρCH (λt ) (t ), ρ(0)

)2

〈σD〉t
� τ. (73)

These results follow immediately from the fact that the max-
ima on the right-hand sides of Eqs. (71)–(73) are attained at
times smaller than τ .

We explain the meaning of these inequalities. As a remark,
the state ρCH (λτ ) (τ ) appearing in Eqs. (71)–(73) is the projected
state not with respect to the original Hamiltonian H0(λt ), but
with respect to the Hamiltonian under STA, such as H0(λt ) +
H1(λt ). Under the present coarse-grained definition of en-
tropy production, these equations imply that a finite-time STA
protocol cannot keep the time-averaged entropy-production
rate zero at all intermediate times whenever the intermediate
energy-diagonal state is separated from the initial state by
a finite VS-QW distance. This is because, along the pro-
tocol, there necessarily exists a time t ∈ [0, τ ) such that
Wq(ρCH (λτ ) (τ ), ρ(0)) > 0, since ρCH (λτ ) (τ ) corresponds to the
quantum state evolving adiabatically at intermediate times.
Assuming that the STA protocol is completed at time τ , this
implies that 〈σD〉t > 0 must hold.

We next numerically demonstrate Eqs. (71)–(73) using a
finite-time Landau-Zener process assisted by a counterdia-

batic protocol [48]. The counterdiabatic Hamiltonian of this
system is given by

H (t ) = btσz + σx − b

2 + 2(bt )2
σy, (74)

H0(t ) := btσz + σx, (75)

where

σx =
(

0 1
1 0

)
, σy =

(
0 i
−i 0

)
, σz =

(
1 0
0 −1

)
.

(76)

Here, H0(t ) represents the Hamiltonian of the Landau-Zener
process, while the term −bσy/{2 + 2(bt )2} corresponds to the
counterdiabatic correction. The operation considered in our
numerical calculation consists of the following four steps:

(1) For time t ∈ [−∞,−b−1], the Hamiltonian is fixed as
H0(−b−1) = −σz + σx.

(2) At t = −b−1, we perform a quench to change the
Hamiltonian to H0(−b−1) − b

4σy.
(3) For time t ∈ (−b−1, b−1), the Hamiltonian of the sys-

tem is given by H (t ).
(4) At time t = b−1, we perform another quench, changing

the Hamiltonian to H0(b−1) = σz + σx, after which the opera-
tion is terminated.

In this operation, b determines the operation speed. In
the numerical simulations, we varied b and investigated the
bounds in Eqs. (71)–(73). The initial state was chosen as

ρ = 9
10 |0〉〈0| + 1

10 |1〉〈1|, (77)

where |0〉 and |1〉 denote the ground and excited states of
H0(−b−1), respectively.

In Fig. 4, the dots represent the right-hand sides of
Eqs. (71)–(73), while the solid line y = τ is shown as a
reference. As seen in the figure, for the same operation, the
right-hand sides of the inequalities (71)–(73) increase mono-
tonically as the operation speed is decreased.

The saturation of the linear Gibbs-entropy bound in
Eq. (36) for the present two-level example can be under-
stood as follows. Let pt = (pg(t ), pe(t )) be the population
distribution of the energy-diagonal state ρH (λt )(t ). pe(t ) de-
notes the excited-state population. For a two-level system,
the Gibbs entropy of the energy-diagonal state is given by
SG(ρCH (λτ ) (τ ), H (t )) = (ln 2)pe(t ). Since the initial state is
passive, the induced doubly stochastic transition gives pe(t ) �
pe(0), and hence the Gibbs entropy production becomes

�SG(t ) = (ln 2)[pe(t ) − pe(0)] = (ln 2)dTV(pt , p0), (78)

where dTV(pt , p0) = 1
2 |pt − p0|1. Moreover, as long as

pe(t ) < 1/2, the ordering of the eigenvalues is unchanged.
Therefore, the closed-form expression of the Vu-Saito quan-
tum Wasserstein distance gives

W G
q = dTV(pt , p0). (79)

Combining these relations, we obtain

�SG(t ) = (ln 2)W D
q , (80)

which shows that the linear bound in Eq. (36) is saturated.
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FIG. 4. A plot of the LZ CD protocol. We simulated the dy-
namics of a two-level system driven from the initial Hamiltonian
−10σz + σx to 10σz + σx with a counterdiabatic term included, over
the time interval t ∈ [−t0, t0], with t0 = 10b−1. The parameter b was
varied from 103 to 104 in increments of 103. The horizontal axis
shows the operation time, rescaled by a factor of 103. The vertical
axis shows the values of the left- and right-hand sides of inequalities
[Eqs. (71)–(73)], also rescaled by 103. In panel (a), the orange dots
represent the simulated data corresponding to Eq. (73). In panel
(b), the orange dots represent the simulated data corresponding to
Eq. (71), while the green dots represent the simulated data corre-
sponding to Eq. (72).

C. Rabi cycle: solvable model

This example mainly serves as an analytically solvable
consistency check of the general bounds.

We demonstrate our results [Eqs. (32), (34)–(36), (63),
and (65)]. Using the analytical expressions obtained below,
we illustrate the thermodynamic speed-limit inequalities [Eqs.
(34), (36), and (65)] in Fig. 5 and the generalized second-law
inequalities [Eqs. (32), (35), and (63)] in Fig. 6. We consider
the two-level Hamiltonian

H (t ) = σz + b cos(ωt )σx + b sin(ωt )σy. (81)

We define

� =
√(

1 − ω

2

)2
+ b2, �0 =

√
1 + b2. (82)

The initial state is chosen as the ground state of H (0) = σz +
bσx, namely,

ρ(0) = |g(0)〉〈g(0)|. (83)

FIG. 5. Speed-limit bounds for the Rabi-cycle model. The blue
dashed line denotes the actual operation time y = τ . (a) Gibbs-
entropy bounds y = τG,2 and y = τG,1. (b) Diagonal-entropy bound
y = τD. All speed-limit curves lie at or below y = τ , confirming the
thermodynamic speed-limit inequalities throughout the dynamics.

Then, the excitation probability with respect to the instanta-
neous energy eigenbasis of H (t ) is given by

Pe(t ) = b2ω2

4(1 + b2)
[(

1 − ω
2

)2 + b2
] sin2(�t ). (84)

VS-QW becomes

Wq(ρD(t ), ρ(0)) = 1 − |2Pe(t ) − 1|
2

. (85)

The Gibbs entropy production is

�SG(t ) = (ln 2)Pe(t ), (86)

whereas the diagonal entropy production is

�SD(t ) = −Pe(t ) ln Pe(t ) − (1 − Pe(t )) ln(1 − Pe(t )). (87)

We find

�SG(t ) = (ln 2)Wq(t ), for Pe(t ) � 1
2 . (88)

Thus, the linear Gibbs bound is saturated before the
eigenvalue-exchange point

Pe(t ) = 1
2 . (89)

After this point, the Wasserstein distance folds back, while
�SG(t ) remains proportional to Pe(t ).
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FIG. 6. Entropy production and Wasserstein-distance lower
bounds in the Rabi-cycle model. (a) Gibbs entropy production
�SG(τ ) together with ln (d/(d − 1))WG

q and ln 2 (WG
q )2. (b) Diago-

nal entropy production �SD(τ ) together with 2(WD
q )2.

We briefly discuss the short-time behavior of the quantities
introduced above. Since

sin2(�t ) = �2t2 + O(t4), (90)

the excitation probability behaves as

Pe(t ) = γ t2 + O(t4), γ := b2ω2

4(1 + b2)
. (91)

Thus, for sufficiently short times, one has

Pe(t ) < 1
2 . (92)

In this regime, the ordered eigenvalues of the energy-diagonal
state are not exchanged, and the Vu-Saito quantum Wasser-
stein distance is simply

Wq(t ) = Pe(t ) = γ t2 + O(t4). (93)

The Gibbs entropy production therefore grows quadrati-
cally in time:

�SG(t ) = (ln 2)Pe(t ) = (ln 2)γ t2 + O(t4). (94)

In particular, the linear Gibbs bound is saturated in the short-
time regime:

�SG(t ) = (ln 2)Wq(t ) + O(t4). (95)

On the other hand, the quadratic Gibbs bound behaves as

(ln 2)Wq(t )2 = (ln 2)γ 2t4 + O(t6). (96)

Hence, the linear Gibbs bound captures the correct short-time
scaling, whereas the quadratic Gibbs bound is subleading.

The diagonal entropy production has a different short-time
structure because of the logarithmic singularity of the Shan-
non entropy near a pure state. Using

−p ln p − (1 − p) ln(1 − p) = p(1 − ln p) + O(p2), (97)

with

p = Pe(t ), (98)

we obtain

�SD(t ) = γ t2[1 − ln(γ t2)] + O(t4| ln t |). (99)

Therefore, the diagonal entropy production is larger than a
purely quadratic function by the logarithmic factor

| ln t |. (100)

The corresponding lower bound behaves as

2Wq(t )2 = 2γ 2t4 + O(t6). (101)

Thus, for short times, the diagonal-entropy bound is much
weaker than the actual diagonal entropy production. This
difference originates from the nonanalytic behavior of the
Shannon entropy at the initial pure state.

VI. DERIVATIONS OF MAIN RESULTS

First, we show the derivation of Eq. (40).
Proof. We first recall the definitions used below. Let C =

{P̂x}x be a PVM on a d-dimensional Hilbert space, namely,

P̂x � 0, P̂xP̂y = δxyP̂x,
∑

x

P̂x = 1̂. (102)

For a state ρ, the observational entropy associated with C is
defined by

SC
obs(ρ) := −

∑
x

px ln
px

Vx
, px := tr[P̂xρ], Vx := tr[P̂x].

(103)

We say that ρ is macroscopic with respect to C if SC
obs(ρ) =

SvN(ρ). Equivalently, ρ is of the form

ρ = ρC :=
∑

x

px
P̂x

Vx
. (104)

In the following, we consider an initial PVM C0 = {P̂0
y }y, a

final PVM Ct = {P̂t
x}x, and a unitary evolution ρt = Ûρ0Û †.

We assume that the initial state is macroscopic with respect to
C0, i.e.,

ρ0 = ρC0 =
∑

y

py(0)
P̂0

y

V 0
y

. (105)

The final coarse-grained state is

ρCt (t ) =
∑

x

px(t )
P̂t

x

V t
x

, px(t ) := tr
[
P̂t

xρt
]
, V t

x := tr
[
P̂t

x

]
.

(106)
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We now rewrite the observational entropies as Shannon
entropies of microscopic probability vectors. For each
macrospace x, introduce V t

x microscopic labels i ∈ x and
define

qi(t ) := px(t )

V t
x

(i ∈ x). (107)

Similarly, for j ∈ y, define

q j (0) := py(0)

V 0
y

. (108)

Then,

SCt

obs(ρt ) = −
∑

i

qi(t ) ln qi(t ), (109)

SC0

obs(ρ0) = −
∑

j

q j (0) ln q j (0). (110)

We next show that q(t ) is obtained from q(0) by a doubly
stochastic matrix. Indeed, for i ∈ x,

qi(t ) = 1

V t
x

tr
[
P̂t

xÛρ0Û
†
] =

∑
y

tr
[
Û †P̂t

xÛ P̂0
y

]
V t

x V 0
y

py(0)

=
∑

y

∑
j∈y

tr
[
Û †P̂t

xÛ P̂0
y

]
V t

x V 0
y

q j (0). (111)

Thus, if i ∈ x and j ∈ y, we define

Bi j := tr
[
Û †P̂t

xÛ P̂0
y

]
V t

x V 0
y

; (112)

then,

qi(t ) =
∑

j

Bi jq j (0). (113)

The matrix B is non-negative, because

Bi jV
t

x V 0
y = tr

[√
P0

y Û †P̂t
xÛ

√
P̂0

y

]
= tr

[(√
P0

y Û †
√

P̂t
x

)(√
P0

y Û
√

P̂t
x

)†] � 0. (114)

Moreover,∑
i

Bi j =
∑

x

∑
i∈x

tr
[
Û †P̂t

xÛ P̂0
y

]
V t

x V 0
y

=
∑

x

tr
[
Û †P̂t

xÛ P̂0
y

]
V 0

y

= 1

(115)

and∑
j

Bi j =
∑

y

∑
j∈y

tr
[
Û †P̂t

xÛ P̂0
y

]
V t

x V 0
y

=
∑

y

tr
[
Û †P̂t

xÛ P̂0
y

]
V t

x

= 1.

(116)

Therefore, B is doubly stochastic.
Let Q(0) and Q(t ) be the probability vectors obtained

by rearranging q(0) and q(t ) in nonincreasing order. Since
permutations are also doubly stochastic, the transition from
Q(0) to Q(t ) is again described by a doubly stochastic ma-
trix. Hence, Q(0) majorizes Q(t ). Using the Lenard-Tasaki

inequality in Appendix E, we obtain

SCt

obs(ρt ) − SC0

obs(ρ0)

= −
∑

i

Qi(t ) ln Qi(t ) +
∑

i

Qi(0) ln Qi(0)

= D(Q(0)‖Q(t )) +
∑

i

(Qi(0) − Qi(t )) ln Qi(t )

� D(Q(0)‖Q(t )). (117)

Here,

D(Q(0)‖Q(t )) :=
∑

i

Qi(0) ln
Qi(0)

Qi(t )
(118)

is the classical relative entropy. Applying Pinsker’s inequality
gives

SCt

obs(ρt ) − SC0

obs(ρ0) � 1
2‖Q(t ) − Q(0)‖2

1. (119)

It remains to identify this classical distance with VS-QW.
The eigenvalue lists of ρCt (t ) and ρC0 (0) are precisely Q(t )
and Q(0), respectively. Therefore, by the closed form of VS-
QW (see Appendix C),

Wq(ρCt (t ), ρC0 (0)) = 1
2‖Q(t ) − Q(0)‖1. (120)

Consequently,

SCt

obs(ρt ) − SC0

obs(ρ0) � 2Wq(ρCt (t ), ρC0 (0))2. (121)

This proves the desired entropy-production bound. �
Next, we show the derivation of Eqs. (32) and (35).
Proof. Let the spectral decompositions of the initial and

final Hamiltonians be

Ĥ (λ0) =
n0∑

i=1

Ei(λ0)P̂(E )
i (λ0),

Ĥ (λτ ) =
nτ∑

i=1

Ei(λτ )P̂(E )
i (λτ ).

(122)

For the initial and final states ρ(0) and ρ(τ ), consider classical
probability distributions p, q ∈ Rd whose ith components are

pi = tr
[
P̂(E )

i (λ0)ρ(0)
]

tr
[
P̂(E )

i (λ0)
] , qi = tr

[
P̂(E )

i (λτ )ρ(τ )
]

tr
[
P̂(E )

i (λτ )
] . (123)

As in the case of observational entropy, the matrix B describ-
ing the time evolution from {pi}i to {qi}i, defined by

Bi j = tr
[
Û †P̂(E )

i (λτ )Û P̂(E )
j (λ0)

]
tr
[
P̂(E )

j (λ0)
]
tr
[
P̂(E )

i (λτ )
] , (124)

is a doubly stochastic matrix. Birkhoff–von Neumann theorem
[49] states that any doubly stochastic matrix can be expressed
as a convex combination of permutation matrices. Accord-
ingly, we represent B as B = ∑

a caRa, where ca is a discrete
probability distribution and Ra are permutation matrices.

Next, let x ∈ Rd and consider the following functions:

V1(x) :=
d∑

n=1

ln n(xn − pn) − 1

2
ln

(
d

d − 1

)
‖x − p‖1,

(125)
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V2(x) :=
d∑

n=1

ln n(xn − pn) − ln 2

4
‖x − p‖2

1. (126)

Here, ‖x − p‖1 = ∑
n |xn − pn|. Since the first term of

V1(x),V2(x) is concave and the second terms are convex, it
follows that V1(x),V2(x) are concave. A function f : Rd → R
is said to be concave if it satisfies the following condition:
∀x, y ∈ Rd ,∀λ ∈ [0, 1],

f (λx + (1 − λ)y) � λ f (x) + (1 − λ) f (y). (127)

Therefore, we obtain

Vi(T p) �
∑

a

caVi(Ra p) (i = 1, 2). (128)

Focus on one permutation matrix Ra contained in B. If Ra

permutes the nth and mth components with n > m; then, we
obtain

V1(Ra p) = (pm − pn)

{
ln

n

m
− ln

(
d

d − 1

)}
, (129)

V2(Ra p) = (pm − pn)
(

ln
n

m
− ln 2(pm − pn)

)
. (130)

Since pm � pn, the signs of V1(Ra p) and V2(Ra p) are
determined by ln(n/m) − ln{d/(d − 1)} and ln(n/m) −
(ln 2)(pm − pn), respectively. Because ln(n/m) � ln{(m +
1)/m} � ln{d/(d − 1)}, we obtain V1(Ra p) � 0. From the
passivity of ρ(0) and normalization constant, one has 1/m �
pm; together with n > m, this implies

ln
n

m
− ln 2(pm − pn) � ln

m + 1

m
− ln 2

1

m
. (131)

The right-hand side of Eq. (131) is positive for m > 0, as
can be verified by a straightforward calculation. Combining
Eqs. (128)–(131), we obtain V1(T p) � 0,V2(T p) � 0. There-
fore, we obtain

SG(ρ(τ ), λτ ) − SG(ρ(0), λ0) � 1

2
ln

(
d

d − 1

)
‖q − p‖1,

(132)

SG(ρ(τ ), λτ ) − SG(ρ(0), λ0) � ln 2

4
‖q − p‖2

1. (133)

Next, we relate the classical distance ‖q − p‖1 to the Vu-
Saito quantum Wasserstein distance. We consider a unitary
U that maps the nth energy eigenstate of H (λτ ) to the nth
energy eigenstate of H (λ0). If degeneracies are present, we
use an arbitrarily fixed orthonormal basis in each degenerate
eigenspace. Then, we have

1
2‖q − p‖1 = 1

2‖UρH (λτ )(τ )U † − ρ(0)‖1. (134)

By the definition of the Vu-Saito quantum Wasserstein dis-
tance, we further obtain

1
2‖q − p‖1 = 1

2

∥∥UρH (λτ )(τ )U † − ρ(0)
∥∥

1

� Wq
(
UρH (λτ )(τ )U †, ρ(0)

)
. (135)

We conclude from the above that

SG(ρ(τ ), λτ ) − SG(ρ(0), λ0) � ln
d

d − 1
Wq(ρD(τ ), ρ(0)),

(136)

SG(ρ(τ ), λτ ) − SG(ρ(0), λ0) � ln 2Wq(ρD(τ ), ρ(0))2.

(137)

�

VII. CONCLUDING REMARKS AND OUTLOOKS

In this work, we derived thermodynamic speed limits
for isolated quantum systems undergoing finite-time unitary
dynamics. Since the von Neumann entropy is conserved un-
der unitary evolution, thermodynamic irreversibility must be
formulated at the level of coarse-grained descriptions. We
showed that entropy production associated with the Gibbs
entropy and with several thermodynamically motivated ob-
servational entropies is bounded from below by the Vu-Saito
quantum Wasserstein distance between the initial and final
coarse-grained states. Dividing these generalized second-law
inequalities by the average entropy-production rate gives
lower bounds on the operation time.

The resulting bounds clarify a thermodynamic aspect of
speed limits in isolated quantum systems. Ordinary quan-
tum speed limits constrain the operation time by kinematic
quantities, such as Hilbert-space distances and energetic fluc-
tuations. In contrast, the bounds derived here constrain the
operation time by the entropic cost required to change a
thermodynamic macrostate. They therefore quantify the state-
ment that a finite change of a coarse-grained state cannot be
achieved in an arbitrarily short time under a fixed entropy-
production rate. We also note that the present lower bounds
are complementary to standard continuity bounds for entropy.
Since observational entropy is the von Neumann entropy of
the corresponding coarse-grained state, Fannes-Audenaert-
type inequalities [31,50–52] give upper bounds

�SCi→C f (τ ) � T log2(d − 1) + H ((T, 1 − T )) (138)

on the entropy production in terms of the trace distance T =
1
2‖ρC f (τ ) − ρCi (0)‖1 between the initial and final coarse-
grained states. Here, H ((p, 1 − p)) denotes the binary entropy
function. Thus, coarse-grained entropy production is con-
strained from both below and above by distances between
macroscopic states.

A central open problem is to construct an extensive version
of the quantum Wasserstein distance suitable for macro-
scopic systems. The Vu-Saito distance used here is an O(V 0)
quantity, so the present lower bounds may become weak
when entropy production scales extensively with system size.
Developing hydrodynamic or extensive quantum transport
distances would turn the finite-dimensional inequalities de-
rived here into thermodynamically robust speed limits for
macroscopic isolated quantum systems. Another important
direction is to clarify how the present isolated-system bounds
reduce to, or differ from, known open-system speed limits
under weak-coupling, large-bath, or Markovian limits.
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APPENDIX A: THERMODYNAMIC COARSE GRAININGS

In this Appendix, we provide detailed definitions and phys-
ical interpretations of the thermodynamic coarse grainings
introduced in the main text. We consider the system-bath,
local-energy, and global-energy coarse grainings. We also
derive the relation between the system-bath observational en-
tropy and the conventional entropy production of an open
quantum system.

1. System-bath coarse graining

Consider a small system S interacting with a large bath B.
The total Hamiltonian is

H (λ) = HS (λ) ⊗ IB + IS ⊗ HB + HI , (A1)

where HI denotes the interaction Hamiltonian. The projector
onto the jth bath-energy mesoscopic window and its volume
are defined by

�B
j := 1 j (HB), �B

j := trB
[
�B

j

]
. (A2)

For a total state ρ, let

ρS := trB[ρ] =
∑

i

νiP̂
(ρS )
i (A3)

be the spectral decomposition of the reduced-system state.
The projector onto the kernel of ρS is included in {P̂(ρS )

i }i when
necessary. We define the state-dependent coarse graining

Cρ,HB := {
P̂(ρS )

i ⊗ �B
j

}
i j
. (A4)

The corresponding probabilities and subspace dimensions
are

pi j := tr
[(

P̂(ρS )
i ⊗ �B

j

)
ρ
]
, (A5)

di := trS
[
P̂(ρS )

i

]
. (A6)

The associated observational entropy is

SSB(ρ) := S
Cρ,HB
obs (ρ) = −

∑
i j

pi j ln
pi j

di�
B
j

.

Introducing the marginal probabilities

pS
i :=

∑
j

pi j, pB
j :=

∑
i

pi j (A7)

and the classical mutual information

I
Cρ,HB
cl (ρ) :=

∑
i j

pi j ln
pi j

pS
i pB

j

, (A8)

the system-bath observational entropy can be decomposed as

SSB(ρ) = SvN(ρS ) + S
CHB
obs (ρB) − I

Cρ,HB
cl (ρ), (A9)

where

ρB := trS[ρ], (A10)

and

S
CHB
obs (ρB) := −

∑
j

pB
j ln

pB
j

�B
j

. (A11)

We now relate this entropy to the conventional entropy
production of an open quantum system. We assume the initial
product state

ρ(0) = ρS (0) ⊗ πB, πB = e−βH̃B

Z̃B
, (A12)

where

H̃B :=
∑

j

E j�
B
j ,

Ej := −β−1 ln trB
[
�B

j e−βHB
] + β−1 ln �B

j , (A13)

The initial state in Eq. (A12) describes the standard situ-
ation in which the small system is prepared independently
of a thermal bath. It naturally arises when the system-bath
interaction is initially absent or sufficiently weak that initial
correlations can be neglected. Thus, πB is uniform within
each bath-energy window. We define the heat absorbed by the
bath by

Qτ := trB[H̃B{ρB(τ ) − πB}], ρB(τ ) := trS[ρ(τ )]. (A14)

The conventional open-system entropy production is

�τ := D(ρ(τ ) ‖ ρS (τ ) ⊗ πB). (A15)

Using ln πB = −βH̃B − ln Z̃B, the initial product state
ρ(0) = ρS (0) ⊗ πB, and the unitary invariance of the von
Neumann entropy, we obtain

D(ρ(τ )‖ρS (τ ) ⊗ πB)

= −SvN(ρ(τ )) + SvN(ρS (τ )) − tr[ρB(τ ) ln πB]

= SvN(ρS (τ )) − SvN(ρS (0)) + βtr[H̃B{ρB(τ ) − πB}]
= �SvN(ρS ) + βQτ . (A16)

The change in the system-bath observational entropy is
denoted by

�SSB(τ ) := S
Cρ(τ ),HB
obs (ρ(τ )) − S

Cρ(0),HB
obs (ρ(0)). (A17)

Since the initial state is a product state, its classical mutual
information vanishes. Equation (A9) therefore gives

�SSB(τ ) + I
Cρ(τ ),HB
cl (ρ(τ ))

= SvN(ρS (τ )) − SvN(ρS (0)) + S
CHB
obs (ρB(τ )) − S

CHB
obs (πB).

(A18)

Consequently,

�τ − �SSB(τ ) − I
Cρ(τ ),HB
cl (ρ(τ ))

= βQτ − S
CHB
obs (ρB(τ )) + S

CHB
obs (πB). (A19)
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Define the final and initial bath-energy distributions by

α j := trB
[
�B

j ρB(τ )
]
, (A20)

π j := trB
[
�B

j πB
] = �B

j e−βEj

Z̃B
. (A21)

Using

ln
π j

�B
j

= −βEj − ln Z̃B, (A22)

the right-hand side of Eq. (A19) becomes

βQτ − S
CHB
obs (ρB(τ )) + S

CHB
obs (πB) =

∑
j

α j ln
α j

π j
= D(α‖π ).

(A23)

We therefore obtain the exact identity

�τ = �SSB(τ ) + I
Cρ(τ ),HB
cl (ρ(τ )) + D(α‖π ). (A24)

Since both the classical mutual information and the relative
entropy are non-negative, this identity immediately yields

�τ � �SSB(τ ) + I
Cρ(τ ),HB
cl (ρ(τ )) � �SSB(τ ). (A25)

Thus, the system-bath observational entropy provides a
coarse-grained description of the conventional entropy pro-
duction. If the final bath-energy distribution remains close to
its initial equilibrium distribution, then D(α‖π ) is small and
Eq. (A24) gives

�τ � �SSB(τ ) + I
Cρ(τ ),HB
cl (ρ(τ )). (A26)

2. Local-energy coarse graining

The Hamiltonian is decomposed as

H =
m∑


=1

H
 + Hint, (A27)

where H
 is the local Hamiltonian of region 
 and Hint de-
scribes interactions between different regions. Let

H
 =
∑

E


E
P̂(
)
E


(A28)

be the spectral decomposition of H
. The projectors resolving
the local-energy profile are

P̂	E :=
m⊗


=1

P̂(
)
E


, 	E := (E1, . . . , Em). (A29)

The corresponding coarse graining is

ClocH := {P̂	E } 	E . (A30)

The factorized observational entropy is defined by

SFOE(ρ) := SClocH
obs (ρ) = −

∑
	E

p 	E ln
p 	E
V 	E

, (A31)

where

p 	E := tr[P̂	Eρ], (A32)

V 	E := tr[P̂	E ] =
m∏


=1

tr
[
P̂(
)

E


]
. (A33)

If the state is supported within a single local-energy
macrospace 	E , then

SFOE(ρ) = ln V 	E =
m∑


=1

ln tr
[
P̂(
)

E


]
. (A34)

Thus, SFOE reduces to the sum of the microcanonical entropies
of the individual regions. More generally, it quantifies the
entropy associated with a spatially inhomogeneous energy
profile.

An initial macrostate with respect to ClocH has the form

ρ(0) =
m⊗


=1

ρ
, ρ
 =
∑

E


p
,E


P̂(
)
E


tr
[
P̂(
)

E


] . (A35)

For nondegenerate local Hamiltonians, this condition reduces
to

[ρ
, H
] = 0. (A36)

Such states naturally describe local equilibrium: Each spatial
region has relaxed with respect to its own local Hamiltonian,
while the system as a whole remains out of equilibrium. This
description is appropriate when

τlocal � τtransport, (A37)

so that local equilibration occurs much faster than transport
between different regions. It therefore provides the natural
coarse-grained description of hydrodynamic relaxation and
of systems prepared by joining subsystems initially held at
different temperatures.

3. Global-energy coarse graining and diagonal entropy

Finally, consider the spectral decomposition of the global
Hamiltonian,

H (λ) =
∑

i

Ei(λ)P̂(E )
i (λ). (A38)

The global-energy coarse graining is

CH (λ) := {
P̂(E )

i (λ)
}

i
. (A39)

The corresponding observational entropy is

SD(ρ; H (λ)) := SCH (λ)

obs (ρ) = −
∑

i

pi ln
pi

Vi(λ)
, (A40)

where

pi := tr
[
P̂(E )

i (λ)ρ
]
, (A41)

Vi(λ) := tr
[
P̂(E )

i (λ)
]
. (A42)

For a nondegenerate Hamiltonian, Vi(λ) = 1, and this expres-
sion reduces to the conventional diagonal entropy

Sd (ρ) = −
∑

i

ρii ln ρii. (A43)
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The global-energy coarse graining is natural for driven
isolated systems, because it retains only the occupation
probabilities of the instantaneous energy eigenspaces. Energy-
diagonal states include equilibrium Gibbs and microcanonical
states. They also arise as diagonal ensembles describing long-
time averages after quantum quenches. The diagonal entropy
therefore provides a coarse-grained entropy suitable for both
equilibrium states and effective stationary states generated by
isolated unitary dynamics.

APPENDIX B: A UNITARY TRANSFORMATION THAT
PRESERVES THE GIBBS ENTROPY

For any passive state ρ, we show that the unitary operator
that preserves the Gibbs entropy is unique up to phases and is
given by

Uad :=
∑

i

|iτ 〉〈i0|. (B1)

Here, {|i0〉}D
i=1 and {|iτ 〉}D

i=1 are the eigenstates of the initial
Hamiltonian H (λ0) and the final Hamiltonian H (λτ ), respec-
tively, ordered by increasing eigenvalues.

Let U be a unitary operator that preserves the Gibbs en-
tropy. Then, for any passive state ρ,

d∑
i=1

〈iτ |UρU †|iτ 〉 ln i =
d∑

i=1

〈i0|ρ|i0〉 ln i. (B2)

It follows that, for the extended microcanonical state,
ρem(�) := 1

�

∑�
i=1 |i0〉〈i0| (1 � � � d ),

d∑
i=1

�∑
j=1

|〈iτ |U | j0〉|2 ln i =
�∑

i=1

ln i. (B3)

Starting with the case � = 1, the above equation reduces to

d∑
i=1

|〈iτ |U |10〉|2 ln i = 0. (B4)

If U satisfied 〈iτ |U |10〉 �= 0 for some i > 1, then

d∑
i=1

|〈iτ |U |10〉|2 ln i > 0 (B5)

would hold, which leads to a contradiction. Therefore,
〈iτ |U |10〉 = 0 for i > 1 and |〈1τ |U |10〉| = 1. By unitarity,∑

i |〈1τ |U |i0〉|2 = 1, and hence |〈1τ |U |i0〉|2 = δ1i. Next, con-
sidering the case � = 2, we obtain

d∑
i=2

|〈iτ |U |20〉|2 ln i = ln 2. (B6)

By the same reasoning as in the case � = 1, we obtain
|〈iτ |U |20〉| = |〈2τ |U |i0〉| = δi2. Repeating the same argument
sequentially up to � = d − 1, we obtain |〈iτ |U | j0〉| = δi j .

APPENDIX C: THE PROOF OF EQ. (29)

The derivation follows Ref. [18]. At first, we show that
Wq(ρ, σ ) � 1

2

∑
i |λ↓

ρ (i) − λ↓
σ (i)|. We consider

ρ =
∑

i

λρ (i)|iρ〉〈iρ |, σ =
∑

i

λσ (i)|iσ 〉〈iσ |. (C1)

Here, λX (i) denotes the ith nonincreasing eigenvalue of the
operator X , and |iX 〉 is the corresponding eigenvector. We
consider W = ∑

i |iσ 〉〈iρ |. By definition, we obtain

Wq(ρ, σ ) = 1

2
min

VV †=1
‖V ρV † − σ‖ � 1

2
‖W ρW † − σ‖

= 1

2

∑
i

|λ↓
ρ (i) − λ↓

σ (i)|. (C2)

Next, we show Wq(ρ, σ ) � 1
2

∑
i |λ↓

ρ (i) − λ↓
σ (i)|. For any

Hermitian operators A and B, let ηi(A) and ηi(B) denote their
singular values arranged in nondecreasing order. Then,

‖A − B‖ =
∑

i

|ηi(A − B)| �
∑

i

|ηi(A) − ηi(B)| (C3)

holds [53]. By setting A = V ρV †, B = σ , we obtain the de-
sired inequality. Therefore, Wq(ρ, σ ) = 1

2

∑
i |λ↓

ρ (i) − λ↓
σ (i)|

follows.

APPENDIX D: BOUNDS FOR NONTHERMODYNAMIC
ENTROPY PRODUCTION

Here, as an application of the main results in Eqs. (40)
and (42) to a nonthermodynamic entropy, we consider the
entanglement entropy.

Let |�〉AB be a pure state on the bipartite Hilbert space
HA ⊗ HB. We write its Schmidt decomposition as

|�〉AB =
∑

α

dα∑
a=1

√
λα |α, a〉A ⊗ |α, a〉B,

∑
α

dαλα = 1.

(D1)

Here, λα denotes a distinct Schmidt eigenvalue, and dα is its
degeneracy. The reduced density matrix on subsystem A is
then given by

ρA = trB[|�〉〈�|] =
∑

α

λαP̂A
α , P̂A

α =
dα∑

a=1

|α, a〉A〈α, a|A.

(D2)

We define projectors on the total Hilbert space
HA ⊗ HB by

Q̂AB
α :=

dα∑
a=1

(|α, a〉A ⊗ |α, a〉B)(A〈α, a| ⊗ B〈α, a|) (D3)

and

Q̂AB
0 := 1̂AB −

∑
α

Q̂AB
α . (D4)

These projectors define a coarse graining of the total Hilbert
space. We denote this state-dependent coarse graining by

Cent (�) := {
Q̂AB

α

}
α

∪ {
Q̂AB

0

}
. (D5)
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For the pure state ρAB = |�〉〈�|, the probability and vol-
ume associated with Q̂AB

α are, respectively,

pα = tr
[
Q̂AB

α ρAB
] = dαλα, Vα = tr

[
Q̂AB

α

] = dα. (D6)

Moreover, p0 = 0. Therefore, the observational entropy of the
total system with respect to the coarse-graining Cent (�) is

SCent (�)
obs (ρAB) = −

∑
α

pα ln
pα

Vα

(D7)

= −
∑

α

dαλα ln λα (D8)

= SvN(ρA). (D9)

Since ρAB is pure, SvN(ρA) is the entanglement entropy be-
tween A and B. Hence,

SCent (�)
obs (|�〉〈�|) = S(A:B)

ent (|�〉). (D10)

Thus, the entanglement entropy of a bipartite pure state can be
regarded as the observational entropy of the total system as-
sociated with the Schmidt-correlated coarse-graining Cent (�).

Using this observation, the main results in Eqs. (40) and
(42) yield bounds on the entanglement entropy production

�S(A:B)
ent (τ ) := S(A:B)

ent (|�(τ )〉) − S(A:B)
ent (|�(0)〉). (D11)

Specifically, assuming that the initial state is a product state,

|�(0)〉 = |ψ〉A ⊗ |ψ ′〉B, (D12)

we obtain

�S(A:B)
ent (τ ) = S(A:B)

ent (|�(τ )〉)

� 2Wq
(
ρCent (�(τ ))(τ ), |�(0)〉〈�(0)|)2

(D13)

and

τ � 2Wq
(
ρCent (�(τ ))(τ ), |�(0)〉〈�(0)|)2

σ̄
(A:B)
ent

,

σ̄
(A:B)
ent := �S(A:B)

ent (τ )

τ
. (D14)

APPENDIX E: THE LENARD-TASAKI INEQUALITY

The derivation follows Ref. [36]. Consider an observable
F and a probability distribution u satisfying i < j ⇒ Fi � Fj

and u(i) � u( j). Let T be a doubly stochastic matrix and de-
fine v = Tu. We show that 〈F 〉v � 〈F 〉u. Introducing ua(i) =
�(a − i)/a, we expand u = ∑

a caua, ca := a{u(a) − u(a +
1)}, va := Tua. Then, we obtain

〈F 〉v − 〈F 〉u =
∑

i

Fi(v(i) − u(i))

=
∑

a

ca

∑
i

Fi(va(i) − ua(i))

=
∑

a

ca

[ ∑
i�a+1

Fi(va(i) − ua(i))

+
∑
i�a

Fi(va(i) − ua(i))

]
�

∑
a

ca

[
Fa+1

∑
i�a+1

(va(i) − ua(i))

+ Fa

∑
i�a

(va(i) − ua(i))

]

�
∑

a

caFa

[ ∑
i�a+1

(va(i) − ua(i))

+
∑
i�a

(va(i) − ua(i))

]
= 0. (E1)

The first inequality follows from the doubly stochastic-
ity of the map, which implies i � a + 1 ⇒ va(i) − ua(i) �
0, i � a ⇒ va(i) − ua(i) � 0. The transition from p↓

0 to p↓
t

can be realized by a doubly stochastic matrix. Choosing the
observable as Fi = − ln p↓

t (i), we note that p↓
t is ordered in

descending order, so Fi is nondecreasing in i. Since p↓
0 is

also descending, all assumptions of the theorem are satisfied.
Therefore, ∑

i

− ln p↓
t (i)(p↓

t (i) − p↓
0 (i)) � 0. (E2)
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