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Quantum approximate optimization algorithms for maximum cut on low-girth graphs
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Maximum cut (MaxCut) on graphs is a classic NP-hard problem. In quantum computing, Farhi, Gutmann, and
Goldstone proposed the quantum approximate optimization algorithm (QAOA) for solving the MaxCut problem.
Its guarantee on the cut fraction (the fraction of edges in the output cut over all edges) was mainly studied
for high-girth graphs, i.e., graphs with only long cycles. On the other hand, low-girth graphs are ubiquitous in
theoretical computer science, including expander graphs, which are outstanding examples with wide applications
in theory and beyond. In this paper, we apply QAOA to MaxCut on a set of expander graphs proposed
by Mohanty and O’Donnell, known as additive product graphs. Additionally, we apply multi-angle QAOA
(ma-QAOA) to better utilize the graph structure of additive product graphs in the ansatz design. In theory, we
derive an iterative formula to calculate the expected cut fraction of such graphs. This formula also extends to the
quantum MaxCut problem. On the other hand, we conduct numerical experiments to compare the best-known
classical local algorithms and QAOA with constant depth. Our results demonstrate that QAOA outperforms these
best-known classical algorithms by 0.3% to 5.2% on several additive product graphs, while ma-QAOA further
enhances this advantage by an additional 0.6% to 2.5%. In particular, we observe cases in which ma-QAOA
exhibits superiority over the best-known classical algorithms but QAOA does not. Furthermore, we extend our
experiments to planar graphs, such as tiling grid graphs, where QAOA also demonstrates an advantage.

DOI: 10.1103/jypq-v1fn

I. INTRODUCTION

MaxCut is one of the most fundamental problems in graph
theory. The input of the problem is a simple (unweighted,
undirected) graph, and the goal is to partition the vertices into
two sets such that the number of edges between the two parts
is maximized. MaxCut is one of the 21 NP-complete prob-
lems shown by Karp in 1972 [1]. Nevertheless, Goemans and
Williamson [2] gave an approximation algorithm for MaxCut
with an expected solution being at least 0.878 times the num-
ber of cut edges of the optimal solution. Meanwhile, solving
the MaxCut problem beyond this approximation ratio (the
number of cut edges divided by the number of maximal cut
edges) of 0.878 will imply that the Unique Games Conjecture
does not hold [3]. Therefore, this approximation ratio can be
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seen as an essential barrier for the MaxCut problem, and from
a theoretical point of perspective, an approximation algorithm
for MaxCut is better if its approximation ratio is closer to
0.878.

More recently, quantum algorithms have become promis-
ing candidates for solving classical combinatorial prob-
lems, with the quantum approximate optimization algorithm
(QAOA) introduced in [4]. QAOA is a quantum algorithm that
produces approximate solutions to combinatorial optimization
problems. For the MaxCut problem, QAOA applies unitary
evolutions of the sum-of-Pauli X operator and the sum-of-
Pauli ZZ operator that encode the graph edges (see a formal
definition in Sec. II A) alternatively for p times. The quality of
the solution improves as p increases, and Ref. [4] proved that
the optimal solution can be obtained when p approaches infin-
ity. On the other hand, it is observed that QAOA with constant
p can already guarantee good approximation for MaxCut. For
3-regular graphs, Ref. [4] proved that for p = 1, QAOA can
achieve an approximation ratio of at least 0.6924 [5]. For
p = 2 and p = 3, Ref. [6] proved that QAOA can achieve
approximation ratios of 0.7559 and 0.7924 for the MaxCut
problem, respectively.

For more general graphs, previous literature on QAOA
with approximation ratio guarantee for MaxCut focuses on
graphs with high girth. In graph theory, the girth of an
undirected graph is the length of a shortest cycle contained
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in the graph. Hastings [7] compared single-step classical al-
gorithms and QAOA with p = 1 on D-regular triangle-free
graphs (i.e., graphs with girth >3), and found that single-step
classical algorithms outperform QAOA with p = 1 for 3 �
D � 1000 except four choices of degree D. Furthermore, Mar-
waha [8] studied two-step classical algorithms on D-regular
graphs with girth >5, and found that the optimal two-step
threshold classical algorithm outperforms QAOA with p = 2
for all 5 < D � 500. On the other hand, Basso et al. [9]
analyzed the cut fraction (the number of cut edges divided by
the number of total edges) of QAOA for MaxCut on D-regular
graphs with girth >2p + 1. They gave an iterative formula to
evaluate the performance of QAOA for any fixed p and D.
With p � 11, QAOA outputs a cut with larger cut fraction than
best-known classical algorithms [10].

Previous studies focus on high-girth d-regular graphs be-
cause QAOA is a local algorithm and for high-girth graphs,
all local neighborhoods are two complete d-ary trees with
roots glued together, which facilitates analysis. While the
performance of QAOA on high-girth graphs has been exten-
sively studied, the approximation ratio guarantee of QAOA
on expander graphs with low girth remains largely open. We
extend previous studies to a set of low-girth expander graphs
proposed by Mohanty and O’Donnell [11] known as additive
product graphs (formally defined in Sec. II B). The additive
product graphs are Ramanujan graphs, i.e., there are infinitely
many graphs G that are covered by them and their spectrum
satisfies that the second largest eigenvalue is no greater than
the spectral radius of the additive product graphs. Such graphs
are spectral expander graphs and have wide applications in
theoretical computer science including algorithm design, error
correcting codes, extractors, pseudorandom generators, sort-
ing networks, etc. See more in the survey papers [12,13].
Previous work on the cut fraction of QAOA requires high girth
in analysis [8,9], and understanding of how QAOA performs
on low-girth graphs is solicited. In this work, we study this
problem using additive product graphs as an example. Our dis-
covery and analysis may offer insight on how QAOA performs
on a variety of expander graphs.

Main results. In this paper, we systematically investigate
the cut fraction of QAOA for low-girth graphs. Moreover, to
better utilize the graph structure, we discuss ma-QAOA (see
definition and specific settings in Sec. II C) to enhance the
advantage of QAOA.

In theory, we apply QAOA to MaxCut on additive product
graphs. We give an iterative formula to evaluate the expected
cut fraction of additive product graphs for any fixed p. The
derivation of the iterative formula for additive product graphs
is based on analyzing the underlying construction of the graph
and identifying the relevant subgraphs.

Theorem 1 (Main Theorem). Suppose X is an additive
product graph defined in Definition 2. Then, for any p and any
parameters (γ,β) ∈ [0, 2π ]2p [14], the expected cut fraction
of the additive product graph satisfies

〈γ,β|CMC |γ,β〉
|E | = 1

2
+ 1

2(|E (A1)| + · · · + |E (Ac)|)
×

∑
C∈[c],

(a,b)∈AC

E[AC (a, b)] (1)

where the expectations E[AC (a, b)] are defined on different
subgraphs and follow the recursive formulas in (28) and (29).

This theorem gives an exact formula for the QAOA ex-
pected cut fraction on additive product graphs. Intuitively,
an additive product graph is formed by “infinitely adding
together” several small atom graphs over a larger vertex set:
Each edge in the product corresponds to an edge in one of
the atom graphs, replicated according to a fixed rule. This
yields a structured, possibly low-girth graph whose global
cut performance can be reduced to the contributions of its
local patterns. In particular, suppose that we use c atom
graphs {A1, . . . , Ac} to generate the additive product graph
G. Then, any two edges in the graph G that originate from
the same edge (a, b) of the same atom graph AC must have
the same expected cut value under QAOA. We denote this
common value by 1

2 (1 + E[AC (a, b)]), where C ∈ [c] iden-
tifies the atom graph and (a, b) identifies the corresponding
edge in AC . With the number of edges for each atom graphs
being |E (A)|, the proportion of each type of subgraph will be

1
|E (A1 )|+···+|E (Ac )| , which leads to the expected cut fraction of
the additive product graph in Theorem 1.

Previous research has primarily focused on studying reg-
ular graphs of small values of p [6] and high-girth regular
graphs of general p [9]. Here, we consider low-girth graphs
with general p and provide a theoretical guarantee for QAOA
performance.

Technically, we extend the analysis in [9] from high-girth
regular graphs to the more general setting of graphs that do not
necessarily have high girth. Specifically, we identify a class
of spectral expander graphs, namely additive product graphs,
in which the structure of subgraphs can be analyzed system-
atically. By leveraging this subgraph structure, we are then
able to analyze the cycles in low-girth graphs iteratively and
obtain the expected cut fraction of such low-girth graphs. Fur-
thermore, we extend the analytical technique to the quantum
MaxCut problem on additive product graphs, extending the
existing literature on quantum MaxCut for high-girth regular
graphs [15].

In experiments, we explore classical k-local algorithms
for MaxCut on additive product graphs to provide convinc-
ing benchmarks against QAOA. We explore the performance
of the best-known classical local algorithms previously uti-
lized in evaluating QAOA’s performance on high-girth regular
graphs. Specifically, we evaluate the classical algorithms pro-
posed by Barak and Marwaha [10] as well as the threshold
algorithm demonstrated in [7,8,16]. Our findings indicate
that on low-girth graphs, Barak and Marwaha’s algorithm
yields a superior expected cut fraction at lower values of
k, whereas the threshold algorithm exhibits stronger perfor-
mance at higher k values.

We conduct extensive numerical evaluations for QAOA
and the best-known classical local algorithms for the cut
fraction of additive product graphs. As low-girth graphs take
significantly more computing resources, we only conduct
numerical experiments for p = 1, 2, 3. We found that for
Figs. 5(a) and 5(c) below tested under lower values of p, the
QAOA algorithm outperformed the best-known classical local
algorithms by 0.3-5.2 percentage and ma-QAOA enhances
this advantage by 0.6–2.5 percentage. Moreover, although
the classical local algorithms exhibit minor advantage against
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(a)

(b)

(c)

FIG. 1. The expected cut fractions of QAOA and the best-known
classical local algorithms are illustrated for the graphs shown in
Fig. 5 below. The results corresponding to the additive product
graphs in Figs. 5(a), 5(b), and 5(c) are shown in panels (a), (b),
and (c), respectively. The blue, red, and green lines represent the
performance of ma-QAOA, QAOA, and the best-known classical
local algorithms discussed in Sec. IV, respectively

QAOA in specific graph instances Fig. 5(b) below, ma-QAOA
surpasses the best-known classical local algorithms by 3.0
percentage at p = 2. We demonstrate our results in Fig. 1.

Furthermore, we extend our experiments to planar graphs
composed of polygons. The main difference between this type
of planar graph and the additive product graph is the manner in
which they extend. Additive product graphs extend in a more

tree-like hierarchical structure, whereas the planar graphs we
study exhibit a more mesh-like, interconnected structure. Thus
far, we have investigated the expected cut fraction of the
planar graph composed of pentagons and hexagons shown
in Fig. 6(a) below, as well as the planar graph composed of
triangles, quadrilaterals, and hexagons presented in Fig. 6(b).
Given the computational complexity constraints, we have run
the numerical experiments for p = 1, 2. The results demon-
strate that the QAOA still outperforms the classical algorithms
by 0.3–2.2 percentage, and ma-QAOA enhances this advan-
tage by 0.1–0.9 percentage.

II. PRELIMINARIES

A. The quantum approximate optimization
algorithm and MaxCut

The quantum approximate optimization algorithm was in-
troduced in [4], which is a variational quantum algorithm that
requires 2p parameters: (γ1, γ2, . . . , γp), (β1, β2, . . . , βp).
The input is an n-qubit string z and the goal is to find an
approximate ground state of cost function operator C, where
C|z〉 = C(z)|z〉. It does so by preparing the state |γ,β〉 on the
ground state |s〉 of mixing operator B. QAOA prepares the
state

|γ,β〉 = U (B, βp)U (C, γp) · · ·U (B, β1)U (C, γ1)|s〉, (2)

where U (B, β ) = e−iβB and U (C, β ) = e−iγC .
The expectation of the cost function C is 〈γ,β|C|γ,β〉.

When p approaches infinity, Eq. (2) can be seen as Trotter-
ization of the adiabatic theorem, and thus it can reach the
minimum of the cost function operator C [4]. In practice, for a
fixed value of p, we can measure |γ,β〉 in computational basis
and optimize γ and β.

Given a graph G = (V, E ), the cost function of MaxCut is
to evaluate how many edges are cut because of the partition
of vertices. If the qubits of vertices u and v in edge (u, v)
are different, then ZuZv = −1 and count one edge to the cost
function. If the qubits are the same, 1

2 (−ZuZv + 1) = 0. Thus,
the operator can be written as

CMC =
∑

(u,v)∈E

1

2
(−ZuZv + 1), (3)

where Zu is Pauli Z operator on qubit u.
Since the constant 1/2 in CMC only introduces a global

phase that does not influence measurements, we can instead
use the scaled cost function operator

C = −
∑

(u,v)∈E

ZuZv, (4)

and the mixing operator B equals

B =
∑
v∈V

Xv. (5)

Note that QAOA is a local algorithm where the ex-
pectation 〈γ,β|ZuZv|γ,β〉 on each edge only depends on
the edges whose distance from edge (u, v) are no more
than p and qubits on them. Therefore, edges in the same
p-neighborhood subgraph have the same expectation val-
ues. That is, 〈γ,β|ZuZv|γ,β〉 = 〈γ,β|Zu′Zv′ |γ,β〉 if the edges
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FIG. 2. One example of the additive product graph. A portion of vertices on the graph are labeled with the corresponding string.

(u, v) and (u′, v′) have the same neighborhood subgraph g, in
which case we denote the value by 〈γ,β|ZZ (g)|γ,β〉. We can
categorize edges in E according to different subgraphs g, and
the expectation becomes

〈γ,β|CMC |γ,β〉 =
∑

g

wg

2
(1 − 〈γ,β|ZZ (g)|γ,β〉) (6)

where the summation is over all possible p-neighborhood
subgraphs and wg is the number of edges (u, v) whose p-
neighborhood subgraph is g. The cut fraction is then

〈γ,β|CMC |γ,β〉
|E | = 1

2
−

∑
g

fg

2
〈γ,β|ZZ (g)|γ,β〉 (7)

where fg is the proportion of edges with p-neighborhood
subgraph g.

B. Additive product graphs

We will also provide a brief introduction to the additive
product graphs in [11], the class of expander graphs that is
studied by QAOA. First, we introduce the notion of spectral
radius.

Definition 1. For a graph X , the spectral radius of X is

ρ(X ) := lim
t→∞ sup

{(
c(t )

uv

)1/t}
, (8)

where c(t )
uv denotes the number of walks of length t in X from

vertex u ∈ V to vertex v ∈ V .
Then, we introduce the definition of additive product

graph. The additive product graph are generated by a set of
graphs A1, . . . , Ac, called plain atoms, that share a common
vertex set. By choosing a fixed starting vertex v1, the vertices
and edges of additive product graph are defined as follows,
with one example illustrated in Fig. 2.
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FIG. 3. The infinite (3,4)-biregular tree constructed by the
single-edge graphs on K3,4.

Definition 2 ([11, Definition 3.4]). Let A1, . . . , Ac be plain
atom graphs on a common vertex set [n]. Define a sum graph
G = A1 + · · · + Ac = ([n], E ) with the edge set E being the
union of the edge sets of A1, . . . , Ac. Assume that G is con-
nected. Letting Aj denote Aj with isolated vertices removed,
we also assume that each Aj is nonempty and connected.
We now define the (typically infinite) additive product graph
A1 ⊕ · · · ⊕ Ac := (V, E ) where V and E are constructed as
follows.

Let v1 be a fixed vertex in [n]; let V be the set of strings of
the form v1C1v2C2 · · · vkCkvk+1 for k � 0 such that

(1) each vi is in [n] and each Ci is in [c],
(2) Ci 	= Ci+1 for all i < k,
(3) vi and vi+1 are both in ACi

for all i � k,
and, let E be the set of edges on vertex set V such that for each
string s ∈ V ,

(1) we let {sCu, sCv} be in E if {u, v} is an edge in AC ,
(2) we let {sCu, sCuC′v} be in E if {u, v} is an edge in AC′ ,

and
(3) we let {v1, v1Cv} be in E if {v1, v} is an edge in AC .

The additive product graph can be intuitively understood as
a layered construction built from several base “atom” graphs
sharing a common vertex set. Starting from an initial vertex,
the graph expands by iteratively traversing edges within se-
quentially chosen, distinct atom graphs. Note that different
choices of v1 generate isomorphic additive product graphs.
In Fig. 2, one example generated by Definition 2 is depicted,
where the generators A1, . . . , Ac bring corresponding local
structures within the additive product graph. Note that an
additive product graph may not be regular. A simple example
is when G is a complete bipartite graph K�1,�2 , and A1, . . . , Ac

represent the associated single-edge graphs on G’s vertex set,
where c = �1�2. It can be observed that A1 ⊕ A2 · · · ⊕ Ac

construct an infinite (�1,�2)-biregular tree, where any node
in an odd level has degree �1 and any node in an even level
has degree �2. See Fig. 3 for an illustration of the case of
(�1,�2) = (3, 4).

Additive product graphs can be easily constructed and
proved to exhibit certain desirable spectral properties, by
which they offer a family of explicit constructions of expander
graphs. We refer to [11] for more details on this.

C. The multi-angle quantum approximate
optimization algorithm

In the original QAOA paper [4], the authors let each layer
of quantum circuit share the same parameter. Later a multi-
angle version of ma-QAOA was proposed [17] in which each
node v or edge (u, v) has an individual parameter in each layer
j, namely U (β, γ ) = ∏1

j=p(ei
∑

v∈V β jvXv ei
∑

(u,v)∈E γ j,(u,v)ZuZv ). By
introducing more parameters, the model becomes more ex-
pressive and can in principle improve the performance of
the algorithm. However, more parameters also imply a much
larger search space that may make training harder. Indeed,
from a dynamical Lie algebra point of view, more parameter
sharing shrinks the generated Lie algebra, while smaller di-
mension makes the circuit less likely to have a barren plateau
and easier to estimate its gradient; see [18,19] for details. In
this paper, we propose to have a structural parameter sharing
scheme and apply it to additive product graphs.

The multi-angle quantum approximate optimization al-
gorithm (ma-QAOA) was firstly introduced in Ref. [17]. It
introduces more classical parameters into the standard QAOA
framework. Typically, C = ∑

a Ca and B = ∑
v Bv represent

the sum of a collection of clauses. The ma-QAOA assigns
each individual summand of B and C its own parameter.
The parameters consist of 2p vectors: (γ1, γ2, . . . , γ p) and
(β1,β2, . . . ,βp),

U (C, γ ) = e−i
∑

a Caγa =
∏

a

e−iγaCa , (9)

U (B,β) = e−i
∑

v Cvβv =
∏
v

e−iβvBv . (10)

Intuitively, this operator applies a distinct rotation for each
component of the cost Hamiltonian C and the mixing Hamil-
tonian B, affording finer-grained control over the phase
encoding of individual cost terms and enhanced flexibility
in the state mixing process. Through having more classical
parameters, the ma-QAOA can enhance the performance of
standard QAOA. In Ref. [17], ma-QAOA was simulated on a
collection of one-hundred triangle-free 3-regular graphs with
fifty vertices and one hundred triangle-free 3-regular graphs
with 100 vertices. The result shows that ma-QAOA achieved
21.26% and 17.98% increase in percentage on average to
those of 1-QAOA respectively. Furthermore, the Erdős–Rényi
graphs with nine to 12 nodes and various edge probabilities
were tested for ma-QAOA with p > 1 [20], demonstrating the
advantages of ma-QAOA over QAOA for multiple layers.

In our analysis of additive product graphs, we aim to
leverage the advantages of the ma-QAOA while reducing
the number of parameters to ensure convergence. To achieve
this, we categorize the edges in the additive product graph
based on their constituent atoms. If an additive product graph
is constructed by c atoms, then there are c types of edges.
Specifically, edge type C comprises edges of the following
form:

{v, vCu}, {sCu, sCv}, {sC′u, sC′uCv}. (11)

For each type of edge, we assign a separate γ parame-
ter to its corresponding summand. For the mixing operator
B, we employ a single angle parameter, consistent with
the original QAOA framework. That is, in our settings, if
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the edge set E in graph G has c categories, the param-
eters are: (γ1, γ2, . . . , γ p), γi ∈ [0, 2π ]c, (β1, β2, . . . , βp),
β ∈ [0, 2π ].

D. Classical local algorithms for MaxCut

In order to better understand the performance of QAOA
on MaxCut, we need to explore classical MaxCut algorithms
to provide appropriate benchmarks. Since QAOA is a local
algorithm, the comparison between local classical algorithms
and local quantum algorithms will be reasonable. Similar to
local quantum algorithm, if a classical algorithm is k-local,
then the spin of a vertex u in graph is only related to the
vertices within distance k of u. This means that for the out-
put of the algorithm, the spins of points u and v, which are
separated by a distance greater than 2k, are independent. The
best classical local algorithms known to the authors are the
k-local algorithm proposed by Barak and Marwaha [10] and
the threshold algorithm used in Refs. [7,8,16]. There are also
other classical algorithms. For example, Ref. [21] addressed
MaxCut on Erdős–Rényi graphs, while Ref. [22] extended
local tree-structure graphs to local treelike structures, where
a fraction of the vertices has tree-like neighborhoods. Despite
the fact that the graphs under study in this paper are not
high-girth graphs, we can still use existing local classical
algorithms to establish good benchmarks.

The threshold algorithm was first introduced in [16]. Intu-
itively, the algorithm simply flips the spin of each vertex based
on the spins of its neighbors. For a parameter τ ∈ [d/2, d], if a
vertex has more than τ neighbors with the same spin as itself,
then the spin of that vertex is flipped. The pseudocode for
this algorithm is shown in Algorithm 1. This work studied the
cut fraction of d-regular triangle-free graphs and derived an
expected cut fraction of 1/2 + 0.28125/

√
d with the thresh-

old equal to � d+√
d

2 �. But the threshold given in [16] was for
notational convenience and may not be optimal. The optimal
threshold can be obtained by directly analyzing the expression
for the expected cut fraction as in Theorem 2.

Theorem 2 ([16, Sec. 2.6]). The expected cut fraction of
single-step threshold algorithm on d-regular triangle-free

ALGORITHM 1. Threshold algorithm.

Input: graph G, thresholds τ1, τ2, . . . , τn

1 begin
2 for every vertex u ∈ G do
3 Randomly assign a spin +1 or −1;
4 end
5 for i ← 1 to n do
6 for every vertex u ∈ G do
7 if u has the same spin as ≥ τi of its

neighbors then
8 flip the spin of u after updating all

vertices in this round;

9 end

10 end

11 end
12 Cut the graph according to +1 or −1 partition;

Output: the cut
13 end

ALGORITHM 2. Barak and Marwaha’s algorithm.

Input: graph G
1 begin
2 for every vertex w ∈ G do
3 Yω ← N(0, 1);
4 end
5 for every vertex u ∈ G do
6 Xu ←

sgn w;d(w,u)≤k(−1)d(w,u)(D − 1)−0.5d(w,u)Yw ;

// d(w, u) is the graph distance from u

to w

7 end
Output: the vector X

8 end

graphs is

1

2
+ 1

4d−1

(
d − 1

τ − 1

) τ−1∑
i=d−τ+1

(
d − 1

i

)
, (12)

where the threshold algorithm flips the spin of a vertex if more
than τ of its neighbors has the same spin.

Note that to maximize the expected cut fraction in The-
orem 2, the threshold τ needs to be optimized. Hastings
[7] numerically optimized the cut fraction of the single-step
threshold algorithm and found it outperformed QAOA1 for
3 < d < 1000 except d = 3, 4, 6, 11. Marwaha [8] extended
the single-step threshold algorithm to an n-step version and
directly calculated the optimal threshold τ1, τ2 for all 41 <

d < 500 by assuming τ1 = τ2. The result showed that the
two-step threshold algorithm outperformed QAOA2 for all
41 < d < 500 and the performance of the two-step threshold
algorithm stabilized at 1/2 + 0.417/

√
d for large d . The re-

sults were also computed for 2 � d � 50 without assuming
τ1 = τ2, and they found that the two-step threshold algorithm
outperformed QAOA2 when d > 5.

The algorithm in [10] by Barak and Marwaha achieved a
better bound than the threshold algorithm for single-step and
two-step cases on high-girth regular graphs. The algorithm
is performed by assigning an independent random normal
variable to each vertex and defining the spin of each ver-
tex according to the summation of these random variables.
The pseudocode of this algorithm is shown in Algorithm 2.
This algorithm achieved an expected cut fraction of at least
1/2 + 2/(π

√
D) for D-regular graphs with girth g > 2k + 1.

Theorem 3 ([10, Theorem 4]). For every k, there is a k-
local algorithm A such that for all D-regular n-vertex
graphs G with girth g > 2k + 1, A outputs a cut x ∈
{±1}n cutting cos−1(−2

√
D − 1/D)/π − O(1/

√
k) > 1/2 +

2/(π
√

D) − O(1/
√

k) fraction of edges.

III. THEORETICAL GUARANTEE OF QAOA
FOR ADDITIVE PRODUCT GRAPHS

A. Classical MaxCut

In this section, we give a theoretical guarantee for the
expected cut fraction of QAOA for MaxCut on additive
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product graphs. Specifically, we propose an iterative formula
to analyze each expectation term 〈γ,β|ZuZv|γ,β〉 in Eq. (7).
The analysis of the iterative formula is conducted within the
framework of ma-QAOA discussed Sec. II C. When letting
γi,1 = γi,2 = · · · = γi,c, we obtain the iterative formula for the
standard QAOA.

First, we need to analyze how many types of subgraphs
exist for a given construction of additive product graph and
what the proportion [ fg in Eq. (7)] is for each type. The type
of subgraphs for ma-QAOAp depends on the edge (u, v) in
〈γ,β|ZuZv|γ,β〉 and the neighbors within distance p from
vertices u and v. Based on the construction of the additive
product graph, every vertex sCu in V is connected to its
neighbors following the same pattern: First, sCu has neighbors
sCv of the same layer if {u, v} is an edge in AC ; then sCu is
connected to its successions sCuC′v if {u, v} is an edge in
AC′ and its predecessors s′C′v if s = s′C′v and {u, v} is an
edge in AC . As a consequence, all vertices sCu exhibit identi-
cal neighborhood configurations within the additive product
graph regardless of choice of s. So the following property
will hold:

Proposition 1. The expectation 〈γ,β|ZaZb|γ,β〉 is invari-
ant under the following three different forms of an edge {a, b}
for any s and any C′:

{v, vCu}, {sCu, sCv}, {sC′u, sC′uCv}. (13)

Consequently, each edge in generators A1, . . . , Ac (in Def-
inition 2) corresponds to a unique isomorphic subgraph in
the additive product graph. For an edge {u, v} in AC , we use
E[AC (u, v)] to denote the expectation for any s and C′ in the
additive product graph.

Since the number of types of subgraph is the number
of edges in A1, . . . , Ac, proportion fg for each type is then

1
|E (A1 )|+···+|E (Ac )| . And this yields the expectation of cut fraction
(7) to be

〈γ,β|CMC |γ,β〉
|E | = 1

2
+ 1

2(|E (A1)| + · · · + |E (Ac)|)
×

∑
C∈[c],

(a,b)∈AC

E[AC (a, b)] (14)

FIG. 4. The subgraph in additive product graph corresponding to
the edge {v, w} in A1 at p = 2. The labels of vertices and edges come
from the generation of additive product graph.

where E (A) represent the number of edges in graph A.
a. Notations. We will introduce some notations to be used

in the following. For ma-QAOAp algorithms, we denote a
vector of length 2p + 1 as

a = (a1, a2, . . . , ap, a0, a−p, . . . , a−2, a−1), (15)

where ai ∈ {+1,−1} for each i. For the p parameter vector
(γ1, γ2, . . . , γ p) in ma-QAOAp, we also introduce a vector-
ized notation. Suppose there are c atom graph building the
additive product graph, then we have

�1 = (γ1,1, γ2,1, . . . , γp,1, 0,−γp,1, . . . ,−γ2,1,−γ1,1)

�2 = (γ1,2, γ2,2, . . . , γp,2, 0,−γp,2, . . . ,−γ2,2,−γ1,2)

...

�c = (γ1,c, γ2,c, . . . , γp,c, 0,−γp,c, . . . ,−γ2,c,−γ1,c).

(16)

For p parameters (β1, β2, . . . , βp), we define a function
of a

f (a) = 1
2 〈a1|eiβ1X |a2〉 · · · 〈ap−1|eiβp−1X |ap〉〈ap|eiβpX |a0〉〈a0|e−iβpX |a−p〉〈a−p|e−iβp−1X |a−(p−1)〉 · · · 〈a−2|e−iβ1X |a−1〉 (17)

Iterations for infinite additive product graph X . Let us consider p = 2 and take the upper graph in Fig. 2 for example. There
are technically six kinds of expectation to be computed,

E[A1(u, v)], E[A1(v,w)], E[A1(w, u)],

E[A2(u, v)], E[A3(v,w)], E[A4(u,w)].
(18)

Here, we give the iterative formula of E[A1(v,w)] as an example.
The subgraph associated with E[A1(v,w)] is shown in Fig. 4. This subgraph has n = 21 nodes, and we restrict the state

|γ,β〉 on these n nodes. To avoid confusion in the name of vertices, we denote the edge (v1,w1) we are seeking the expectation
for as (L, R). In the following, we evaluate the expectation of 〈γ,β|ZLZR|γ,β〉. Following the line of computation in [9], we
insert five complete sets {z[1], z[2], z[0], z[−2], z[−1]} in the computational Z basis, with each z[i] ranging over all 2n elements
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of {+1,−1}n,

〈γ,β|ZLZR|γ,β〉 =
∑
{z[i]}

〈s|z[1]〉U (C(z[1] ), γ1)〈z[1]|eiβ1B|z[2]〉U (C(z[2] ), γ2)〈z[2]|eiβ2B|z[0]〉z[0]
L z[0]

R

× 〈z[0]|e−iβ2B|z[−2]〉U (C(z[2] ),−γ2)〈z[−2]|e−iβ1B|z[−1]〉U (C(z[1] ),−γ1)〈z[−1]|s〉

= 1

2n

∑
{z[i]}

U (C(z[1] ), γ1)U (C(z[2] ), γ2)U (C(z[2] ),−γ2)U (C(z[1] ),−γ1)z[0]
L z[0]

R

×
n∏

k=1

〈
z[1]

k

∣∣eiβ1X
∣∣z[2]

k

〉〈
z[2]

k

∣∣eiβ2X
∣∣z[0]

k

〉〈
z[0]

k

∣∣e−iβ2X
∣∣z[−2]

k

〉〈
z[−2]

k

∣∣e−iβ1X
∣∣z[−1]

k

〉
, (19)

where |s〉 = |+〉⊗n,

U (C(z[i] ), γ i ) = exp

⎛
⎝i

∑
(k1,k2 )∈E

γ i,c(k1,k2 )

(−z[i]
k1

z[i]
k2

)⎞⎠,

with the subscript c(k1,k2 ) of γ i,c(k1,k2 ) represent the category of edge (k1, k2).
We can leverage Eqs. (15)–(17) to reformulate Eq. (19). Instead of summing over {z[1], z[2], z[0], z[−2], z[−1]}, we can switch the

summation to the configuration basis. Consider the node k within the basis vectors {z[1], z[2], z[0], z[−2], z[−1]}. we can represent
{z[1]

k , z[2]
k , z[0]

k , z[−2]
k , z[−1]

k } using the vector zk . And the configuration basis is then given by {zk, 1 � k � n}, where each zk runs
through all 22p+1 elements of {−1,+1}2p+1,

〈γ,β|ZLZR|γ,β〉 =
∑
{zk}

z[0]
L z[0]

R exp

⎡
⎣−i

∑
(k1,k2 )∈E

�c(k1 ,k2 ) · (
zk1 zk2

)⎤⎦ n∏
k=1

f (zk ), (20)

where the subscript c(k1,k2 ) of � represent the category of edge (k1, k2) and zk1 zk2 represents elementwise product.
To calculate Eq. (20), we need to sum over the configuration basis over each node in the subgraph in Fig. 4. We can firstly

sum over the leaf node u4 attached to the node w2.
The summation over the configuration basis zu4 yields∑

zu4

f
(
zu4

)
exp

( − i�4 · zu4 zw2

)
. (21)

Equation (21) can also be interpreted as the contributions from the succession nodes s3w4k, k ∈ A4 to node s3w. We can
sum the contribution of s3w4k, k ∈ A4 to s3w using an iterative formula G[m]

4,w(zw ). The superscript m denote how far the node
s3w can see. As is known the ma-QAOA is a local algorithm and the summation is done on a local subgraph. So the superscript
m means the node s3w can get the contribution of s3w4k, k ∈ A4 only if the distance between node w and node k in graph A4 is
no more than m. For the node w2, the superscript m = 1 and we can reformulate Eq. (21) as

G[1]
4,w

(
zw2

) =
∑

{zk}, k∈A4,
dis(k,w)�1

exp

⎡
⎢⎢⎣−i�4 ·

⎛
⎜⎜⎝ ∑

(k1,k2 )∈E (A4 )
dis((k1,k2 ),w)�1

zk1 zk2

⎞
⎟⎟⎠

⎤
⎥⎥⎦ ∏

k 	=w

f (zk ). (22)

Summing over the configuration basis of nodes v3 and u3 to w2 in Fig. 4 follows the same pattern. We need to sum the
configuration basis of the successions generated by graph A1. And the intuition of the iterative formula G[1]

1,w(zw ) is the same,

G[1]
1,w

(
zw2

) =
∑

{zk}, k∈A1,
dis(k,w)�1

exp

⎡
⎢⎢⎣−i�1 ·

⎛
⎜⎜⎝ ∑

(k1,k2 )∈E (A1 )
dis((k1,k2 ),w)�1

zk1 zk2

⎞
⎟⎟⎠

⎤
⎥⎥⎦ ∏

k 	=w

f (zk ). (23)

After performing the sums for each succession sCwC′v of sCw, we can simply multiply the iterative formula G[m]
C′,w(zw )

together to obtain the total contribution form all successor nodes sCwC′v, where C′ 	= C and v ∈ AC′ ,∏
C′ 	=C

G[m]
C′,w(zw ). (24)

Again, summing nodes w2 and u2 to the parent node v1 in Fig. 4 yields∑
zw2 ,zu2

f
(
zw2

)
f
(
zu2

)
G[1]

1,w

(
zw2

)
G[1]

1,u

(
zu2

)
exp

(−i
(
�3 · zw2 zv1 + �2 · zu2 zv1

))
, (25)
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which can also be written as an iteration∏
C′ 	=C

G[2]
C′,v

(
zv1

) = G[2]
3,v

(
zv1

)
G[2]

2,v

(
zv1

)

=
∑

zw2 ,zu2

f
(
zw2

)
f
(
zu2

)
G[1]

1,w

(
zw2

)
G[1]

1,u

(
zu2

)
exp ( − i(�3 · zw2 zv1 + �2 · zu2 zv1 ))

=
∑
{zk}

k∈A3, dis(k,v)�1

∏
k 	=w

⎡
⎣ f (zk )

∏
C 	=3

G[2−dis(k,v)]
C,k (zk )

⎤
⎦ exp

⎡
⎢⎢⎣−i�3 ·

⎛
⎜⎜⎝ ∑

(k1,k2 )∈E (A3 )
dis((k1,k2 ),v)�1

zk1 zk2

⎞
⎟⎟⎠

⎤
⎥⎥⎦

×
∑
{zk}

k∈A2, dis(k,v)�1

∏
k 	=w

⎡
⎣ f (zk )

∏
C 	=2

G[2−dis(k,v)]
C,k (zk )

⎤
⎦ exp

⎡
⎢⎢⎣−i�2 ·

⎛
⎜⎜⎝ ∑

(k1,k2 )∈E (A2 )
dis((k1,k2 ),v)�1

zk1 zk2

⎞
⎟⎟⎠

⎤
⎥⎥⎦. (26)

The iterative formula for the remaining vertices can be derived in a similar fashion. Finally, we sum the configuration basis
corresponding to the three vertices in the triangle containing the edge (L, R). This yields the p = 2 ma-QAOA expectation of
edge (L, R) to

〈γ,β|ZLZR|γ,β〉 =
∑

zv1 ,zu1 ,zw1

z[0]
v1

z[0]
w1

f
(
zv1

)
f
(
zw1

)
f
(
zu1

)
G[2]

2,v

(
zv1

)
G[2]

3,v

(
zv1

)
G[2]

3,w

(
zw1

)
G[2]

4,w

(
zw1

)
G[1]

2,u

(
zu1

)
G[1]

4,u

(
zu1

)

× exp
(−i�1 · (

zw1 zv1 + zu1 zv1 + zu1 zw1

))

=
∑
{zk}

k∈A1, min(dis(k,L),dis(k,R))�2

z[0]
L z[0]

R

∏
k

⎡
⎣ f (zk )

∏
C 	=1

G[2−min(dis(k,L),dis(k,R)]
C,k (zk )

⎤
⎦

× exp

⎡
⎢⎢⎣−i�1 ·

⎛
⎜⎜⎝ ∑

(k1,k2 )∈E (A1 )
min(dis((k1,k2 ),L),dis((k1,k2 ),R))�2

zk1 zk2

⎞
⎟⎟⎠

⎤
⎥⎥⎦. (27)

For general graphs and higher p, we simply need to calculate the expectation for each type of subgraph. As proposed
in Proposition 1 and (14), the expectation of subgraphs in an additive product graph depends only on the choice of C and
(u, v) ∈ AC . For higher p, C ∈ [c] and (a, b) ∈ AC , every E[AC (a, b)] can be calculated iteratively, leveraging the same approach.
Specifically, the m-depth iteration on vertex a in the atom graph C can be calculated using the iterative formula G[m]

C,a. By
incorporating contributions from the child nodes via this formula, the expectation can be obtained. In the following, we present
a formal theorem to illustrate the iterative formula for ma-QAOA on additive product graphs.

Theorem 4 (expected cut fraction on additive product graph). Let G = A1 ⊕ · · · ⊕ Ac be an additive product graph. For sub-
graph corresponding to each edge (a, b) ∈ AC, C ∈ [c], the expectation E[AC (a, b)] is given by

E[AC (a, b)] = −
∑

{zk}, k∈AC ,
min(dis(k,a),dis(k,b))�p

z[0]
a z[0]

b

∏
k

⎡
⎣ f (zk )

∏
C′ 	=C

G[p−min(dis(k,a),dis(k,b)]
C′,k (zk )

⎤
⎦

× exp

⎡
⎢⎢⎣−i�C ·

⎛
⎜⎜⎝ ∑

(k1,k2 )∈E (AC )
min(dis((k1,k2 ),L),dis((k1,k2 ),R))�p

zk1 zk2

⎞
⎟⎟⎠

⎤
⎥⎥⎦, (28)

where G[0]
C,a(za) = 1, G[m]

C,a(za) is defined for each C ∈ [c], a ∈ E (AC ), and m = 1, 2, . . . , p as follows:

G[m]
C,a(za) =

∑
{zk}

k∈AC ,
dis(k,a)�m

∏
k 	=a

⎡
⎣ f (zk )

∏
C′ 	=C

G[m−dis(k,a)]
C′,k (zk )

⎤
⎦ exp

⎡
⎢⎢⎣−i�C ·

⎛
⎜⎜⎝ ∑

(k1,k2 )∈E (AC )
dis((k1,k2 ),a)�m

zk1 zk2

⎞
⎟⎟⎠

⎤
⎥⎥⎦. (29)
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Finally, the expected cut fraction of ma-QAOA on the addi-
tive product graph G is obtained by summing the expectations
E[AC (a, b)] for each subgraph,

〈γ,β|CMC |γ,β〉
|E | =1

2
+ 1

2(|E (A1)| + · · · + |E (Ac)|)
×

∑
C∈[c],

(a,b)∈AC

E[AC (a, b)]. (30)

Theorem 4 presents the iterative formula for the expected
cut fraction in additive product graphs. The term E[AC (a, b)]
represents the expected cut value of an edge in the additive
product graph, generated by the edge (a, b) in the atom graph
AC . This expectation yields a value of 1 if the edge is cut and
−1 otherwise. In calculating E[AC (a, b)], we introduce the
iterative terms G[m]

C,a(za), defined for each C ∈ [c], a ∈ E (AC ),

and m = 1, 2, . . . , p. Intuitively, G[m]
C,a(za) leverages the struc-

ture of the additive product graph to recursively aggregate
the contributions of descendant nodes within a distance of
m from vertex a. Within Eq. (29), the factor f (zk ) arises
from the application of the eiβX operator, as illustrated in
Eqs. (17) and (20). The term

∏
C′ 	=C G[m−dis(k,a)]

C′,k (zk ) represents
the recursively accumulated weights of the descendant nodes
of zk , a consequence of the additive product graph’s tree-like
structure. The term exp[−i�C · (

∑
zk1 zk2 )] accounts for the

contributions from the edges within the graph. Finally, by
aggregating the contributions of all subgraph types, we obtain
the expected cut fraction of the additive product graph.

We also provide the following result on the complexity for
computing the expected cut fraction.

Proposition 2 (time complexity). Let G = A1 ⊕ · · · ⊕ Ac

be an additive product graph, where each atom graph has
|V | vertices and the total number of edges across all atom
graphs is |E |. Let c denote the number of atom graphs, p the
depth of the QAOA or ma-QAOA circuit, and M the length
of the longest cycle among the atom graphs. Then, the time
complexity for computing the expected cut fraction of G
following Theorem 4 is O((|V |cp + |E |)2(2p+1)M ).

The proof is straightforward. Observe that there are
O(|V |cp) iteration terms of the form G[m]

C,a(za), where C ∈ [c],
a ∈ E (AC ), and m = 1, 2, . . . , p. Each such term is computed
by summing over all spin configurations on the corresponding
atom graph AC . When the atom graph contains tree-like sub-
structures, we can again exploit this structure to recursively
decompose the summation, in a manner similar to how the
additive product graph structure is utilized. However, when
encountering a cycle of length M, the recursive decomposition
is no longer efficient, and the summation requires at least
2(2p+1)M operations because of the need to enumerate over
the joint configurations on the cycle. This exponential cost
dominates the overall complexity. A precisely analogous ar-
gument applies to the computation of each expected cut value
E[AC (a, b)] for the |E | edges. Since each such expectation
similarly requires O(2(2p+1)M ) in the presence of a cycle, this
contributes an additional O(|E |2(2p+1)M ) term to the total time
complexity.

The iterative formula can be further simplified. The up-
per graph in Fig. 2 exhibits symmetry between its atoms,
allowing the edges to be categorized into two groups

instead of four. Specifically, one group comprises the edges
within the triangles, while the other group consists of the
cut edges connecting the triangles. The application of this
symmetry property reduces the number of parameters but can
still describe the edge structure of the graph. Consequently,
the iterative formula for this graph is simplified, yielding
G[m]

C,v = G[m]
C,u = G[m]

C,w for all C ∈ [c] and m ∈ [0, p], provided
that the iterative formula exists.

B. Generalizing classical MaxCut to quantum MaxCut

The quantum MaxCut problem can be seen as a natural
quantum extension of the classical MaxCut problem, and it is
defined as follows.

Definition 3. Given a graph G = (V, E ), the goal of the
quantum MaxCut problem is to determine the largest eigen-
value of the following Hamiltonian:

H =
∑

(u,v)∈E

1

2
(1 − XuXv − YuYv − ZuZv ). (31)

As a comparison, the cost function operator for the clas-
sical MaxCut problem is given by CMC = ∑

(u,v)∈E
1
2 ( −

ZuZv + 1), as defined in (3). The quantum MaxCut problem
generalizes the classical version by incorporating Pauli X and
Y operators on each edge, thereby capturing more quantum
correlations beyond the classical MaxCut problem.

Reference [15] investigated iterative formulas for the quan-
tum MaxCut problem on high-girth regular graphs within
the framework of the Hamiltonian QAOA. In their work,
the QAOA state is prepared using four driver Hamiltoni-
ans: A = ∑

(u,v)∈E ZuZv, B = ∑
v∈V Xv, C = ∑

v∈V Zv, D =∑
v∈V nv · (Xv,Yv, Zv ), along with four parameters � =

(α,β, γ, δ) ∈ R4p. Here, n = {nv}v∈V and m = {mv}v∈V ,
where each nv and mv lie on the three-dimensional unit
sphere; nv gives the direction of the driving Hamiltonian D
and |mv〉 is the starting state. The QAOA state is then defined
as

|�, G, n, m〉 = e−iδpDe−iγpCe−iβpBe−iαpA · · · e−iδ1D

×e−iγ1Ce−iβ1Be−iα1A(⊗v∈V |mv〉),

and the loss function is given by the expectation value

Em,n
[〈�, G, n, m| 1

2 (1 − XuXv − YuYv − ZuZv )|�, G, n, m〉],
which can be computed by an iterative formula in [15] and
understood as the Hamiltonian for a single edge under the
prepared QAOA state on high-girth regular graphs.

Our analysis of QAOA’s iterative formula for MaxCut
on additive product graphs naturally extends to the quantum
MaxCut problem. Specifically, the driver Hamiltonians B,C,
and D act on individual vertices, while the Hamiltonian A op-
erates on pairs of vertices connected by an edge. This allows
us to reuse the iteration technique: summing over configura-
tions at the leaf nodes and propagating contributions to parent
nodes, with only minor modifications to the iteration terms.
Similarly, we define the vector associated with node v as zv of
length 2p + 2 as

zv = (
z[1]
v , z[2]

v , . . . , z[p+1]
v , z[−(p+1)]

v , . . . , z[−2]
v , z[1−]

v

)
,

z[i]
v ∈ {+1,−1}
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and

A = (α1, α2, . . . , αp, 0, 0,−αp, . . . ,−α2,−α1).

We can then state the following corollary, which calculates
the iterative formula for quantum MaxCut on additive product
graphs.

Corollary 1. Let G = A1 ⊕ · · · ⊕ Ac be an additive prod-
uct graph. For subgraph corresponding to each edge (a, b) ∈
AC, C ∈ [c], the expectation of quantum MaxCut on this edge,
where the two vertices on the edge are denoted as L and R, is
given by

EQMC[AC (a, b)] = Em,n
[〈�, G, n, m| 1

2 (1 − XuXv − YuYv − ZuZv )|�, G, n, m〉]. (32)

Let function f σ (zv ) denote the summation with respect to each vertex,

f σ (zv ) = Emv ,nv

[〈
mv

∣∣z[1]
v

〉〈
z[1]
v

∣∣eiβ1Beiγ1Ceiδ1D
∣∣z[2]

v

〉
. . .

〈
z[p]
v

∣∣eiβpBeiγpCeiδpD
∣∣z[p+1]

v

〉〈
z[p+1]
v

∣∣σ ∣∣z[−(p+1)]
v

〉
〈
z[−(p+1)]
v

∣∣e−iδpDe−iγpCe−iβpB
∣∣z[−p]

v

〉
. . .

〈
z[−2]
v

∣∣e−iδ1De−iγ1Ce−iβ1B
∣∣z[−1]

v

〉〈
z[−1]
v

∣∣mv

〉
]
. (33)

The iterative formula for G[m]
C,a(za), which represents the summation over the configuration basis of the successive nodes of node

a, is given by

G[m]
C,a(za) =

∑
{zk}

k∈AC , dis(k,a)�m

∏
k 	=a

⎡
⎣ f I (zk )

∏
C′ 	=C

G[m−dis(k,a)]
C′,k (zk )

⎤
⎦ exp

⎡
⎢⎢⎣−iA ·

⎛
⎜⎜⎝ ∑

(k1,k2 )∈E (AC )
dis((k1,k2 ),a)�m

zk1 zk2

⎞
⎟⎟⎠

⎤
⎥⎥⎦. (34)

Finally, the expectation for σ = 1
2 (1 − XLXR − YLYR − ZLZR) is

Em,n[〈�, G, n, m|σ |�, G, n, m〉]

= −
∑

{zk}, k∈AC ,
min(dis(k,a),dis(k,b))�p

∏
k

⎡
⎣ f σ̃ (zk )

∏
C′ 	=C

G[p−min(dis(k,a),dis(k,b)]
C′,k (zk )

⎤
⎦ exp

⎡
⎢⎢⎣−iA ·

⎛
⎜⎜⎝ ∑

(k1,k2 )∈E (AC )
min(dis((k1,k2 ),L),dis((k1,k2 ),R))�p

zk1 zk2

⎞
⎟⎟⎠

⎤
⎥⎥⎦,

(35)

where σ̃ = σ if k ∈ {L, R}, and σ̃ = I otherwise.
Proof sketch. For both classical MaxCut and quantum

MaxCut on additive product graphs, we adopt a similar
methodology by analyzing iterative formulas on these graphs.
This approach involves propagating contributions from child
nodes to parent nodes. We begin by defining a vector zv ,
associated with each node v. The length of zv is 2p + 1 in
the analysis of MaxCut. In the quantum MaxCut problem, the
length of zv is 2p + 2 since an additional computational basis
is required to account for the fact that 1

2 (1 − XLXR − YLYR −
ZLZR) is not diagonal, in contrast to 1

2 (1 − ZLZR). Similarly,
we define the parameter vector A. The function in (33) is
analogous to that in (17) applied to the classical MaxCut
setting, as it computes the product associated with each vertex
v. Likewise, the iterative formula (34) corresponds to (29),
with Eq. (33) replacing (17) and the parameter A substituting
�C . Both formulas utilize the same method to analyze the
nodes in the additive product graph. Finally, we can obtain
the expectation of the iterative formula (35) with (33), (34),
and parameter A, which can be considered as a generalization
of (28). �

IV. EXPERIMENTS

A. Comparison with classical local algorithms

In this section, we perform numerical evaluations on sev-
eral cases of additive product graphs in Fig. 5. First, we com-

pare the results of different classical local algorithms for Max-
Cut known to the authors. Specifically, we test the threshold
algorithm as well as the variations of Barak and Marwaha’s
k-local algorithm to provide convincing benchmarks on the
graphs tested. The threshold algorithm was first introduced in
[16]. Hastings [7] and Marwaha [8] compared threshold algo-
rithms with QAOA on high-girth regular graphs for p = 1, 2
respectively. Furthermore, our numerical experiments show
that the threshold algorithm can provide convincing bench-
marks against QAOA on Ramanujan graphs. Since the graphs
in Fig. 5 are no longer high-girth graphs, it is hard to derive a
universal bound for the cut fraction of the threshold algorithm.
Therefore, a Monte Carlo algorithm is used to calculate the
expected cut fraction of the threshold algorithm in Algorithm
1. We obtained stable results (see Table I) by repeating the
experiments 106 times for single-step and two-step versions
of the threshold algorithm in one graph, and 105 times for
the three-step threshold algorithm. The optimal threshold (see
Table II) in the threshold algorithm was obtained through
brute force search of all possible parameter values.

The classical k-local algorithm introduced in [10] is de-
signed for high-girth regular graphs. Basso et al. [9] compared
QAOA at p = 11 with this algorithm for high-girth regular
graphs. We also evaluate this classical algorithm in calculating
the expected cut fraction on additive product graphs. Because
of the different graph structures, there are several natural
variations of the original algorithm in Algorithm 2.
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TABLE I. The results of the expected cut fraction in classical algorithms for the graphs depicted in Fig. 5 are presented. For the variations
of Barak and Marwaha’s algorithm outlined in Algorithm 3, the expected cut fraction has been calculated for each possible choice of the
coefficients.

Variations of Barak and Marwaha’s algorithm

Graph k Threshold algorithm Para1 Para2 Para3 Para4

Figure 5(a) 1 0.601 0.639 0.644 0.627 0.639 0.639 0.639
2 0.675 0.682 0.677 0.678 0.674 0.678 0.674
3 0.713 0.701 0.694 0.692 0.695 0.695 0.695

Figure 5(b) 1 0.640 0.664 0.666 0.664 0.664
2 0.718 0.733 0.725 0.727 0.727
3 0.766 0.765 0.752 0.757 0.757

Figure 5(c) 1 0.645 0.643 0.655 0.609 0.643 0.643 0.643
2 0.657 0.685 0.676 0.668 0.659 0.676 0.659
3 0.713 0.698 0.684 0.661 0.683 0.680 0.683

We still assign independent Gaussian random variables to
each vertex. When considering the expectation of each edge
being cut, the spins of the vertices u, v at each edge (u, v)
are determined by a weighted sum of the random variables
of the vertices within distance k (if this algorithm is k-local)
from u, v. The vertices at the same distance have the same
coefficients in the summation. In Algorithm 2, the coefficient
for summing the vertices w at distance d (w, u) from vertex u
is (−1)d (w,u)(D − 1)−0.5d (w,u). For edge (u, v), denote the set
Su = {w|d (w, u) = k ∧ d (w, u) < d (w, v)} as the vertices at
distance k from u and closer to u. The choice of coeffi-
cients ensure that the weighted sum of random variables in
Su is normalized in the summation. It is worth noting that
for each edge (u, v), the neighborhood structures of u and
v are the same, so we only give u as an example here. The
same also applies to the coefficients in the additive product
graph. For low-girth graphs, we use a similar idea to design
the coefficients in the summation of Gaussian distributions.
We expound on different coefficient choices in Algorithm 3.
algorithm was implemented in Monte Carlo and repeated 107

times for each choice of parameters. The results are shown in
Table I.

All codes for classical algorithms are written in Python
3.10 and are publicly available [23]. The random variables are
generated by the NumPy library. We run our experiments on

TABLE II. The optimal threshold τ for p = 1, 2, 3 in the thresh-
old algorithm (Algorithm 1).

Graph p τ

Figure 5(a) 1 [2 or 3]
2 [3,2]
3 [2,3,2]

Figure 5(b) 1 [2]
2 [2,3]
3 [2,3,2]

Figure 5(c) 1 [2]
2 [2,2]
3 [1,2,2]

a 12 vCPU Intel(R) Xeon(R) Platinum 8255C Processor with
40GB memory.

In Table I, the results show that when p is smaller, vari-
ations of Barak and Marwaha’s algorithm achieve better cut
fraction. On the other hand, when p is larger, the threshold
algorithm can perform better. We then summarize the results
of the best-known classical local algorithms in Table III to
enable a comparison with ma-QAOA and QAOA.

B. Numerical evaluation on QAOA

For ma-QAOA we use our iterative formulas [Eqs. (29) and
(28)] derived in Sec. III to calculate the expectation of cut
fraction (14) and optimize for γ,β. The choice of γ vectors
for different edges are listed below:

(1) Figure 5(a) corresponds to C3 ⊕ C2 ⊕ C2 ⊕ C2. Be-
cause of symmetry, a γ vector is used for edges from C3 and
another γ vector is used for the remaining C2.

(2) Figure 5(b) corresponds to C4 ⊕ C4, necessitating two
distinct γ vectors, one for each component.

(3) Figure 5(c) corresponds to C3 ⊕ C3 ⊕ C2 ⊕ C2 ⊕ C2.
Because of symmetry, one γ vector is assigned to the edges
from the two C3, and another is assigned to the remaining C2

components.
In QAOA, we simply replace �1, �2, . . . , �c with the same

� in the iterative formula. Our codes are publicly available
[24], written in Python 3.10. Our experiments for ma-QAOA
and QAOA are obtained by simulations on classical comput-
ers, with the computational environment the same as that used
for the classical algorithms.

To accelerate the computations, we leverage vectorization
techniques to evaluate (29) and (28). In this approach, each
term in the formulas is treated as a tensor. The exponential, for
instance, is regarded as a tensor with subscript zk . In addition,
parameters γ,β are optimized by the L-BFGS-B algorithm
in SciPy library. Memory is dominated by store both the
iterative formula (29) and the precomputed tensor. The results
of ma-QAOA and QAOA alongside their comparison to the
best-known classical local algorithms in Sec. IV A are listed
in Table III.

Table III presented the expected cut fraction of the graphs
shown in Fig. 5, as obtained through the ma-QAOA, QAOA,
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(a)

(b)

(c)

FIG. 5. The additive product graphs used in the QAOA and clas-
sical algorithm experiments.

and classical local algorithms in Sec. IV A. Because of limi-
tations of computational capacity, we tested both algorithms
under values of p, k up to 3. The results show that on the
additive product graphs in Figs. 5(a) and 5(c), QAOA per-
forms with a 0.3–5.2 percentage advantage over classical local

ALGORITHM 3. Variations of Barak and Marwaha’s algorithm.

Input: graph G
1 begin
2 for every vertex w ∈ G do
3 Yω ← N(0, 1);
4 end
5 for every vertex u ∈ G do

// Para1: Use the original choice of

parameters.

6 X1
u ←
sgn w;d(w,u)≤k(−1)d(w,u)(D − 1)−0.5d(w,u)Yw ;

// Para2: Let S = {w|d(w, u) = k}, the

vertices of distance d(w, u) from

vertex u are normalized.

7 S ← {w|d(w, u) = k};
8 X2

u ← sgn w;d(w,u)≤k(−1)d(w,u)|S|−0.5Yw ;

// Para3: For each vertex u and its

neighbors v, define

Sv = {w|d(w, u) = k ∧ d(w, u) < d(w, v)},
representing the vertices at distance

d(w, u) from vertex u that are closer

to u than to v. Note that different

neighbors v of u result in different

|Sv|. The algorithm evaluates all

possible choice of parameter |Sv|.
9 Sv ← {w|d(w, u) = k ∧ d(w, u) < d(w, v)}

10 X3
u ← sgn w;d(w,u)≤k(−1)d(w,u)|Sv|−0.5Yw ;

// Para4: For each vertex u and its

neighbors v, define

Sv = {w|d(w, u) = k ∧ d(w, u) ≤ d(w, v)},
representing the vertices at distance

d(w, u) from vertex u that are not

closer v. Note that different

neighbors v of u result in different

|Sv |. The algorithm evaluates all

possible choice of parameter |Sv |.
11 Sv ← {w|d(w, u) = k ∧ d(w, u) ≤ d(w, v)}
12 X4

u ← sgn w;d(w,u)≤k(−1)d(w,u)|Sv|−0.5
Yw ;

13 end
Output: the vector X

14 end

algorithms. Meanwhile, ma-QAOA can improve this ad-
vantage by 0.6–2.5 percentage. More importantly, while
the classical local algorithms exhibit a minor advantage
over QAOA on the graphs shown in Fig. 5(b), ma-QAOA
demonstrates an advantage by more precisely encoding
the underlying graph structure. As mentioned previously,
Fig. 5(b) is constructed from square-based atomic struc-
tures. We can categorize the edges into two distinct sets
and assign different angle parameters to these two edge sets.
Intuitively, if a given square is assigned angle parameters
of (γ1,1, γ2,1, . . . , γ p,1), then the four adjacent squares will
have angle parameters of (γ1,2, γ2,2, . . . , γ p,2). The converse
also holds true. The squares with (γ1,2, γ2,2, . . . , γ p,2) are
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TABLE III. Experiment results for ma-QAOA, QAOA, and best-
known classical local algorithms. All the algorithms calculated the
expected cut fraction. The column “Best-known classical local al-
gorithms” shows the highest expected cut fraction of all best-known
classical local algorithms for each graph and each k in Table I.

Best-known
classical

Graph p, k ma-QAOA QAOA local algorithms

Figure 5(a) 1 0.65172 0.64590 0.644
2 0.69754 0.69335 0.682
3 0.72506 0.72071 0.713

Figure 5(b) 1 0.66238 0.66238 0.666
2 0.74999 0.72780 0.733
3 0.76414 0.76414 0.766

Figure 5(c) 1 0.67642 0.65991 0.655
2 0.72485 0.72084 0.685
3 0.75435 0.74554 0.713

surrounded by squares with (γ1,1, γ2,1, . . . , γ p,1). When
p = 1, the ma-QAOA is unable to fully discern the complete
square structure in the graph, and thus provides no perfor-
mance improvement. However, for p = 2 and 3 in Fig. 5(b),
the ma-QAOA can recognize the square structures in the
graph. Consequently, the use of two separate angle parameter
vectors, γ1 and γ2, enables the ma-QAOA to better capture
the graph structure, leading to better performance compared
to both QAOA and the best-known classical local algorithms.
When p = 3 in Fig. 5(b), the performance of ma-QAOA and
QAOA is identical. This may be attributed to the complexity
of the optimization landscape, which causes random initial
values to fail to converge to the global optimum.

The optimal values γ,β of ma-QAOA and QAOA are
shown in Tables IV and V, respectively. We find that the
optimized parameters at lower circuit depths can serve as good
initial values for optimization at higher depths. Specifically,
the optimized γ and β at p = 1 are close to the optimized
ones at p = 2, and the same holds for the parameters at p = 2
and p = 3.

C. Additional experiments for low-girth graphs

In this subsection, we analyze a set of graphs that
differ from the Ramanujan and high-girth regular graphs

(a)

(b)

FIG. 6. The tiling grid graphs are evaluated using ma-QAOA,
QAOA, and classical local algorithms. (a) consists of pentagons and
hexagons. Each pentagon is connected to five hexagons, and each
hexagon is surrounded by three pentagons and three hexagons. In
ma-QAOA, two γ vectors are employed: one for edges within C5

and C6, and another for edges shared by two C6. (b) comprises
triangles, quadrilaterals, and hexagons. Its vertices correspond to
integer vertices from the hexagonal tiling grid. Similarly, there are
two types of edges: those in C6,C4, and those in C3,C4, with two γ

vectors applied to these edges.

previously discussed. Specifically, here we consider graphs
with more mesh-like structures, rather than tree-like structures
of Ramanujan graphs and high-girth regular graphs. This dis-
tinction in the underlying topology of these graph families
may produce interesting results when analyzing and com-
paring the performance of QAOA and classical optimization
techniques. The graphs tested are depicted in Fig. 6 and the

TABLE IV. The optimal γ, β for p = 1, 2, 3 in ma-QAOA.

Graph p γ β

Figure 5(a) 1 [0.1901, 0.3195] [0.3814]
2 [0.1440, 0.2494, 0.2880, 0.4576] [0.5221, 0.2725]
3 [0.1156, 0.2294, 0.2565, 0.3943, 0.3047, 0.4685] [0.5753, 0.4004, 0.2139]

Figure 5(b) 1 [0.2617, 0.2617] [0.3927]
2 [0, 0.4522, 0, 0.5592] [0.5592, 0.4522]
3 [0.1698, 0.1698, 0.3047, 0.3047, 0.3576, 0.3576] [0.6037, 0.4643, 0.2422]

Figure 5(c) 1 [0.1908, 0.5021] [0.3835]
2 [0.2390, 0.2763, 0.4102, 0.6389] [0.4663, 0.2589]
3 [0, 0.7853, 1.3256, 1.3615, 1.5708, 0.3415] [0.3926, 0.7853, 0.7854]
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TABLE V. The optimal γ,β for p = 1, 2, 3 in QAOA.

Graph p γ β

Figure 5(a) 1 [0.2536] [0.3662]
2 [0.2048, 0.3902] [0.4857, 0.2578]
3 [0.1786, 0.3448, 0.4000] [0.5506, 0.3738, 0.2016]

Figure 5(b) 1 [0.2617] [0.3927]
2 [0.1978, 0.3534] [0.5557, 0.3133]
3 [0.1698, 0.3047, 0.3576] [0.6037, 0.4643, 0.2422]

Figure 5(c) 1 [0.2851] [0.3481]
2 [0.2917 0.5623] [0.4090 0.2408]
3 [0.2014 0.48550 0.5916] [0.5410 0.3187 0.1851]

results are listed in Table VI. The running environments for
quantum algorithms and classical local algorithms are identi-
cal to those in Sec. IV.

Table VI shows that the performance of QAOA is bet-
ter than the best-known classical local algorithms for the
tiling grid graphs by 0.3-2.2 percentage except for p = 1 in
Fig. 6(a). The ma-QAOA further enhances this advantage by
0.1-0.9 percentage.

V. CONCLUSIONS

In this paper, we systematically investigated the perfor-
mance guarantee of QAOA for MaxCut on low-girth graphs,
and we used ma-QAOA to more precisely encode the structure
of low-girth graphs. In theory, we calculated the expected cut
fraction of QAOA for the MaxCut on a set of expander graphs
known as additive product graphs [11], which was achieved
by analyzing the structure of subgraphs in additive product
graphs iteratively. Furthermore, we also extended our frame-
work to the quantum MaxCut problem on additive product
graphs. In experiments, to construct convincing benchmarks
against QAOA, we also investigated the best-known classical
local algorithms for the MaxCut problem and tested them
on low-girth additive product graphs. Specifically, we ana-
lyzed the threshold algorithm presented in Algorithm 1 as
well as the variations of the algorithm proposed by Barak
and Marwaha [10] in Algorithm 3. The results indicate that
QAOA outperforms the best-known classical algorithms on
additive product graphs, and ma-QAOA further enhances this
advantage.

Furthermore, the performance comparison between QAOA
and classical local algorithms is extended to tiling grid graphs.

On these types of graphs, ma-QAOA and QAOA still demon-
strate advantages over classical algorithms.

Our work leaves open questions that necessitate further
investigation:

(1) The performance of QAOA on other low-girth ex-
pander graphs is not yet fully clear. In particular, this paper
leaves room for further exploration into how properties such
as vertex expansion, edge expansion, or spectral expansion
may affect the performance gap between QAOA and classical
local algorithms.

(2) Still, the lower bound of QAOA’s performance on gen-
eral graphs is unknown. Previous studies mostly focused on
regular graphs [6,9] or complete graphs [25] with different
edge weight distributions. Specifically, understanding how
QAOA’s theoretical bounds compare to the 0.878 classical
approximation guarantee for general graphs by the Goemans-
Williamson algorithm [2] remains an important open question.
Exploring this comparison could shed light on the relative
strengths of quantum and classical approaches to approximate
optimization problems.
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TABLE VI. The expected cut fraction of the graphs in Fig. 6 are presented. The results of ma-QAOA, QAOA, and best-known classical
local algorithms are compared.

Variations of Barak and Marwaha’s algorithm

Graph k, p ma-QAOA QAOA Threshold algorithm Para1 Para2 Para3 Para4

Figure 6(a) 1 0.69245 0.69245 0.687 0.691 0.695 0.691 0.691 0.691 0.691
2 0.75296 0.75243 0.730 0.736 0.734 0.721 0.736 0.736 0.736

Figure 6(b) 1 0.65172 0.64589 0.601 0.639 0.644 0.639 0.627 0.639 0.639
2 0.70420 0.69970 0.686 0.691 0.679 0.672 0.676 0.672 0.672
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