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Adaptive negativity estimation via collective measurements
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This paper explores an efficient method for entanglement quantification in two-qubit and qubit-qutrit quantum
systems based upon the framework of collective measurements in conjunction with machine learning. We
introduce an adaptive measurement procedure in which measurement settings are dynamically adjusted based
on prior measurement outcomes aiming to optimize the inference precision given a limited number of these
measurement settings. The procedure makes use of the long short-term memory networks to recurrently process
collective measurements on two copies of the investigated states. Obtained results demonstrate the tangible
benefits of the adaptive measurements in comparison to previously described nonadaptive strategies.
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I. INTRODUCTION

Quantum entanglement is a fundamental consequence of
the superposition principle applied to multipartite quantum
states [1]. It has been studied for nearly a century [2—4], but
despite all efforts, developing a method for its experimentally
feasible quantification in general quantum systems remains a
challenging and complex problem [5,6]. The ultimate aim is
to create an approach that minimizes the number of necessary
measurements while maximizing the detection accuracy, thus
rendering the process more efficient and practical for deploy-
ment in quantum technologies.

There is a broad portfolio of entanglement quantifiers
among which the quantum state negativity is prominently
used for its beneficial characteristics such as being an entan-
glement monotone and measure [7]. Negativity extends the
Peres-Horodecki criterion, which is a necessary and, in some
cases, sufficient condition for the presence of entanglement in
quantum systems [8—10]. Having access only to single-copy
measurements on the tested state, negativity needs to be calcu-
lated from the density matrix [11] reconstructed in the process
of a complete quantum state tomography [12,13]. This process
is hampered by the unfavorable scaling of measurement con-
figurations that increase quadratically with the Hilbert space
dimension.
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An alternative approach toward entanglement estimation
is based on collective measurements that are simultaneous
(and generally nonlocal) measurements implemented on mul-
tiple copies of the tested state [14—19]. It has been shown
that by performing an m-copy collective measurement, one
gets access to the m th-order moment of the density matrix,
which is needed to calculate negativity of an m-dimensional
state [20-22]. The drawback of this procedure is the experi-
mental unattainability of such a complex measurement [23].
However, one can limit oneself to only two-copy collective
measurements and still obtain a reasonably precise negativ-
ity estimation while maintaining the number of measurement
configurations reduced with respect to the full quantum state
tomography [24,25]. The concept of such collective mea-
surement is depicted in Fig. 1. The approximate estimate
for negativity obtained from the two-copy collective mea-
surements can then be obtained by harnessing the universal
approximation power of artificial neural networks [26].

Moreover, this approach is particularly relevant because the
experimental configuration for two-copy collective measure-
ments closely mirrors the entanglement swapping protocol
[3]. This protocol constitutes a critical mechanism for
quantum repeaters and relays [27,28], which are essential
components of quantum communication networks [29]. Two-
copy collective measurements have been used, for example,
for quantum relay diagnostics [30], quantum metrology [31]
or machine learning [32] tasks.

In our previous research, the results of collective measure-
ments were processed by fully connected neural networks to
estimate the negativity in two-qubit and qubit-qutrit quantum
states [24,25,33-35]. However, the parameters of these mea-
surements were determined in advance and were therefore
state independent. In this work, we extend this approach by
introducing adaptive measurements, in which the settings of
subsequent measurements are dynamically adjusted based on
the outcomes of previous measurements.

Published by the American Physical Society


https://orcid.org/0009-0007-1204-7526
https://orcid.org/0000-0001-7267-5603
https://orcid.org/0000-0001-6331-286X
https://orcid.org/0000-0002-5867-4919
https://orcid.org/0000-0003-4371-3716
https://ror.org/04qxnmv42
https://ror.org/02yhj4v17
https://crossmark.crossref.org/dialog/?doi=10.1103/jt3b-78qw&domain=pdf&date_stamp=2026-11-10
https://doi.org/10.1103/jt3b-78qw
https://creativecommons.org/licenses/by/4.0/

MARTIN ZEMAN et al.

PHYSICAL REVIEW RESEARCH 8, 043152 (2026)

=N
=
8

Igen iR |

\ ) \\S)
L Q\ U \ R

& _é(/

-

VNV
L

N<4 R
e

FIG. 1. The conceptual diagram of a two-copy collective mea-
surement and subsequent negativity prediction by artificial neural
network (ANN) model with long short-term memory (LSTM) cells.
Two instances of the system under investigation, denoted as p, are
measured simultaneously. During the measurement, one subsystem
from each instance undergoes a local projection using operators ﬁx;
and lélyl,, while the other two subsystems are nonlocally projected
using the I gen operator. The results of these measurements, denoted
as P,,,,, are sequentially used as inputs for the ANN, which then after
each measurement estimates the negativity AV; of » and recommends
the most suitable local measurements for the next iteration IT
and I1T

Xit]

i+l

Adaptive quantum measurements are known to be an ef-
ficient tool for extracting useful information from a quantum
state [36]. Their efficiency is measured in term of obtained
precision while requiring less resources (fewer measurements,
smaller samples, or shorter computation time) with respect
to nonadaptive approaches. Adaptive methods started being
developed for the purposes of the quantum state tomogra-
phy and estimation [37-39]. Originally, the algorithms were
based on the Bayes’ rule [40,41], which is recently being
replaced by neural networks [42,43]. Apart from the quan-
tum state tomography, adaptive measurements outperform
their nonadaptive counterparts in quantum phase estima-
tion [44-46], entanglement detection [47,48] or quantum
communications [49].

As we document in later sections, the combination of
adaptive and collective measurements leads to a tangible
improvement in the precision of negativity estimation for a
given number of measurement configurations. The recurrent
nature of this task requires a shift from fully connected neural
networks to recurrent neural networks (RNNSs). In this work,
we employ the LSTM network, a specialized type of RNN
designed to identify and retain patterns in sequential data
[50]. LSTM networks are particularly effective in overcoming
the vanishing gradient problem [51], which makes them well
suited for adaptive quantum measurement tasks. It should be
stressed out that once a model is trained, its daily operation

is significantly faster than the algorithms based on the Bayes’
rule [42].

II. METHODS

Our goal is to infer the value of negativity from an adap-
tively iterated series of collective measurements. As indicated
in the introduction, we focus on collective measurements ap-
plied to two copies of the investigated state, more specifically,
to two copies of (1) a two-qubit and (2) a qubit-qutrit state.
This choice is motivated by a prominent role of the negativity,
which is for these states a necessary and sufficient entangle-
ment witness as well as an entanglement measure [7].

The investigated state is described by its density matrix p.
Thus, the two copies of the state can be described simply as a
direct product
Q=8"p8®p, 1)
where $ stands for the operator swapping subsystems in the

density matrix of the first copy (Pap LN Pa). The role of
the swapping operator § will become evident in subsequent
derivations.

The collective measurement itself consists of a lo-
cal and nonlocal part. The local part is described by
two local projectors IT, and fly acting on the same
subsystems across the two copies (see conceptual dia-
gram in Fig. 1). These are pairs of projection operators
onto any pure qubit or qutrit state and are parametrized
by pairs of two (cos6;|0) +e® sinf;|1)) and four an-
gles (cos 61|0) + e sin ) cos B,|1) + e sin 6, sin 6,|2)) for
qubits and qutrits, respectively, hereinafter referred to as 6.
The angle parametrization proves particularly convenient, as
any set of angles returned by the neural network model
corresponds to a physically valid projector. The remaining
two subsystems are simultaneously projected onto a common
entangled (nonlocal) state denoted by the projector Ig.
We chose the projector on the fully antisymmetric two-qubit
subspace

I
V2

to be the fixed nonlocal projector. In case of the qubit-qutrit
states, the nonlocal projection is performed to the qubit sub-
systems. The outcome of the collective measurement is an
overall projection probability expressed as

Py = Tr[Q(11, ® [pen & I1))]. 3)

Ogen = W) (W7],  [W7) = —(01) = [10))  (2)

This equation illustrates how the swap operator § ensures
correct ordering of the subsystems. Typically, one chooses a
single nonlocal projector e (or positive operator-valued
measure operator in a more general case) and repeats the
measurement for a sequence of different local projectors
{1, ® f[y,.}. Thus, one obtains a sequence of probabilities
{Pxy,}. Negativity or other quantity of interest is then in-
ferred from this sequence. Note that the probabilities P,
are experimentally accessible since Eq. (3) can be directly
implemented.

The sequence of local operators is fixed in the case of a
nonadaptive procedure. In this paper, we present an adaptive
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FIG. 2. Topology of the artificial neural network model. In each
iteration i, the model takes the collective measurement result Py,
and parameters of the corresponding local projectors 6; as its input.
It then processes these values through a sequence of five consecutive
LSTM cells followed by two sequences of fully connected layers,
one rendering the negativity prediction N; and the second proposing
tpe angles 6, for the construction of the local projectors lﬁlx,. 1 and
I1,. . to be applied in the next iteration (see the main text for the
parametrization of projectors via 6). The LSTM cell states c,, and
hidden states h,, (m=1,2,...,5) are vectors of 128 32-bit float
numbers initialized as zeros before the first iteration. Values of ¢,
and #,, calculated in the ith iteration are stored and applied to the
cells in the next iteration constituting thus the necessary memory for
the recurrent operation of the LSTM cells. The fully connected layers
consist of 256 nodes (each a 32-bit float number). The rectified linear
unit function is used as the activation function.

Yitl

procedure, in which the local projectors imposed on the state
in the (i 4 1) th iteration step are proposed based on the results
of the i previous measurements. We make use of a neural
network model consisting of both recurrent LSTM cells and
fully connected layers to estimate negativity from the total
of i collective measurements (Py,y,, Py,y,, .., Pyy,) and also
to predict the optimal local projectors for the (i 4 1)th it-
eration (IT,, ., and ﬁy,-+1)~ The entire neural network model
is schematically visualized in Fig. 2. In each iteration i, the
model processes the outcome of the collective measurement
Py, along with parameters 6; of the projectors used to acquire
it. First, the input is subjected to a sequence of five consecutive
LSTM cells. Their cell states and hidden states are initialized
as vectors of zeros before the first iteration and subsequently
their values calculated in the ith iteration are carried over
to the next one, thus representing the memory needed for
the recurrent operation of the network. The output of the

last LSTM cell is used as input to two sequences of fully
connected layers: one to estimate negativity and the second
to propose projectors to be applied in the next iteration. Note
that the entire model is run in each iteration.

We label Ni(p) the negativity estimate of state p after the
total of i collective measurements have been performed. For
purposes of training and testing of our models, we analytically
calculate the frue negativity

N@)=| D nl, @)

Aj<0

where A; denote the eigenvalues of a partially transposed
density matrix p".

Training and testing of models

The training and testing of the models started by generat-
ing random two-qubit or qubit-qutrit states using the method
described in Ref. [52]. Each model is trained on a set of
28 random states that were split into mini-batches B of size
B. The input features of the model consist of the collective
measurement probabilities Py, obtained by applying Eq. (3) to
each density matrix €2. One input feature per density matrix is
calculated in each iteration of the model (labeled i =1, ..., n,
with n denoting the total number of iterations). In the first
iteration, a fixed set of local projectors IT,, = IT,, = [0)(0|
is applied. For the next iterations i = 2, ..., n, the model
proposes new pairs of local projectors (I, and IT,,) indepen-
dently for every density matrix. The neural network outputs a
vector of float values representing the angles 6, which are then
used to construct the local projectors for the next iteration via
the definitions above. In addition to the newly proposed local
projectors, in every iteration, the model outputs the negativity
estimate A;(p) corresponding to each investigated state. The
negativity estimate is directly output by the network as a
single float. The reader is encouraged to inspect the source
code available on Figshare [53] for further implementation
details.

Once all iterations i = 2, ..., n are complete for one mini-
batch of density matrices, backpropagation and parameter
updates are performed using the Adam optimizer with a
learning rate of 0.001. We implemented two different loss
functions, serving as figures of merit during training. Based on
the selected loss function, we distinguish the greedy approach

1 "
Lty = — 3 D K@) = NG ()

peB i=1
and the /ast approach
1 ~
@ Z R 2
Llast(n) - E i)EB(M(p) - N(,O)) . 6)

Both loss functions are ordinary £ distances between the
predicted and true negativity values. The difference is that,
in the case of the greedy algorithm, the model is optimized
based on its intermediate negativity predictions made in each
iteration. Conversely, models trained using the /ast approach
are only optimized based on the final negativity prediction.
The greedy models’ parameters generally converge faster, and
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the models are easier to train. Last models are more difficult
to train and fail more frequently during training. However, if
successful, they offer better final negativity estimates. This
procedure is repeated for every mini-batch, thus completing
the training epoch.

To prevent overfitting, a separate validation set of 2'°
random density matrices is generated and used to assess the
model performance after each epoch. If no improvement on
the validation set is detected for ten consecutive epochs, the
size of the mini-batches increases by a factor of 2 starting
from B = 32 until it reaches its maximum value B = 512 [54].
Training is then terminated and the best-performing model
is saved for testing. The models are tested on a third and
independent set of 2'® random density matrices. The results
are presented in subsequent sections.

The entire procedure described was coded in the Python
programming language using the PyTorch library [55] to im-
plement the models and their training. All programming code,
final trained models, and testing results can be accessed on
Figshare [53].

III. RESULTS

As indicated in the Methods section, two different ap-
proaches based on two different loss functions designated
greedy (5) and last (6) were tested. On top of that, we
trained the neural networks using an optimal fixed (non-
adaptive) set of bases. Nonadaptive training and operation of
the models was simply achieved by overriding the usage of
model-proposed basis in every iteration by a fixed basis from
a list. These bases and their ordering were chosen according
to previous research [33,35]. Comparing the performance of
adaptive models with models trained with a nonadaptive set
of bases allows quantifying the improvement gained by the
models’ adaptability.

We have selected two quantifiers to assess the performance
of the models. Straightforwardly, one can make use of the £V
distance between the true and estimated negativity averaged
over the entire testing set 7 (of size T'):

1 N
LY =23 NP = N @) (7)

peT

Unlike the £® distance used for training, the £ distance
has a simpler physical interpretation as the deviation of the
predicted negativity from its true value. The second quantifier
used is the coefficient of determination R? describing the
variance of the estimated values of negativity with respect to
the true values:

> o W) — N(p))?
> e W) — (N2

where (N/;,) is the predicted value of negativity averaged over
the training set.

For every set of parameters such as the number of iterations
or the loss function type, a series of at least five models
were trained to obtain the performance statistics. A model is
deemed successfully trained if, for a given number of itera-
tions n, it performs better in terms of the £ distance than any
other model trained on less iterations. Otherwise, the model is

R*n)=1-— (8

TABLE 1. Numerical results for two-qubit systems using an
adaptive greedy measurement strategy as a function of the number
of iterations n. The figures of merit £ and R? are defined in the
main text.

n LD mean LD best R? mean R? best
2 0.0900(03) 0.0895 0.5952(67) 0.6003
3 0.0405(02) 0.0402 0.9070(13) 0.9095
4 0.0315(11) 0.0302 0.9419(67) 0.9470
5 0.0225(04) 0.0217 0.9690(11) 0.9700
6 0.0179(03) 0.0173 0.9806(09) 0.9818
7 0.0146(16) 0.0125 0.9869(25) 0.9900
8 0.0118(02) 0.0114 0.9912(04) 0.9915
9 0.0105(06) 0.0097 0.9929(07) 0.9940
10 0.0092(04) 0.0083 0.9942(05) 0.9953

discarded. We present both the mean performance over the
entire set of successful models and the performance of the
best model (labeled as “mean” and “best” in the subsequent
tables).

A. Two-qubit states

First, we present the results concerning two-qubit states.
The qubit-qutrit systems are discussed afterward. Tables I and
II summarize the performance statistics of the models trained
using the greedy and last approaches, respectively. The rows
correspond to the number of iterations n ranging from 2 to
10; the case n = 1 is excluded due to its incompatibility with
the adaptive measurement framework. The upper limit of n =
10 measurement configurations corresponds to the maximum
number of independent collective measurements available for
a two-qubit system [35], which follows directly from the
symmetry of the density matrix .

For comparison, the performance of equivalent nonadap-
tive models using an optimal sequence of fixed bases is
summarized in Tables III and IV. The performance of the best
adaptive and nonadaptive models, as described by £ (n), is
visualized in Fig. 3 as a function of the number of iterations n.
Additionally, we plot two-dimensional histograms of the esti-
mated and true negativity values in Fig. 4 for several selected
parameters. These histograms were obtained by processing

TABLE II. Numerical results for two-qubit systems using an
adaptive last measurement strategy as a function of the number of
iterations n. The figures of merit £V and R? are defined in the main
text.

n LD mean LD best R? mean R? best
2 0.0902(04) 0.0896 0.5969(47) 0.5896
3 0.0401(02) 0.0399 0.9077(16) 0.9084
4 0.0248(18) 0.0238 0.9628(41) 0.9651
5 0.0180(29) 0.0145 0.9801(59) 0.9871
6 0.0111(05) 0.0105 0.9920(07) 0.9929
7 0.0096(03) 0.0092 0.9937(05) 0.9942
8 0.0083(01) 0.0082 0.9951(02) 0.9952
9 0.0076(02) 0.0074 0.9955(02) 0.9958
10 0.0070(01) 0.0068 0.9960(01) 0.9961
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TABLE III. Numerical results for two-qubit systems using a non-
adaptive optimal basis set and the greedy estimation approach. Here,
n denotes the number of iterations. The figures of merit £ and R?
are defined in the main text.

n LD mean LD best R? mean R? best
2 0.1049(08) 0.1037 0.5363(58) 0.5406
3 0.0588(05) 0.0582 0.8124(21) 0.8112
4 0.0484(02) 0.0481 0.8702(14) 0.8720
5 0.0382(03) 0.0380 0.9152(03) 0.9155
6 0.0250(02) 0.0247 0.9616(06) 0.9623
7 0.0211(00) 0.0210 0.9721(07) 0.9728
8 0.0175(04) 0.0169 0.9800(05) 0.9808
9 0.0119(03) 0.0116 0.9909(06) 0.9916
10 0.0084(03) 0.0081 0.9951(03) 0.9953

samples of 4096 random states. The separable states (zero
valued negativity) are accumulated in the first bin.

Our results indicate that, as expected, the adaptive models
outperform their nonadaptive counterparts across the entire
range of iteration steps until » = 10. The convergence at n =
10 is expected since this corresponds to the maximum num-
ber of unbiased measurement configurations. Moreover, the
adaptive models trained using the last approach outperform
the greedy models as they minimize the error solely at the last
iteration step. In contrast, the greedy models are optimized
to provide reasonable estimates at every iteration. Conversely,
we did not observe any significant difference in performance
between the greedy and last nonadaptive models.

The presented results highlight the tangible benefits of
using the adaptive measurement strategy. For example, at
n =5 the average deviation between the true negativity and
its estimate made by the best available adaptive model is only
0.0145, which is more than 2.5 x smaller than that of the best
available nonadaptive model (0.0380). It should also be noted
that negativity cannot be analytically calculated from two-
copy collective measurements. Observing estimates deviating
by less than 1.5% while using only half of the total number of
unbiased measurements demonstrates the effectiveness of the
ANN-based models.

TABLE IV. Numerical results for two-qubit systems using a non-
adaptive optimal basis set and the last estimation approach. Here, n
denotes the number of iterations. The figures of merit £ and R? are
defined in the main text.

0].2 T T T T T T T T T

—e— nonadapt. greedy
0.10 - - nonadapt. last
3 adapt. greedy

<

]

Qo

g 0.08 adapt. last -
-

12

<)

o)

\

0.00IIIIIIIIT
2 3 4 5 6 7 8 9 10

number of iterations n

FIG. 3. Comparison of the ANN models for two-qubit systems.
Performance in terms of the £ error for all combinations of
adaptive/nonadaptive and greedy/last approaches is visualized as a
function of the number of iterations n.

B. Qubit-qutrit states

Similarly to the two-qubit states, we trained and tested
models for negativity estimation also on qubit-qutrit systems.
In this case, the qubit subsystems of the two copies undergo
the nonlocal [Tge; projection and the qutrit subsystems are
locally projected. This choice is warranted by the uniqueness
of the singlet two-qubit Bell state (the sole antisymmetric fully
entangled state). In this geometry, there are up to 45 unbiased
local projections [33]. However, we limit our investigation to
n = 21 since for a larger number of iterations the training be-
comes too complex at least given our computation power. One
can also argue that there is no point in using two-copy col-
lective measurements if the number of measurements exceeds
half of the measurements necessary for standard quantum
state tomography. Quantum state tomography of a qubit-qutrit
system can be accomplished with 36 measurements.

Using the same two quantifiers £ and R?, we assess the
performance of the models on the qubit-qutrit states. Numer-
ical values are presented in Tables V and VI for the greedy
and last approaches, respectively. Tables VII and VIII provide
performances of their nonadaptive counterparts. The resulting

TABLE V. Numerical results for qubit-qutrit systems using an
adaptive greedy measurement strategy as a function of the number of
iterations n. The figures of merit £V and R? are defined in the main
text.

n LD mean LD best R? mean R? best n LD mean LD best R? mean R? best
2 0.1059(05) 0.1053 0.5331(65) 0.5257 3 0.0953(02) 0.0951 0.7059(33) 0.7084
3 0.0588(04) 0.0581 0.8144(16) 0.8161 5 0.0581(18) 0.0555 0.8835(49) 0.8907
4 0.0483(02) 0.0481 0.8712(23) 0.8709 6 0.0451(21) 0.0433 0.9269(63) 0.9323
5 0.0382(01) 0.0381 0.9155(10) 0.9153 9 0.0329(14) 0.0314 0.9603(34) 0.9641
6 0.0249(02) 0.0246 0.9619(05) 0.9625 10 0.0284(14) 0.0267 0.9702(31) 0.9732
7 0.0208(02) 0.0206 0.9725(03) 0.9729 12 0.0251(08) 0.0242 0.9767(12) 0.9780
8 0.0166(03) 0.0163 0.9814(04) 0.9821 15 0.0218(10) 0.0209 0.9819(16) 0.9836
9 0.0105(02) 0.0102 0.9923(04) 0.9928 18 0.0194(09) 0.0181 0.9857(12) 0.9876
10 0.0068(01) 0.0067 0.9960(02) 0.9961 20 0.0178(05) 0.0170 0.9878(06) 0.9888
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FIG. 4. Histograms showing the distribution of paired values of the true negativity A/ and its estimate by the models N in two-qubit
systems: (a) the nonadaptive strategy with n = 5 iterations; (b) the adaptive last approach with n =5 iterations; and (c) the adaptive last
approach with n = 10 iterations. Note that ideally only diagonal elements, where ' = A/, should have nonzero values.

trend in terms of the £V (n) measure as a function of the
number of iterations 7 is depicted in Fig. 5. Two-dimensional
histograms for a selection of parameters are shown in Fig. 6.
Histograms were generated using the same procedure as de-
scribed in the preceding subsection dedicated to the two-qubit
states.

The observations on qubit-qutrit systems are very sim-
ilar to those of two-qubit systems. The adaptive strategies
clearly outperform the nonadaptive approaches. This can be
numerically documented, for instance, by considering the
best-performing adaptive model for n = 12 iterations, which
makes estimates that on average deviate from true negativity
values by 0.0184. The nonadaptive model makes errors almost
three times bigger (0.0528). Adaptive models trained using the
last approach again outperform the greedy models. No signif-
icant difference exists among their nonadaptive equivalents.

C. State-dependent performance

The histograms in Figs. 4 and 6 suggest that the perfor-
mance of our method is, to some extent, state dependent.
There are indeed states for which the negativity is predicted
more accurately than for other states. We have investigated
this aspect and quantified it in Table IX. This table presents the
percentile values of the L) error for two selected qubit-qubit
models and two qubit-qutrit models. Both models implement
the last adaptive strategy and are the best-performing models
found for the respective number of iterations n. A percentile

TABLE VI. Numerical results for qubit-qutrit systems using an
adaptive last measurement strategy as a function of the number of
iterations 7. The figures of merit £ and R? are defined in the main
text.

n LD mean LD best R? mean R? best
3 0.0954(05) 0.0949 0.7054(16) 0.7039
6 0.0435(05) 0.0427 0.9311(22) 0.9354
9 0.0220(06) 0.0215 0.9812(11) 0.9820
12 0.0192(05) 0.0184 0.9856(07) 0.9870
15 0.0176(02) 0.0174 0.9878(03) 0.9878
18 0.0168(04) 0.0161 0.9890(05) 0.9895

value E;,]) marks the maximum difference between the pre-
dicted and true negativity that can be achieved for P percent
of the tested states. E%)O is therefore the worst-case scenario.
We found that the method typically struggles with partially
entangled states (N < 0.3) and becomes more precise when
predicting the negativity of highly entangled states (N > 0.8).
This trend is visible in the last row of Table IX, which corre-
sponds to the worst-case scenario among states with negativity
N > 0.9, and is also consistent with the results on nonadap-
tive strategies published in Ref. [25].

Although negativity cannot be calculated analytically
from two-copy collective measurements [23], other quan-
tum correlation quantifiers—such as Bell nonlocality, entropic
witnesses, and the fully entangled fraction (FEF)—can be
[56]. Numerical analysis in Ref. [56] suggests that the cor-
relation between these measures and negativity increases
alongside the amount of entanglement. Specifically, highly
entangled states demonstrate a robust correlation between
negativity and analytically accessible metrics. Consequently,
predicting negativity is significantly easier for highly entan-
gled states, as its value maps much more reliably to the
outcomes of two-copy collective measurements. This effect
can easily be demonstrated on the case of an almost max-

TABLE VII. Numerical results for qubit-qutrit systems using a
nonadaptive optimal basis set and the greedy estimation approach.
Here, n denotes the number of iterations. The figures of merit £1
and R? are defined in the main text.

n LD mean LD best R? mean R? best
3 0.1200(02) 0.1198 0.5665(25) 0.5698
5 0.1034(03) 0.1029 0.6660(15) 0.6678
6 0.0973(02) 0.0970 0.6993(14) 0.7002
9 0.0796(03) 0.0791 0.7798(15) 0.7809
10 0.0712(02) 0.0711 0.8246(10) 0.8247
12 0.0537(02) 0.0534 0.9011(04) 0.9012
15 0.0342(03) 0.0338 0.9580(05) 0.9583
18 0.0300(01) 0.0298 0.9675(05) 0.9679
20 0.0274(02) 0.0272 0.9726(04) 0.9731
21 0.0268(02) 0.0265 0.9737(03) 0.9740
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TABLE VIII. Numerical results for qubit-qutrit systems using a
nonadaptive optimal basis set and the /ast estimation approach. Here,
n denotes the number of iterations. The figures of merit £ and R?
are defined in the main text.

n LD mean LD best R? mean R? best
3 0.1196(02) 0.1194 0.5669(63) 0.5739
6 0.0975(02) 0.0971 0.6984(20) 0.6970
9 0.0795(02) 0.0793 0.7795(17) 0.7798
12 0.0531(03) 0.0528 0.9027(11) 0.9044
15 0.0332(02) 0.0330 0.9598(04) 0.9601
18 0.0288(01) 0.0287 0.9697(03) 0.9700
21 0.0254(02) 0.0252 0.9761(04) 0.9762

imally entangled two-qubit state p = (1 — €)|D)(P| + 64]—‘,
where |®) is an arbitrary maximally entangled two-qubit state
and € < 1. Note the structural similarity between two-copy
collective measurements and the entanglement swapping pro-
tocol as it can be identified from the conceptual diagram
in Fig. 1 as well as from the nonlocal projection used in
Eq. (3). Here, two copies of a tested state pap ® pPap (Where
A, A’, B, B’ denote the respective qubits) are projected via the
nonlocal projector |¥~)(W ™| acting on B, B':

(W) (W™ gy

Pag ® Pap Piaa & WP ®

The output state from this nonlocal projection is always close
to the singlet Bell state | ¥ ™), regardless of the local properties
of the original maximally entangled state |®). The FEF of p,
for instance, can then be approximately obtained in terms of
the overlap between the projected state and singlet state:

1 — FEF &~ L(1 — (W™ [p), W) (10)

This overlap can indeed be measured using a suitable set
of local projectors [T, and lily, since the operator |V ™) (V™|
admits a local decomposition [57] that the adaptive neural net-
work is capable of identifying. Consequently, the capacity to
predict the FEF from two-copy collective measurements and

— T "~ "~ T T~ T T T T T T T T

— 0.12 _ —e— nonadapt. greedy i
..g 0.10 L --0-- nonadapt. last )
o adapt. greedy

= I adapt. last

+ 0.08 A
N
’_g L

| 0.06 - A
£ 004 _
Q002 F .

000 PR SR S SR N TR SN ST SR A S S SN S I S SR SR S
0 5 10 15 20

number of iterations n

FIG. 5. Comparison of the ANN models for qubit-qutrit sys-
tems. Performance in terms of the £ error for all combinations
of adaptive/nonadaptive and greedy/last approaches is visualized as
a function of the number of iterations n.

TABLE IX. Percentile values of the £ errors, quantifying the
state-dependent aspect of two selected models for qubit-qubit and
qubit-qutrit states. A percentile value £§,1) marks the maximum
difference between the predicted and true negativity that can be
achieved for P percent of the tested states. The last row corre-
sponds to the worst-case scenario limited only to states of negativity

N >009.

Qubit-qubit Qubit-qutrit

n 5 10 6 18
c) 0.0075 0.0025 0.0324 0.0107
LS 0.0397 0.0190 0.0958 0.0387
c 0.0525 0.0272 0.1194 0.0496
LS 0.0827 0.0514 0.1721 0.0727
L4 0.2172 0.1915 0.3818 0.1724
LY (N>09 00160 00076 00339 00158

the strong correlation between negativity and the FEF allows
the neural network to predict the negativity very precisely in
highly entangled states. Furthermore, note that for partially
entangled states, the approximation in Eq. (9) no longer holds,
and one cannot simply assume the state psa to be close
to a singlet Bell state. At this point, the adaptive strategies
outperform their nonadaptive counterparts as evident from the
results (see Figs. 3 and 5).

D. Robustness against detection noise

In experimental practice, the measurements described by
Eq. (3) must be carried out using a large number of instances
of €2 to estimate the probabilities with sufficient precision. A
finite number of state copies €2 introduces detection noise aris-
ing from the inherent randomness of quantum measurements.
However, this is also true for standard quantum state tomogra-
phy protocols (see numerical results presented in Ref. [58]). A
similar analysis was recently carried out for the classification
of quantum correlations using two-copy collective measure-
ments [35]. We have tested the robustness of our adaptive
models against this type of noise by incorporating Poissonian
randomness corresponding to a finite number N of states £
in every iteration. Specifically, we tested the best-performing
adaptive models (last type strategy) with n =5 and 10 for
two-qubit states, and n = 6 and 18 for qubit-qutrit states. The
results are summarized in Table X. These results indicate that
the models are quite robust against detection noise for state
counts of at least N = 10°. In these cases, the mean £ errors
do not exceed the noiseless baseline by more than 0.6%. These
results are comparable to those observed in quantum state
tomography protocols, where limiting the sample size to N =
10° copies of the measured state yielded a similar deviation in
estimation precision [58], while tomography protocols require
a larger number of measurement configurations compared to
collective measurements.

IV. CONCLUSIONS

In this study, we investigated the performance of
adaptive collective measurement approach to entanglement
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FIG. 6. Histograms showing the distribution of paired values of the true negativity A and its estimate by the models A/ in qubit-qutrit
systems: (a) the nonadaptive strategy with n = 6 iterations; (b) the adaptive last approach with n = 6 iterations; and (c) the adaptive last
approach with n = 18 iterations. Note that ideally only diagonal elements, where N' = N, should have nonzero values.

quantification in two different quantum systems: two-qubit
and qubit-qutrit states. We showed that both the greedy
and last adaptive strategies outperformed their nonadaptive
counterparts, as expressed in terms of £ errors and the
coefficients of determination R”. The superiority of adaptive
methods is especially pronounced when dealing with a limited
number of measurements (typically 5 and 12 for the two-qubit
and qubit-qutrit systems, respectively). These results suggest
that adaptive collective measurements constitute a viable and
practical method for entanglement quantification in future
quantum communication networks, where resource consump-
tion in terms of measurement configurations is a concern.
Note that the two-copy collective measurements discussed in
this paper are experimentally quite feasible in communication
devices based on entanglement swapping, such as quantum
relays.

As expected, the last approach provides somewhat better
results, while the greedy approach proved easier to train. The
best-performing models were able to achieve £ errors be-
low 1.5% with only 5 iterations (measurement configurations)
in the case of the two-qubit states and below 2% with 12
iterations in the case of the qubit-qutrit states. Within the
nonadaptive strategies, we did not observe any significant
difference between the greedy and last approaches. In general,
the performance obtained meets the requirements for suffi-
ciently small errors, especially considering that other sources
of imperfections in typical implementations are on the order

TABLE X. Mean values of the £ error as a function of the
finite number N of instances of 2 undergoing measurement in each
iteration. The last row contains the £ error baselines achieved
without introducing detection noise (N — 00).

Qubit-qubit Qubit-qutrit

N n=>5 n=10 n==~6 n=18
103 0.1115 0.0477 0.0913 0.0804
10* 0.0438 0.0179 0.0513 0.0298
10° 0.0203 0.0105 0.0440 0.0180
106 0.0154 0.0091 0.0430 0.0163
(%) 0.0145 0.0068 0.0427 0.0161

of 1% to 2% [59,60]. Investigation into the state dependence
of our method reveals that while the models struggle with
some partially entangled states, they perform quite well on
95% of the sampled states (see numerical values in Table IX).
Note that the models perform much better on highly entan-
gled states that are expected to occur in entanglement-based
quantum commmunications.

The robustness of the models against detection noise was
also evaluated, and the observations suggest that the models
operate without a significant loss in performance provided that
the number of instances of the measured state {2 reaches at
least N = 107 in each iteration.

In addition to its potential for practical applications, the
combination of collective and adaptive measurements pro-
vides opportunities for the future advancement of quantum
entanglement quantification. While the idea was tested on
relatively small quantum systems in this paper, it can stimulate
further research to develop practical witnesses for higher-
dimensional states or to investigate novel machine-designed
entanglement witnesses. There are several challenges related
to the transition to high-dimensional states. Namely, negativ-
ity stops being a well-behaved entanglement measure (some
states are entangled despite having zero negativity). One
would need to find a replacement measure to be used for
training the models. Additionally, it is not presently clear
which high-dimensional state would be a useful replacement
for the Bell singlet state used as the nonlocal projector. The
use of more than one nonlocal projector combined with sets
of local projectors can have a detrimental effect on the scal-
ability of the method. An interesting approach to mitigate
this scalability problem is the decomposition of the high-
dimensional state into pairs of qubit states that are tested
independently [61]. Alternatively, the framework developed
herein can be reconfigured to perform a machine search for a
suitable set of high-dimensional nonlocal projectors to replace
the Bell singlet state. Presently, in the case of qubit-qutrit
systems, the nonlocal projection is carried out on the qubit
part, while the qutrits are subjected to local projections.
Even for the qubit-qutrit system, designing a single suitable
qutrit-qutrit nonlocal projector would decrease the number of
measurements needed, as one would then use the smaller set
of qubit local projectors. The search for higher-dimensional
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nonlocal projectors, however, goes beyond the scope of this
paper.
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