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Estimating free parameters in stochastic oscillatory models using a weighted cost function
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In this study, we estimate parameter values in stochastic oscillatory systems by developing a cost function.
Our cost function incorporates power spectral density, analytic signal, and position crossings, each weighted to
capture distinct characteristics of the oscillatory system such as amplitude, frequency, and shape. By minimizing
this cost function, we estimate parameter values in a stochastic biophysical model for auditory mechanics.
Furthermore, we develop a procedure to align the phases of two time series, allowing us to compare stochastic
phase evolution of two time series. As a broader application of our procedure, we establish a framework for
fitting stochastic oscillatory systems and comparing stochastic time series in other systems.
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I. INTRODUCTION

Scientific models aim to describe natural phenomena with
the goal of predicting future outcomes. Achieving accurate
predictions hinges on selecting suitable parameter values,
which poses significant challenges for models containing
many free parameters, such as those encountered in reaction
kinetics [1,2] and climatology [3]. This difficulty further in-
tensifies when models incorporate inherent randomness, as
stochastic models must handle not only unavoidable measure-
ment uncertainty but also intrinsic physical noise.

Biological processes naturally exhibit random fluctuations,
which typically arise from operating in warm fluid environ-
ments. Examples of biological noise sources include thermal
fluctuations within organic tissue, shot noise of ion-channel
gating, and mechanical clatter of molecular motors. Thus,
measurements of noisy biological systems render direct fits
of theoretical models to experimental data computationally
impractical, especially when the underlying dynamics exhibit
chaos [4–7].

To model noisy biological processes, researchers incor-
porate stochastic differential equations (SDEs) and Markov
processes [8]. These theoretical frameworks have successfully
described diverse stochastic phenomena, including smart-
phone acceleration [9], heartbeats and respiratory cycles [10],
pancreatic β cells [4,11], and Brownian motion [12,13]. These
stochastic approaches provide powerful means to model com-
plex systems with underlying random processes.

For SDEs, common parameter-estimation methods incor-
porate Bayesian statistics. For example, linear noise approx-
imation yields estimates for parameter values [14,15]. This
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technique, though yielding reliable fits for fast-computing
systems, remains computationally intensive and often im-
practical for slow simulations. As another example, Markov
chain Monte Carlo approximates distributions for maximum-
likelihood parameters given a dataset, but the corresponding
maximum-likelihood models [16] may undervalue the de-
sired features in the measured system. Hence, these common
methods struggle with large stochastic systems because
they require either (1) numerically precise likelihood prob-
abilities, which compute too slowly or (2) analytically
intractable likelihood functions, which prove too difficult to
derive [17].

As a concrete application for SDEs, we examine theoretical
models for the auditory system. Vertebrates rely on hair cells
of the inner ear to hear and balance. These sensory cells
convert sound waves into neuronal signals with stochastic
fluctuations arising from active, nonlinear processes [18]. For
hair cells, there exist two broad categories of models, namely,
biophysical and phenomenological. Biophysical models in-
corporate detailed descriptions of experiments performed on
biological preparations [19–22]. In contrast, phenomenologi-
cal models apply nonlinear dynamics and bifurcation theory
to describe biophysical phenomena [23–26].

Biophysical models generally incorporate numerous free
parameters. These parameters account for many cellular pro-
cesses, capturing the intricate dynamics of auditory hair cells.
The free parameter values vary across experiments, depending
on type of hair cell [27], type of end organ [28], and species
of host animal (e.g., chick [29], turtle [30], frog [19]).

Although some free parameters can be constrained by ex-
periments, many remain experimentally inaccessible. When
measuring these parameter values directly, we encounter
various experimental obstacles, such as requiring long record-
ing times, dissecting fragile biological tissue, and observing
elusive internal processes. To bypass these obstacles, we in-
stead estimate free parameter values numerically to model
experimentally observable behaviors of specific cells. How-
ever, simulating stochastic time series involves intensive
computations.
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To address this challenge, we need robust, fast tech-
niques to estimate free parameters. Prior studies have applied
simulation-based inference [17] to lower-dimensional phe-
nomenological models for hair cells, such as the Duffing
equation [31], the van der Pol oscillator [32], a hybrid of
these two [33], and a generalized Ornstein-Uhlenbeck pro-
cess [34]. In this study, we focus on biophysical hair-cell
models, which contain high-dimensional systems of coupled
SDEs and numerous free parameters. These high-dimensional
biophysical models generally require more computing power
than their low-dimensional phenomenological counterparts.
Furthermore, they benefit from fits to longer datasets, which
further increases the required computing power.

To avoid directly fitting time series, modelers can define
cost functions. The cost function takes a specific instance of
free parameters as input. As its output, it returns a cost—a
scalar value that quantifies the deviation between the sim-
ulation and the measured dataset. By minimizing this cost,
modelers can optimize the free parameters to match their
desired features of the data, such as amplitude or frequency
of an oscillation. However, crafting an effective cost function
can prove nontrivial and usually requires system-specific tai-
loring, especially for stochastic systems.

In this study, we devise a fast numerical procedure to
optimize parameter values in high-dimensional stochastic
oscillatory models. We apply this procedure to estimate pa-
rameter values for a biophysical model of active hair-bundle
oscillations. Our procedure leverages a cost function to evalu-
ate the mismatch between the simulated and measured traces
of noisy bundle motion. Finally, we compare the theoretical
and experimental time series to demonstrate the fruitfulness
of this approach to modeling biological data.

We organize this paper as follows. In Sec. II, we describe
the experimental procedure used to prepare and record hair
cells of the inner ear. In Sec. III, we describe the biophysical
system of SDEs used to simulate traces of motion in hair
cells. In Sec. IV, we develop a procedure to phase-align and
compare two stochastic time series, which we use to compare
the phases of measured and simulated traces of hair-bundle
motion. In Sec. V, we define the three components of our
cost function and how to combine them into a single cost.
We validate the cost function by recovering known parameter
values for a collection of simulated triangle waves. In Sec. VI,
we describe the procedure used to minimize the cost function
and rescale simulated traces. In Sec. VII, we discuss how
to interpret the cost function and extend it to other systems,
and we summarize the findings obtained from the biophysical
model.

II. METHODS

As our biological system, we used the North American
bullfrog (Rana catesbeiana). Its sacculus is a hearing end
organ responsible for detecting vestibular movement and low-
frequency sounds. The frog sacculus has been widely used
in hearing experiments, due to its robust structure, optical
accessibility, and the physiological similarityvof its hair cells
to those of other auditory systems [18,35]. After each dis-
section, we ensured that the sacculus maintained sufficient
physiological integrity.

FIG. 1. An illustration of the matrix of cross-correlations de-
scribed in Sec. IV B. The three colors correspond to different
percentiles of χ{x, y}: 50th in blue; 84th, orange; 99th, green. (a) The
lines display measured traces x (black) and simulated traces y (col-
ored). (b) The heatmap displays elements in the cross-correlation
matrix Cmax. The heatmap ranges linearly from Ĉ = 0 (white) to
Ĉ = 1 (black). The y axis indicates the index n for the measured seg-
ment, increasing in time downward. The x axis indicates the index m
for the simulated segment, increasing in time rightward. The colored
dots indicate the segment indices corresponding to their respective
percentiles. (c) The histogram displays PDF χ{x, y}. The colored
dashed lines indicate cross-correlation Ĉn,m corresponding to their
respective percentiles.

The dissected sacculi were mounted in specialized cham-
bers, allowing us to image the active motility of their hair cells
ex vivo. We used optical microscopy techniques to track the
position of hair bundles—organelles comprised of roughly 50
stereocilia protruding from the apical surface of the cell body
[36]. These measurements yielded time-dependent traces of
active hair-bundle motion (illustrated in Figs. 1 and 4). We
selected nine recordings of spontaneously oscillating bundles
to validate numerical simulations against experimental obser-
vations.

To assess the generality of our fitting procedure, we com-
pared parameter values extracted from recordings of hair cells
obtained from two different end organs, the sacculus and the
amphibian papilla (AP). The AP is a hearing end organ re-
sponsible for detecting high-frequency sounds and exhibiting
sharper tuning than the sacculus. While hair bundles of the
AP exhibit active spontaneous oscillations, similar to those
in the sacculus, they appear morphologically distinct to those
in the sacculus [28]. Thus, the AP provides an ideal candi-
date for contrasting the parameter fits obtained for different
populations of hair cells. We dissected AP tissue following
previously established procedures [37] and recorded bundle
oscillations following the same imaging techniques used on
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TABLE I. Variables and functions in the stochastic nondimensional model for hair-bundle mechanics. This model consists of eight
deterministic parameters, two noise strengths, and three rescaling degrees of freedom. For each quantity, the “Significance” column indicates
its physical significance, and the “Equation” column shows its defining equation. The “Type” column indicates whether the quantity represents
a variable or a function. The dot derivative indicates a derivative with respect to nondimensional time t̃ .

Quantity Significance Equation

Variables

x̃hb Hair-bundle position τ̃hb ˙̃xhb = −(F̃gs + x̃hb) + η̃hb
˙̃Bt̃,a

x̃a Myosin-motor position ˙̃xa = S̃maxS̃(F̃gs − x̃a ) − (1 − S̃max) + η̃a
˙̃Bt̃ ,hb

pm Ca2+-binding probability for myosin motor τ̃m ṗm = pT (1 − pm ) − pm

pgs Ca2+-binding probability for gating spring ṗgs = C̃gs pT (1 − pgs ) − pgs

Functions

k̃gs Dynamic stiffness for gating spring k̃gs = 1 − pgs(1 − k̃gs,min )
F̃gs Effective force (gating/extent springs, pivot) F̃gs = k̃gs (̃xhb − χ̃ax̃a − pT )
S̃ Slipping rate for myosin motor S̃ = −pm(1 − S̃min )

pT Open probability for transduction channel pT = [
1 + exp

(
Ũgs,max

(
�Ẽ∅ − k̃gs

(̃
xgs − 1

2

)))]−1

the sacculus. We selected ten recordings of spontaneous bun-
dle oscillations to validate the numerical simulations. For
more details on our biological preparation and optical record-
ings, refer to Appendix A.

III. DEFINING THE THEORETICAL MODEL OF
SPONTANEOUS HAIR-BUNDLE MOTILITY

To model the spontaneous oscillations observed in inner-
ear hair cells, we derived a system of SDEs, shown in Table I.
These oscillations, driven by various cellular processes, man-
ifest as active movements of the stereocilia—a bundle of
strandlike sensory organelles atop each hair cell. Stereocilia
contain mechano-sensitive ion channels and associated molec-
ular machinery, both essential for translating sound waves into
neuronal signals. They oscillate spontaneously, according to
previous experiments conducted in vitro and ex vivo [18,38].

These oscillations originate from three key molecular
processes, namely, mechano-electrical transduction (MET;
[29,39,40]), myosin-mediated adaptation [41–45], and tip-
link tension [46–48]. Together with the ion-channel dynamics
that modulate them, these processes form the foundation of
the proposed biophysical model [19].

In our previous study, we explored a deterministic model
of hair-bundle mechanics, gleaning key experimental insights
from prior literature on hair cells [22]. We first systemat-
ically reduced this comprehensive biophysical model to a
15-parameter nondimensional model, optimizing it for fitting
without loss of generality. We subsequently fixed the least in-
fluential parameters sequentially, identifying a five-parameter
deterministic model that maximizes predictive power when
fitting an individual cycle. We hence concluded that this
five-parameter model optimally described the key features of
regular hair-bundle oscillations.

Deterministic models, however, fail to fully capture the
measured variation in hair-bundle movement. Most recordings
display substantial fluctuations in frequency, amplitude, and
shape of oscillations, necessitating a stochastic approach. To
emulate this noise, we adopted a stochastic model capable of

fitting multiple cycles simultaneously, rather than a determin-
istic model capable of fitting single cycles individually.

Our stochastic model employs an eight-parameter system
of SDEs, with three degrees of freedom for rescaling, adapting
our previous five-parameter deterministic system of ordinary
differential equations [22]. This model further incorporates
two noise terms η̃hb and η̃x, which represent fluctuations in
hair-bundle position x̃hb and adaptation-motor position x̃a,
respectively. Throughout this paper, we indicate nondimen-
sional quantities with tilde (̃ · ) accents. The full system used
to simulate hair-bundle motion is summarized in Table I, with
analytic derivations and computational methods detailed in
Appendix B.

IV. QUANTIFYING AND COMPARING THE SIMILARITY
BETWEEN TWO TIME SERIES

To gauge the similarity between a theoretical model and
experimental recording, we compared the simulated and mea-
sured traces of hair-bundle motion. As two stochastic traces
generally remain out of phase with each other over long
timescales, we cannot directly compare the traces point by
point in time. However, traces sometimes remain in-phase
over short timescales, so we can compare short segments from
each trace. To assess the overall agreement, we developed a
systematic procedure to phase-align and compare two stochas-
tic traces. Specifically, we compared many phase-aligned
pairs of short segments, each pair containing a segment from
each of the two traces. We then applied this procedure to our
system to compare measured hair-bundle traces to their cor-
responding best-fit simulated traces, as shown in Fig. 1. This
procedure provides a distribution of “similarities” between the
measured and simulated traces.

A. Defining our mathematical notation

Collections of mathematical objects are often described
using tuples, so we define our notation for tuples. We denote
the nth element of a tuple S as (S)n, dropping the parenthe-
ses implicitly as Sn when appropriate. We denote the tuple
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(S)N := (Sn|n ∈ N) given a set N of indices, similarly drop-
ping the parentheses as SN when appropriate.

To distinguish between the two types of normalization per-
formed in this paper, we motivate our notation from Lebesgue
spaces Ln [49]. We L1-normalize a function F (x) by taking
F (x) �→ F (x)/

∫ |F (x)|dx. We L∞-normalize a function by
taking F (x) �→ F (x)/ maxx |F (x)|, and we deem a function
that ranges between 0 and 1, inclusively, as L∞-normalized.
We note that L∞-normalized functions, in general, range be-
tween −1 and 1, inclusively; however, we L∞-normalize only
non-negative functions in this paper, thus leading to a range
between 0 and 1, inclusively.

B. Distribution of cross-correlations

To quantify the similarity between two traces, we devel-
oped a method to compare their traces. Here, we consider
two traces x(t ) and y(t ), possibly with two identical traces
x(t ) ≡ y(t ).

First, we partitioned x and y into unordered tuples of equal-
duration segments xN and yN , respectively, each of duration
T . By comparing these segments, we captured not only the
expected match between traces but also their plausible range
of agreement.

Next, we considered each pair of segments in ζT {x, y} :=
xN × yN , i.e., one segment each from x and y. For each
pair (xn, ym) ∈ ζT {x, y}, we calculated their cross-correlation
Ĉn,m(�t ) ∝ 〈xn(t )ym(t + �t )〉 over a time lag �t . Here,
angle brackets 〈·〉 represent the expected value. We then
L∞-normalized this cross-correlation to ensure reliable com-
parisons across different pairs of traces.

Finally, we defined the cross-correlation matrix
as Cmax{x, y}, in which the (n, m)th element equals
max�t Ĉn,m(�t ) for all n, m ∈ N. Conceptually, each element
represents the maximum cross-correlation between xn and ym

over all time lags. We further defined the probability density
function (PDF) for the flattened matrix Cmax as χ{x, y}(Ĉ),
where Ĉ denotes cross-correlation values. This distribution
quantifies the overall correlation between traces x and y, as
illustrated in Fig. 1(b).

C. Reduction to Jensen-Shannon divergence

To quantify the dissimilarity between two cross-correlation
distributions, we incorporated the Jensen-Shannon diver-
gence, an information-theoretic measure of L∞-normalized
distance between two probability distributions [50].
Specifically, we calculated the Jensen-Shannon divergence
DJS(χ{x, x}, χ{x, y}) between the cross-correlation
distributions of traces x(t ) and y(t ), following procedures
described in Appendix C 2.

Conceptually, the Jensen-Shannon divergence measures
information loss when two distributions try to approximate
each other. We prefer the Jensen-Shannon divergence over
the related Kullback-Leibler divergence, because the latter
remains unbounded, rendering a comparison of divergences
across different datasets difficult. For comparisons to other
information-theoretic measures, refer to Appendix C.

FIG. 2. Two Jensen-Shannon divergence matrices, as described
in Sec. IV D, for nine saccular bundles. The colorbar indicates values
of Jensen-Shannon divergences between reference and comparison
bundles. Left: The heatmap displays a measured-measured diver-
gence matrix comparing nine saccular bundles. The x axis indicates
index of measured reference bundle, and the y axis indicates index
of measured comparison bundle. Right: The heatmap displays a
measured-simulated divergence matrix. The x axis indicates index
of measured reference bundle, and the y axis indicates index of
simulated comparison bundle.

D. Matrix of Jensen-Shannon divergences

We computed a matrix of Jensen-Shannon divergences to
compare a set of reference traces to a set of comparison traces.
We refer to this matrix as a “divergence matrix.” Typically, our
reference traces were the measured traces, which consisted
of experimental recordings of hair-bundle position, and our
comparison traces were simulated traces, which were obtained
from numerical simulations of bundle positions.

We calculated two versions of the divergence matrices.
First, we calculated the divergence matrix for measured traces
(reference set) and measured traces (comparison set). Sec-
ond, we calculated the divergence matrix for measured traces
(reference set) and simulated traces (comparison set), illus-
trated in Fig. 6. We refer to these two divergence matrices
as the “measured-measured” and “measured-simulated” di-
vergence matrices, respectively, both displayed in Figs. 2 and
7. Conceptually, a measured-measured matrix reflects the in-
herent degree of variation among the measured traces, while a
measured-simulated matrix reflects the level of disagreement
between the measured and simulated traces.

V. DEFINING A WEIGHTED COST FUNCTION TO
COMPARE TWO STOCHASTIC OSCILLATORY TRACES

To compare the oscillatory behavior of two traces, we de-
fined a cost function with three components: power spectral
density (PSD), analytic signal, and position crossings (see
Fig. 3). Examples of these three components are illustrated
next to their corresponding traces in Figs. 4 and 8. Each
component provides information about a different aspect char-
acterizing the oscillatory behavior of a stochastic trace, and,
hence, we used all three of these components for a full com-
parison between the two stochastic traces.

For each of the three components, we defined an individual
cost. To keep the three component costs of comparable magni-
tude, we formulated each cost as an L∞-normalized quantity.
Because the costs remained comparable, we were then able
to combine them into a single overall cost by taking their
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FIG. 3. An illustration of the distribution of position crossings,
as described in Sec. V C. Blue and orange colors correspond to
γ crossings at γ = γ0 and γ = γ1, respectively. (a) The solid line
displays position x over time t for a measured hair bundle. The two
dashed lines indicate where x = γ0 (blue) or γ1 (orange), and markers
correspond to times of γ -crossing events. The scale bar displays one
amplitude (50 nm; half peak to peak) and two periods (85 ms) of
oscillation. (b) The two histograms show PDF �	γ {x} over time
difference �t for γ = γ0 (blue) or γ1 (orange). The scale bar displays
half-period (21 ms). (c) The heatmap indicates PDF ϑx(γ , �t ) over
crossing position γ and time difference, ranging from zero (white)
to maximum (black). The two dashed lines indicate where γ = γ0

(blue) or γ1 (orange). The scale bar displays amplitude and half-
period (21 ms).

weighted average. We used the overall cost to quantify the
dissimilarity between the two stochastic oscillatory traces.

To quantify each component cost between the two stochas-
tic traces, we employed the total variation distance (TVD).
The TVD is an information-theoretic measure of L∞-
normalized distance [51] between PDFs. To calculate the
TVD, we computed

dTV(ρ1, ρ2) = 1

2

∫
|ρ1(x) − ρ2(x)|dx, (1)

where ρ1 and ρ2 represent two PDFs. Conceptually, a larger
TVD indicates a greater dissimilarity between distributions.
Throughout this work, we use TVD to quantify the dissimilar-
ity between L1-normalized functions, such as PDFs.

A. Incorporating the shape of the power spectral
density into the cost function

To quantify the discrepancy between the power spectral
densities from the measured and simulated traces, we com-
puted the TVD between the power spectral densities. The
power spectral density characterizes the frequency distribu-
tion of a trace, offering insight into the spectral composition
of the trace.

We computed the cost between measured and simulated
power spectral densities as

CPSD = dTV
(
S̃meas

xx , S̃sim
xx

)
, (2)

where S̃meas
xx ( f ) and S̃sim

xx ( f ) represent the L1-normalized
power spectral densities of the measured and simulated traces,
respectively, over frequency f . We used the cost CPSD as a
component cost in our overall cost function. Here, a larger
TVD indicates a greater difference in the spectral content be-
tween the two traces. For computational details on this power
spectral density, refer to Appendix D 2 a.

B. Incorporating the distribution of the analytic signal
into the cost function

To quantify the discrepancy between analytic signals from
the measured and simulated traces, we computed the TVD
between probability distributions of the two analytic signals.
The analytic signal encodes information about the amplitude
and phase distributions of an oscillation [52–54], and it char-
acterizes the noise statistics for a given trace.

To compute the cost between two analytic signals, we first
generated a distribution for the measured and simulated ana-
lytic signals. We let Sa{x}(t ) = x(t ) + iH{x}(t ) represent the
analytic signal of position x(t ), where H denotes the Hilbert
transform. To represent the distribution of the analytic signal
[55,56], we used the two-dimensional (2D) joint PDF

ρa(x,H{x}) ∝ N [̃Sa{x} = s̃a] (3)

of the L1-normalized analytic signal S̃a{x}, where N[·] rep-
resents the number of occurrences for an event. We then
computed the cost between the measured and simulated an-
alytic signals as

CDAS = dTV
(
ρmeas

a , ρsim
a

)
, (4)

where ρmeas
a and ρsim

a represent the distributions of analytic
signals for the measured and simulated traces, respectively.
We used the cost CDAS as a component cost in our overall cost
function. Here, a larger TVD indicates a greater dissimilarity
in amplitude, phase, or noise between the two traces. For com-
putational details on this distribution of the analytic signal,
refer to Appendix D 2 b.

C. Incorporating the distribution of the position crossings
into the cost function

To quantify the discrepancy between position crossings
from the measured and simulated traces, we computed the
TVD between the respective distributions of position cross-
ings. The position crossings encode information primarily
about the frequency and shape distributions for an oscillation.
Zero crossings, in particular, have been used to characterize
frequencies [57–60].

We first define our notation for the position crossings. We
let 	0{x} represent the ordered tuple of zero-crossing times
from position x(t ), sorted in ascending order of time. For a
general crossing level γ ∈ R, we defined the ordered tuple of
γ -crossing times as 	γ {x} := 	0{x − γ }. To characterize the
interval between consecutive γ -crossing times in 	γ {x}, we
defined the unordered tuple �	γ {x} by

(�	γ {x})n+1 := (	γ {x})n+1 − (	γ {x})n (5)

for n ∈ N. Conceptually, the tuple �	γ {x} resembles half-
periods of an oscillation.
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FIG. 4. The three cost-function components, described in Sec. V, for three saccular bundle pairs. Black and blue colors indicate measured
and simulated hair bundles, respectively. Each pair of rows corresponds to a measured bundle (black) and its concomitant simulation (blue).
Column 1: The solid lines display position x over time t for measured and simulated hair bundles, each with zero mean position. The scale
bars display amplitudes of 2〈|̃Sa{x}|〉 along the y axis and timescales of half-period along the x axis, shared between each pair of measured and
simulated traces. Column 2: In a log-log scale, the solid lines display power spectral density S̃xx over frequency f , and the dashed lines indicate
their median frequency. Column 3: The heatmaps display PDF ρa(x,H{x}) over position x along the y axis and Hilbert transform H{x} along
the x axis. The plus signs indicate the origin of (x,H{x}). The scale bars display amplitude along both axes. Column 4: The heatmaps display
PDF ϑ{x}(γ ,�t ) over crossing position γ along the y axis and time difference �t along the x axis. The scale bars display one amplitude along
the y axis and half period along the x axis.

To compute the cost between two collections of position
crossings, we first generated a distribution for position cross-
ings of the measured and simulated traces. To represent the
distribution of position crossings (DPC), we used the 2D joint
PDF

ϑ{x}(γ ,�t ) ∝ N[x = γ ∧ �	γ {x} = �t], (6)

where N denotes the number of γ crossings with half-periods
�t . We then computed the cost between measured and simu-
lated position crossings as

CDPC = dTV
(
ϑmeas, ϑ sim

)
, (7)

where ϑmeas and ϑ sim represent distributions of position cross-
ings for the measured and simulated traces, respectively.
We used the cost CDPC as a component cost in our cost
function A larger TVD indicates a greater dissimilarity in
frequency or shape between the two traces. For computa-
tional details on this distribution of position crossings, refer to
Appendixes D 2 c and Fig. 3.

D. Weighting the three components to obtain
an overall cost function

To obtain one quantity that represents the dissimilarity
between two stochastic traces, we combined the three compo-
nents described above into one overall cost. Specifically, we
combined the costs by finding their weighted average. After
defining an L1-normalized weight vector w = (0.1, 0.5, 0.4),
we asserted Ctot = w · C as the overall cost function, where
C := (CPSD,CDAS,CDPC) represents a tuple of costs, one from
each of the three components. After expanding the terms in
the cost function, we have

Ctot = 0.1
∫ ∣∣̃Smeas

xx ( f ) − S̃sim
xx ( f )

∣∣d f

+ 0.5
∫∫ ∣∣ρmeas

a (x, xH) − ρsim
a (x, xH)

∣∣dxdxH

+ 0.4
∫∫ ∣∣ϑmeas(γ ,�t ) − ϑ sim(γ ,�t )

∣∣dγ d�t .

(8)
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Similar to its constituent costs, the weighted overall cost re-
mains L∞-normalized. By adopting a weighted cost function,
we were able to emphasize desired features of the numerical
fits relative to the measured datasets. Weighted cost functions
have proven effective across diverse fields, including health-
care [61,62], economics [63–65], and mathematics [7,66–68].
For more details on the definition and computation of this cost
function, refer to Appendix D.

VI. MATCHING THE SIMULATED AND MEASURED
TRACES BY MINIMIZING THE COST FUNCTION

To match the simulated and measured traces of hair-bundle
motion, we minimized the cost function, applying differential
evolution to search for the best-fit parameter values in the
model. Nondimensional units of the simulations were rescaled
to match the dimensional units of the measurements.

A. Optimizing the cost function using differential evolution

We minimized the cost function numerically using dif-
ferential evolution [69,70], an algorithm that has received
wide usage in a variety of fields, including biology [71,72]
and physics [73–75]. Applying differential evolution, we op-
timized parameter values for each individual hair bundle.
During each fit, we performed 2000 iterations within 12 h
using an Intel i9-13900K (24 cores and 32 threads). For more
details on differential evolution, refer to Appendix D 1.

B. Rescaling the nondimensional simulation to match the
dimensional measurements

In an earlier study, we showed that nondimensionalizing
a deterministic model for hair-bundle mechanics naturally
reduced its number of free parameters [22]. After optimizing
parameter values, this noiseless model reproduced individual
measured oscillations of hair-bundle motion. Extending this
approach, we assimilated a stochastic version of this model
to fit multiple oscillation cycles simultaneously. By including
stochastic terms, we captured variations in instantaneous fre-
quency and amplitude as well as oscillation shape, observed
experimentally.

To compare simulations with measurements, we rescaled
from the simulated nondimensional units into the measured
dimensional units. Specifically, we fit three rescaling factors
x̂hb, x̌hb, and τ̂ defined by

Xhb(t ) = x̂hb(̃xhb(̃t ) − x̌hb), t̃ = t

τ̂
, (9)

where x̂hb and x̌hb represent multiplicative scaling and constant
offset, respectively, of nondimensional bundle position x̃hb,
and τ̂ represents multiplicative scaling for nondimensional
time t̃ . To reduce computing time, we independently rescaled
each component of the cost function instead of directly rescal-
ing the position, as described in Appendix D.

C. Validating the efficacy of the cost function by recovering
triangle waves

To validate our cost function, we tested it on a controlled
dataset of triangle waves. We generated triangle waves with

the form

�(t,w) = A�̃(2π f t,w) + x0 + N (0, σ 2
�), (10)

where N (0, σ 2) represents a normal random variable with
zero mean and variance σ 2. Here, the five parameters repre-
sent amplitude A, frequency f , offset x0, width w, and noise
strength σ�.

We simulated and recovered 600 triangle waves. For each
simulation, we varied all five parameters simultaneously
within a predefined range, ensuring a diversity of waveforms.
By applying differential evolution to minimize the cost func-
tion, we recovered all 600 sets of known parameters. These
results demonstrate that the cost function can successfully
recover optimal parameter sets, as shown in Fig. 9, even in
the presence of noise. For more details on the computational
methods and parameter ranges, refer to Appendix D 3.

For the triangle wave, the fitted parameters comprise the
triangle width, noise strength, and three rescaling variables,
giving five fitting parameters in total. For the hair bundle,
the fitted parameters comprise the eight deterministic and two
noise-strength parameters shown in Table I, as well as the
three rescaling variables defined in Sec. VI B, which gives
13 fitted parameters in total.

VII. DISCUSSION

A. Comparison of the stochastic time series

One approach to modeling stochastic time traces involves
fitting ensemble averages between the motion of the measured
and simulated traces. However, because hair bundles (both
measured and simulated) exhibit chaotic dynamics [7,24],
the averaged motion traces do not retain key features of
the biological oscillations. For example, one feature of hair-
bundle motion includes bursting behavior, which consists of
intertwined intervals of quiescent and oscillatory behavior,
as shown in the bottom trace of Fig. 4. As bursts occur at
irregular intervals, bursting behavior vanishes in ensemble
averages of bundle motion.

We note that the cross-correlation distribution derived in
Sec. IV and the cost function developed in Sec. V may be
applied independently to a dynamical system. For example, a
nonoscillatory system may benefit from the cross-correlation
distributions to compare the overall behavior of its nonoscil-
latory traces, but this system likely will not benefit from the
cost function to fit the traces. Overall, the cross-correlation
distribution and the cost function serve two different purposes.
First, one can apply the cross-correlation distribution to quan-
tify the similarity between two stochastic traces, including a
step to account for out-of-phase alignment. Second, one can
incorporate the cost function to estimate best-fit parameters
that match stochastic traces in oscillatory systems.

B. Interpretation of the divergence matrix

1. Distribution of cross-correlations

The cross-correlation distribution, defined in Sec. IV B,
compares every pair of segments from two traces, including
noncoincident pairs. This approach assumes that the bio-
physical system exhibits Markovian dynamics, implying that
it lacks an absolute time reference. Consequently, we can
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justifiably compare noncoincident pairs of segments. We em-
phasize that the median cross-correlation (shown in Fig. 1)
reflects the expected agreement when selecting any random
pair of segments, one from each trace.

The cross-correlation distribution requires significantly
longer traces for non-Markovian than Markovian sys-
tems. Non-Markovian systems yield at most 	(N ) cross-
correlations for this distribution. In contrast, Markovian
systems generate up to 	(N2) cross-correlations, offering
greater sample sizes and higher numerical precision for es-
timating the distribution.

Using the cross-correlation distribution, we analyzed intra-
cellular variation within a measured trace. For a given trace
x(t ), the distribution χ{x, x} captures this variation, which
arises in hair bundles due to various stochastic processes, as
described in Appendix B. To quantify variation in position
within a single trace, we used 〈χ{x, x}〉. We note that a large
〈χ{x, x}〉 indicates regular oscillations (i.e., with high quality-
factor), whereas a small value indicates irregular movement.
This value varies with segment duration T , so its nominal
value communicates little information. However, comparing
〈χ{x, x}〉 across different traces elucidates which bundles ex-
hibit more regular oscillations relative to others.

2. Divergence of cross-correlations

We evaluated the agreement between measured and simu-
lated traces. The simulated traces qualitatively reproduced the
measured traces, as shown in Figs. 1 and 4. From Fig. 2, we
observed a small 〈DJS〉 between the measured bundle traces
and their corresponding simulations, indicating little informa-
tion loss. This suggests that the model effectively captures
both local and global features of the measurements, maintain-
ing strong predictive power for a stochastic system.

3. Matrix of divergences

We examined intercellular variation among the measured
traces, using the divergence matrix described in Sec. IV D.
For a given set of traces, the divergence matrix reveals this
variation. To quantify this variation, we calculated the mean
〈DJS〉i �= j across the matrix, excluding diagonal elements. Con-
ceptually, this mean represents the variation in motion across
different traces. We note that a small 〈DJS〉 indicates simi-
lar motion, whereas a large value reflects dissimilar motion.
The measured-measured divergence matrix yielded a small
〈DJS〉i �= j = 0.064 ± 0.088, highlighting low intercellular vari-
ation compared to arbitrary functions.

The measured-measured divergence matrix may distin-
guish between different modalities of bundle movement such
as regular [19], bursting [76–78], and spiking [79,80] dynam-
ics. Well-defined clusters within this matrix may correspond
to discrete mechanical modes driven by distinct biophysi-
cal processes. Conversely, the absence of clusters fails to
rule out the existence of distinguishable modes. For exam-
ple, spiking may represent a neighboring state to bursting,
where bursts continuously shorten until they resemble spikes.
Thus, hair bundles may exhibit a continuum of mechanical
behaviors, transitioning smoothly between the three proposed
modes.

C. Benefits of the cost function

We developed a cost function to fit parameters in oscilla-
tory system of SDEs, prioritizing speed, interpretability, and
adaptability.

1. Computational speed

The cost function computes efficiently. The rate-limiting
steps in our fitting procedure involve (1) propagating the
SDEs forward in time and (2) computing the cost-function
components. When rescaling a trace directly using Eq. (9), we
must repeatedly recalculate the cost function, which requires
extensive computational time. Thus, we instead rescaled the
cost-function components directly, detailed in Appendix D,
providing a quicker rescaling option.

2. Scientific interpretability

The cost function retains scientific interpretability. It re-
mains transparent throughout the fitting procedure, allowing
users to conceptualize why particular costs yield certain fit
qualities. Specifically, it contains three components, each cap-
turing key aspects of active oscillations. Given a trace x(t ),
the power spectral density S̃xx{x} and distribution ϑ{x}(γ ,�t )
hold frequency and shape information, while the distribu-
tion ρa{x} encodes amplitude and phase information. The
two distributions had heavier weights because they contained
the most relevant details for the hair-bundle oscillations. We
still included the power spectral density because it converts
timescales economically from nondimensional to dimensional
units, discussed in more detail in Appendix D 2 a.

3. General adaptability

Beyond remaining interpretable, the cost function gener-
ally fits versatile types of oscillatory dynamics. For instance,
we used the cost function to fit two types of distinct oscillatory
behavior, as discussed in Sec. VII D. Researchers can tailor
it to their applications, for example, by adjusting compo-
nent weights, assimilating additional components, or deriving
system-specific models.

The cost function accommodates adaptable weights for its
components. Researchers can adjust these weights to align
with their scientific systems and objectives. To further cus-
tomize these weights, they can update them dynamically
during differential evolution [61,65,68].

In addition to offering adjustable weights, the cost func-
tion can assimilate additional components. For example, we
explored incorporating the distribution of velocities from the
analytic signal in Appendix D 2 d. We excluded this fourth
component due to its sensitivity to noise, but it may benefit
systems with higher signal-to-noise ratios.

After including extra components, the cost function may
extend to other chaotic systems. Prior studies have leveraged
concepts from topological data analysis, such as persistence
homologies [81], CROCKER plots [82–84], and Takens’s
embeddings [24,85–87]. These approaches could replace the
distribution of the analytic signal described in Sec. V B, acting
as robust metrics for fitting chaotic systems.

While we estimated parameters in a model for hair-bundle
mechanics, our methodology extends to various oscillatory
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TABLE II. The best-fit parameter sets for the sacculus and amphibian papilla. We fit nine sacculi and ten amphibian papillae. The header
row indicates the parameter names corresponding to Table I. These best-fit parameters correspond to those shown in Fig. 10.

C̃gs τ̃hb S̃max Ũgs,max χ̃a k̃gs,min τ̃m �Ẽ∅ η̃hb η̃a

Sacculus

4.48 1.62 0.371 24.3 1.9 0.699 26.7 2.35 0.0237 0.0845
50.5 2.47 0.443 11.2 0.741 0.866 28.1 0.648 0.0149 0.108
83.9 0.166 0.467 23.2 2.04 0.555 9.63 1.15 0.013 0.172
35.4 0.155 0.758 9.87 4.6 0.699 3.23 0.912 0.0261 0.0582
7.31 23.6 0.0603 6.12 4.65 0.566 20.3 2.24 0.0691 0.108
91.0 11.7 0.851 15.2 6.91 0.217 17.6 1.95 0.007 28 0.103
57.0 0.315 0.570 27.3 1.54 0.664 30.6 1.07 0.006 07 0.171
36.7 0.196 0.562 15.1 3.78 0.618 10.8 1.43 0.002 01 0.0951
40.2 2.13 0.409 17.9 0.813 0.676 17.1 0.884 0.0214 0.219

Amphibian papilla

98.7 1.55 0.467 26.3 7.3 0.275 19.3 1.50 0.0165 0.183
88.3 1.55 0.630 24.3 1.57 0.319 18.7 0.704 0.002 44 0.0327
98.7 7.83 0.217 0.228 1.99 0.96 6.62 0.656 0.0469 0.0964
90.8 1.52 0.529 4.44 3.64 0.698 7.67 2.97 0.0127 0.143
44.1 2.76 0.455 20.1 6.52 0.574 9.29 2.46 0.0098 0.225
39.2 1.94 0.600 19.4 2.94 0.53 24.7 1.51 0.0101 0.0961
21.5 0.589 0.631 11.3 0.872 0.557 26.7 2.32 0.0717 0.0849
94.2 1.01 0.447 22.4 1.33 0.447 24.2 1.32 0.0155 0.154
24.2 6.99 0.906 21.5 7.97 0.461 26.8 3.05 0.0491 0.222
85.2 2.80 0.634 12 9.68 0.983 10.3 1.29 0.0363 0.275

systems. In the current study, we modeled hair-bundle motion
in two hearing end organs, the sacculus and AP [37]. To model
other inner-ear end organs (e.g., utricle or basilar papilla [28]),
researchers can incorporate additional terms into the model or
extend parameter ranges before evaluating the cost function.
For general oscillatory systems, they must develop suitable
models, and they can continue to implement our cost-function
approach to characterize and optimize the match between their
measured and simulated datasets.

D. Evaluation of the hair-bundle parameters

We compared best-fit parameter sets for saccular and AP
hair bundles, measuring nine bundles from the sacculus and
ten from the AP. We focused our analysis primarily on clus-
ters formed by joint distributions of two parameters, shown
in Fig. 10. These clusters displayed comparable centers and
shapes across the two end organs. However, the parameter sets
for AP bundles appear more dispersed than those for saccular
bundles. For the best-fit parameters of each cell, see Table II.

Parameters for the AP reveal wider visual spread than those
for the sacculus. Potentially, this spread occurs because the AP
exhibits richer oscillatory dynamics and poses greater record-
ing challenges. As we reported previously, AP bundles exhibit
a broader range of dynamical behaviors, including spiking and
bursting oscillations, unlike the typically regular oscillations
observed in saccular bundles [37]. Additionally, AP bundles
tend to oscillate faster, so individual cycles consist of fewer
sample points than the sacculus, which increases fitting error.
Moreover, the AP appears more opaque, decreasing its signal-
to-noise ratio and further compromising the parameter fit.

We examined the best-fit noise strengths acting on the hair
bundle and myosin motors. To model these noisy processes,
we added Brownian motions to the differential equations for
both components, as detailed in Appendix B. The fits typically
yielded stronger noise for the motors than for the bundle,
suggesting that thermal fluctuations disproportionately af-
fect the motors. These fitted strengths provide recommended
parameter ranges, constraining the corresponding physical ob-
servables described in Eq. (B3).

After adding these noise terms, we toggled them in the
model to understand their effects on bundle dynamics. For
most bundles, the best-fit simulation oscillated independently
of both noise strengths, remaining perpetually either oscil-
latory or quiescent. Using the best-fit parameters from the
stochastic model, we simulated nine nonoscillating bundles in
the deterministic model (i.e., with η̃hb = η̃a = 0). When intro-
ducing bundle noise alone to these bundles (i.e., η̃hb > 0), we
failed to induce an oscillation (n = 9). However, when adding
motor noise (i.e., η̃a > 0), we sometimes induced oscillations
(n � 5), regardless of noise strength for the bundle. Hence,
motor noise partially determines the dynamic state of the hair
bundle.

Motor noise appears essential for observing bursting be-
havior in hair bundles. Simulations for two bursting bundles,
based on their best-fit parameters, required motor noise in-
dependent of bundle noise. These simulations also revealed a
low τ̃hb ≈ 0.03 and a high η̃hb ≈ 0.08 relative to the general
distribution. By fitting and simulating additional bursting bun-
dles, future studies can identify their underlying biophysical
mechanisms.

By examining how simulated parameters shape model be-
havior, we can explore which internal processes drive bundle
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dynamics, such as bursting. While many internal cellular pro-
cesses remain experimentally inaccessible, we can fit their
associated parameters to infer how they influence over hair-
bundle oscillations. Using our fitting methodology, we can
elucidate the underlying dynamics of biophysical systems
such as hair bundles.
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APPENDIX A: SYSTEM-SPECIFIC DETAILS FOR
EXPERIMENTAL METHODS

1. Biological preparation

North American bullfrogs (Rana catesbeiana) of either
gender were anesthetized (pentobarbital: 150 ml kg−1), dou-
ble pithed, and decapitated following protocols approved by
the University of California, Los Angeles Chancellor’s An-
imal Research Committee. We extracted sacculi from the
inner ears of the frogs and placed them in oxygenated,
artificial-perilymph solution [in mM as follows: 110 Na+,
2 K+, 1.5 Ca2+, 113 Cl−, 3 D-(+)-glucose, 1 Na+ pyruvate, 1
creatine, 5 HEPES]. To mimic the in vivo physiological con-
ditions of the surrounding fluid, we mounted the epithelium
in a two-compartment chamber. We bathed the apical surfaces
in artificial endolymph [in mM as follows: 2 Na+, 118 K+,
0.25 Ca2+, 118 Cl−, 3 D-(+)-glucose, 5 HEPES] and basolat-
eral membranes in perilymph [19]. To access individual hair
bundles, we removed the otolithic membrane after dissociat-
ing it with 15 g ml−1 of collagenase IV (Sigma-Aldrich) for
8 min.

Using a similar procedure, we extracted the amphibian
papilla—the main auditory organ of the frog—from the dis-
sected inner ears [37]. We mounted the epithelium in a
one-compartment chamber, submerging it in an artificial-
perilymph solution with lowered calcium (0.25 mM). Anal-
ogous to the saccular dissection, we removed the tectorial
membrane after dissociating it in collagenase IV for 9 min.

2. Optical recordings

We collected recordings using an upright optical micro-
scope (Olympus BX51WI) with a water-immersion objective
lens (Olympus LUMPlanFL N 60X, NA:1.00), mounted
on an optical table (Technical Manufacturing). The micro-
scope was placed inside an acoustically isolated chamber
(Industrial Acoustics), minimizing mechanical disturbances
to the sensitive hair cells. We recorded innate hair-bundle
movement, obtaining 16-bit images at a resolution of

108.3 ± 0.8 nm px−1, with a high-speed camera (ORCA-
Flash4.0 CMOS) at either 500 or 1000 frames per second.
Throughout experiments, the hair bundles sustainably oscil-
lated.

To maximize resolution, we collected differential interfer-
ence contrast images of the oscillating bundles. Each image
accounted for 1 or 2 ms of exposure time, depending on frame
rate. To analyze these images, we used custom matlab scripts.
Specifically, for each frame, we determined the centroid of the
bundle weighted by pixel intensity.

To track hair-bundle motion, we calculated position for
each video frame. Typical traces yielded noise floors around
3−5 nm, manifesting primarily as thermal [89,90] and ionic
[20,91,92] fluctuations. When recording, the hair cell grad-
ually relaxes, slowly drifting the apparent bundle positions.
To remove this drift, we subtracted a wide-size, Hann moving
average from its corresponding trace.

APPENDIX B: ANALYTIC DERIVATION
OF STOCHASTIC TERMS

To derive the stochastic terms for our model of hair-bundle
mechanics, we adapted the dimensional system of ODEs
presented in Ref. [22]. We denote differentials of Brownian
motion as dBt ∼ N (0, dt ), where N (μ, σ 2) represents a nor-
mal distribution with mean μ and variance σ 2.

We added stochastic terms to the differentials governing
hair-bundle and adaptation-motor positions. We introduced
thermal noise to Eq. (S21), following prior literature on
stochastic systems [20,93] to obtain

λhbdXhb = − [γ N fgs + ksp(Xhb − Xsp)]dt

+
√

2kBT λhbdBt,hb,

dxa = [S( fgs − kes(xa + xes)) − C]dt

+
√

2kBT

λa
dBt,a, (B1)

where Bt,hb and Bt,a represent independent Brownian motions,
such that dBt ∼ N (0, dt ), for bundle and motor positions, re-
spectively. Consistent with frog saccular hair bundles [91,94],
we treat the transduction open-channel probability as deter-
ministic, ignoring channel noise [95].

After nondimensionalizing, the equations take the form

τ̃hbd̃xhb = −(F̃gs − x̃hb)d̃t + η̃hbdB̃̃t,hb,

τ̃ad̃xa = [̃SmaxS̃(F̃gs − x̃a) − C̃maxC̃]d̃t + η̃adB̃̃t,a, (B2)

where B̃̃t,hb and B̃̃t,a represent nondimensional Brownian mo-
tions, such that dB̃̃t ∼ N (0, d̃t ). The nondimensional noise
strengths η̃hb and η̃a for bundle and motor noise, respectively,
relate to their dimensional counterparts by

η̃hb := η̂hb√
τ̂

, η̂hb :=
√

2kBT λhb

γ Ndkgs,max
,

η̃a : = η̂a√
τ̂

, η̂a :=
√

2kBT/λa

Cmax + Smaxkgs,maxd
, (B3)

where η̂hb and η̂a represent characteristic noise strengths for
bundle and motor noise, respectively.
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To solve these SDEs numerically, we employed
the Euler-Maruyama algorithm [96,97], adapted from
sdeint.integrate.itoEuler. We simulated the system
up to nondimensional time t̃ = 500 using time steps of
�̃t = 2 × 10−3.

APPENDIX C: INFORMATION-THEORETIC MEASURES
FOR COMPARING TRACES

We compared three information-theoretic measures of
“distance” between two probability distributions [98,99],
namely, total variation distance, Hellinger distance dH , and
Jensen-Shannon divergence (JSD). We chose these three mea-
sures specifically because all three remain L∞-normalized,
rendering comparison across datasets feasible.

1. Total Variation Distance

We derived an efficient computational method to calculate
TVD. Let ρ1(x, y) and ρ2(x, y) represent two joint PDFs. We
denote the minimum and maximum x such that ρi(x, y) > 0 as
xi,L and xi,R, respectively. Similarly, we denote the minimum
and maximum y such that ρi(x, y) > 0 as yi,B and yi,T , respec-
tively. These bounds yield eight total quantities: minima and
maxima x and y for each ρ1(x, y) and ρ2(x, y).

To determine the minimal axis-aligned bounding box [100]
for the intersection between ρ1(x, y) and ρ2(x, y), we found

xL = max{x1L, x2L},
xR = min{x1R, x2R},
yB = max{y1B, y2B},
yT = min{y1T , y2T }. (C1)

This bounding box defines the smallest axis-aligned rectangle
for all crossing arrangements of ρ1(x, y) and ρ2(x, y), be-
fore accounting for topological symmetries (i.e., rotation and
stretching) and distribution swapping, as visualized in Fig. 5
excluding touching [101].

To determine the nonintersecting regions of ρi toward
TVD, we found

2di,TV = 1 − Fi(xR, yT ) + Fi(xR, yB) + Fi(xL, yT )

− Fi(xL, yB), (C2)

where | · | represents the absolute value or complex modulus
and Fi(x, y) represents the cumulative distribution function for
ρi(x, y).

Finally, we calculated the TVD between ρ1(x, y) and
ρ2(x, y). For crossing arrangements, we calculated TVD as

dTV(ρ1, ρ2) = d1,TV + d2,TV

+ 1

2

∫ yT

yB

∫ xR

xL

|ρ2(x, y) − ρ1(x, y)|dxdy.

(C3)

Conceptually, the terms d1,TV and d2,TV, respectively, ac-
count for the nonintersecting regions of ρ1 and ρ2, whereas
the integral accounts for the intersecting region. For disjoint
arrangements, we immediately returned dTV = 1 instead of
computing from the previous equation. Overall, this hybrid

FIG. 5. Sixteen possible crossing arrangements for a pair of 2D
probability distributions. The (light and dark) gray regions show
minimal axis-aligned bounding boxes for the disjoint domains of
the two distributions. The black regions show minimal axis-aligned
bounding boxes for the intersecting domain of the two distributions.

formulation improved computational speed and numerical
precision.

2. Hellinger distance and Jensen-Shannon divergence

We calculated dH and JSD by expressing them as their
respective f divergences [102,103], using

D f (P||Q) =
∫

p(x) f

(
q(x)

p(x)

)
dx, (C4)

where fD represents the f divergence for divergence D, and
p(x) and q(x) represent actual and guessed probability dis-
tributions, respectively. Across all measures of dissimilarity,
we used continuous PDFs rather than discrete distributions to
ensure the divergences remained L1-normalized.

To calculate JSD, we used

DJS(P, Q) = D f (P||Q),

f (x) = x log2(x) − (x + 1) log2

(
x + 1

2

)
. (C5)

To calculate dH , we used

dH (P, Q) = 1 − D f (P||Q), f (x) = √
x. (C6)

For dH , we computed only within the overlapping region
between ρ1 and ρ2, as nonoverlapping regions leave dH un-
changed.

3. Cross-correlation of trace segments

We compared three versions of divergence matrices, us-
ing total variation distance, Hellinger distance, and JSD, all
shown in Fig. 7. From these three, we selected JSD for further

013342-11



MARCINIK, VAIDO, AND BOZOVIC PHYSICAL REVIEW RESEARCH 8, 013342 (2026)

FIG. 6. A comparison between measured and simulated distribu-
tions of cross-correlations for nine saccular bundles. Columns (large
x axis) correspond to measured bundle traces x(t ), and rows (large
y axis) correspond to simulated bundle traces y(t ). The small x axis
displays cross-correlation Ĉ. The small y axis displays PDF χ (Ĉ),
ranging up to the maximum probability density per plot. Black his-
tograms show PDF χ{x, x}(Ĉ), which correlates a measured bundle
to itself. Gray histograms show PDF χ{x, y}(Ĉ), which correlates a
measured bundle to a simulated bundle.

analysis, for the following reasons. First, we eliminated total
variation distance, as it was less clear in indicating similar-
ity between the measured and simulated traces, compared
to Hellinger distance or JSD. Second, we chose JSD over
Hellinger distance, because JSD more directly quantifies in-
formation loss between a pair of distributions, compared to
Hellinger distance.

Segment duration affects the divergence matrices described
in Sec. IV D, so we calculated these matrices for T =
4, 8, 12, 16, 20 cycles. Ultimately, we chose segment duration
T equal to four periods of reference trace x(t ), calculating
periods as the reciprocal median frequency in Sxx{x}. Relative
to larger durations, this choice widened the cross-correlation
distributions, yielding a median around 0.5 as shown in
Fig. 6.

We ranked values in the measured-simulated divergence
matrices. We then performed Page’s trend test (p < 0.001;
[104]), which indicated consistent rankings in the diver-
gence matrices across different durations. Furthermore, we
performed linear regression pairwise on these divergence
matrices, resulting in r2 = 0.977 ± 0.026, indicating that
JSD increased by a roughly constant factor with chang-
ing T . When performing the same test on the other
divergence matrices (e.g., measured-measured, simulated-
simulated), these rankings retained low p value and high r2

value.

FIG. 7. A comparison between alternative divergence matrices,
as described in Sec. IV D, for nine saccular bundles. Each row
indicates a different L1-normalized information-theoretic measure
for dissimilarity, corresponding to Jensen-Shannon divergence (top),
Hellinger distance (center), and total variation distance (bottom).
Each column indicates a different version of divergence matrix,
corresponding to measured-measured (left), measured-simulated
(center), and simulated-simulated (right).

We performed linear regression to recover the di-
vergence matrices at different cycle lengths. Letting
DJS(χ{xT , xT }, χ{xT , yT }) represent divergence from the ma-
trix corresponding to segment duration T cycles, we fit the
curve

DJS(χ{xT , xT }, χ{xT , yT })

DJS(χ{x4, x4}, χ{x4, y4})
= a(1 + bT ), (C7)

where a, b ∈ R, a form justified by the high r2 between
DJS(χ{x4, x4}, χ{x4, y4}) and DJS(χ{xT , xT }, χ{xT , yT })
for T = 4, 8, 12, 16, 20. Using least-squares regression,
we found a = 0.815 ± 0.035 and b = 0.035 ± 0.006.
These values for a, b can be used to approximate
DJS(χ{xT , xT }, χ{xT , yT }) at different segment dura-
tions. This linear regression fails for large T because
DJS(χ{xT , xT }, χ{xT , yT }) asymptotically approaches a
constant value as T → ∞. However, this regression remains
accurate for T between 4 and 20 cycles.

APPENDIX D: DETAILS FOR FITTING PROCEDURE

1. Application of differential evolution

We used scipy.optimize.differential_evolution
to perform differential evolution [69,70]. For our differen-
tial evolution hyperparameters, we set population size to 64
[105], initial guesses to Sobol sampling [106], strategy to
“rand1exp” [107], recombination to 0.7, and mutation to dy-
namically between 0.5 and 1. Notably, we changed the initial
guesses, population size, and strategy from the defaults in
scipy.optimize.differential_evolution.
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During differential evolution, we declared the same noise
seed before each simulation and across iterations. As a result,
we asserted the same noise instances independently for dB̃̃t,hb

and dB̃̃t ,a, only multiplying them by their respective noise
strengths η̃hb and η̃a.

2. Components of cost function

As components of the cost function, we evaluated the
PSD, the distribution of analytic signal (DAS), and the DPC
to characterize oscillations. For each of these representative
functions, we used TVD as a measure of dissimilarity. While
statisticians traditionally apply TVD to compare two probabil-
ity distributions, we applied it more broadly to L1-normalized
functions.

a. Shape of power spectral density

The PSD contributed 10% to the total weight of our cost
function, capturing primarily the shape and timescale of a
trace. We denote the PSD of position x as Sxx{x}( f ). To ef-
fectively smooth power spectral density, we used the Bartlett
method [108,109] to segment the trace into eight nonoverlap-
ping parts.

We L1-normalized this PSD as S̃xx{x}( f ). This normalized
version resembles a PDF with unit area. Thus, we quantified
the dissimilarity between measured and simulated PSDs by
evaluating their TVD.

To convert from simulated into measured position, we di-
rectly rescaled

S̃xx �→ τ̂ S̃xx, f �→ f

τ̂
. (D1)

This rescaling relies solely on τ̂ , remaining independent of
x̂hb and x̌hb, which implies that the normalized PSD efficiently
rescales time in particular.

b. Distribution of analytic signal

The DAS contributed 50% to the total weight of our cost
function, capturing both the shape and amplitude of a trace.
We denote the joint PDF of the analytic signal over position
x and its Hilbert transform H{x}) as ρa(x,H{x}). To quantify
the dissimilarity between measured and simulated DASs, we
evaluated their TVD.

To convert from simulated into measured position, we
rescaled

ρa �→ ρa

x̂2
hb

, x �→ x̂hb(x − x̌hb), H{x} �→ x̌hbH{x}, (D2)

leveraging the identity H{ax + b} = aH{x} with constants
a, b [110]. This rescaling depends exclusively on x̂hb and
x̌hb, not on τ̂ , which suggests that the nondimensional DAS
methodically rescales position.

We determined the number of bins for each axis of the
analytic signal dynamically. Let Nx denote the number of
points in the computational array for trace x(t ). We set the
number of bins for x and H{x} individually to � 3

√
Nx�, where

�·� represents the rounding function (to the nearest integer).
This cube-root heuristic balances the number of bins along
each x and H{x} as well as points per bin.

FIG. 8. The three cost-function components, described in Sec. V,
for three common waveforms. Rows correspond to waveforms of
sine (top), square (50% duty, center), and triangle (75% width, bot-
tom). Column 1: The solid lines display position x over time t , each
with zero mean position. The scale bar displays amplitude A along
the y axis and period T along the x axis. Column 2: In a log-log scale,
the solid lines display power spectral density S̃xx over frequency f ,
and the dashed lines indicate their median frequency. The scale bar
displays frequency 1/T along the x axis. Column 3: The heatmaps
display PDF ρa(x,H) over position x along the y axis and Hilbert
transform H{x} along the x axis. The plus signs indicate the origin of
(x,H{x}). The scale bar displays amplitude along both axes. Column
4: The heatmaps display PDF ϑ{x}(γ ,�t ) over crossing position γ

along the y axis and time difference �t along the x axis. The scale
bar displays amplitude along the y axis and half-period along the
x axis.

c. Distribution of position crossings

The DPC contributed 40% of the total weight to our cost
function, capturing the shape, timescale, and amplitude of a
trace. We denote the joint PDF of position crossings over
crossing position γ and half-period �t as ϑ (γ ,�t ). Be-
fore calculating this distribution, we denoised traces using
wavelets [111]. Computationally, we chose the “VisuShrink”
method [112] with the “soft” mode and “sym4” wavelet [113]
via skimage.restoration.denoise_wavelet. To quan-
tify the dissimilarity between measured and simulated DPCs,
we evaluated their TVD.

To convert from simulated to measured position, we
rescaled

ϑ �→ ϑ

τ̂ x̂hb
, γ �→ x̂hb(γ − x̌hb), �t �→ τ̂�t . (D3)

This rescaling depends on all three variables (i.e., x̂hb, x̌hb,
τ̂ ), meaning the nondimensional DPC versatilely rescales the
simulated traces in full.

We included only robust crossing events, ignoring ex-
traneous events due to noise. A trace x can register
multiple crossings during a single crossing event, by fluc-
tuating stochastically through a position multiple times in
quick succession. To mitigate unwanted crossings from
noise, we used bins surrounding γ rather than individual
values.
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FIG. 9. A comparison between fit and actual parameters for sim-
ulated triangle waves. The plot titles indicate the parameter for the
triangle wave in Eq. (10): width w, noise strength η�, frequency f ,
amplitude A, and offset x0. The y axis shows fit parameter values, and
the x axis shows actual parameter values. The markers show pairs
of fit and actual parameter values for simulated triangle waves. The
lines indicate where fit and actual values equal each other.

We assigned a single representative time to each γ -crossing
event. Initially, we characterized each event computationally
with multiple crossing times as the trace passed through the
two boundaries of a bin. These degenerate crossing times
occurred because the trace crossed through both boundaries,
potentially multiple times on either one. To consolidate these
into a single crossing time, we calculated the midpoint be-
tween the final two crossing times, one through each boundary
of the bin.

To generate the tuple 	γ {x} of γ -crossing times, we an-
alyzed the denoised position x(t ). We denote the ordered
tuples of upward- and downward-crossing times as 	γ↑{x}
and 	γ↓{x}, respectively, both sorted in ascending order of
time. Furthermore, we represent the number of crossings in
these tuples as Nγ↑ := |	γ↑{x}| and Nγ↓ := |	γ↓{x}|, respec-
tively.

We counted a γ crossing only when x crossed fully through
a bin around γ . For a small neighborhood size δx > 0, we sep-
arately counted upward and downward crossings. We counted
an upward crossing in 	γ↑{x}, incrementing Nγ↑, when x
crossed consecutively through γ − δx followed by γ + δx.
Similarly, we counted a downward crossing in 	γ↓{x}, incre-
menting Nγ↓, when x crossed consecutively through γ + δx
followed by γ − δx.

We determined a number Nγ of equidistant bin edges for
crossing position γ manually. In general, the optimal number
for Nγ depends on the signal-to-noise ratio of the position
[114], which varies across biophysical systems. Smaller val-
ues for Nγ provide greater precision for ϑ (γ ,�t ), whereas

larger values yield greater precision for γ . To balance these
trade-offs, we chose Nγ = 21 arbitrarily after analyzing sev-
eral hair-bundle traces, achieving sufficient precision in both
ϑ (γ ,�t ) with γ . We selected the minimum and maximum
values for γ to span those in x.

After discretizing bin edges for γ , we determined a number
N�t of equidistant bin edges for half-period �t dynamically.
Specifically, we calculated

N�t = ⌊
6
√

N↑N↓
⌋

N(↑↓) :=
∑

γ

Nγ (↑↓) (D4)

where N↑ and N↓ represent the total number of upward- and
downward-crossing times, respectively. Conceptually, this
formula computes the cube root of the geometric mean of
N↑ and N↓. Similar to the heuristic in Appendix D 2 b, we
included this cube root to balance the number of bins along
each γ and �t with points per bin.

Finally, we selected the minimum �tmin and maxi-
mum �tmax bin-edge values for �t to balance coverage
and accuracy. Let 	{x} := ⋃

γ 	γ {x} represent the ordered
tuple containing all crossing times in 	γ {x} across all
Nγ values of γ , sorted in ascending order of time. We
chose

�tmin = min 	{x}, �tmax = √
Nγ max 	{x}. (D5)

By incorporating the extent of 	{x}, we covered a broad range
over �t . By including the scaling factor

√
Nγ , we compen-

sated for the shorter crossing times in 	{x} compared to those
in individual 	γ {x} tuples.

d. Velocity field of analytic signal

As an alternative cost-function component, we exam-
ined the 2D velocity field ˙̃Sa{x} of trace x(t ). Using
scipy.stats.binned_statistic_2d, we binned this field
along (x,H{x}) to generate a 2D joint PDF, analogous to ρa{x}
in Eq. (3). To quantify the discrepancy between velocity fields
of the measured and simulated traces, we computed their
TVD, taking the complex modulus in Eq. (C3). Ultimately,
we excluded this component as part of the cost function be-
cause this PDF remained too sensitive to transient noise in the
traces.

3. Validation on triangle waves

To validate the cost function, we recovered parameter
values for 600 simulated triangle waves using Eq. (10).
For each wave, we generated five parameters using
numpy.random.uniform as follows:

w ∈ U [0, 1),

σ� ∈ U [0, 0.25),

f , A ∈ 10U [−1,1),

x0 ∈ U [−10, 10), (D6)

where U [a, b) represents a uniform random variable spanning
the interval [a, b).

Computationally, we first calculated the deterministic tri-
angle wave. During each simulation, we covered a time
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FIG. 10. The pairwise distributions of best-fit parameters for sacculi and amphibian papillae. On-diagonal: The histograms show PDFs of
all parameters during the final iteration of differential evolution, combining saccular and papillar bundles. Off-diagonal: Blue (bottom left) and
red (top right) backgrounds correspond to saccular and AP bundles, respectively. The x and yaxes range from minimum to maximum parameter
bounds used when fitting. Large markers display best-fit parameters during the final iteration, nine for the sacculus and ten for the papilla. Small
markers display all parameters during the final iteration (population size 64), with 9 × 64 = 576 for the sacculus and 10 × 64 = 640 for the
papilla. The colorbars indicate magnitude of Kendall’s τ , displayed as saturation of background color, for each pair of parameters (entire
population), distinguishing between the sacculus (blue) and papilla (red).
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interval t ∈ [0, 20] with a fixed time step of �t = 2 × 10−3,
generating an array with 20 000 points. We then added noise
independently to each point, sampling from N (0, 1) and scal-
ing by noise strength. In Fig. 8, we exemplified a triangle wave
with w = 0.75 and σ� = 0.25.

For each simulated triangle wave, we fit parameters using
the cost function described in Sec. V. During differential
evolution, we reused a single instance of noise, scaling by the

guessed noise strength in each parameter set. By fixing the
noise seed, we mitigated the risk of anchoring prematurely
to an unstable minimum, caused by noise realizations with
unusually low cost.

APPENDIX E: PYTHON PACKAGES

numpy [115], scipy [116], sdeint [117], skimage [118],
matplotlib [119], pandas [120].
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