
PHYSICAL REVIEW RESEARCH 7, 023297 (2025)

Boson-fermion universality of mesoscopic entanglement fluctuations in free systems
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Entanglement fluctuations associated with the Schrödinger evolution of wave functions offer a unique perspec-
tive on various fundamental issues ranging from quantum thermalization to state preparation in quantum devices.
Very recently, a subset of the present authors showed that, in a class of free-fermion lattice models and interacting
spin chains, entanglement dynamics enters into a new regime at long time, with entanglement probes displaying
persistent temporal fluctuations, whose statistics falls into the seemingly disparate paradigm of mesoscopic
fluctuations in condensed-matter physics. This motivates us to revisit here entanglement dynamics of a canonical
bosonic model in many-body physics, i.e., a coupled harmonic oscillator chain. We find that when the system is
driven out of equilibrium, the long-time entanglement dynamics exhibits strictly the same statistical behaviors
as those of free-fermion models. Specifically, irrespective of entanglement probes and microscopic parameters,
the statistical distribution of entanglement fluctuations is flanked by asymmetric tails: sub-Gaussian for upward
fluctuations and sub-Gamma for downward; moreover, the variance exhibits a crossover from the scaling ∼1/L
to ∼L3

A/L2 as the subsystem size LA increases (L the total system size). This insensitivity to the particle
statistics, dubbed boson-fermion universality, is contrary to the common wisdom that statistical phenomena
of a many-body nature depend strongly on particle statistics. Together with our previous work, the present study
indicates rich fluctuation phenomena in long-time entanglement dynamics that await in-depth exploration.

DOI: 10.1103/jhlh-pcm9

I. INTRODUCTION

Quantum entanglement is a key to understanding quantum
phases of matter. The focus has long been on many-body
ground states, since their entanglement properties are be-
lieved to be responsible for exotic behaviors of strongly
correlated systems [1–3], especially when they are in a topo-
logical phase [4,5]. Recent progress achieved in realizing
highly tunable quantum simulators has opened up a door
to direct measurements of quantum entanglement [6–10],
allowing experimental studies of various subjects of nonequi-
librium dynamics, ranging from quantum thermalization [11]
to many-body quantum scars [12,13]. This has, in turn, trig-
gered keen interest in the entanglement of many-body excited
states.

For excited states, especially highly excited ones, the study
of their entanglement properties remains a challenging task.
So far, theoretical works have been based on an ensemble of
states subjected to certain kinematic constraints [14–18]. In
this direction, Page’s study of entanglement entropy [14] for
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states randomly drawn from the Haar measure is a benchmark
and is believed to capture entanglement properties at “infinite
temperature.” Recently, the study has been extended to the en-
semble of random energy eigenstates [16]. These works show
that, depending on the ensemble of random states, statistical
behaviors of entanglement differ significantly [19]. However,
all these studies are kinematic and mute on entanglement
dynamics.

When a quantum system undergoes a sudden quench,
whereby parameters of the system’s Hamiltonian are changed
instantaneously, many high-lying eigenstates of the post-
quench Hamiltonian are excited [20]. Subsequent unitary time
evolution generates an infinitely long path in the Hilbert
space; each point of this path, labeled by the time parameter
t ∈ [0,∞), represents an instantaneous system state ψ (t ).
One may view this path as a special “ensemble” of states,
each of which is a linear superposition of many excited eigen-
states. A question then arises: What happens to entanglement
fluctuations of this ensemble? Studies of this question go far
beyond previous kinematic studies of entanglement fluctua-
tions for two fundamental reasons: First, the variation of the
subsystem’s entanglement along the unitary time evolution
path is genuinely of dynamical origin, i.e., entanglement fluc-
tuations are of out-of-equilibrium nature. Secondly, the path
is an exceptional, i.e., a zero-measure, set of the Hilbert space
and must be distinguished from the kinematic sampling of
states in the Hilbert space [14–18]. The origin of the two
fluctuations is fundamentally different. Indeed, for infinite
systems undergoing quench dynamics, the celebrated result
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of Calabrese and Cardy [21] states that after initial linear
growth entanglement saturates at a value proportional to the
subsystem size (the so-called volume law), and no temporal
entanglement fluctuations arise, in the limit when the ratio of
the subsystem to total system size vanishes.

Yet, in experiments and real applications, a system is
always finite or the subsystem-to-total system size ratio is
finite. Besides, recent studies of the foundations of statistical
mechanics have focused on isolated quantum systems, which
are finite [22–24]. For finite systems, temporal entanglement
fluctuations are ubiquitous in real [11] and numerical [17,25]
experiments on long-time entanglement dynamics. On one
hand, for practical applications, it is necessary to control these
fluctuations. On the other hand, understanding their statistical
behaviors, especially their out-of-equilibrium properties, is
essential to the foundations of statistical mechanics [25]. In
fact, as early as 1929, von Neumann discovered the funda-
mental importance of temporal fluctuations of the so-called
observational entropy to the validity of a statistical description
of an isolated quantum system [26–28]. In parallel to von
Neumann’s study, a fundamental question is what happens to
temporal fluctuations of entanglement entropy [25]. Studies
of entanglement dynamics have long been focused on early-
time behaviors, such as entanglement growth [21] and revival
[20,29] and creation and transport of entanglement [30], and
thus do not address this issue.

Not until very recently has the analytical study of long-time
entanglement dynamics been initiated [31], which indicates
rich out-of-equilibrium fluctuation behaviors of entanglement
in finite systems. That work crucially relies on the uncov-
ering of an emergent random structure in the evolution of
many-body wave functions, and combining that structure with
the nonasymptotic probability theory [32]. In that work, for
several integrable lattice models, including free fermions, the
transverse field Ising model, and the spin-1/2 Heisenberg XXZ
chain, it was found that entanglement dynamics eventually
settles into a fluctuation regime. The fluctuation phenomenon
in that regime, although of out-of-equilibrium nature, carries
the universality of the celebrated sample-to-sample fluctua-
tions in mesoscopic electronic and optical systems [33,34],
and shares the same physical origin, namely, wave interfer-
ence. Specifically, the fluctuations of various entanglement
probes, such as the entanglement entropy and the Rényi
entropy of distinct orders, display the same probability dis-
tribution, which is asymmetric, with a sub-Gamma lower tail
and a sub-Gaussian upper tail. This asymmetry implies that
downward fluctuations are more favored than the upward fluc-
tuations. Moreover, the variances of distinct probes display the
same scaling behavior that depends only on the subsystem and
total system sizes, independent of the system’s microscopic
parameters.

It is worth noting that entanglement fluctuations found in
Ref. [31] are of the many-body nature. In many-body physics,
fluctuation properties are often sensitive to the particle statis-
tics: bosons, fermions, or anyons. In addition, they can be
influenced by the coupling of bosonic and fermionic degrees
of freedom that typically exists in supersymmetric systems.
Thus, an interesting issue is raised. That is, whether it is
possible to detect the particle statistics from temporal fluc-
tuations in entanglement dynamics, akin to detecting different

types of composite fermions from the electric current noise in
fractional quantum Hall systems [35–37].

Here, we address this issue by generalizing the theory of
long-time entanglement dynamics developed for free fermions
[31] to a canonical bosonic model, the coupled harmonic
oscillator chain. This model is a prototype of many realistic
systems, ranging from one-dimensional solids to the Klein-
Gordon field in particle physics. The entanglement properties
of this model have been studied by many authors. However,
the focus has been on the kinematic entanglement structure
[38–42] or the early-time behavior of entanglement dynamics
[43–47]. There has been increasing interest in intermediate-
time entanglement dynamics of this model [29], but so far,
studies have been restricted to numerical investigations and
have paid no attention to fluctuation phenomena. It is well
known that physics at early- and intermediate-time entangle-
ment dynamics is conceptually different from that at late-time
entanglement dynamics. In this work, we analytically study
fluctuation phenomena in the long-time entanglement dynam-
ics of this model. We find, surprisingly, that the statistics of
out-of-equilibrium entanglement fluctuations of a harmonic
oscillator chain is strictly the same as those in free-fermion
models. Our analytical predictions are confirmed by extensive
numerical experiments. Thus, we establish the boson-fermion
universality of mesoscopic fluctuations in long-time entangle-
ment dynamics of free systems.

The rest of this paper is organized in the following way:
We first provide a summary of the main results and an outline
of the derivations in Sec. II. The technical part starts from
Sec. III, where we introduce the bosonic model, the quench
protocol, and entanglement dynamics. We also briefly review
some basic concepts and dynamical properties. The problem
is formulated and the scope of the work is described. In
Secs. IV–VI we develop the statistical theory for temporal
fluctuations in entanglement dynamics. We begin by show-
ing that the long-time entanglement dynamics is statistically
equivalent to some emergent mesoscopic sample-to-sample
fluctuations of entanglement (Sec. IV). Then, we combine
the statistical equivalence and the concentration-of-measure
theory to show that for different entanglement probes, their
statistical distributions are the same and display boson-
fermion universality (Sec. V). We further study the variance
of entanglement fluctuations, find its scaling behaviors, and
show that the scaling behaviors display the boson-fermion
universality also (Sec. VI). Finally, in Sec. VII, extensive
exact numerics are given, which verify various analytical pre-
dictions. We end the work with conclusions and discussions
of the outlook in Sec. VIII. In Appendix A, we provide a
fermionic dual description of a general free-boson model.
In Appendix B, we give a summary of fluctuations arising
from entanglement dynamics and mesoscopic electronics and
photonics. In Appendixes C–H we give additional technical
details of analytical derivations and more numerical results.

II. SUMMARY OF RESULTS AND OUTLINE
OF DERIVATIONS

In this work, we show analytically and confirm numer-
ically that for long-time evolution of a coupled harmonic
oscillator chain, a generic entanglement probe O, such as the
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entanglement entropy S and the nth-order Rényi entropy Sn,
behaves in the same way as those of the free lattice fermion
chain. The behaviors of the latter systems were obtained by
a subset of the present authors in Ref. [31]. Specifically, for
an initial pure state that is a pre-quench ground state with
Gaussian structure, the long-time statistics of the fluctuating
post-quench O displays an asymmetric distribution, with the
large deviation probability given by

P(|O − 〈O〉| � ε) =
⎧⎨⎩e− ε2

2b+ forO − 〈O〉 > 0

e
− ε2

2(b−+cε) forO − 〈O〉 < 0,
(1)

where 〈O〉 is the long-time average of O, b± ∝ Var(O), the
variance of O, and c > 0 depends on the ratio LA/L, with
LA and L the subsystem and total system sizes, respec-
tively. The parameter c is determined by the exact numerical
simulation data. This shows that the fluctuation distribution
is asymmetric: The upward fluctuations are sub-Gaussian,
and the downward fluctuations are sub-Gamma, and the
latter fluctuations are more favored than the former. The
asymmetric distribution for entanglement dynamics has been
observed previously in noninteracting [31] and interacting
lattice fermions [25] and in spin chains [31].

We further show analytically that for distinct O, their vari-
ance obeys the same scaling law:

Var(O) = 1/L + L3
A/L2, (2)

with L and LA appropriately rescaled by microscopic quan-
tities. Despite the bosonic nature of the underlying model,
the statistical behavior of entanglement dynamics is identical
to the free lattice fermion chain [31]. We refer to this phe-
nomenon as boson-fermion universality.

The derivations are in parallel to those developed in
Ref. [31], but the details differ, and some pieces are nontrivial.
First of all, we show that the temporal fluctuations of vari-
ous entanglement probes are statistically equivalent to some
virtual sample-to-sample mesoscopic fluctuations. Then, with
the help of this statistical equivalence, we use the modified
logarithmic Sobolev inequality to show that the distribution
tails of various entanglement probes hold the same as those in
the fermionic case [31]. In deriving these distribution tails, we
also obtain the analytical expression for the variance. Finally,
we calculate those expressions explicitly and find the scaling
behaviors for the variance with respect to the system size.

III. BASIC NOTIONS AND MOTIVATIONS

We begin with a description of the model and a brief
review of some basic concepts and dynamical properties. An
emphasis is placed on the Gaussianity of the total system and
subsystem state, since this notion plays important roles in the
studies of entanglement (see, e.g., Ref. [48] for an exhaustive
review) and in developing our fluctuation theory. With these
preparations, we formulate the problem to be addressed and
describe the scope of the paper.

A. Model and quench dynamics

We consider a chain of L (assumed to be even and large,
but finite throughout) quantum harmonic oscillators, each

FIG. 1. Schematic of the system and its bipartition. The system
is a chain of L oscillators with nearest neighbors coupled through
harmonic interaction. The subsystem A consists of LA oscillators,
while its complement B consists of L − LA oscillators.

of which has frequency ω and mass m. They are labeled
by r = 1, 2, . . . , L. The two nearest oscillators are coupled
through a harmonic interaction with strength K ′ (cf. Fig. 1).
The Hamiltonian reads

Ĥ ′ =
L∑

r=1

(
p̂2

r

2m
+ mω2x̂2

r

2
+ K ′

2
(x̂r+1 − x̂r )2

)
. (3)

Here, the first two terms describe a single oscillator, and the
last describes the coupling between two nearest oscillators.
The periodic boundary condition: x̂L+1 = x̂1, p̂L+1 = p̂1 is
imposed. The position (displaced from the equilibrium point)
and momentum operators x̂r , p̂r of the rth oscillator satisfy
the canonical commutation relation [x̂r, p̂s] = ih̄δr,s. We make
the rescaling x̂r → √mω

h̄ x̂r , p̂r → p̂r/
√

h̄mω so that x̂r and p̂r

are both dimensionless, and the commutation relation reduces
to [x̂r, p̂s] = iδr,s. Upon this rescaling, the Hamiltonian is
transformed to

Ĥ ′ = h̄ω

2

L∑
r=1

(
p̂2

r + x̂2
r + K

ω2
(x̂r+1 − x̂r )2

)
, (4)

with K ≡ K ′/m. This Hamiltonian depends on parameters ω

and K .
For convenience below we introduce a vector r̂ formed by

2L operators x̂ and p̂:

r̂ ≡ (x̂1, x̂2, . . . , x̂L, p̂1, p̂2, . . . , p̂L )T (5)

with “T” standing for the transpose. The components of r̂ are
labeled by i ∈ {1, . . . , 2L}. The first L components, with 1 �
i � L, are position operators, and the second L components,
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with L + 1 � i � 2L, are conjugated momentum operators.
Equivalently, Eq. (5) can be represented as

r̂ =
L⊕

r=1

(
x̂r

p̂r

)
. (6)

So the 2L indexes i in the representation Eq. (5) can be
reorganized as

i ≡ (rσ ), r = 1, 2, . . . , L, σ = Ā, B̄, (7)

with the use of double indexes r and σ : The former labels
the oscillators, and the latter accommodates the position-
momentum degree of freedom carried by an oscillator. With
Eq. (5) or (6), the commutation relation is represented as

[r̂, r̂] = iJ ⇔ [r̂i, r̂ j] = iJi j . (8)

Here

J ≡
[

0 IL

−IL 0

]
=

[
0 1

−1 0

]
⊗ IL. (9)

is called the symplectic form, whose off-diagonal structure
is carried by the x̂-p̂ sector introduced by the representation
Eq. (6). IL is the unit matrix defined in the oscillator space,
with the subscript standing for the matrix size.

The chain has L normal modes, each of which car-
ries a wavenumber k = 2πn

L , with the integer n satisfying
−( L

2 − 1) � n � L
2 , and a frequency ωk ≡ skω with sk =

(1 + 4K
ω2 sin2 k

2 )1/2. In the normal mode space, the Hamiltonian
(4) reads

Ĥ ′ = h̄ω
∑

k

sk

(
α̂

†
k α̂k + 1

2

)
. (10)

Here α̂k = 1√
2
(
√

skQ̂k + i√
sk

P̂k ) and α̂
†
k = 1√

2
(
√

skQ̂†
k −

i√
sk

P̂†
k ) are, respectively, the annihilation and creation

operators of mode k. Q̂k and P̂k are the Fourier transformation
of x̂r and p̂r , respectively.

Initially, we set the parameter in Ĥ ′ to be (ω0, K0). More-
over, let the system be at the ground state of the ensuing
Hamiltonian. This state, denoted as |ψ0〉, is the tensor product
of the vacuum state of each normal mode: |ψ0〉 = ⊗

k |0〉k ,
where α̂k|0〉k = 0 for all k. At time t = 0 we implement a
global quench by instantaneously changing the parameters,

(ω0, K0) → (ω, K ). (11)

Upon quenching, the state |ψ0〉 is driven out of equilibrium
and follows the Schrödinger equation, i.e.,

|ψ (t )〉 = e− iĤ ′t
h̄ |ψ0〉 = e−iĤt |ψ0〉, t > 0 (12)

to evolve, where in the second equality the Hamiltonian

Ĥ = ω

2

L∑
r=1

(
p̂2

r + x̂2
r + K

ω2
(x̂r+1 − x̂r )2

)
(13)

since the overall factor h̄ in Eq. (4) is canceled out by the
denominator of the first exponent of Eq. (12). It is the post-
quench Hamiltonian Ĥ given by Eq. (13) that we adopt below.
Note that, strictly speaking, it has the units of frequency rather
than energy, but this plays no role in subsequent studies since
Ĥt is dimensionless.

B. Gaussianity of evolving state

A basic property of the Schrödinger evolution (12), which
is crucial to our work, is that at any instant t > 0 the pure
state ψ (t ) is Gaussian. This Gaussianity inherits from that
of the pre-quench state ψ0. To understand this property,
we need to introduce the first and second moments of r̂,
defined as 〈ψ (t )|r̂|ψ (t )〉 and 〈ψ (t )|r̂r̂|ψ (t )〉 ≡ G(t ), respec-
tively, whose components are correspondingly 〈ψ (t )|r̂i|ψ (t )〉
and Gi j (t ) = 〈ψ (t )|r̂i r̂ j |ψ (t )〉. It is easy to show that the for-
mer vanishes, and the second is

G(t ) = γ (t ) + iJ/2. (14)

The real part, γ (t ) = {γi j (t )}, is the so-called covariance ma-
trix [42,46,48]

γ (t ) ≡ 1
2 〈ψ (t )|{r̂, r̂}|ψ (t )〉,

⇔ γi j (t ) ≡ 1
2 〈ψ (t )|{r̂i, r̂ j}|ψ (t )〉, (15)

with {·, ·} being the anticommutator, which evolves with time,
whereas the imaginary part is J/2, which is independent of
time. Then, by straightforward calculations, one finds that any
instantaneous correlations of h ∈ N operators: r̂1, . . . , r̂h are
given by

〈ψ (t )|r̂1 · · · r̂h|ψ (t )〉

=
{∑

P

∏m
n=1 Gini′n (t ) forh = 2m, m ∈ N

0 forh = 2m + 1, m ∈ N,
(16)

where the sum is over all permutations P : i1 → i′1 → · · · →
im → i′m of the sequence: 1 → 2 → · · · → 2m satisfying
in+1 − in > 1 and in < i′n. This gives Wick’s theorem and is
a defining property of the Gaussian state. It implies that the
second moment, i.e., the covariant matrix, completely deter-
mines correlation properties at state ψ (t ).

The Gaussianity of the total system state ψ (t ), which is
pure, can be transferred to the subsystem state which, in
contrast, is mixed. Consider the bipartition of the chain, with
A being a subsystem and B being its complement (Fig. 1).
The former consists of LA contiguous oscillators. (We assume
LA � 1 throughout.) The state of subsystem A is described
by the reduced density of matrix ρ̂A(t ) ≡ TrB(|ψ (t )〉〈ψ (t )|),
where the trace is restricted to the complement B. To analyze
the properties of ρ̂A(t ) we project the vector r̂ onto A:

r̂A ≡
LA⊕

r=1

(
x̂r

p̂r

)
, (17)

for which the commutation relation reads

[r̂A, r̂A] = iJA, JA ≡
[

0 ILA

−ILA 0

]
. (18)

So for subsystem A we can also introduce the first and second
moments of r̂A, read TrA(r̂Aiρ̂A(t )) and TrA(r̂Air̂A j ρ̂A(t )) ≡
(GA(t ))i j , respectively, with the trace restricted to A. One
can readily see that these two moments are identical to
〈ψ (t )|r̂i|ψ (t )〉 and Gi j (t ), respectively, with the indexes i, j
restricted to A. As such Eq. (14) is transferred to

GA(t ) = γA(t ) + iJA/2 (19)
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with

γA(t ) = 1
2 TrA[{r̂A, r̂A}ρ̂A(t )]. (20)

The matrices GA, γA, JA are respectively submatrices of
G, γ , J , with their entries restricted to A. So, upon restricting
all indexes to A, Eq. (16) gives

TrA[r̂1 · · · r̂hρ̂A(t )]

=
{∑

P

∏m
n=1 (GA(t ))ini′n for h = 2m, m ∈ N

0 for h = 2m + 1, m ∈ N.
(21)

This shows that ρ̂A(t ) is a Gaussian mixed state.
With Eqs. (18)–(21), one can find ρ̂A(t ) explicitly. To this

end, we note that Eqs. (18)–(21) are invariant under the sym-
plectic transformation:

r̂A → r̂′
A ≡ Sr̂A, S ∈ Sp(2LA,R), (22)

where S is a 2LA × 2LA matrix belonging to the real symplec-
tic group Sp(2LA,R). By definition of that group all matrix
elements of S are real, and

SJAST = JA ⇔ STJAS = JA (23)

is satisfied, i.e., the symplectic form is preserved. Further-
more, because γA is positive definite and real symmetric, by
the Williamson theorem [49] one can find a special element
of Sp(2LA,R), denoted as Sw, and transform γA to a diagonal
form, the so-called Williamson normal form, as

SwγAST
w = � ⊗ I2, � = diag(λ1, . . . , λLA ), (24)

where λr is positive and is called a symplectic eigenvalue, and
the unit matrix I2 is defined in the x̂- p̂ sector. It is important
that this is not a similarity transformation, and thus in general
λr are not the eigenvalues of γA. Also, note that both Sw and
the symplectic eigenvalue spectrum {λr} evolve with time.
However, because the matrix

C(t ) ≡ iJAγA(t ) = −ST
w(� ⊗ σ2)

(
ST

w

)−1
, (25)

with the Pauli matrix σ2 being defined in the x̂- p̂ sector, it
has the same instantaneous eigenvalue spectrum as the matrix:
−� ⊗ σ2, whose spectrum is {±λr (t )}. Thus, the eigenvalue
spectrum of CA(t ) is real and composed of symmetric positive
and negative branches: The positive branch gives the symplec-
tic eigenvalue spectrum of γA(t ). Later on, we shall see that
it is this property that renders CA(t ) playing much the same
role as the correlation matrix in entanglement dynamics of
free-fermion models [50–52].

In the basis of the so-called Williamson mode:

r̂w ≡ Swr̂A ≡
LA⊕

r=1

(
x̂wr

p̂wr

)
, (26)

Eq. (19) takes a simple form as

GA(t ) =
[

� i
2 ILA

− i
2 ILA �

]
. (27)

Thanks to this expression and that ρ̂A(t ) obeys Wick’s theo-
rem, ρ̂A(t ) must take the form as

ρ̂A(t ) =
LA⊗

r=1

(1 − e−
r )e−
r â†
wr âwr . (28)

Here â†
wr and âwr are, respectively, the creation and annihila-

tion operator of the Williamson mode r, given by (x̂wr, p̂wr):

â†
wr = x̂wr − i p̂wr√

2
, âwr = x̂wr + i p̂wr√

2
. (29)

To determine 
r (t ) , we substitute Eq. (28) back into Eq. (20),
giving

λr (t ) = TrA
[
x̂2

wr ρ̂A(t )
] = TrA

[
p̂2

wr ρ̂A(t )
]

= TrA[â†
wr âwr ρ̂A(t )] + 1

2 . (30)

It implies that λr (t ) − 1/2 is the average occupation number
of Williamson mode r. As a simple corollary,

λr (t ) � 1/2, (31)

which reflects the Heisenberg uncertainty. Calculating the
average occupation number by using Eq. (28), we reduce
Eq. (30) to

λr (t ) = 1

e
r (t ) − 1
+ 1

2
⇒ 
r (t ) = ln

λr (t ) + 1/2

λr (t ) − 1/2
. (32)

Equation (28), together with Eqs. (26), (29), and (32), gives
a closed form for the evolving reduced density of matrix.
Finally, we remark that (i) the Williamson modes are different
from the normal modes in Eq. (10), (ii) the Gaussianity can
be also studied by using the Weyl representation familiar
in quantum optics [53,54], and (iii) in one dimension the
entanglement dynamics of a certain free boson model has a
fermionic dual description (see Appendix A).

C. Entanglement probes

We focus on the entanglement entropy S(t ) ≡
−TrA(ρ̂A(t ) ln ρ̂A(t )) and the nth-order Rényi entropy
Sn(t ) ≡ 1

1−n ln TrA(ρ̂A(t ))n, n = 2, 3, . . .. These probes of
entanglement dynamics are generally denoted O(t ). With the
substitution of Eqs. (26), (28), (29), and (32), one finds

S(t ) =
LA∑

r=1

[(
λr (t ) + 1

2

)
ln

(
λr (t ) + 1

2

)
−

(
λr (t ) − 1

2

)
ln

(
λr (t ) − 1

2

)]

= 1

2

LA∑
r=1

(
ln {[2λr (t ) + 1][2λr (t ) − 1]} + 2λr (t ) ln

2λr (t ) + 1

2λr (t ) − 1

)
− LA ln 2, (33)
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and

Sn(t ) = 1

n − 1

LA∑
r=1

ln

[(
λr (t ) + 1

2

)n

−
(

λr (t ) − 1

2

)n]

= 1

2(n − 1)

LA∑
r=1

ln

[(
λr (t ) + 1

2

)n

−
(

λr (t ) − 1

2

)n]2

− LA
n ln 2

n − 1
. (34)

They are completely determined by the evolving symplectic eigenvalue spectrum {λr (t )}. These expressions are convenient for
numerical simulations [29] but not for developing a fluctuation theory.

For the latter purpose, we notice an important consequence of the Gaussianity of ρ̂A(t ). That is, with the introduction of C(t )
defined in Eq. (25) and its eigenvalue properties described before, we can invoke the Gaussianity to rewrite the second line of
Eqs. (33) and (34) as

O(t ) = 1
4 TrA h[C(t )], (35)

where h(C) is a function of C:

h(C) ≡
{

ln [(2C + I2LA )(2C − I2LA )] + 2C ln
2C+I2LA
2C−I2LA

− (2 ln 2)I2LA for O = S
1

n−1 ln [(2C + I2LA )n − (2C − I2LA )n]2 − (2 ln 2)n
n−1 I2LA forO = Sn.

(36)

Note that, although the matrices 2C ± I2LA are not positive
definite, those under the logarithms are. Therefore, the matrix
logarithms above are well defined, which are the so-called
principal logarithm [55]. Equations (35) and (36) lay a ba-
sis for our systematic analytical treatments of the temporal
fluctuations in entanglement dynamics.

D. Scope of the paper

Based on Eqs. (33) and (34), we can perform exact numer-
ical simulations of the long-time dynamics of entanglement
evolution upon quench from the instantaneous eigenvalues
from Eqs. (19) and (24). As shown in the inset of Fig. 2,
after the quench, in the initial time window, the entanglement
displays a linear rise followed by revivals. This behavior

FIG. 2. A representative simulation result of the time evolution
of entanglement entropy. Inset: At short time the evolution displays a
linear growth followed by revivals. Main panel: At long time, the
evolution displays persistent fluctuations. Here LA = 25 and L =
124. The quench protocol is ω2 : 1.5 → 2.5 while K = 1 as in the
rest of the work.

has been well described by the Cardy-Calabrese picture of
quasiparticles propagating with a finite speed [21,46,47,56].
However, as clearly shown in the main panel of Fig. 2, after
a long-time evolution (i.e., beyond the revival regime), the
entanglement shows a completely different dynamical behav-
ior, namely, displaying persistent fluctuations. These temporal
fluctuations resemble noisy behaviors, but they are completely
reproducible under the same initial condition and the same
quench protocol. This kind of fluctuation phenomenon in en-
tanglement dynamics was studied analytically in Ref. [31], but
only for free-fermion models and spin chains.

The aim of this work is to develop an analytical theory of
fluctuation statistics in long-time entanglement dynamics of
quantum harmonic oscillator chains, and perform numerical
experiments to test analytical predictions. Technically, a key
issue to be addressed is the full probability distribution of en-
tanglement fluctuations. This is a highly challenging task. Our
main strategy is utilizing the Gaussianity of the evolving state
reviewed in Sec. III B and generalizing the temporal entan-
glement fluctuation theory of free-fermion models [31] to the
present free-boson model. Armed with the developed theory,
we are able to derive that distribution and study variances of
various entanglement probes. We then find that the long-time
entanglement dynamics exhibits strictly the same statistical
behaviors as those of free-fermion models. This result shows
that persistent temporal fluctuations in entanglement dynam-
ics of coupled harmonic oscillator chains not only fall into
the same paradigm of mesoscopic fluctuations, as occurring
to free-fermion models, but also exhibit an unexpected uni-
versality, namely, the boson-fermion universality.

IV. TEMPORAL FLUCTUATIONS
AND STATISTICAL EQUIVALENCE

In this section, we identify how the various entanglement
probes fluctuate with time. In particular, we will show that the
time dependence of the covariance matrix is governed by a
finite number of incommensurate frequencies, determined by
the total number of oscillators. Various entanglement probes,
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in turn, are quasi-periodic functions whose statistical proper-
ties can be investigated thoroughly through a unique kind of
disordered mesoscopic systems.

A. A common property of the time dependence
of various quantities

As we discussed in Sec. III C, various entanglement probes
are determined by the time-dependent covariance matrix γA(t )
or its equivalent C(t ) defined in Eq. (25). Given the evolving
state |ψ (t )〉, the latter takes the form of a block-Toeplitz
matrix structure, i.e., its element is a 2 × 2 block defined
in the x̂-p̂ sector, which is introduced by the representation
Eq. (6) of r̂, and depends on the entries namely the oscillator
indexes r, r′ only through their displacement r − r′. That is,
CA(t ) takes the form⎡⎢⎢⎢⎢⎢⎢⎣

τ0 τ1 τ2 . . . τLA−2 τLA−1

τ−1 τ0 τ1 . . . τLA−3 τLA−2

τ−2 τ−1 τ0 . . . τLA−4 τLA−3
...

...
...

. . .
...

...

τ−(LA−2) τ−(LA−3) τ−(LA−4) . . . τ0 τ1

τ−(LA−1) τ−(LA−2) τ−(LA−3) . . . τ−1 τ0

⎤⎥⎥⎥⎥⎥⎥⎦, (37)

where the matrix elements τl , l = 0,±1, . . . ,±(LA − 1) are
block elements. Each element can be separated into two parts,
one time-independent and the other time-dependent, i.e.,

τl (t ) = c0,l + c1,l (t ). (38)

They are given respectively as

c0,l =
[

0 i p̄0,l

−ix̄0,l 0

]
, (39)

c1,l (t ) =
[

im̄l (t ) i p̄l (t )
−ix̄l (t ) −im̄l (t )

]
, (40)

with

x̄0,l = 1

L

∑
k

E+(k)

sk
cos (kl ),

(41)

p̄0,l = 1

L

∑
k

E+(k)sk cos (kl )

being independent of time and

x̄l (t ) = 1

L

∑
k

E−(k)

sk
cos (kl ) cos (2ωkt ),

m̄l (t ) = − 1

L

∑
k

E−(k) cos (kl ) sin (2ωkt ),

p̄l (t ) = − 1

L

∑
k

E−(k)sk cos (kl ) cos (2ωkt ), (42)

depending on time. The derivation of these expressions, as
well as the explicit form of E±(k) are given by Eq. (C8) in
Appendix C. Inheriting from Eq. (38), the separation of C(t )
into the time-independent and time-dependent parts follows,

C(t ) = C0 + C1(t ), (43)

where C0 and C1 are the time-independent and time-
dependent part, respectively. Moreover, both C0 and C1 are

block-Toeplitz matrices, whose elements are c0,l and c1,l , re-
spectively.

Equation (42) shows that the time parameter enters solely
as the dynamical phase factor 2ωkt in the argument of the sine
or cosine function in the linear sums. In fact, due to the even
parity of the spectrum ωk there are only

N = L/2 + 1 (44)

distinct frequencies, which we denote as

ω ≡ (ω0, ω1, . . . , ωN−1). (45)

Then this time dependence is respected by writing C(t ) as an
N-variable matrix-valued function C̃, read

C(t ) = C̃(ω0t, ω1t, . . . , ωN−1t ) ≡ C̃(ωt ). (46)

According to Eq. (37), we can separate the auxiliary func-
tion C̃(ϕ), ϕ ≡ (ϕ0, ϕ1, . . . , ϕN−1) into ϕ-independent and
ϕ-dependent parts as

C̃(ϕ) = C0 + C̃1(ϕ). (47)

Here the ϕ-dependent part C̃1(ϕ) has the same structure as
C1(t ), and its matrix elements are

x̃l (ϕ) = 2

L

N−1∑
m=0

δ̄m
E−(km)

ωkm

cos (kml ) cos (ϕm),

m̃l (ϕ) = − 2

L

N−1∑
m=0

δ̄mE−(km) cos (kml ) sin (ϕm),

p̃l (ϕ) = − 2

L

N−1∑
m=0

δ̄mE−(km)ωkm cos (kml ) cos (ϕm), (48)

corresponding to Eq. (42), where δ̄m = 1 − (δm,0 + δm,L/2)/2
and km = 2πm/L.

Because C̃(ϕ) is 2π periodic in every argument, Eq. (46)
maps the time evolution of C(t ) onto a classical motion:

ϕ = ωt ∈ TN , (49)

on an N-dimensional torus TN with constant angular frequen-
cies ω. More generally, an evolving entanglement probe O(t )
can be expressed as Eq. (35). From that expression, we have

O(t ) = Õ(ω0t, ω1t, . . . , ωN−1t ) ≡ Õ(ωt ), (50)

similar to Eq. (46), where Õ(ϕ) is the corresponding auxiliary
function uniquely determined by O, and is determined by
C̃(ϕ) via

Õ(ϕ) = 1
4 TrA h

(
C̃(ϕ)

)
. (51)

Here h is the matrix function defined by Eq. (36). From now
on, we will use the same symbol C for C(t ) and C̃(ϕ).

B. Quasiperiodic oscillations and emergent mesoscopic
sample-to-sample fluctuations

For a generic energy spectrum, the N frequencies (45) carry
an important property, namely, the incommensurability:

N−1∑
k=0

xkωk = 0, xk ∈ Z ⇒ x1 = · · · = xN−1 = 0. (52)
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FIG. 3. Numerical experiments verify the statistical equivalence
of two types of entanglement entropy fluctuations. The green dashed
line is obtained from the time series S(t ), and the orange dots are
from the random function S̃(ϕ). LA = 25, L = 124.

We shall assume this property in the remainder of this work.
For incommensurate ω, by a well-known theorem [57], C(t )
is quasiperiodic in t , and so is O(t ). Thus the persistent
fluctuations displayed in long-time entanglement fluctuations,
exemplified in Fig. 2 for O = S, are quasiperiodic oscillations.
They are reproducible, i.e., given an identical initial state and
quench protocol, the time profiles O(t ) are strictly the same.

Furthermore, because of the incommensurability of ω, the
trajectory (49) must be ergodic and dense on TN . By the
ergodic theorem [58], we have for an arbitrary interval � ⊂ R
and for any entanglement probe O,

lim
T →∞

∫
O(t )∈�

dt

T
=

∫
Õ(ϕ)∈�

dϕ

(2π )N . (53)

In words, after a long-time evolution, the frequency for the
time series O(t ) to appear in � is identical to the probability
for Õ(ϕ) to be in the same interval, i.e., P(O(ϕ) ∈ �). More
generally, for any set A ⊂ TN , we have

lim
T →∞

∫
ωt∈A

dt

T
=

∫
ϕ∈A

dϕ

(2π )N ≡ P(ϕ ∈ A). (54)

Consequently, out-of-equilibrium fluctuations displayed by
the quasiperiodic oscillations O(t ) must be statistically equiv-
alent to fluctuations of Õ(ϕ) with ϕ, provided ϕ is drawn
uniformly from TN . This statistical equivalence is confirmed
numerically, exemplified by O = S in Fig. 3.

Equations (50) and (51) imply that each C̃(ϕ) describes a
virtual mesoscopic—recall that N is finite—disordered sam-
ple with a disorder realization ϕ, and determines various
entanglement properties characterized by Õ(ϕ) by the same
token as C(t ) determines O(t ). Equation (46) further maps the
quantum time evolution of C(t ) onto a classical ergodic trajec-
tory ϕ = ωt that sweeps out the entire disorder ensemble, i.e.,
TN . As such, mesoscopic sample-to-sample fluctuations Õ(ϕ),
familiar in mesoscopic electronic and optics physics [33,34],
emerge from entanglement dynamics, and are statistically
equivalent to the time series O(t ), see Appendix B. This was
found previously for free fermion systems and interacting spin

chains [31]. Finally, because cos(ϕ0), cos(ϕ1), …, cos(ϕN−1)
[or sin(ϕ0), sin(ϕ1), …, sin(ϕN−1)] in Eq. (48) are N statisti-
cally independent random numbers of zero mean [59]. As a
result, x̃l (ϕ) in Eq. (48) is a sum of N ∼ L random numbers,
and so are m̃l (ϕ) and p̃l (ϕ). So for large L their magnitude
scales with the total system size as ∼1/

√
L. Therefore, re-

markably, the disorder strength depends on the system size L
and vanishes in the limit L → ∞: This peculiar property is not
shared by any genuine mesoscopic systems and is crucially
responsible for the arising of new mesoscopic universalities.

V. BOSON-FERMION UNIVERSALITY
OF STATISTICAL DISTRIBUTION

We proceed to study the full statistics of entanglement
fluctuations. These fluctuations are characterized by various
entanglement probes O(ϕ), which are functions of N indepen-
dent random angles ϕi (i = 0, 1, . . . , N − 1). [Hereafter we
use the common symbol O for the functions O(t ) and Õ(ϕ),
similar to the case of the matrices C(t ) and C̃(ϕ).] These
random variables are drawn from the uniform probability
measure P above. With the common N-variable random func-
tion structure shared with free fermion systems, the derivation
of concentration inequalities in this section is identical to
that carried out in Ref. [31], with further details provided
here. However, we still need input from exact numerical data
for the coupled harmonic oscillator chain (as in the free
fermions problem [31]) to determine their precise forms. We
shall demonstrate that in spite of that, for different O(ϕ),
the distribution tails hold the same, notwithstanding that the
present system is bosonic and the system studied previously
is fermionic [31]. This is the first boson-fermion universality
we report for the long-time entanglement dynamics.

A. Description of the mathematical tool

1. Concentration of the product probability measure

A fundamental difficulty in addressing the statistics of
an entanglement probe O(ϕ) is that it depends on the ran-
dom variables ϕ in a highly nonlinear manner. To overcome
this difficulty, we observe that P is a product probability
measure [60],

P = μ0 × · · · × μN−1 (55)

over the product space

TN = T0 × · · · × TN−1, (56)

where μi is the Lebesgue measure over the one-dimensional
torus Ti � ϕi. This product structure of probability measures
lays down a foundation for the occurrence of the phenomenon
of concentration of measure [32,60], yielding a nonasymptotic
probability theory: It can make statistical predictions for any
finite N without resorting to a limiting theorem. Specifically,
below we use and solve the so-called modified logarithmic
Sobolev inequality [32] to obtain some concentration inequal-
ities describing the tail behaviors of the full distribution of
O(ϕ).

In general, a concentration inequality takes the following
form: For any ε > 0,

P+(ε) ≡ P(O − 〈O〉 � ε) � α(ε), (57)
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for upward fluctuations O > 〈O〉, and

P−(ε) ≡ P(〈O〉 − O � ε) � α(ε), (58)

for downward fluctuations O < 〈O〉, where 〈·〉 denotes the av-
erage with respect to P, and α(ε) is the so-called concentration
function. It is important to note that α is not necessarily the
same for the upward and downward fluctuations. Were they
not the same (and α is sharp), the distribution is asymmetric,
and α in (57) [(58)] bounds the large deviation behavior of
the upper (lower) tail. In particular, if α(ε) ∼ e−ε2/2b with
b > 0, then the concentration is said to be sub-Gaussian,
and b is called the variance factor; if α(ε) ∼ e−ε/2c then the
concentration is said to be subexponential, and c is called the
scale parameter [61]. It is the purpose of this section to find
the explicit forms of α and compare them with the results
for fermion systems. Below we shall focus mostly on the
entanglement entropy, i.e., O(ϕ) = S(ϕ), and the analysis and
the final results hold similarly for other entanglement probes
such as Sn(ϕ).

2. Modified logarithmic Sobolev inequality

Owing to the product structure of the probability measure
Eqs. (55) and (56), a generic multivariable random entangle-
ment probe function O(ϕ) obeys a very general inequality, the
so-called modified logarithmic Sobolev inequality [32]:

u〈OeuO〉 − 〈euO〉 ln〈euO〉 �
N−1∑
m=0

〈euOφ[−u(O − Om)]〉, (59)

∀ u ∈ R, where

φ(x) ≡ ex − x − 1, (60)

and Om is an arbitrary (real) function of ϕ′
m ≡

(ϕ0, ϕ1, . . . , ϕm−1, ϕm+1, . . . , ϕN−1):

ϕ′
m ≡ (ϕ0, . . . , ϕm−1, ϕm+1, . . . , ϕN−1) ∈ TN−1

�→ Om(ϕ′
m) ∈ R. (61)

By definition Om is independent of ϕm, and is also a random
quantity. Then we introduce the logarithm of the moment-
generating function,

G(u) ≡ ln〈eu(O−〈O〉)〉, (62)

with O shifted by its mean. With this definition, we can rewrite
inequality (59) as

d

du

G(u)

u
� H (u), (63)

where the right-hand side

H (u) ≡ 1

u2

∑N−1
m=0〈eu(O−〈O〉)φ[−u(O − Om)]〉

〈eu(O−〈O〉)〉 . (64)

Armed with this inequality, below we follow the method de-
veloped in Ref. [31] to obtain the form of the concentration
functions α in (57) and (58), that give the sharp bound of
the large deviation probability of the upper and the lower tail,
respectively.

B. General analysis of distribution tails

1. Upper tail

We begin with the upper tail analysis. Let u > 0 and set Om

in the inequality (63) as the infimum of O(ϕ) over ϕm with the
rest of (N − 1) variables ϕi (i �= m) held fixed [32], denoted
as O+

m (cf. Appendix D):

O+
m (ϕ′

m) ≡ inf
ϕm

O(ϕ). (65)

This ensures that the variable u(O − O+
m ) in the inequality (63)

is nonnegative. Next, we Taylor expand φ,

φ[−u(O − O+
m )] = u2

2
(O − O+

m )2 +
∞∑

n=3

(−u)n

n!
(O − O+

m )n,

(66)
and make the following separation for (O − O+

m )2:

(O − O+
m )2 = b+ + δ(O − O+

m )2, (67)

with the first term

b+ ≡
N−1∑
m=0

〈(O − O+
m )2〉 (68)

being the average, and the second, δ(O − O+
m )2 ≡ (O −

O+
m )2 − 〈(O − O+

m )2〉, being the fluctuations around the av-
erage. With the substitution of Eqs. (66)–(68), Eq. (64) is
rewritten as

H (u) = b+
2

+ δF+(u), (69)

where

δF+(u) = 〈eu(O−〈O〉)〉−1
N−1∑
m=0

〈
eu(O−〈O〉)

[
δ(O − O+

m )2

+
∞∑

n=3

(−u)n−2

n!
(O − O+

m )n

]〉
. (70)

So far the treatments of H (u) are rigorous, and the next step
is to find a sharp bound of δF+(u).

For this purpose, we note that O = O+
m takes place only at

a set of zero (Lebesgue) measure. So

H (u)
u→+∞−→ 1

u

∑N−1
m=0〈eu(O−〈O〉)(O − O+

m )〉
〈eu(O−〈O〉)〉 . (71)

As a result, there must exist some constant and some suffi-
ciently large u∗ (both of which depend on O), so that

H (u) � const.

u
for u > u∗. (72)

This implies that H (u) is bounded by the curve ∼ 1
u in the

large-u regime. On the other hand, it is easy to show that dG(u)
du

has a definite signature for u > 0, which is positive. It is also
easy to show that it grows unboundedly with u. Taking these
and inequality (72) into account, we find that the function
δF/ dG

du must be bounded for u > 0. Let its supremum be c+.
We obtain

δF+(u) � c+
dG(u)

du
for u > 0. (73)
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Combining Eq. (69) and inequality (73), we finally cast the
modified Sobolev inequality (63) into the following differen-
tial inequality:

d

du

G(u)

u
� 1

2
b+ + c+

dG(u)

du
, (74)

supplemented by the boundary condition

G(u)

u

∣∣∣∣
u=0

= 0. (75)

Rewriting inequality (74) as

d

du

(
G(u)

u
− c+G(u)

)
� 1

2
b+. (76)

This can be readily integrated to yield

G(u) � b+
2

u2

1 − c+u
, (77)

where the boundary condition (75) has been taken into ac-
count. It is important that, for c+ > 0, this solution holds only
for u ∈ [0, 1/c+).

Here it is in order to add a remark. In Ref. [32], the con-
cepts of the so-called “weakly” and “strongly” self-bounding
property of the multivariable function O are introduced to
obtain an inequality similar to inequality (74). In essence,
the authors of that work demand bounds on quantities such
as

∑
m(O − O+

m )2 and
∑

m(O − O+
m ): This condition is much

more stringent than that in our treatments.
Now, consider P+(ε). Thanks to u > 0,

P+(ε) = P(eu(O−〈O〉) � euε ). (78)

By Markov’s inequality, we obtain

P+(ε) � e−uε〈eu(O−〈O〉)〉 = e−uε+G(u). (79)

In combination with inequality (77), this gives

P+(ε) � e−uε+ b+
2

u2

1−c+u . (80)

For c+ > 0 we minimize the exponent on the right-hand
side of inequality (80):

E (u) ≡ −uε + b+
2

u2

1 − c+u
, (81)

in the interval [0, 1/c+). Rewrite it as

E (u) = −
(

ε

c+
+ b+

c2+

)
+

(
ε

c+
+ b+

2c2+

)
y + b+

2c2+

1

y
, (82)

with y ≡ 1 − c+u ∈ [0, 1). By the mean value inequality,

E (u) � −b+
c2+

h1

(
c+ε

b+

)
, (83)

with h1(x) ≡ 1 + x − √
1 + 2x, and the equality holds only if

y =
√

b+
b+ + 2c+ε

∈ [0, 1)

⇔ u = 1

c+

⎛⎝1 −
√

b+
b+ + 2c+ε

⎞⎠ ∈ [0, 1/c+). (84)

Thus

P+(ε) � e
− b+

c2+
h1( c+ε

b+ )
. (85)

With the help of the elementary inequality shown in
Appendix E:

h1(x) � x2

2(1 + x)
for x � 0, (86)

we simplify inequality (85) to

P+(ε) � e
− ε2

2(b++c+ε) , (87)

giving a sub-Gamma upper tail.
For c+ � 0 we first simplify inequality (80) to

P+(ε) � e−uε+ b+u2

2 . (88)

The exponent reaches the minimum at u = ε/b+. As a result,

P+(ε) � e− ε2

2b+ , (89)

giving a sub-Gaussian upper tail. In Appendix F we show that,
in fact, P+(ε) vanishes for ε � b+/2|c+|. This is consistent
with that an entanglement probe such as S has a maximal
value. In Sec. V C we further show that one can actually
adjust the value of b+ properly, so that the sub-Gaussian
concentration function is sharp, and the maximal value of an
entanglement probe practically does not play a role.

2. Lower tail

For the lower tail, we carry out the same analysis with u <

0. To start we set Om = O−
m defined as [32] (cf. Appendix D)

O−
m (ϕ′

m) ≡ sup
ϕm

O(ϕ). (90)

This ensures that u(O − O−
m ) is nonnegative. With the intro-

duction of

b− ≡
N−1∑
m=0

〈(O − O−
m )2〉, (91)

we can rewrite Eq. (64) as

H (u) = b−
2

+ δF−(u), (92)

similar to Eq. (69), where

δF−(u) = 〈eu(O−〈O〉)〉−1
N−1∑
m=0

〈eu(O−〈O〉)[δ(O − O−
m )2

+
∞∑

n=3

(−u)n−2

n!
(O − O−

m )n]〉. (93)

In parallel to inequality (73), we further have

δF−(u) � c−
dG(u)

du
for u < 0. (94)

From this, the inequality

d

du

G(u)

u
� 1

2
b− + c−

dG(u)

du
(95)

follows.
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FIG. 4. The purple and orange curves depict the left-hand side
and right-hand side of the modified logarithmic Sobolev inequality
(63) with O = S, respectively, scaled by an overall factor 3 to aid
visualization. The green curve depicts the right-hand side of inequal-
ity (74) for u > 0 and that of inequality (95) for u < 0. All curves
are generated from ab initio data with rA = 0.2. The parameters
are determined as b+ = 0.0091, b− = 0.0092, c+ = −0.0246, and
c− = −0.0434; see Appendix D for more details.

Similar to the derivations of concentration inequalities (87)
and (89), from inequality (95) we obtain

P−(ε) �

⎧⎨⎩e
− ε2

2(b−+|c−|ε) for c− < 0

e− ε2

2b− for c− � 0.
(96)

Similar to b+ and c+ for P+(ε), the positive parameters b−
and |c−| here are the variance factor and the scale parameter,
respectively.

C. Boson-fermion universality

Inequalities (87), (89), and (96) show that the tail behaviors
are determined by the signature of the parameters c±. At
this moment, we cannot determine this signature analytically.
Thus, we resort to numerical analysis detailed in Sec. VII. We
find that for most the ratio of the subsystem to total system
size rA ≡ LA/L (except when rA approaches 0.5) c+ is nega-
tive, while c− is always negative; see Table II in Appendix D.
Having determined the signature of c±, we can conclude that
the upper tail is sub-Gaussian by inequality (89) and the lower
is sub-Gamma by (96). That is,

P(|O − 〈O〉| � ε)

�

⎧⎨⎩e− ε2

2b+ for O − 〈O〉 > 0

e
− ε2

2(b−+|c−|ε) for O − 〈O〉 < 0.
(97)

A natural question is, how tight are these concentration func-
tions? Below, we address this question.

We have shown that the sub-Gaussian P+(ε) is essentially
determined by inequality (63) in the regime 0 � u � 1/2|c+|,
whereas the sub-Gamma P−(ε) by inequality (63) in the
regime 1/c− � u � 0. In Fig. 4, we compare the right-hand
side of inequality (63), namely, H (u) given in Eq. (64), with

that of (74) for u > 0, and with that of (95) for u < 0, and
the moment-generating function 〈eu(O−〈O〉)〉 = eG(u) is con-
structed from the numerically generated ab initio data. We
find that within the range of interests H (u) is pretty close to
the right-hand side of inequality of (74) for u > 0, and to that
of (95) for u < 0. Moreover, as shown in that figure, when the
left-hand side of inequality (63) is multiplied by some numer-
ical constant, it becomes very close to H (u). This implies that
one can upgrade the modified logarithmic Sobolev inequality
(63) to an approximate equality, read

d

du

G(u)

u
≈

{
1
2b+ + c+ dG(u)

du for u > 0
1
2b− + c− dG(u)

du for u < 0,
(98)

with the numerical constants b±, c± satisfying

b+
b+

= c+
c+

= b−
b−

= c−
c−

. (99)

Finally, as shown in Fig. 4, H (u) changes only slightly within
the regime 0 � u � 1/|c+|, and thus we may approximate it
as b+/2, i.e., set c+ = 0. Taking this and Eqs. (98) and (99)
into account, we arrive at

d

du

G(u)

u
≈

{ 1
2b+ for u > 0
1
2b− + c

dG(u)
du for u < 0,

(100)

with c ≡ c−.

Equations (100) can be solved readily, giving for large ε:

P(|O − 〈O〉| � ε)

=
⎧⎨⎩e− ε2

2b+ for O − 〈 O〉 > 0

e
− ε2

2(b−+cε) for O − 〈O〉 < 0,
(101)

which is asymmetric: The upper tail is sub-Gaussian, whereas
the lower is sub-Gamma. This distribution has been found pre-
viously for mesoscopic fluctuations in entanglement dynamics
of free fermions [31]. Thus, we have established the boson-
fermion universality of the statistical distribution (101) in free
systems. In fact, that distribution holds in a much broader
context. For example, it has been shown and numerically
confirmed [31] that the distribution (101) holds for meso-
scopic fluctuations in entanglement dynamics of interacting
spin chains. In addition, in an earlier numerical experiment on
entanglement dynamics in lattice fermions with interactions,
similar temporal fluctuations were observed [25]. From the
technical viewpoint, this universality, displayed by the statis-
tical distribution of various O, arises from two mathematical
structures, which are shared by both free bosonic and free
fermionic systems: (i) As described by Eqs. (55) and (56),
the probability measure carries a product structure; and (ii) an
entanglement probe O(ϕ) is a highly nonlinear function on the
product space TN . These two structures render the observed
universality falling into the class of concentration-of-measure
phenomena in modern probability theory.

VI. BOSON-FERMION UNIVERSALITY
OF THE SCALING LAW OF VARIANCES

The studies in the last section are mute on the properties
of the variance of various entanglement probes. In this sec-
tion, we shall explicitly derive the scaling behaviors for the

023297-11



LOU, TIAN, ZOU, SHI, AND LIM PHYSICAL REVIEW RESEARCH 7, 023297 (2025)

variance with respect to the system sizes from the covari-
ance matrix for the coupled harmonic oscillator chain. With
that, we can show boson-fermion universality holds for the
variance also. Note that although the spirit of the derivations
below is the same as those for the fermion case, the details
differ, and carrying out these derivations is a nontrivial task.

A. A general formula of Var(S)

Equation (101) shows that b± or b± gives the vari-
ance of the probe O. In Ref. [31] we further showed for
free fermion systems that b± ∝ 〈|∂ϕO|2〉, where the latter
|∂ϕO|2 = ∑

m(∂ϕm O)2 (the Euclidean norm squared) takes the
form of a Lipschitz-like constant, in the sense that it is the
average of the gradient squared rather than the supremum
of the gradient squared used in the concentration-of-measure
theory [60,62,63]. We then have

Var(O) = C〈|∂ϕO|2〉, (102)

where C is an overall numerical coefficient found to be 1/2
numerically (see Sec. VII). The derivation of Eq. (102) is
carried out in Ref. [31], and holds for the present system. For
completeness, we repeat it in Appendix G.

To calculate Eq. (102), we use Eq. (51). Recall that we drop
out “∼” in the symbols Õ(ϕ) and C̃(ϕ). In the following, we
use the entanglement entropy O = S as an example, and the
results hold for other entanglement probes also. Consider a
component of ∂ϕS, say ∂ϕm S, without loss of generality. Using
the identity shown in Appendix H, we find from Eq. (51) that

∂ϕm S(ϕ) = 1

2
TrA

[
ln

(
C(ϕ) + 1

2 I2LA

C(ϕ) − 1
2 I2LA

)
∂ϕmC(ϕ)

]
. (103)

Let us recall discussions at the end of Sec. IV, according
to which C1(ϕ) is small. So we can expand Eq. (97) up to the
second order to obtain

∂ϕm S = (∂ϕm S)1 + (∂ϕm S)2, (104)

where

(∂ϕm S)1 = 1

2
TrA

[
ln

(
C0 + 1

2 I2LA

C0 − 1
2 I2LA

)
∂ϕmC1

]
, (105)

(∂ϕm S)2 = −1

2
TrA

[(
C2

0 − 1

4
I2LA

)−1

C1∂ϕmC1

]
+ · · · .

(106)

The extra terms . . . in Eq. (106) denote the corrections from
commutators [C0,C1], which do not give different overall
scaling behaviors. Hence we drop them from the discussion
onwards. With the substitution of Eq. (104), Eq. (102) gives
three terms. One can show that the crossing term vanishes
upon averaging over ϕ. As a result, Var(S) can be separated
into two contributions,

Var (S) = Var1 (S) + Var2 (S), (107)

with

Var1 (S) = C
N−1∑
m=0

〈[(∂ϕm S)1]2〉, (108)

Var2 (S) = C
N−1∑
m=0

〈[(∂ϕm S)2]2〉. (109)

In the following, we calculate Eqs. (108) and (109) separately.

B. First term Var1(S)

Recall that the matrices C,C0,C1 are defined on two sec-
tors, labeled by the oscillator index r = 1, . . . , LA and the x̂-p̂
sector index σ = Ā, B̄. Thus, the trace operation in Eq. (105)
can be cast to TrA(·) = ∑LA

r=1

∑
σ (·) ≡ ∑LA

r=1 tr(·). Because
the matrix elements (C0)rσ,r′σ ′ decay exponentially with the
distance |r − r′|, as confirmed by numerical simulations, the
summation over r can be divided into the summation over r
belonging, respectively, to the bulk and the edge of the sub-
system. The bulk has a size ≈ LA, while the size of the edge is
determined by the decay length Le of C0, where Le depends on
the parameters of the Hamiltonian. We use Ab and Ae to denote
the bulk and the edge, respectively, so that Ab = {r|Le � r �
LA − Le} and Ae = {r|r � Le or r � LA − Le}. Taking these
into account, we write the trace in Eq. (105) as

TrA

[
ln

(
C0 + 1

2 I2LA

C0 − 1
2 I2LA

)
∂ϕmC1

]
= Tb,m + Te,m, (110)

where

TX,m =
∑
r∈AX

∑
σ

[
ln

(
C0 + 1

2 I2LA

C0 − 1
2 I2LA

)
∂ϕmC1

]
rσ,rσ

, (111)

with X = b, e.
For the bulk term Tb,m, one may extend the oscil-

lator indices involved in the matrix product from the
set {1, 2, . . . , LA} to {1, 2, . . . , L}, since (C0)rσ,r′σ ′ decays ex-
ponentially with |r − r′|. Thus, Eq. (111) is reduced to

Tb,m ≈ LA tr

[
ln

(
c̃0(km) + I2/2

c̃0(km) − I2/2

)
c̃′

1(km)

]
. (112)

Here c̃0(km) and c̃1(km) are, respectively, the Fourier trans-
formation of c0,l and c1,l with respect to the subscript l [see
Eq. (40)], and c̃′

1(km) denotes the first derivative of c̃1(km) with
respect to ϕm. They are given by

c̃0(km) = iE+(km)

[
0 skm

−1/skm 0

]
, (113)

and

c̃′
1(km) = 2iδ̄m

L
E−(km)

[− cos ϕm skm sin ϕm
sin ϕm

skm
cos ϕm

]
, (114)

respectively. To arrive at Eq. (112), we have made use of the
Toeplitz structure of C. Moreover, we have made use of the
identity: 1

L

∑L
r=1 ei(km−kn )r = δkmkn . Using

ln

(
1 + x/2

1 − x/2

)
=

∞∑
n=0

1

4n(2n + 1)
x2n+1 (115)

and c̃−1
0 = c̃0/E2

+, we reduce Eq. (112) to

Tb,m = LA

E+
ln

(
2E+ + 1

2E+ − 1

)
tr

[
c̃0(km)c̃′

1(km)
] = 0. (116)
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Note that by inequality (C9) 2E+ − 1 > 0.
For the edge term Te,m, substituting Eqs. (47) and (48)

into Eq. (111) and taking into account that (C0)rσ,r′σ ′ decays
exponentially with |r − r′|, we obtain

Te,m ≈ i
2Le

L
δ̄mE−(km) tr

(
ς

[− cos (ϕm) skm sin (ϕm)
sin (ϕm )

skm
cos (ϕm)

])
,

(117)

where

ς = ln

(
C0 + 1

2 I2LA

C0 − 1
2 I2LA

)
rr

(118)

is the block diagonal element and is, in fact, independent of
r. By using Eqs. (39) and (115), it is easy to show that ς is
purely imaginary. Let ς = iζ with ζ being real. We have

〈
T 2

e,m

〉 = 2L2
e

L2

[
δ̄mE−(km)

]2

{(
tr

[
ζ

[−1 0
0 1

]])2

+
(

tr

[
ζ

[
0 skm
1

skm
0

]])2
}

, (119)

Substituting it into Eq. (108) and passing to the continuum limit: 1
L

∑
k → ∫

dk
2π

for large L, we obtain

Var1(S) = a

L
, (120)

where the proportionality coefficient

a = CL2
e

8

∫ π

−π

dk

2π
[E−(k)]2

{(
tr

[
ζ

[−1 0
0 1

]])2

+
(

tr

[
ζ

[
0 sk
1
sk

0

]])2
}

. (121)

Recall that ς is a constant 2 × 2 matrix determined completely by system’s microscopic parameters. Thus a depends neither on
L (for C0 has a well-defined large-L limit) nor on LA. Consequently, Var1(S) scales with L as ∼1/L and is independent of LA.

C. Second term Var2(S)

Because (C0)rσ,r′σ ′ decays rapidly with |r − r′|, Eq. (106) can be approximated by

(∂ϕm S)2 ≈
LA∑

r,r′=1

tr(κc1,r−r′∂ϕm c1,r′−r ). (122)

Here κ is a 2 × 2 matrix in the x̂- p̂ sector, whose elements κσσ ′ = (C2
0 − 1

4 I2LA )−1
rσ,rσ ′ are independent of r. With the substitution

of Eq. (48), it can be rewritten as

(∂ϕm S)2 = 4

L2

LA∑
r,r′=1

N−1∑
n=0

δ̄mδ̄nOm,r−r′On,r−r′E−(kn)E−(km){tr[κǏcs(kn, km)] cos ϕn sin ϕm + tr[κǏss(kn, km)] sin ϕn sin ϕm

+ tr[κǏcc(kn, km)] cos ϕn cos ϕm + tr[κǏsc(kn, km)] sin ϕn cos ϕm}, (123)

where On,l ≡ cos(knl ) and

Ǐcs(kn, km) =
[

skn
skm

0
0 skm

skn

]
, Ǐss(kn, km) =

[
0 skm

− 1
skm

0

]
, Ǐcc(kn, km) =

[
0 skn

− 1
skn

0

]
, Ǐsc(kn, km) = −I2. (124)

Substituting Eq. (123) into Eq. (109) and carrying out the averaging over ϕ, we obtain

Var2(S) = C
L4

LA∑
r,r′=1

LA∑
s,s′=1

∑
m �=n

δ̄2
mδ̄2

nE2
−(kn)E2

−(km)On,r−r′Om,r−r′On,s−s′Om,s−s′

× [{tr[κǏcs(kn, km)]}2 + {tr[κǏss(kn, km)]}2 + {tr[κǏcc(kn, km)]}2 + {tr[κǏsc(kn, km)])}2]. (125)

In fact, there is a contribution from the m = n terms, but it is smaller by an order of 1/L and thus is ignored. The summation
over r, r′, s, s′ is dominated by the configurations r − r′ = ±(s − s′). As a result,

Var2(S) = CL3
A

2L4

∑
m �=n

δ̄2
mδ̄2

nE2
−(kn)E2

−(km)[{tr[κǏcs(kn, km)]}2 + {tr[κǏss(kn, km)]}2 + {tr[κǏcc(kn, km)]}2 + {tr[κǏsc(kn, km])}2].

(126)
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Passing to the continuum limit, this gives

Var(S)2 = b
L3

A

L2
, (127)

where the proportionality coefficient

b = C
8

∫∫ π

−π

dkdk′

(2π )2 E2
−(k)E2

−(k′)[(tr(κǏcs(k, k′)))2 + (tr(κǏss(k, k′)))2 + (tr(κǏcc(k, k′)))2 + (tr(κǏsc(k, k′)))2] (128)

depends neither on L nor LA. Consequently, Var2(S) scales
with L as ∼1/L2 and with LA as ∼L3

A. The latter scaling is
faster than the linear scaling ∼LA, as expected for the variance
of an extensive quantity by the central limit theorem.

D. Boson-fermion universality of scaling behaviors

Combining Eqs. (120) and (127), we arrive at the scaling
law for the variance:

Var(S) = a

L
+ bL3

A

L2
(129)

for L � LA � 1. We emphasize that the coefficients a, b de-
pend on system’s microscopic parameters, not on L, LA. As
we show in the next section, this scaling law also holds for
more entanglement probes such as Sn. Of course, a, b depend
on the entanglement probe O. Let us rescale O by

√
ab and

L, LA by
√

a/b. Then we obtain

Var(O) = 1

L
+ L3

A

L2
, (130)

which are independent of the system’s microscopic param-
eters and O. Surprisingly, the scaling law (130) and its
universality were previously found for free fermion models
[31]. Since this scaling law is now shown to be independent
of the particle statistics, its universality is broadened further.
According to Eq. (130), when LA increases while L is fixed,
Var(O) displays a crossover from the scaling ∼1/L to ∼L3

A/L2

at LA ∼ L1/3. Furthermore, we have seen from the derivations
above that the first term in Eq. (130) arises from the edge of
the subsystem, while the second from subsystem’s bulk.

VII. NUMERICAL VERIFICATIONS

This section is devoted to numerically exact simulations
of the statistical properties of the entanglement dynamics of
a coupled harmonic oscillator chain. First, we determine the
deviation probabilities P±(ε) from the simulated full distri-
bution. As shown in Fig. 5(a), they correspond to the area
under the curve representing the statistical distribution, which
are shaded in red and blue, respectively. Their explicit forms
confirm the analytical prediction Eq. (101). More precisely,
P+(ε) can be fitted with a sub-Gaussian form and P−(ε) by a
sub-Gamma form, as shown in Fig. 5(b).

Next, we verify that the variance of an entanglement probe
O is proportional to 〈|∂ϕO|2〉, a key result which allows study-
ing fluctuations analytically. In Fig. 6, we simulate values for
both the left-hand and right-hand sides of Eq. (102) for differ-
ent quench parameters. The results confirm the proportionality

FIG. 5. Numerical verifications of Eq. (101) for O = S. (a) Nu-
merically, the deviation probability P+(ε) [respectively P−(ε)] is
given by the area of the red (blue) region under the distribution of S,
and is represented by the red (blue) dots. (b) Same plot on a semilog
scale. The dashed (blue and red) lines are fitting functions given in
the inset.

behavior, and the proportionality coefficient is determined as

C ≈ 1/2, (131)

instead of ≈1/8 for free fermions [31]. Also, the result is inde-
pendent of entanglement probes, as shown for O = S, S2, S3.

Finally, we perform an extensive simulation of the variance
for system length from LA = 101 to 103 and from L = 104 to
108, for different entanglement probes O = S, S2, S3. In Fig. 7,
we verify the two scaling behaviors displayed by Eq. (130):
In the regime LA � L1/3 we have Var(O) ∼ 1/L [Fig. 7(a)],
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FIG. 6. We perform numerical simulations for different
quenches, different system lengths and different entanglement
probes O, and obtain the variance of the time series O(t ) and
Lipschitz-like constant 〈|∂ϕO|2〉. The simulation results verify the
theoretical prediction Eq. (102).

whereas in the regime LA � L1/3 we have Var(O) ∼ L3
A/L2

[Fig. 7(b)]. Upon proper rescaling, we find that the data all
collapse into a single curve [Fig. 7(c)]. We thus have numer-
ically verified the scaling law of the variance and found that
the agreement is excellent.

VIII. CONCLUSIONS AND OUTLOOK

In this work, we studied the long-time entanglement dy-
namics of the coupled harmonic oscillator chain, which
is quenched from the ground state and undergoes unitary
evolution. We generalized the previous theory for tem-
poral fluctuations in long-time entanglement dynamics of
free-fermion models [31] to the present bosonic model. De-
spite that the particle statistics is completely different, we
found that the statistics of temporal entanglement fluctua-
tions is strictly the same as that in free-fermion models:
First, irrespective of entanglement probes O and microscopic
parameters of the chain, the statistical distribution of entangle-
ment fluctuations is universal. That distribution is asymmetric:

Its upper tail gives the sub-Gaussian probability: e− ε2

2b+ for
upward fluctuations ε = O − 〈O〉 > 0, while its lower tail

gives the sub-Gamma probability e− ε2

2(b−+cε) for downward
fluctuations ε = 〈O〉 − O > 0. Second, for distinct probes O
their variances all obey the scaling law (130), which de-
pends only on the (rescaled) subsystem size LA and the total
system size L. In particular, for small LA � L1/3 the scal-
ing law reduces to ∼1/L, which is an edge (between the
subsystem A and its complement B) effect; while for large
(L/2 �)LA � L1/3 it reduces to ∼L3

A/L2, which is a bulk (of
A) effect. These findings show that temporal entanglement
fluctuations differ completely from usual thermodynamic
fluctuations.

The found boson-fermion universality has a deep ori-
gin, i.e., the fluctuation statistics for entanglement dynamics
of both free-boson and free-fermion models arises from

common probabilistic structures: (i) As we have shown,
despite the out-of-equilibrium nature of entanglement fluctu-
ations, at each instant the many-body wave function describes
a virtual mesoscopic “disordered” sample, with its “dis-
order realization” essentially given by N � 1 dynamical
phases ϕ. Consequently, the temporal fluctuations of en-
tanglement accompanying the wave function evolution are
statistically equivalent to mesoscopic sample-to-sample fluc-
tuations. (ii) The probability measure of the ensemble of
these “virtual” mesoscopic disordered samples has a product
structure, which renders entanglement fluctuations displaying
the phenomenon of concentration of measure. In addition,
on physical grounds the temporal entanglement fluctuations
might be attributed to certain fluctuation effects of the motion
of the Calabrese-Cardy entangled pairs in a finite system.
Since the considerations above are very general, we con-
jecture that the boson-fermion universality might be further
extended to other particle statistics, such as in anyon and
supersymmetric systems.

Our theory requires that the pre-quench state be Gaussian,
since the Gaussianity allows us to express an evolving entan-
glement probe in terms of a functional of the evolving matrix
C(t ) Eq. (25). In other words, the probe is completely deter-
mined by the instant correlation of r̂. In this work, the theory
is formulated for the pre-quench state chosen to be a vacuum
state. There are no principal difficulties in generalizing it
to other pre-quench pure states, provided they are Gaussian.
However, it remains challenging to extend the present theory
to non-Gaussian pre-quench states, which we leave for future
studies.

Quantum entanglement is central to the physics of Hawk-
ing radiation. Therefore, a rich avenue to explore in the future
is the relations of out-of-equilibrium entanglement fluctua-
tions in bosonic models to dynamics of Hawking radiation
in analog black hole systems [64], as realized in cold-
atomic Bose-Einstein condensates [65] and superconducting
qubits [66].
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APPENDIX A: A DUAL DESCRIPTION
IN TERMS OF FERMIONS

In this appendix we derive a fermion dual of the entangle-
ment dynamics of free-boson systems. We should emphasize
that the duality does not map bosonic entanglement dynamics
onto a fermionic one, i.e., does not fermionize bosonic entan-
glement dynamics. However, it indicates that the two classes
of entanglement dynamics share some common aspects. And
this may provide some additional physical insights into the
boson-fermion universality.
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FIG. 7. Numerical verifications of the scaling law of the variance. (a), (b) The two scaling regimes correspond to the first and second terms
in Eq. (130), respectively. (c) All data collapse into a single curve described by Eq. (130) after rescaling.

The Hamiltonian of a generic free-boson system takes the
form as

Ĥb = 1

2
r̂T
br̂, r̂ = 1√

2

L⊕
r=1

[
1 1
−i i

](
âr

â†
r

)
. (A1)

Here r̂ is defined in Eq. (6), and 
b is a real symmetric and
positive-definite matrix of size 2L. This Hamiltonian has a
coupling between the position x̂ and momentum p̂ operators,
a property which is not carried by the Hamiltonian (13) of an
oscillator chain. By the Williamson theorem there exists a real
symplectic matrix GS ∈ Sp(2L,R) such that

GT
S 
bGS = D ⊗ I2, D = diag(d1, d2, . . . , dL ), (A2)

where the symplectic eigenvalues dr > 0. Passing to the oper-
ator bases r̂′ = G−1

S r̂ = ⊕L
r=1 ( x̂′

r
p̂′

r
), the Hamiltonian reads

Ĥb = 1

2

L∑
r=1

dr
(
x̂′2

r + p̂′2
r

) =
L∑

r=1

drâ′†
r â′

r . (A3)

This shows that dr is the frequency of the rth oscillator spec-
trum in the bases r̂′. The evolution of a Gaussian state ψb(t )
is completely determined by the instantaneous covariance ma-
trix γb(t ) ≡ 1

2 〈ψb(t )|{r̂, r̂}|ψb(t )〉, which satisfies

γb(t ) = Sb(t )ST
b (t ), ∂t Sb(t ) = J
bSb(t ). (A4)

As before, we restrict γb to the subsystem A, and the ensuing
matrix is denoted as γbA. Furthermore, we define Cb(t ) ≡
iJAγbA(t ). Then the entanglement entropy S(t ) is given by
Eqs. (35) and (36). For the convenience of deriving the
fermionic dual below, we rewrite it as

S(t ) = 1
4 TrAh̃[Cb(t )], (A5)

where the matrix function

h̃(C) ≡ ln |4C2 − I2LA | + 2C ln

∣∣∣∣2C + I2LA

2C − I2LA

∣∣∣∣ − (2 ln 2)I2LA ,

(A6)

with |X | defined for positive- or negative-definite X : For
positive-definite X we have |X | = X and have |X | = −X for
negative-definite X .

Now we wish to show that the entanglement dynamics
above has a fermionic dual. To this end, we first replace the
canonical conjugate in Eq. (6) by a pair of Majorana fermions

( f̂1r, f̂2r ), so that a 2L-component operator vector

f̂ =
L⊕

r=1

(
f̂1r

f̂2r

)
= 1√

2

L⊕
r=1

[
1 1
−i i

](
b̂r

b̂†
r

)
(A7)

results, where b̂r, b̂†
r are annihilation and creation operators

of the usual fermions. In the Majorana bases, a generic free-
fermion Hamiltonian reads

Ĥf = i

2
f̂T
 f f̂, (A8)

where 
 f is a real anti-symmetric matrix of size 2L. There
exists a real orthogonal matrix GO ∈ O(2L,R) such that

GT
O
 f GO = D′ ⊗

[
0 1

−1 0

]
, D′ = diag(d ′

1, d ′
2, . . . , d ′

L ).

(A9)

In the operator bases f̂ ′ = G−1
O f̂ , the Hamiltonian (A8) is writ-

ten as

Ĥf = i
L∑

r=1

d ′
r f̂ ′

1r f̂ ′
2r . (A10)

Since the eigenvalues of i f̂ ′
r1

f̂ ′
r2

are ± 1
2 , it may be considered

as the Majorana dual of the Hamiltonian (A3), provided the
two spectra are identical, i.e.,

D′ = D. (A11)

Under this requirement, we construct GS ≡ 

−1/2
b GO(D1/2 ⊗

I2) so that, on the bosonic side, Eq. (A2) is satisfied. Here GO

depends on O, and must solve the symplectic condition:

GSJGT
S = J ⇒ 
 f = GOD ⊗

[
0 1

−1 0

]
GT

O = 

1/2
b J


1/2
b ,

(A12)

which provides a dual between 
 f and 
b.
The evolution of a Gaussian state ψ f (t ) is completely

determined by the instantaneous covariance matrix γ f (t ) ≡
i
2 〈ψ f (t )|[f̂, f̂]|ψ f (t )〉, which satisfies

γ f (t ) = −S f (t )JST
f (t ), ∂t S f (t ) = 
 f S f (t ). (A13)

Restricting γ f (t ) to A so that a matrix γ f A(t ) results, and
defining Cf (t ) ≡ iγ f A(t ), one can follow standard procedures
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TABLE I. Comparisons with mesoscopic fluctuations.

Systems Entanglement dynamics Mesoscopic electronics and photonics

Random matrix representing C̃(ϕ) T (V )
Disordered sample
Matrix dimension 2LA Number of wave channels
Disorder realization ϕ ≡ (ϕ0, . . . , ϕN−1) V ≡ (Vr1 ,Vr2 , . . .)
Distribution of disorder realizations Uniform in TN Gaussian in high-dimensional

Euclidean space
Examples of probes Entanglement entropy, Rényi entropy Conductance, shot-noise power
Expression of probes Õ(ϕ) = 1

4 TrAh(C̃(ϕ)) Õ(V ) = 1
4 Trh(T (V ))

[50–52] to find the entanglement entropy

S(t ) = − 1
4 TrAh̃[Cf (t )], (A14)

with h̃(C) given by Eq. (A6). (Note that there is an overall
minus sign here.)

Equations (A7), (A8), and (A11)–(A14) constitute a
fermion dual of the entanglement dynamics of the boson sys-
tem Eq. (A1). This duality suggests that the formalism of the
entanglement dynamics of free boson and fermion systems
are similar. However, this does not mean that we can find
the entanglement dynamics of boson systems from that of
fermion systems and vice versa. Indeed, despite Eqs. (A5) and
(A14) bear some similarities formally, because the eigenvalue
spectrum of Cb and Cf are very different—the former belongs
to (−∞,− 1

2 ) ∪ ( 1
2 ,∞) and the latter to (− 1

2 , 1
2 )—the detailed

results differ dramatically.

APPENDIX B: COMPARISONS WITH ORDINARY
MESOSCOPIC FLUCTUATIONS

In this appendix we compare various properties of meso-
scopic fluctuations emergent from entanglement dynamics
with those of sample-to-sample fluctuations in mesoscopic
electronics and photonics; see Table I for a summary.

In mesoscopic electronics and photonics, various transport
characteristics such as the conductance (transmittance) and
the shot-noise power can be expressed in a form similar to
Eq. (51). To be specific, the hermitian matrix: C̃(ϕ) is replaced
by the hermitian matrix: T (V ) ≡ tt†, whose dimension gives
the number of channels for wave transport in disordered sam-
ples, and h is now a function of matrix T , and its explicit
form depends on the transport characteristic. Here t(V ) is
called the transmission matrix that encodes all information of
wave propagation from the input to the output end, and de-
pends on the disordered potential or the dielectric realization,
denoted as V . Typically, the potential and dielectric fluctua-
tions at distinct spatial points are independent and Gaussian.
Thus, each disorder realization can be viewed as a vector in
a high-dimensional Euclidean space, V ≡ (Vr1 ,Vr2 , . . .) with
r1, r2, . . . labeling distinct spatial points, and is Gaussian dis-
tributed in that space [63]. As T (V ) determines the system’s
transport properties, it represents a disordered sample math-
ematically. This is in parallel to C̃(ϕ) or the corresponding
reduced density of the matrix determines the system’s entan-
glement properties. In this sense, C̃(ϕ) mimics a disordered
sample, with ϕ being the disorder realization. Moreover, the

matrix dimensions of T and C̃ are both finite. So disordered
samples represented by them are mesoscopic.

Now, similar to that varying ϕ gives rise to an ensemble of
C̃(ϕ), varying V gives rise to an ensemble of random matrices
T (V ). The latter leads to the sample-to-sample fluctuations
of the conductance (transmittance) for which h = 4T , and
the shot-noise power for which h = 4T (1 − T ). In the same
fashion, the fluctuations of various entanglement probes with
ϕ are traded to mesoscopic sample-to-sample fluctuations.

APPENDIX C: EXPLICIT FORM OF MATRICES
γ (t ) AND CA(t )

For the convenience of the readers, here we give the ex-
plicit expression of the time-dependent covariance matrix
γ (t ), i.e., the real part of the matrix G(t ) defined by Eq. (14).
The derivations are standard, and the details can be found in,
e.g., Ref. [67]. In the block-matrix form, it takes the form

γ (t ) =
[

X (t ) M(t )
MT(t ) P(t )

]
. (C1)

Note that this 2 × 2 matrix structure corresponds to the rep-
resentation Eq. (6) of the vector r̂. Recall that X = X T and
P = PT.

To find the elements of matrix blocks X (t ), P(t ), and M(t ),
firstly, their time-dependence can be cast using operators in
the Heinsenberg picture, giving

x̂r (t ) =
∑

k

1√
2Lsk

(α̂†
k e−i(kxr−ωkt ) + H.c.), (C2)

p̂r (t ) = i
∑

k

√
sk

2L
(α̂†

k e−i(kxr−ωkt ) − H.c.). (C3)

While the initial vacuum state is annihilated by pre-quench
normal modes of all momenta (designated by α̂′

k in this
section), these modes are related to the post-quench normal
modes via

α̂k =
√

s2
k − s̄2

k

4sk s̄k
α̂

′†
−k +

√
s2

k + s̄2
k

4sk s̄k
α̂′

k, (C4)

with s̄k = (1 + 4K0

ω2
0

sin2 k
2 )1/2 corresponding to the pre-quench

Hamiltonian parameters (ω0, K0) (correspondingly, sk =
(1 + 4K

ω2 sin2 k
2 )1/2 for the post-quench Hamiltonian parame-

ters (ω, K ), and with ωk = ωsk). Then, we obtain

Xrs(t ) = 〈ψ (t )|x̂r x̂s|ψ (t )〉 = 〈ψ0|x̂r (t )x̂s(t )|ψ0〉
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= 1

L

∑
k

e−ik(s−r)

sk
[E+(k) + E−(k) cos (2ωkt )]

≡ x̄r−s(t ), (C5)

Prs(t ) = 〈ψ (t )| p̂r p̂s|ψ (t )〉 = 〈ψ0| p̂r (t ) p̂s(t )|ψ0〉

= 1

L

∑
k

e−ik(s−r)sk[E+(k) − E−(k) cos (2ωkt )]

≡ p̄r−s(t ), (C6)

and

Mrs(t ) = 〈ψ0|x̂r (t ) p̂s(t )|ψ0〉 − iδr,s/2

= − 1

L

∑
k

e−ik(s−r)E−(k) sin (2ωkt )

≡ m̄r−s(t ). (C7)

Here

E±(k) = 1

4

(
ωsk

ω0s̄k
± ω0s̄k

ωsk

)
(C8)

are even functions of the Bloch momenta k. Note that

E+(k) � 1/2, (C9)

and the equality holds only if ωsk = ω0s̄k . It is easy to see that
x̄l , p̄l and m̄l are all real.

Then, combining Eqs. (C5)–(C7) and Eq. (25), we find that
the matrix CA(t ) takes the block-Toeplitz form Eq. (37), with
the 2 × 2 block-matrix element

τl =
[

im̄l (t ) i p̄l (t )
−ix̄l (t ) −im̄l (t )

]
. (C10)

Note that this 2 × 2 matrix structure corresponds to the repre-
sentation Eq. (6), similar to Eq. (C1).

APPENDIX D: MORE NUMERICAL RESULTS

In Fig. 8(a), we show an example of the numerical determi-
nation of O±

m the average of the extreme values of O(ϕ) with
respect to the argument ϕm. Note that the function O(ϕ) is 2π

periodic in each argument.
In Fig. 8(b) we simulate the left-hand side of the modi-

fied logarithmic Sobolev inequality (63), d
du

G
u , for different

ratios rA with ab initio data. The peak observed in u < 0
region generally reflects the asymmetry between the upper
and lower tails of the distribution. The position of the peak
is comparable to the parameter c− in the sub-Gamma lower
tail, wherein a true divergence at u = −1/|c−| is rounded
due to data truncation. On the other hand, the value of d

du
G
u

at origin is related to the variance factor. Note that given a
Gaussian distribution, with truncated data, we would have a
symmetric flat top curve around the origin, with half height
giving the variance. We also note that, independent of the dif-
ferent data sets, all curves follow the same large-u asymptote
given by a 1/u2 curve. This is an artifact of the exponen-
tial dependence of the characteristic function for large u,
arising from that the average is dominated by rare events

FIG. 8. (a) Variation of S(ϕ) with the argument ϕ10. The other
arguments, i.e., the random realization ϕ′

10 is fixed. The minimum
(gray dot) gives S+

10 and the maximum (green dot) gives S−
10. L = 124.

(b) The left-hand side of the modified logarithmic Sobolev inequality
(63) for different ratios rA with fixed LA = 25 generated with ab initio
data. All lines approach the asymptote (dashed line) ln Ns/u2 at large
u, where Ns = 500 is the sampling size used.

of the given data set. Then the quantity d
du

G
u is indepen-

dent of the details, with the sample size as the only relevant
parameter.

Finally, in Fig. 9 we show an example of the numerical de-
termination of the scale parameter c± defined in Eqs. (73) and
(94). Table II summarizes the numerical values of (b±, c±) for
different values of the ratio rA.

APPENDIX E: PROOF OF INEQUALITY (86)

Using the elementary inequality, 1 − z
2 �

√
1 − z, z � 0

we find that

1 − 1
2 (1 − y)2 �

√
1 − (1 − y)2

=
√

2y − y2 for 0 � y � 1. (E1)
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TABLE II. The value of b± and c± for various ratios rA deter-
mined for probes S and S2, respectively.

S LA = 25
rA b+ c+ b− c−

0.05 0.0007 −0.0098 0.0007 −0.0130
0.1 0.0026 −0.0184 0.0025 −0.0222
0.2 0.0091 −0.0246 0.0092 −0.0434
0.3 0.0169 −0.0170 0.0171 −0.0410
0.4 0.0241 −0.0030 0.0230 −0.0328
0.5 0.0256 0.0156 0.0234 −0.0340

S2 LA = 25
rA b+ c+ b− c−

0.05 0.0001 −0.0044 0.0001 −0.0058
0.1 0.0004 −0.0076 0.0004 −0.0094
0.2 0.0014 −0.0088 0.0015 −0.0172
0.3 0.0024 −0.0046 0.0026 −0.0152
0.4 0.0032 0.0014 0.0033 −0.0120
0.5 0.0033 0.0072 0.0033 −0.0122

Let us write y as y = 1/(1 + x), x � 0. With its substitution
the inequality above is rewritten as

1 − 1

2

(
x

1 + x

)2

�
√

1 + 2x

1 + x

⇔ 1 + x − x2

2(1 + x)
�

√
1 + 2x, (E2)

which is inequality (86). This inequality was given in Ref. [32]
without proof.

APPENDIX F: DISCUSSIONS ON NEGATIVE c±

In this appendix we focus on negative c+. Discussions on
negative c− are similar. For c+ < 0 we have

P+(ε) � eẼ (u), (F1)

FIG. 9. Numerical determination of c± from δF/ dG
du versus u

line, according to inequalities (73) and (94).

where the exponent is given by

Ẽ (u) ≡ −uε + b+
2

u2

1 + |c+|u . (F2)

We wish to minimize Ẽ (u) for u > 0. Let us rewrite it as

Ẽ (u) =
(

ε

|c+| − b+
c2+

)
+

(
b+
2c2+

− ε

|c+|
)

y + b+
2c2+

1

y
, (F3)

with y ≡ 1 + |c+|u � 1. Note that

forε >
b+

2|c+| :
b+
2c2+

− ε

|c+| < 0. (F4)

In this case, we have

Ẽ (u)
u→∞−→ −∞, (F5)

from which

P+

(
ε >

b+
2|c+|

)
= 0 (F6)

follows.

APPENDIX G: DERIVATION OF EQ. (102)

In this appendix, we derive Eq. (102). The derivations
follow closely those in our previous work [31]. According to
Sec. VI, the variance factor b± is proportional to Var(O). So,
we simply have to show that b± ∝ 〈|∂ϕO|2〉.

For the convenience of the readers, let us rewrite here
Eqs. (68) and (91), which defined b±,

b± ≡
N−1∑
m=0

〈(O − O±
m )2〉. (G1)

Note that (O − O±
m )2 is a function of ϕ. Let ϕ±

m be the value
of ϕm at which O(ϕ) = O±

m (ϕ′
m). By the mean value theorem,

there exists ϕ̄±
m between ϕm and ϕ±

m which depends on ϕ, so
that

(O − O±
m )2(ϕ) = (ϕm − ϕ±

m )2(∂ϕm O|ϕm=ϕ̄±
m

)2. (G2)

Here we use the suppressed notion ϕ̄±
m to stand for

(ϕ0, . . . , ϕ̄
±
m , . . . , ϕN−1). We thus obtain

b± =
N−1∑
m=0

〈(ϕm − ϕ±
m )2(∂ϕm O|ϕm=ϕ̄±

m
)2〉. (G3)

Then we do the Fourier expansion of ∂ϕm O with respect to
ϕm. As exemplified by C(ϕ) in Sec. IV, the random part of
the general expression of O decays with the total system size
L according to a certain power law. Thus, we can keep the
Fourier expansion up to the second order to get

∂ϕm O = A0 + A1 sin(ϕm + φm1) + A2 sin(2ϕm + φm2), (G4)

where Ai and φmi are constants independent of ϕm. With the
use of the following relations:(

∂ϕm O
)2 � (|A0| + |A1| + |A2|)2 � 3

(
A2

0 + A2
1 + A2

2

)
(G5)

and ∫
dϕm

2π

(
∂ϕm O

)2 = A2
0 + 1

2

(
A2

1 + A2
2

)
, (G6)
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we obtain (
∂ϕm O

)2 � 6
∫

dϕm

2π

(
∂ϕm O

)2
. (G7)

This bound suggests that (∂ϕm S)2 at a given ϕm is of the same
order as its average, i.e.,

(
∂ϕm O

)2 = rm(ϕ)
∫

dϕm

2π

(
∂ϕm O

)2
, rm(ϕ) = O(1). (G8)

Substituting it into Eq. (G3) we obtain

b± =
N−1∑
m=0

〈
((ϕm − ϕ±

m )2rm(ϕ±∗
m ))

∫
dϕm

2π
(∂ϕm O)2

〉
, (G9)

where ϕ±∗
m ≡ (ϕ0, . . . , ϕ̄

±
m , . . . , ϕN−1). Because the first factor

characterizes the distance between ϕm and ϕ±
m and the second

describes the ϕm average of (∂ϕm O)2, we assume that they are
statistically uncorrelated and obtain

b± =
N−1∑
m=0

〈(ϕm − ϕ±
m )2rm(ϕ±∗

m )〉
〈∫

dϕm

2π
(∂ϕm O)2

〉
. (G10)

Furthermore, by symmetry 〈(ϕm − ϕ±
m )2rm(ϕ±∗

m )〉 must be the
same for distinct m, at least approximately. As a result, we
reduce Eq. (G10) to

b± = R±〈|∂ϕO|2〉, (G11)

where

R± = 1

N

N−1∑
m=0

〈(ϕm − ϕ±
m )2rm(ϕ±∗

m )〉 (G12)

is an overall numerical coefficient. Combining with the fact
that b± ∝ Var(O), we finally arrive at Eq. (102).

APPENDIX H: AN IDENTITY FOR THE PARAMETER
DERIVATIVE OF MATRIX FUNCTIONS

Let M(s) be a matrix depending on the parameter s ∈ R.
We assume that it is diagonalizable, i.e., there exists a matrix

U such that

U −1(s)M(s)U (s) =

⎡⎢⎣d1(s)
d2(s)

. . .

⎤⎥⎦ ≡ D(s). (H1)

Note that both U and the eigenvalues di depend on s in
general. From now on, we suppress s in M,U, D and the
eigenvalue spectrum {di} in order to make formulas compact.

Consider a generic matrix function f (M ), with f (x) being
differentiable for x ∈ R. By Eq. (H1), we have

f (M ) = U

⎡⎢⎣ f (d1)
f (d2)

. . .

⎤⎥⎦U −1 = U f (D)U −1.

(H2)

Taking the derivative with respect to s on both sides, we obtain

∂s f (M ) = (∂sU ) f (D)U −1 + U f (D)(∂sU
−1)

+U [ f ′(D)∂sD]U −1. (H3)
When we take its trace; thanks to the cyclic relation, the first
two terms cancel out. As a result,

tr[∂s f (M )] = tr[ f ′(D)∂sD]. (H4)

On the other hand,

tr[ f ′(M )∂sM] = tr[ f ′(UDU −1)∂s(UDU −1)]. (H5)

With the substitution of f ′(UDU −1) = U f ′(D)U −1 and

∂s(UDU −1) = (∂sU )DU −1 + UD(∂sU
−1) + U (∂sD)U −1,

(H6)
Eq. (H5) is simplified as

tr[ f ′(M )∂sM] = tr[ f ′(D)U −1(∂sU )D + U f ′(D)D(∂sU
−1)

+ f ′(D)∂sD]. (H7)

By the cyclic relation, we find that the first two terms cancel
out. Thus, Eq. (H6) reduces to

tr[ f ′(M )∂sM] = tr[ f ′(D)∂sD]. (H8)

Comparing Eq. (H4) and (H8), we arrive at the identity

tr[∂s f (M )] = tr[ f ′(M )∂sM]. (H9)

Note that, for this identity, the trace operation is essential.
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