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Deterministic generation of large Fock states in coupled optical-optomechanical cavities
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The preparation of Fock states, as a fundamental problem in the research of quantum optics and quantum
information, still faces challenges in achieving both unconditional preparation and large photon numbers.
Here, we study the deterministic generation of large Fock states through the nonlinear interaction in coupled

optical-optomechanical cavities. Under the condition that the mechanical frequency is twice the optical coupling
strength, and much larger than the optomechanical coupling strength, there occurs a nonlinear interaction among
two optical eigenmodes and the mechanical mode, i.e., a photon is annihilated, accompanied by the creation of
another photon together with a phonon, and vice versa. It is analytically proved that, through this interaction,
Fock states |n) and |1) will generate |n + 1) at specific evolution times if the mechanical mode is initially on
the ground state. In addition, numerical results show that Fock states |n) and |p) can also generate |n 4 p) with
the fidelities larger than 94% (1 < p < n < 40). The proposed mechanism achieves deterministic generation of
large Fock states, which can be applied to quantum metrology and quantum simulation.
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I. INTRODUCTION

Fock states are fundamental quantum states containing a
definite number of indistinguishable photons. As the basis
of quantum optics, Fock states have been widely applied to
quantum metrology [1], quantum simulation [2], quantum
algorithm [3], and the preparation of other quantum states [4].
So far, many schemes have been presented to generate Fock
states. Nonlinear optics is one of the most rapidly developing
platforms [5]. For example, using coherent photon conversion
through four-wave-mixing interaction, a several-photon Fock
state can be generated conditionally from a coherent state
[6,7]. Besides, by collecting signal photons from parametric
down conversion into a storage cavity, a desired Fock state
can be obtained after several heralded measurements [8—12].
Unfortunately, their success rates both decrease rapidly with
the increase of photon number. Recently, a theoretical scheme
based on Kerr effect is able to generate Fock states without
measurement [13]. However, it is difficult to realize the adia-
batic variation of system parameters required in this scheme.
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Therefore, it is still challenging to deterministically generate
a large Fock state by nonlinear optics.

Traditional cavity quantum electrodynamics (CQED),
which studies the interaction of optical cavities and two-level
systems, is a possible means to overcome the difficulty of
deterministic generation [14]. Through the strong coupling
between Rydberg atoms and a micromaser cavity [15-18],
or between a superconducting qubit and a microwave res-
onator [19,20], Fock states are deterministically generated.
For one or two photons, the experimental fidelity can easily
reach over 95% [17]. However, for larger photon number
the experimental fidelity becomes much lower (e.g. F <
50% for n > 5 [19]). Even in theory the fidelity of a large
Fock state is not very high (e.g. F = 81% for n = 20 [21]).
Moreover, the above schemes are only applicable to the mi-
crowave band. For optical band, only single photon states
can be prepared by traditional CQED, i.e., the single photon
source [22,23]. Recently, a study of non-Hermitian coupled
waveguides presents that Fock states can be generated in
Parity-Time-broken regime [24], while the fidelity is very low.
In addition, waveguide quantum electrodynamics may achieve
efficient Fock states generation on the optical band, but it still
needs heralded measurement for a large photon number [25].
Therefore, we hope to propose a mechanism that may achieve
the deterministic generation of large optical Fock states.

As a special type of CQED systems, cavity optomechanical
systems [26], which study the interaction between mechanical
motion and cavity optical modes, exactly meet our needs.
Cavity optomechanical systems are widely applied to me-
chanical oscillators cooling [27], slow light [28], quantum
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FIG. 1. Deterministic preparation of large Fock states based on an optomechanical system. (a) Schematic of an optomechanical system
consisting of two optical microcavities and a mechanical mode. Inset: the nonlinear interaction, i.e., creating a photon with w_ and a phonon
with w,, while annihilating a photon with w... (b) Fock states |n) and |p) are transformed into Fock state |n + p) by an optomechanical system

(OM System).

information processing [29], and so on. However, almost no
one tries to prepare optical large Fock states in cavity op-
tomechanical systems except one work using the temporal
modulated driving light, which can also hardly generate high
Fock states [30]. Actually, a system composed of coupled
optical-optomechanical cavities can support a nonlinear inter-
action [31], which is mainly required to generate Fock states.
That is to say, it is possible to combine the advantages of
nonlinear optics and traditional CQED systems.

Here, we study the deterministic generation of large Fock
state in the coupled optical-optomechanical cavities. Under
the condition that the frequency of the mechanical resonator
is twice the coupling strength between two optical cavities,
there is a nonlinear interaction among two optical eigenmodes
and the mechanical mode; i.e., a photon is annihilated, ac-
companied by the creation of another photon together with
a phonon, and vice versa. If the mechanical mode is initially
on the ground state, then no phonon can be annihilated. Ac-
cording to the above nonlinear interaction, all photons will
concentrate in one optical eigenmode, resulting in a large Fock
state. It is analytically proved that, based on this mechanism,
Fock states |n) and |1) can generate pure |n + 1) at specific
moments. Numerical results show that Fock states |n) and
|p) can also generate |n + p) with the fidelities larger than
94% (1 < p < n < 40). In addition, we discuss the effects of
cavity losses, mechanical loss, and the experimental feasibil-
ity. These results are useful in quantum metrology, quantum
simulation, and the preparation of other quantum states.

II. MODEL SETUP

The proposed mechanism of high Fock states generation
is based on a cavity optomechanical system, consisting of
an optical cavity and an optomechanical cavity, as shown in
Fig. 1(a). The Hamiltonian of this system is [26]

Hy, = ha)c(aifal + a;ag) + h,u(alraz + a;al)

+ liw,b'b — hgalar(b + b"), 1)

where w, is the optical resonance frequency of two isolated
cavities and u is the coupling strength caused by the evanes-
cent field between two cavities. w,, is the resonance frequency
of mechanical mode, which is attached to the second opti-
cal cavity to form an optomechanical cavity, and g is the
optomechanical coupling strength. al(aI) and 612(61;) are the
annihilation (creation) operators of two optical modes, and

b(b") is the annihilation (creation) operator of the mechanical
mode. For now, we do not consider the effect of losses, so
the evolution of the system follows the Schrodinger equation.
The quantum state at any time can be formally written as
[ (t)) = exp(—iHyt /h)|¥(0)), from which we can calculate
the dynamics of all physical quantities.

However, using Hamiltonian (1) to describe the nonlin-
ear interaction occurring in the system is not intuitive. To
this end, we introduce the eigenmode annihilation operators
ar = (a) £ a»)/v/2 of the two coupled optical cavities to
rewrite the Hamiltonian. These annihilation operators and the
corresponding creation operators still satisfy the bosonic com-
mutation relation [a., ai] =1,[a_, aT_] = 1,and [a4, aT_] =
[a_, ai] = 0. Then, the Hamiltonian (1) becomes

Hy =h(w. + u)a1a+ + li(w. — pa a_ + hwxb'b

—ihgala, +a a_ —ala_ —a a)b+b). ()
In this form, the optical coupling term Fz,u(ai'az + azal) has
been absorbed into different eigenmode terms, implying that
the eigenfrequencies of two optical cavities are wy = o, £ U,
rather than the original frequency w.. Specifically, if g <
o, and o, = 2u, the rotating wave approximation will be
available, i.e., omitting the terms that do not satisfy energy
conservation, then we obtain

wala_
+ howb'b + Shglala b+ aa’ b").

= (o, + pala; + (o, —
3)

So this cavity optomechanical system is composed of two op-
tical eigenmodes and a mechanical mode. In the following, we
will use the notation |Y) = |p)4+ ® |n)_ ® |q)m = |p, 1, g) tO
represent that there are p (n) photons in eigenmode w (w-)
and ¢ phonons in the mechanical mode. Importantly, there is
a nonlinear interaction among these three modes: A photon
with frequency w; is annihilated, accompanied by the cre-
ation of another photon with frequency w_, and a phonon
together with frequency w,, (forward process), and vice versa
(backward process). In general, forward process and back-
ward process usually occur simultaneously, which has been
studied in the literature [31-33]. However, if the mechanical
mode is initially on the ground state, the backward process
will be suppressed because it must be accompanied by the
annihilation of a phonon. Therefore, the forward process dom-
inates the optomechanical system at the beginning, providing
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an opportunity for us to achieve the deterministic generation
of a large Fock state.

III. DETERMINISTIC GENERATION
OF LARGE FOCK STATES

The mechanism of deterministic generation of large Fock
states in coupled optical-optomechanical cavities is as fol-
lows. First, the mechanical mode should be prepared on the
ground state, and then Fock states |n)_ with frequency w_
and |p), with frequency w, are input into the optomechanical
system. According to Eq. (3), the nonlinear interaction has
two parts. Photons with frequency w, can be transferred to
frequency w_, accompanied by the creation of phonons, i.e.,
a+aibT, called the forward process. And its inverse process
ala_b is called the backward process. However, the backward
process cannot occur at the beginning since there are no initial
phonons. So if p = 1, after a certain evolution time, this pho-
ton with frequency w; will be deterministically transferred
to frequency w_, which becomes indistinguishable from the
original n photons. However, if p > 1, things are different.
First, some photons with frequency w. are transferred to pho-
tons with frequency w_, together generating some phonons.
Then, these phonons trigger the backward process. As a result,
the fidelity is no longer 100%. Fortunately, the speed of the
backward process is much lower than the forward process, so
that most of the photons still concentrate in the eigenmode
with w_. Then we can choose an appropriate time to obtain
the optimal result. Therefore, two smaller Fock states |n) _ and
|p)+ deterministically generate a larger Fock state |[n + p)_ in
the coupled optical-optomechanical cavities [Fig. 1(b)].

A. Generation of |n + 1) from |1) and |n)

Actually, such a trilinear Hamiltonian as Eq. (3) has been
studied [34], without a brief analytical solution. However, we
find that in some specific cases such as adding one photon to
the Fock state |n)_, it can be analytically solved. The result is
that Fock states |n)_ and |1) can deterministically generate
Fock state |n+ 1)_ with fidelity F = 100%. Suppose the
initial state is

[Vt =0) =[1)4 & |n)- @ |0)n. “

Under the rotating wave approximation, the quantum state at
any time is

[y @) ~ e ™Myt = 0)). 5)

It can be seen that when H; acts on two bases |1, n, 0) and
|0,n 4 1, 1), the result is still the superposition of these two
bases. That is to say, when e~ 1/l acts on these two states,
the result must also be their superposition, so Eq. (5) can be
written as

1Y (@) = an()I1, n,0) + B,()|0,n+ 1, 1). (6)
Substituting it into the Schrédinger equation, we obtain

%g«/n + 1) <an(t)>. @

no_ + wy )\ Bu(t)

_ [(ho-+ w4

(o) = (et
di \Bu(®)) ~ \dg/n+1

(a) 1.0 : . ~
05 — la,?
) — 1Bnl?
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FIG. 2. Analytical solutions of adding one photon to generate

Fock states |n + 1). The evolutions of |,|> and |8,|” for (a) n = 2 or
(b) n = 10 are plotted from Eq. (9).

The eigenvalues and eigenstates of the above matrix are

1 1
Myzzna),—l—aur:l:ig\/n—i—l, M1,2=(:H>- ®)

Then using the initial condition «,(0) = 1, 8,(0) = 0, the fi-
nal solution can be obtained,

) Vi 1
on(t) = e -l ¢og n2+ o,
) Wi 1
Bu(t) = —ie ("-Fo+) gipn nt gt )

The modular squares of these superposition coefficients are
plotted in Fig. 2. If the time ist = (2kw + 7)/(gv/n+ 1),k =
0,1, ..., i.e., the condition |a,(t)|*> =0, |8,(t)|* = 1 is satis-
fied, then the quantum state will be [ (¢)) = |0, n+ 1, 1). In
summary, by directly solving the Schrédinger equation, we
prove that a Fock state |n + 1) _ is deterministically generated
from two Fock states |[n)_ and |1),. The required evolution
time g becomes shorter for an increasing value of n.

B. Generation of |n + p) from |p) and |n)

In practical applications, in order to generate high Fock
states, adding photons one by one is inefficient. So it is im-
portant to implement adding multiple photons, in which case
we perform numerical calculations using Quantum Toolbox in
Python (QuTiP). For adding multiple photons, the initial state
is

¥ (1 =0) =Ip)+ @ |n)- @ [O), (10)
with p > 1. The target state is
wftargel) =10)y ®In+p)- & |p)m- 11)

Instead of a perfect target state, a highly similar state is
generated at some specific moments through the nonlinear
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FIG. 3. Numerical results of adding multiple photons to generate
Fock states |n + p). (a) The fidelity between reduced state on eigen-
mode w_ and target state |n + p) during the evolution. (b) Photon
number distribution on eigenmode w_ at four specific moments
gt =0,0.27,0.54, and 0.81. (c) The time required to firstly reach the
maximum fidelity when n and p vary from O to 40. (d) The maximum
fidelity during the evolution when n and p vary from O to 40. Here,
the parameters are u = 0.5w,,, g = 0.01w,,. In both panels (a) and
(b),n = p=10.

interaction in optical-optomechanical cavities. As an example
for n = p = 10 case, the fidelity can reach a maximum of
94.5% at gt = 0.81 [Fig. 3(a)]. The evolution is periodic,
so we only need to study the period from the beginning to
the maximum. During this period, the reduced photon num-
ber distribution on the lower-frequency mode is shown in
Fig. 3(b). The photon number on the lower-frequency mode
gradually increases, which comes from the higher-frequency
mode. At gt = 0.81, nearly all the photons are concentrated in
the lower-frequency mode. The population of |20)_ is 94.5%,
while the remaining population is mostly distributed on |18) _,
because of the backward process.

Then we focus on the situations where n and p take other
values. For different n and p, the evolution period is differ-
ent, so the time required to obtain an optimized quantum
state is also different. If n = p = 1, then the required time
will be gt = 7 /+/2 ~ 2.2, which is the longest. As shown in
Fig. 3(c), the larger n and p, the shorter the required time.
This relation is beneficial to generate a large Fock state, as
a shorter evolution time implies less losses in practical op-
eration. Moreover, for different n and p, the maximum of
fidelity is also different. According to Sec. IITA, if p =1,
then the fidelity can always reach 100%, which means a pure
Fock state |n + 1)_ is deterministically generated. However,
as shown in Fig. 3(d), when p is larger, the maximum of
fidelity will be lower. Specifically, in the area n > p, the

fidelity is always larger than 94%. For example, if we want to
use Fock states |10) and |20) to generate |30), then the better
choice is to let n = 20 and p = 10, so that the fidelity will be
98%. Otherwise, for n = 10 and p = 20, the fidelity will be
87%. Therefore, the fidelity of generating a large Fock state
|[n + p)— from |n)_ and |p)+ (n, p < 40) is no less than 94%.
Furthermore, from the tendency of Fig. 3(d), we can predict
that fidelity will be also no less than 94% for any large n and p,
which is better than those schemes based on traditional CQED
[21] or nonlinear optics [6] in theory.

IV. DISCUSSIONS

A. Optical losses

In practical optomechanical systems, the optical losses
always exist. Here, we consider linear optical losses and cal-
culate the effect on the fidelity of the generated state. In our
theoretical framework, optical losses are indicated by Lind-
blad terms in the master equation,

dp

i
il E[Ho, pl + y(2aipa] — paja — ajap)

+yQazpdl — pala, — diarp), (12)

where we assume that the loss rates y of the two optical modes
are equal. After the transformation of eigenmodes and the
rotating wave approximation, it can be obtained that

dp i t + +
a7 E[Hl» pl+yQRaypal — palay —ayaip)

+ y(Za,pai — paia, — ata,p). (13)

The following results are numerically solved from Eq. (13).
As the loss rate increases, the fidelity will decrease [Fig. 4(a)].
Moreover, the longer the evolution time, the greater the nega-
tive effect caused by losses. So the time to reach the first peak
of fidelity is the best, i.e., gt = 1.68 when generating |4) from
|2) ® |2). In order to maintain over 85% fidelity, the loss rate
divided by optomechanical coupling strength should be less
than 0.01, i.e., y/g < 0.01. During the evolution, the photon
population in the lower-frequency eigenmode gradually in-
creases and eventually saturates at four photons. For different
loss rates y/g =0, 0.01, and 0.02, the final possibilities on
four photons are 0.98, 0.86, and 0.75, respectively. Therefore,
to better prepare a high Fock state, optomechanical system
should be in strong coupling regime; i.e., optical losses should
roughly satisfy y /g < 0.01.

Then, we consider the effect of optical losses for different
initial states. As shown in Fig. 5, when the photon number
of initial Fock states is higher, the fidelities decrease more
sharply as the loss rate increases. This is because for the
same loss rate, more total photons imply a higher possibility
of losing photons. For example, if we require the fidelities
higher than 90%, then loss rate y /g should be lower than
0.012, 0.006, and 0.003 for |1) ® |1), |2) ® |2), and |5) ® |5),
respectively.

B. Mechanical loss

In the above, we discussed the effect of optical losses.
Here, we ignore optical losses and consider the effect of
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FIG. 4. Effect of optical losses on the generation of large Fock
states. (a) Fidelity of generated state during the evolution for different
lossrates /g = 0, 0.01, and 0.02; Photon number distribution of the
eigenmode with w_ for different loss rates y /g = 0, 0.01, and 0.02
(black, red, blue bars, respectively) at several moments: (b) gt = 0,
(c) gt =0.56,(d) gt = 1.12, and (e) gr = 1.68. Here, the initial state
is |2) ® |2), the target state is |4), and the ratio g/w,, = 0.01.

mechanical loss. Different from optical losses, mechanical
loss is not only related to the mechanical loss rate y,,, but
also dependent on the environmental temperature 7. In the
master equation, the mechanical loss can also be indicated by
Lindblad terms,

d ] .
2 = — Z[H1. p1+ (i + 1)(2bpb' — pb'b = b'bp)
+ V(26" pb — pbb' — bb' p), (14)
1-0 T T T T T
£ 0.91 :
=
>
E 084 — 11M®I1)
— 2)®[2)
— [5)®5)

0.7 T T T T T
0.000 0.002 0.004 0.006 0.008 0.010
v/9

FIG. 5. Fidelities of the generated states as changing optical
losses for different photon numbers. The initial state is |1) ® |1)
(black curve), |2) ® |2) (red curve), or |5) ® |5) (blue curve).
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FIG. 6. Effect of mechanical loss on the generation of large Fock
states. Here, the initial state is (a) |1) ® [1) and (b) |5) ® |5). The
mechanical frequency w,, = 10 GHz and the ratio g/w,, = 0.01.

where the average phonon number in the environment is

hw,, -
Ny = [exp (kB_T> — 1:| 5 (15)

where kg is the Boltzmann constant. Assuming the mechanical
frequency w,, = 10 GHz [35], the fidelities of generated states
with mechanical loss can be solved from Eq. (14) and plotted
in Fig. 6. As an example, if the initial state is |5) ® |5) and
the loss rate is y,,/g = 0.1, reaching a temperature of 0.5 K
can reduce fidelity within 10%, reaching 0.3 K can reduce
fidelity within 2%, and reaching 0.1 K can result in a fidelity
change of less than 0.1%, which can be ignored [Fig. 6(b)]. As
a result, the requirements for a 10 GHz mechanical oscillator
are T <0.1K and y,,/g < 0.1.

C. Experimental feasibility

Optomechanical crystals are the preferred platform to re-
alize our proposed scheme because of their high mechanical
frequencies and strong optomechanical coupling strengths.
Recently, an optomechanical crystal composed of pairs of
coupled optical and mechanical modes has been fabricated
to enhance the nonlinear measurement of mechanical motion,
where w,, =4.9GHz, u = 2.4 GHz, and g = 500kHz [36].
Another two-dimensional optomechanical crystal cavity is
also fabricated to reach a high quantum cooperativity [35].
Whispering gallery microcavities serve as a secondary alter-
native platform because of their high quality factors (Q =~
107) [31,37]. However, the lower mechanical frequencies
and optomechanical coupling strengths (w,, = 20MHz, g =
500 Hz) still need to be improved to meet our expectations
[31]. Optomechanical waveguide is a one-dimensional waveg-
uide structure with continuous spectral optical modes and
continuous mechanical modes [38]. The advantage of optome-
chanical waveguide is that the coupling length is controllable,
and the generated state can be taken at a certain time, so it
may be suitable for our theoretical scheme. Optomechanical
waveguides have also achieved sideband cooling technology
in experiments [39]. However, our theory has not yet in-
volved position-dependent annihilation operators, so further
theoretical analysis is needed to confirm the adaptability of
optomechanical waveguides. So the discussions below are all
based on optomechanical crystals.

We first consider the experimental feasibility of mechanical
oscillators. On the one hand, a high mechanical frequency
is necessary. It implies a less average phonon number in
the reservoir, thereby bringing lower thermal noise that is
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beneficial for quantum state generation. Assuming a tem-
perature of 10 mK [35], the requirement of mechanical
frequency then can be estimated from the formula, i.e.,
ny = [exp(hw,, /kgT) — 1171 < 1, obtaining that w,, should
be larger than 1 GHz. In addition, our generation mechanism
is based on coupled optical-optomechanical cavities, requiring
Wy, = 2u and w, > g. All these requirements are experimen-
tally feasible in the recent work mentioned above [36]. On the
other hand, the platform requires cryogenic operation to sup-
press thermal noise and maintain quantum coherence. Room
temperature (300 K) implies high phonon number (ng ~ 600)
in the reservoir, which introduces lots of thermal noise into
the optomechanical system, thereby damaging the quantum
state. According to the calculation in Sec. IV B, the tempera-
ture should be lower than 0.1 K for a mechanical frequency
of 10 GHz. Moreover, our scheme requires a mechanical
oscillator initially on the ground state, so it is necessary to
cool the mechanical oscillator to the ground state before op-
tomechanical coupling occurs. A common method is laser
sideband cooling, but it is not recommended in our scheme.
Because there is residual thermal noise (ng ~ 1) in the cooled
mechanical oscillator [27], which will cause a sharp decrease
(40%) of fidelity, even if the initial state is |1) ® |1). In fact,
under the conditions of a mechanical oscillator frequency of
10 GHz and a temperature of 0.01 K, the phonon number in
the environment is extremely low (2 x 10~2%). Then, no addi-
tional operation is required because the mechanical oscillator
is naturally cooled to the ground state. Therefore, in order to
suppress thermal noise and reach the mechanical ground state,
a cryogenic environment is necessary.

We then consider the experimental feasibility of optical
cavities; the largest difficulty is the requirement between op-
tical loss and optomechanical coupling strength, i.e., y/g <
0.01. Minor optical losses have a significant impact on the
fidelities of generated states, which is a common phenomenon
in the preparation of optical quantum states [40,41], because
Fock states themselves are very sensitive to losses. For exam-
ple, in a single lossy channel with the same loss and evolution
time (y/g < 0.01, gt = 0.81), the fidelity of Fock state |2)
decreases to 98.3% (in our scheme, the fidelity decreases to
98.2%). Some research works that mainly focus on preparing
mechanical quantum states in cavity optomechanical systems
only require y /g < 1 [42]. Other research works that focus
on single photon sources and single phonon-photon converters
require ¥ /g < 1 [29]. These different types of research focus
on different issues, and therefore have different requirements
for optical losses. However, at present, the parameter level in
experiments is still far from reaching the condition of y /g <
0.01, then the results of quantum state preparation will be
greatly affected. Recently, in the state-of-the-art experimental

progress on two-cavity optomechanical coupling structures,
a couple-mode optomechanical crystal structure with y =
600 MHz, ¢ = 500kHz can only reach y/g = 1200 [36],
while in a single-mode optomechanical crystal, it can reach
y = 170MHz, g = 1.1 MHz, i.e., y /g = 160 [43]. Therefore,
at present, the parameter level in experiments is far from
reaching the condition of y /g < 0.01. In order to bridge the
gap, we may make further efforts in two directions in the
future. One is to enhance the strength of optomechanical cou-
pling or obtain a stronger efficient coupling strength [44,45],
the other is to improve the optical quality factor of the op-
tomechanical cavity, that is, to further reduce optical losses
[35].

V. SUMMARY

In summary, we have proposed a mechanism of determin-
istically generating high Fock states based on the nonlinear
interaction in optical-optomechanical cavities. If the mechan-
ical resonator is in the ground state initially, the forward
process will be promoted and the backward process will be
suppressed, which is the key to our work. Discussion of opti-
cal losses indicates that the system must be in optomechanical
strong coupling regime.

Our proposed mechanism has achieved deterministic gen-
eration, which can reduce the consumption of various
resources in quantum information processing. Large photon
number improves the precision of quantum metrology, which
may also be an application of our work. The photon trans-
fer between two modes induced by nonlinear interaction in
optomechanical systems may achieve many other functions,
such as a mode filter for photons, deterministically adding one
photon to a squeezed state yielding a cat state. For mechanical
mode, it is also a good choice to deterministically add or
subtract phonons. Therefore, our work contributes to various
fields, including quantum metrology, quantum optical devices,
and quantum states preparation.
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