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Generating strongly entangled states within multiparticle systems stands as a pivotal endeavor in quantum
physics. It not only serves as a cornerstone for delving into the intrinsic properties of quantum mechanics but
also provides indispensable quantum resources vital for the development of emerging quantum technologies that
transcend classical capabilities. Here, we propose a method to manipulate the magnon-photon, magnon-phonon,
and photon-phonon robust entanglement, and the tripartite entanglement involving magnon, photon, and phonon
modes, within a hybrid cavity magnomechanical system, leveraging the interference effects induced by two
counterpropagating pump lasers. We find that it becomes feasible to exert effective control over all three different
types of bipartite quantum entanglement and the tripartite quantum entanglement by properly adjusting the
phase difference between the two pump lasers. Moreover, this approach not only enhances these entanglements
but also bolsters their resilience against thermal noise emanating from the surrounding environment. The
outcomes of our research reveal a readily implementable technique for the manipulation and preservation of
quantum entanglement. This technique is of paramount importance in numerous real-world applications that
hinge on purely quantum resources, including noise-resistant quantum computing and high-precision quantum
measurements.
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I. INTRODUCTION

The hybrid cavity magnomechanical (CMM) system, a
composite quantum framework that integrates optical cavity
(photon), magnon, and mechanical (phonon) modes, serves
as a highly promising platform for exploring a diverse array
of intriguing physical phenomena [1–6]. In a hybrid CMM
system, the collective spin dynamics—specifically, magnons
within the Kittel mode of ferromagnetic crystals such as
yttrium-iron-garnet (YIG) spheres—exhibit exceptional ex-
perimental versatility and tunability [7–9]. Based on such
properties, the hybrid CMM system provides a multifunc-
tional platform with extensive applicability, covering areas
such as mechanical cooling processes [10], quantum paramet-
ric amplification [11], quantum state manipulation [12–14],
the generation of magnonic frequency combs [15–18], and
magnomechanical chaos phenomena [19–21]. Notably, quan-
tum entanglement based on CMM [22–27] represents a
distinctive quantum resource. In particular, in Ref. [28], it
has been proved that optimal parameter regimes for achieving
the tripartite entanglement where magnons, cavity photons,
and phonons are entangled with each other. Furthermore,
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in Ref. [29], it has been shown that nonreciprocal modu-
lation of entanglement utilizing the magnon Kerr effect is
possible. However, research on phase regulation of bipartite
entanglement based on such systems is still lacking. Signif-
icantly, quantum entanglement has undergone experimental
validation in diverse optical fields [30,31] and mechanical os-
cillator setups [32–35]. Nonetheless, quantum entanglement
usually demonstrates fragility and is easily disturbed by ran-
dom noise. As a result, in real-world applications, there exists
an urgent and critical need to protect and enhance quantum
entanglement.

In this paper, we propose a scheme to control and enhance
the robust magnon-photon, magnon-phonon, and photon-
phonon entanglement, as well as the tripartite entanglement
within a hybrid quantum CMM system. This is achieved
through the utilization of two pump lasers that travel in differ-
ent directions. We observe that one-way optical transmission
has been achieved experimentally through the adjustment of
the phase difference between the two pump lasers, utilizing
a whispering-gallery-mode resonator [36,37]. We have also
noticed that the relative phase between two microwave tones
can be manually set using an arbitrary waveform generator
and an in-phase and quadrature mixer, and phase-dependent
switching among magnon-induced transparency, absorption,
and amplification has been experimentally realized [38]. By
employing dual-drive systems, it is also possible to achieve
a variety of other quantum effects, including optical nonre-
ciprocity based on a double-cavity optomechanical system
[39] or a three-mode optomechanical system [40], phonon
lasering based on a cavity magnomechanical system [41],
quantum entanglement based on a cavity optomechanics
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FIG. 1. Robust entanglement of the CMM system. (a) Schematic diagram of the CMM system with double-pump lasers scheme. A highly
polished YIG sphere is placed inside a three-dimensional microwave cavity, near the maximum magnetic field of the cavity, and simultaneously
in a uniform static bias magnetic field of strength B0 along the z axis, establishing the magnon-photon coupling. (b) Cartoon diagram of the
interaction among the cavity, magnon, and mechanical modes. The magnon mode is directly driven by a microwave field to enhance the
magnomechanical coupling, while the cavity mode is also driven simultaneously. (c) Frequency spectrum of this CMM system shown in panel
(a). (d) The parameters selected for our numerical computations are practically achievable through experiments, and some of them are drawn
from Refs. [61,83].

system [42–44], as well as photon blockade based on a period-
ically poled lithium niobate microcavity [45] or a linear cavity
coupled to a nonlinear cavity [46]. Drawing inspiration from
those earlier studies, we now demonstrate that the proposed
approach can be effectively utilized to protect and potentially
further enhance the robust magnon-photon, magnon-phonon,
and photon-phonon entanglement, as well as the tripartite
entanglement in a hybrid quantum CMM system. We observe
that, by suitably adjusting the phase difference of the double-
pump lasers, the three varied types of bipartite quantum
entanglement and the tripartite quantum entanglement that ex-
ist within such a hybrid quantum CMM system can not only be
effectively protected but also be significantly enhanced, while
concurrently enhancing the system’s robustness against ther-
mal noises emanating from the environment. Our discoveries
not only fall entirely within the scope of current experimental
capabilities and demonstrate strong compatibility with other
established methods for safeguarding quantum entanglement
[47–60], but they also illuminate the path toward constructing
an array of phase-controlled quantum CMM systems. The
entanglement enhancement effect that is demonstrated lays a
more favorable foundation for further applying this system to
specific quantum technology tasks.

The structure of this paper unfolds as below. Section II
presents the theoretical model of our hybrid CMM system
and delves into a comprehensive analysis of its quantum dy-
namics. In Sec. III, we investigate the robust entanglement of
magnon-photon, magnon-phonon, and photon-phonon under
the influence of phase control. Ultimately, Sec. IV offers a
concise summary of the entire article.

II. PHASE-CONTROLLED CMM SYSTEM:
QUANTUM DYNAMICS

This study explores how to achieve coherent control and
enhance the magnon-photon, magnon-phonon, and photon-
phonon robust entanglement in such a hybrid quantum CMM
system by modulating the relative phase in double-pump
lasers. In particular, as depicted in Fig. 1(a), our research fo-
cuses on a hybrid CMM system where a polished YIG sphere
is positioned within a three-dimensional microwave cavity
[61]. A highly polished YIG sphere is essential to suppress
two-magnon scattering and clamping losses [8,62], achieving
narrow magnon linewidth and high mechanical quality factor
[61], which are prerequisites for observing strong coupling
and coherent magnomechanical effects. The Kittel mode of
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the YIG sphere (also known as the magnon mode) can be
activated by a microwave drive field [63]. Additionally, the
YIG sphere is subjected to a uniform static magnetic field
(B0) that serves to saturate its magnetization and create cou-
pling between magnetic and microwave resonances [64]. As
depicted in Fig. 1(b), the magnon mode and microwave cavity
mode are coupled through magnetic dipole interaction. The
magnon frequency ωm is primarily governed by the gyromag-
netic ratio (γ /2π = 28 GHz/T) and the external bias magnetic
field [65], i.e., ωm = γ B0. The YIG sphere exhibits mag-
netostriction [66–68], in which magnon excitation alters the
magnetization, leading to corresponding geometric changes in
the shape of the sphere. Concurrently, the mechanical defor-
mation of the YIG sphere induced by an external magnetic
field modulates its magnetization, giving rise to coupling
between magnon and phonon modes [61,69,70]. The YIG
sphere thus serves as a platform where magnon and phonon
modes are simultaneously supported [61] and coupled through
a nonlinear magnetostrictive interaction [see Fig. 1(b)]. In our
system, the microwave photon wavelength is much larger than
the YIG sphere size. Consequently, the radiation-pressure-
induced direct coupling between photon and phonon is orders
of magnitude weaker than the magnon-photon coupling and
the magnon-phonon coupling, and can be safely neglected. All
interactions depicted in Fig. 1(b) have been experimentally
confirmed [8,70–72]. Within a rotating reference frame with
the driving frequency ωd , the effective Hamiltonian governing
this CMM system can be written as

Ĥ = Ĥ0 + Ĥint + Ĥdr,

Ĥ0 = h̄�aâ†â + h̄�mm̂†m̂ + h̄
ωb

2
(q̂2 + p̂2),

Ĥint = h̄gmbm̂†m̂q̂ + h̄gma(â†m̂ + âm̂†),

Ĥdr = ih̄(εaâ†e−iθa + �mm̂†e−iθm − H.c.), (1)

where â (â†) and m̂ (m̂†) denote the annihilation (creation) op-
erators corresponding to the cavity mode (frequency ωa) and
magnon mode (frequency ωm), respectively. �a = ωa − ωd

represents the optical detuning of the cavity mode relative
to the driving cavity field. �m = ωm − ωd characterizes the
magnon-drive detuning between the magnon mode and the
driving magnetic field. In the mechanical mode operating at
resonance frequency ωb, q̂ and p̂ denote the dimensionless
position and momentum quadratures. Regarding the coupling
parameters, gma and gmb specify the magnon-microwave cou-
pling rate and the single-magnon magnomechanical coupling
rate, respectively. The phase and amplitude of the driving
cavity field are characterized by θa and |εa| = √

2κaPa/h̄ωd ,
where Pa represents the input laser power for the cav-
ity mode and κa denotes the dissipation rate of the cavity
mode. The phase and amplitude associated with the mag-
netic driving field are described by θm and �m =

√
5N
4 γ B0,

with B0 representing the external magnetic field, i.e., B0 =
(1/R)

√
(2pmμ0/πc), where R is the YIG sphere radius, μ0

denotes vacuum permeability, c is the speed of electromag-
netic waves in vacuum, and pm represents the input laser
power for the magnon mode. The total number of spins is
given by N = ρVm, where Vm represents the volume of the
YIG sphere and ρ = 4.22 × 1027 m−3 denotes its spin density

[28]. The phase difference between the double-pump lasers is
expressed as �θ , defined by the equation �θ ≡ θa − θm. By
adjusting the phase difference �θ , the three varied types of
bipartite quantum entanglement can be controlled.

Accounting for the impact of dissipations in the CMM
system and environmental input noises, the dynamic evolution
of the system is fully captured by the quantum Langevin
equations (QLEs) expressed as

˙̂a = −(i�a + κa)â − igmam̂ + εae−iθa +
√

2κaâin,

˙̂m = −(i�m + κm)m̂ − igmaâ − igmbm̂q̂ + �me−iθm

+
√

2κmm̂in,

˙̂q = ωb p̂,

˙̂p = −q̂ωb − gmbm̂†m̂ − γb p̂ + ξ̂ , (2)

where γb corresponds to the mechanical damping rate, κm

signifies the dissipation rate of the magnon mode, and âin,
m̂in, and ξ̂ represent the vacuum noise operators associated
with the cavity, magnon, and mechanical modes, respectively.
The input vacuum noise operators exhibit zero-mean values,
with their characteristics defined by the subsequent correla-
tion functions [73]:

〈âin(t )âin†(t ′)〉 = [Na(ωa) + 1]δ(t − t ′),

〈âin†(t )âin(t ′)〉 = Na(ωa)δ(t − t ′),

〈m̂in(t )m̂in†(t ′)〉 = [Nm(ωm) + 1]δ(t − t ′),

〈m̂in†(t )m̂in(t ′)〉 = Nm(ωm)δ(t − t ′),

〈ξ (t )ξ (t ′) + ξ (t ′)ξ (t )〉/2 � γb[2Nb(ωb) + 1]δ(t − t ′), (3)

where Nj (ωmj ) = [exp(h̄ωmj /kBT ) − 1]−1( j = a, m, b) de-
notes the thermal mean occupation number for the photon,
magnon, and phonon modes, respectively, with kB represent-
ing the Boltzmann constant and T corresponding to the bath
temperature. The approximation symbol “�” in the last ex-
pression of Eq. (3) is employed since the mechanical noise
correlation function is not strictly delta correlated, which
indicates its non-Markovian nature [74,75]; it can be approx-
imated as delta correlated only under the high mechanical
quality factor approximation (Q = ωm/γm � 1), which is the
Markovian approximation [76]. In contrast, the optical and
magnon noise correlations are exact delta functions. In the
regime of strong driving fields, each operator in the CMM
system can be decomposed into its steady-state mean value
plus a small quantum fluctuation term, i.e.,

â = αs + δâ, m̂ = ms + δm̂,

q̂ = qs + δq̂, p̂ = ps + δ p̂. (4)

Upon substituting Eq. (4) into QLEs (2), we derive the first-
order inhomogeneous differential equations that the steady-
state mean values, i.e.,

α̇s = −(i�a + κa)αs − igmams + εae−iθa ,

ṁs = −(i�m + κm)ms − igmaαs − igmbmsqs + �me−iθm ,

q̇s = ωb ps,

ṗs = −qsωb − gmb|ms|2. (5)
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The linearized QLEs that quantum fluctuations can be ex-
pressed as

δ ˙̂a = −(i�a + κa)δâ − igmaδm̂ +
√

2κaâin,

δ ˙̂m = −(i�m + κm)δm̂ − igmaδâ − igmbmsδq̂

− igmbδm̂qs +
√

2κmm̂in,

δ ˙̂q = ωbδ p̂,

δ ˙̂p = −ωbδq̂ − gmbm†
s δm̂ − gmbmsδm̂† − γbδ p̂ + ξ̂ . (6)

Setting the derivatives of Eq. (5) to zero allows calculation of
the mean values for each mode at steady state:

αs = − igmams − εae−iθa

i�a + κa
,

qs = −gmb|ms|2
ωb

,

ms = −igmaεae−iθa + (i�a + κa)�me−iθm

(i�̃m + κm)(i�a + κa) + g2
ma

, (7)

where �̃m = �m + gmbqs represents the effective magnon-
drive detuning. Additionally, since |�̃m|, |�a| � κa, κm, the
steady-state mean values for the magnon mode may be ex-
pressed in the following simplified form:

ms = i�a�me−iθm − igmaεae−iθa

g2
ma − �̃m�a

. (8)

It can be seen that ms is jointly determined by θm and θa.
From the aforementioned linearized QLEs, i.e., Eq. (6), one
can derive the corresponding linearized system Hamiltonian:

Ĥ lin = Ĥ lin
0 + Ĥ lin

ma + Ĥ lin
mb,

Ĥ lin
0 = h̄�aδâ†δâ + h̄�mδm̂†δm̂ + h̄

ωb

2
(δq̂2 + δ p̂2),

Ĥ lin
ma = h̄gma(δâ†δm̂ + δm̂†δâ),

Ĥ lin
mb = h̄gmb(m∗

s δm̂δq̂ + msδm̂†δq̂ + qsδm̂†δm̂). (9)

It is noteworthy that the magnon and mechanical modes
coupling term in Eq. (9) appears in the form of Ĥ lin

mb =
h̄gmb(m∗

s δm̂δq̂ + msδm̂†δq̂ + qsδm̂†δm̂). The position opera-
tor of the mechanical oscillator δq̂ = (δb̂ + δb̂†)/

√
2 simul-

taneously contains both the annihilation operator b̂ and the
creation operator b̂† for the phonon mode. Substitute it into
the magnon and mechanical modes coupling term in Eq. (9),
and we obtain

Ĥ lin
mb = h̄gmb√

2
(m∗

s δm̂δb̂ + msδm̂†δb̂†)

+ h̄gmb√
2

(m∗
s δm̂δb̂† + msδm̂†δb̂)

+ h̄gmbqsδm̂†δm̂, (10)

the magnon and mechanical modes are coupled via two
kinds of interactions: (1) a parametric down-conversion-
type process characterized by m∗

s δm̂δb̂ + msδm̂†δb̂† and (2)
a beam-splitter-type process characterized by m∗

s δm̂δb̂† +
msδm̂†δb̂. The parametric down-conversion is precisely the
source of entanglement generation between the magnon and

mechanical modes, while the beam splitter will transfer this
entanglement to the cavity mode. Importantly, the steady-
state mean value of the magnon mode ms depends on the
phase difference (i.e., �θ ≡ θa − θm) [see Eq. (8)]. As can
be seen from Eq. (10), the intensity of the parametric down-
conversion is proportional to |ms|. Therefore, the phase
difference �θ of driving fields first influences the steady-
state mean value of the magnon mode. Subsequently, the
phase difference �θ influences the weight of the parametric
down-conversion in the total interaction. Finally, the phase
difference �θ influences the logarithmic negativity EN , i.e.,
Eq. (25).

Introducing the operators for optical and magnon quadra-
ture fluctuations, defined as

δX̂ = δâ + δâ†

√
2

, δŶ = δâ − δâ†

i
√

2
,

δx̂ = δm̂ + δm̂†

√
2

, δŷ = δm̂ − δm̂†

i
√

2
, (11)

along with the corresponding input noise operators, formu-
lated as

δX̂ in = δâin + δâin,†

√
2

, δŶ in = δâin − δâin,†

i
√

2
,

δx̂in = δm̂in + δm̂in,†

√
2

, δŷin = δm̂in − δm̂in,†

i
√

2
, (12)

the associated linearized QLEs can be written explicitly in a
concise form as

˙̂u(t ) = Aû(t ) + v̂(t ), (13)

where we introduce the fluctuation operator vector û,

ûT (t ) = (δX̂ , δŶ , δx̂, δŷ, δq̂, δ p̂), (14)

and the input noise operator v̂,

v̂T (t ) = (
√

2κaX̂ in,
√

2κaŶ
in,

√
2κmx̂in,

√
2κmŷin, 0, ξ̂ ).

(15)

The corresponding coefficient matrix A is given by

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

−κa �a 0 gma 0 0
−�a −κa −gma 0 0 0

0 gma −κm �̃m −Gmb 0
−gma 0 −�̃m −κm 0 0

0 0 0 0 0 ωm

0 0 0 Gmb −ωb −γb

⎞
⎟⎟⎟⎟⎟⎟⎠

, (16)

and Gmb = i
√

2gmbms denotes the effective magnomechani-
cal coupling rate. The effective magnomechanical coupling
rate can be adjusted by the phase difference �θ , which
forms the basis for the manipulation of the magnon-photon,
magnon-phonon, and photon-phonon robust entanglement.
The phase difference �θ of driving fields first influences the
steady-state mean values of the magnon mode [i.e., Eq. (8)].
Thereafter, the phase difference modulates both the effective
magnomechanical coupling rate (Gmb = i

√
2gmbms) and the

corresponding coefficient matrix, which is specifically shown
in Eq. (16). Eventually, the phase difference modulates the
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logarithmic negativity [i.e., Eq. (25)]. Furthermore, the solu-
tion to the linearized QLEs (13) can be obtained as

û(t ) = M(t )û(0) +
∫ t

0
dτM(τ )v̂(t − τ ), (17)

where

M(t ) = exp(At ). (18)

The system is stable only when all real parts of the eigenval-
ues of A are negative, as determined by the Routh-Hurwitz
criterion [77]. Upon fulfillment of all the stability conditions,
we can obtain M(∞) = 0 in the steady state, and

ûi(∞) =
∫ ∞

0
dτ

∑
k

Mik (τ )v̂k (t − τ ). (19)

Due to the linearized dynamics and the Gaussian nature of the
quantum noise, the steady state of the quantum fluctuations
within the CMM system can finally evolve into a quadripar-
tite zero-mean Gaussian state, which is fully characterized
by a 6 × 6 correlation matrix (CM) V with its components
defined as

Vkl = 〈ûk (∞)ûl (∞)+ûl (∞)ûk (∞)〉/2. (20)

By substituting Eq. (19) into Eq. (20) and using the fact that
the six components of v̂(t ) are not correlated with each other,
the steady-state CM V is given by

V =
∫ ∞

0
dτM(τ )DMT(τ ), (21)

where

D = Diag [κa(2Na + 1), κa(2Na + 1), κm(2Nm + 1),

κm(2Nm + 1), 0, γb(2Nb + 1)] (22)

is a diffusion matrix that is obtained by using

〈v̂k (τ )v̂l (τ
′)+v̂l (τ

′)v̂k (τ )〉/2 = Dklδ(τ − τ ′). (23)

Given the stability condition, the steady-state covariance ma-
trix CM V satisfies the Lyapunov equation [76]:

AV + VAT = −D. (24)

The Lyapunov equation (24) is a linear equation and allows
us to derive CM V for any relevant parameters. However, the
analytical expression of V is too complicated and thus would
not be reported here.

III. RESULTS AND DISCUSSIONS

For quantifying bipartite entanglement in a three-mode
continuous variable system, we can adopt the logarithmic
negativity EN as an effective measure, which can be defined
as [78]

EN = max [0,− ln(2ν−)], (25)

where

ν− =2−1/2{�(V ′) − [�(V ′)2 − 4 detV ′]1/2}1/2, (26)

with

�(V ′)=det A + det B − 2 det C. (27)

Here, ν− is the smallest symplectic eigenvalue of the par-
tial transpose of a reduced 4 × 4 CM V ′. The reduced CM
V ′ contains the entries of V , and it can be directly de-
rived by selecting the rows and columns of the interesting
mode. By writing the reduced CM V ′ in a 2 × 2 block form,
we have

V ′ =
(
A C
CT B

)
. (28)

Equation (23) indicates that the CMM entanglement emerge
only when ν− < 1/2, which is equivalent to Simon’s neces-
sary and sufficient entanglement nonpositive partial transpose
criterion (or the related Peres-Horodecki criterion) for certify-
ing bipartite entanglement in Gaussian states [79].

In order to investigate the tripartite quantum entanglement
in the three-mode CMM system, we employ a quantitative
measure, specifically the minimum residual contangle Rmin

τ

[80,81]. This measure is defined as follows:

Rmin
τ ≡ min

(r,s,t )

[
Er|st

τ − Er|s
τ − Er|t

τ

]
, (29)

in this context, (r, s, t ) ∈ {a, m, b} denotes all the possible
permutations of the three-mode indices. Meanwhile, Eu|v

τ is
the contangle of subsystems of u (with one mode) and v

(with one or two modes), which can be characterized by
an appropriate entanglement monotone, such as the squared
logarithmic negativity.

Eu|v
τ ≡ [EN ]2 ≡ {max [0,− ln(2ν̃−)]}2. (30)

Here, ν̃− stands for the minimum symplectic eigenvalue asso-
ciated with the CM. In the case where v encompasses only a
single mode, the expression for ν̃− in Eq. (30) is given by

ν̃− = min [eig|i�2Ṽ4|], (31)

where

�2 = ⊕2
j=1iσy, (32)

where σy represents the Pauli y matrix. The matrix Ṽ4 shown
in Eq. (31) can be written as

Ṽ4 = P0V4P0, (33)

here, V4 represents the 4 × 4 CM of two subsystems. This
matrix is obtained by removing the rows and columns that
correspond to the uninteresting mode from the matrix V , and

P0 = diag(1,−1, 1, 1), (34)

refers to the matrix that accomplishes the partial transposition
operation when applied to CMs.

When v contains two modes, ν̃− in Eq. (30) is obtained by

ν̃− = min [eig|i�3Ṽ6|], (35)

where

�3 = ⊕3
j=1iσy, (36)

and the matrix Ṽ6 in Eq. (35) is obtained by

Ṽ6 = Pr|(st )V6Pr|(st ), (37)
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FIG. 2. Phase-controlled robust entanglement between magnon
and mechanical modes through adjusting the phase difference �θ

of driving fields. (a) The logarithmic negativity Em|b
N vs the optical

detuning �a/ωb for the single-pump case (Pm = 30 mW and Pa = 0)
and the double-pump case (Pm = 30 mW and Pa = 30 mW). (b) Em|b

N

vs �a/ωb for different �θ . (c) Density plot of Em|b
N as a function of

�θ and �a/ωb. (d) Em|b
N vs �a/ωb for different input laser power

(P = Pm = Pa), with �θ = 0. We select �̃m/ωb = 0.9. The other
parameters are provided in the text.

where V6 represents the 6 × 6 CM of this system and we
introduce the partial transposition matrices

Pa|mb = diag(1,−1, 1, 1, 1, 1),

Pm|ab = diag(1, 1, 1,−1, 1, 1),

Pb|am = diag(1, 1, 1, 1, 1,−1). (38)

The residual contangle adheres to the principle of monogamy
in quantum entanglement, i.e.,

Er|st
τ − Er|s

τ − Er|t
τ � 0. (39)

This inequality bears a resemblance to the Coffman-Kundu-
Wootters monogamy inequality [82], which holds for three
qubits. The fact that the nonzero minimum residual contan-
gle Rmin

τ > 0 indicates the emergence of complete tripartite
inseparability.

Now, we thoroughly explore the magnon-photon, magnon-
phonon, and photon-phonon robust entanglement of this
hybrid CMM system in detail. In our numerical computations,
we utilize the following parameters to guarantee the
stability and practical viability of this CMM system
[61,83]. The parameters are ωa/2π = 10 GHz, ωb/2π = 10
MHz, ωm/2π = 10.1 GHz, κm/2π = 1 MHz, κa/2π = 1
MHz, γb/2π = 100 Hz, gmb/2π = 0.3 MHz, gma/2π =
1 MHz, R = 250 µm, Pm = 30 mW, Pa = 30 mW, and
T = 10 mK.

In Fig. 2, we first explore how to regulate the behavior
of the bipartite entanglement between the magnon and me-
chanical modes by tuning the phase difference �θ of the two
driving lasers. Specifically, the logarithmic negativity Em|b

N

is represented as a function of the optical detuning �a/ωb

under the single-pump laser case (Pm = 30 mW and Pa = 0)
[see the dashed curves in Fig. 2(a)]. Additionally, we plot
the logarithmic negativity Em|b

N as a function of the optical
detuning �a/ωb under the double-pump laser case (Pm =
30 mW and Pa = 30 mW) [see the solid curves in Fig. 2(a)].
It is demonstrated that at a specific phase difference �θ of
the two driving lasers, such as �θ = 0, the double-pump
laser case can generate more robust bipartite entanglement
between the magnon and mechanical modes compared to the
single-pump laser case. In Fig. 2(b), we plot the logarithmic
negativity Em|b

N as a function of the optical detuning �a/ωb

for various values of the phase difference �θ of the two driv-
ing lasers. As observed, the logarithmic negativity Em|b

N can
be effectively modulated or even enhanced by adjusting the
phase difference �θ . In particular, the entanglement degree
between the magnon and mechanical modes is enhanced when
�θ = π/2 compared to when �θ = π . Interference occurs
between two pump lasers with the same frequency, which
manifests as either constructive or destructive interference.
The bipartite entanglement between magnon and mechanical
modes can be enhanced or suppressed through constructive
or destructive interference pathways. The relative phase plays
a critical role in controlling interference. By intentionally
designing the relative phase, we can effectively control the
bipartite entanglement. When �θ = π/2, the constructive
interference reaches its maximum, leading to the strongest
entanglement. In order to clearly observe how the phase dif-
ference �θ regulates the bipartite entanglement between the
magnon and mechanical modes, we present the dependence
of the logarithmic negativity Em|b

N on both �θ and the op-
tical detuning �a/ωb in Fig. 2(c). It can be seen from the
figure that by tuning the phase difference �θ of the driving
lasers, Em|b

N can be effectively regulated. Figure 2(d) shows
the influence of the driving power of the double-pump system
on the magnon-phonon entanglement, with �θ = 0. From the
obtained results, it is evident that an increase in the driving
power brings about a concurrent elevation in the maximum
value of the magnon-phonon entanglement.

In Fig. 3, we investigate how to regulate the bipartite entan-
glement between the magnon and cavity modes by adjusting
the phase difference �θ of the two driving lasers. As shown
in Fig. 3(a), we plot the logarithmic negativity Em|a

N as a
function of the optical detuning �a/ωb for both the double-
pump (Pm = 30 mW and Pa = 30 mW) and single-pump laser
cases (Pm = 30 mW and Pa = 0 mW). When the phase dif-
ference �θ of the two driving lasers is tuned to a special
value �θ = 0, the double-pump laser case induces stronger
magnon-photon entanglement than the single-pump case [see
Fig. 3(a)]. In Fig. 3(b), we plot the logarithmic negativity
Em|a

N as a function of the optical detuning �a/ωb for different
values of the phase difference �θ . It can be observed that
the maximum entanglement degree between the magnon and
cavity modes occurs near �a/ωb � −1. Moreover, Em|a

N can
be effectively modulated or enhanced by adjusting �θ . We
find that the entanglement reaches its maximum value at an
optimal �θ = 0, which is enhanced compared to the cases
of �θ = π/2 or π . To gain a clearer understanding of how
�θ modulates the entanglement, we additionally show the
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FIG. 3. Phase-controlled robust entanglement between magnon
and cavity modes by adjusting the phase difference �θ of driving
fields. (a) The logarithmic negativity Em|a

N vs the optical detuning
�a/ωb for with the single-pump case (Pm = 30 mW and Pa = 0) and
the double-pump case (Pm = 30 mW and Pa = 30 mW). (b) Em|a

N vs
�a/ωb for different �θ . (c) Density plot of Em|a

N as a function of �θ

and �a/ωb. (d) Em|a
N vs �a/ωb for different input laser power (P =

Pm = Pa), with �θ = 0. The other parameters are provided in the
text.

dependence of Em|a
N on �a/ωb and �θ in Fig. 3(c). Figure 3(d)

shows the influence of the driving power of the double-pump
system on the magnon-photon entanglement, with �θ = 0.
The results clearly show that an increase in the driving power
leads to a concurrent elevation in the maximum value of the
magnon-photon entanglement.

In Fig. 4, we study how to regulate the photon-phonon
entanglement via tuning the phase difference �θ of the two
driving lasers. Specifically, as depicted in Fig. 4(a), the loga-
rithmic negativity Ea|b

N is presented as a function of the optical
detuning �a/ωb in the double-pump laser case (Pm = 30 mW
and Pa = 30 mW). In the single-pump laser scenario (Pm =
30 mW and Pa = 0), we also plot the logarithmic negativ-
ity Ea|b

N versus the optical detuning �a/ωb. As illustrated in
Fig. 4(a), for a specific phase difference, e.g., �θ = 0, the
double-pump laser case can generate more robust entangle-
ment than the single-pump case. As demonstrated in Fig. 4(b),
we plot the logarithmic negativity Ea|b

N as a function of the
optical detuning �a/ωb for a range of phase differences �θ . It
is shown that the degree of such cavity photon-phonon entan-
glement is the greatest near the optical detuning �a/ωb � −1.
When adjusting the phase difference �θ , Ea|b

N can be effec-
tively modulated or even enhanced at specific values of phase
difference �θ . We find that the photon-phonon entanglement
could be enhanced at �θ = 0 compared to �θ = π/2 or π

[see Fig. 4(b)]. To observe this effect more clearly, we ad-
ditionally show the dependence of the logarithmic negativity
Ea|b

N on the optical detuning �a/ωb and the phase difference
�θ in Fig. 4(c). As shown, the logarithmic negativity Ea|b

N

FIG. 4. Phase-controlled robust entanglement between cavity
and mechanical modes by tuning the phase difference �θ of driving
fields. (a) The logarithmic negativity Ea|b

N vs the optical detuning
�a/ωb for the single-pump case (Pm = 30 mW and Pa = 0) and
the double-pump case (Pm = 30 mW and Pa = 30 mW). (b) Ea|b

N vs
�a/ωb for different �θ . (c) Density plot of Ea|b

N as a function of �θ

and �a/ωb. (d) Ea|b
N vs �a/ωb for different input laser power (P = Pm

= Pa), with �θ = 0. The other parameters are provided in the text.

can be well regulated periodically by adjusting the phase
difference �θ between the two driving lasers. In Fig. 4(d),
the logarithmic negativity Ea|b

N is plotted as a function of the
optical detuning �a/ωb for different values of the driving
power with the phase difference �θ = 0. From the obtained
results, it is clear that an increase in the driving power brings
about a concurrent elevation in the maximum value of the
entanglement.

In Fig. 5(a), the logarithmic negativity Em|b
N , Ea|b

N , and
Em|a

N are plotted as a function of the optical detuning �a/ωb

with the phase difference values �θ = 0 in the double-pump
laser case (Pm = 30 mW and Pa = 30 mW). This indicates
that in a parameter regime around �a/ωb = −1, all bi-
partite entanglements can be simultaneously present. The
magnomechanical (radiation pressurelike) interaction leads to
significant cooling of the mechanical mode and, at the same
time, induces considerable magnomechanical entanglement
owing to the strong coupling [28]. The complementary re-
lation of the solid curve and the dashed and dotted curves
in Fig. 5(a) indicates that the photon-phonon and magnon-
photon entanglement are transferred from the magnon-phonon
entanglement. In Fig. 5(b), the logarithmic negativity Em|b

N ,
Ea|b

N , and Em|a
N are plotted as a function of the phase dif-

ference values �θ with the optical detuning �a/ωb = −1.
As can be seen from Fig. 5(b), within the phase difference
range of �θ from 0 to π/2, the magnon-phonon entanglement
strength increases with increasing phase difference, while
the photon-phonon entanglement and the magnon-photon en-
tanglement decrease accordingly; whereas within the �θ

range from π/2 to π , the magnon-phonon entanglement
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FIG. 5. (a) The logarithmic negativity Em|b
N (solid), Ea|b

N (dashed),
and Em|a

N (dotted) vs the optical detuning �a/ωb with the phase
difference �θ = 0. (b) Em|b

N , Ea|b
N , and Em|a

N vs �θ with �a/ωb = −1.
(c) The minimum residual contangle Rmin

τ vs �a/ωb for different �θ .
(d) Density plot of Rmin

τ as a function of �θ and �a/ωb. We select
gmb/2π = 0.7 MHz. The other parameters are provided in the text.

strength decreases with increasing phase difference, while the
photon-phonon entanglement and magnon-photon entangle-
ment increase accordingly. Apart from the manipulation of all
bipartite entanglements, the phase difference can also manip-
ulate the tripartite entanglement of the system. In Fig. 5(c),
the minimum residual contangle Rmin

τ is plotted as a function
of the optical detuning �a/ωb for different phase difference
values �θ in the double-pump laser case (Pm = 30 mW and
Pa = 30 mW). It can be seen that when adjusting the phase
difference �θ of the driving fields, the minimum residual
contangle Rmin

τ can be modulated well [see Fig. 5(c)]. In
particular, the tripartite CMM entanglement could be consid-
erably enhanced for the phase difference �θ = π/2 compared
with that of the phase difference �θ = π . Moreover, it can be
seen that the variation trend of the tripartite entanglement of
the system with the optical detuning is consistent with that
of the magnon-phonon entanglement. To see the regulation of
the phase difference �θ on the tripartite CMM entanglement
more clearly, we show in Fig. 5(d) how the minimum residual
contangle Rmin

τ depends on the phase difference �θ and the

optical detuning �a/ωb. It can be seen that by adjusting the
phase difference �θ between the driving lasers, the minimum
residual contangle Rmin

τ can be effectively regulated.

IV. CONCLUSION

In conclusion, we have studied how to generate, ma-
nipulate, and even enhance the robust magnon-photon,
magnon-phonon, and photon-phonon entanglement, as well
as the tripartite entanglement. This was achieved by prop-
erly adjusting the phase difference �θ of the dual-pump
lasers within the hybrid cavity CMM system. Our findings
reveal that all three types of bipartite entanglement and the
tripartite entanglement can be bolstered, and their resilience
to thermal noise can also be enhanced through fine-tuning
the phase difference �θ of the driving lasers. Our research
results illuminate potential strategies for safeguarding and op-
timizing the functionality of diverse quantum devices amidst
the challenges posed by real-world noisy conditions. These
insights offer a promising pathway to the realization of a
variety of quantum technologies that leverage entanglement,
encompassing quantum computing [84–86], quantum sensing
[87–90], and quantum networking [91–94]. From a more ex-
pansive perspective, we foresee the potential for our research
to be further developed, enabling the exploration of a diverse
array of other quantum phenomena utilizing these CMM sys-
tems. These may encompass the generation of ultraslow light
[95–97], magnon blockade effects [98–100], and ultrahigh-
sensitivity sensing [101–103].
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