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Global thermodynamic manifold for conservative control of stochastic systems
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Optimal control of stochastic systems plays a central role in nonequilibrium physics, with applications in
the study of biological molecular motors and the design of single-molecule experiments. While exact analytic
solutions to optimization problems are rare, under slow driving conditions, the problem can be reformulated ge-
ometrically solely in terms of equilibrium properties. In this framework, minimum-work protocols are geodesics
on a thermodynamic manifold whose metric is a generalized friction tensor. Here, we introduce a foundation for
this friction-tensor formalism for conservatively driven systems on either discrete- or continuous-state spaces.
Under complete control of the potential energy, a global thermodynamic manifold (on which points are identified
with instantaneous energy landscapes) has as its metric a full-control friction tensor. Arbitrary partial-control
friction tensors arise naturally as inherited metrics on submanifolds of this global manifold. We leverage a
simple mathematical relationship between system dynamics and the geometry of the global manifold to derive
expressions for the generalized friction and linear-response excess work. We show that the friction tensor, usually
defined as an infinite-time integral, may be expressed as a product of straightforwardly computed matrices. We
furthermore show that the linear-response excess power is decomposable into relaxation-time-scaled projections
of the control velocity onto eigenmodes of the rate matrix or Fokker-Planck operator. This intuitive result
provides a systematic means of interpreting otherwise-mysterious efficient control strategies, unveiling how
multiparameter optimal control takes advantage of multiexponential relaxation dynamics to reduce dissipation
relative to single-parameter control. We demonstrate the computational and conceptual advances in three
illustrative examples.
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I. INTRODUCTION

A central question in nonequilibrium thermodynamics con-
cerns the “price of haste” [1]. For quasistatic (infinitely slow)
processes, thermodynamic systems remain at equilibrium,
rendering total dissipation independent of driving protocol.
However, for processes occurring in finite time, established
results from equilibrium thermodynamics no longer apply:
Instantaneous values of macroscopic observables fundamen-
tally depend on the driving history. For mesoscopic systems
where the relevant energy scales are comparable to ther-
mal fluctuations, these quantities are stochastic, exhibiting
protocol-dependent distributions [2].

These factors pose challenges to uncovering universal prin-
ciples governing systems of theoretical and practical interest
like biological molecular motors operating in the nonequi-
librium environment of living cells—often with remarkable
speed and efficiency [3]. Optimal control theory is one
framework for navigating the complexity of nonequilibrium
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statistical physics: Given a cost function and boundary condi-
tions, optimization selects a set of privileged paths from the
uncountable infinity of thermodynamically distinct paths in
control-parameter space [4,5].

Minimum-work protocols (MWPs) minimize the ensem-
ble average of the excess work, the extra energy required to
drive a process in finite time. Although MWPs have been
analytically derived for some simple systems [6–11], the prob-
lem is typically intractable. Reformulating the optimal-control
problem as a system of Hamiltonian equations allows for
the application of numerical methods for ordinary differen-
tial equations [11]; however, computation rapidly becomes
prohibitively expensive for large systems, high-dimensional
control vectors, or systems driven near a critical point. On-
going efforts to address these challenges include methods
employing machine learning [12,13].

An alternative approach is to apply suitable approximations
that simplify the optimal control problem. Approximations
of the excess work based on purely equilibrium information
have been derived in the limits of both fast [14] and slow
[15,16] driving. The slow-driving approximation gives rise to
a formalism within which MWPs may be viewed as geodesics
on a thermodynamic manifold. The metric on this manifold is
a generalized friction tensor that depends only on the instan-
taneous value of the control parameters.

The friction-tensor formalism has been applied in various
contexts, including the study of driven barrier crossings as a
model of single-molecule force-extension experiments [17],
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driving the biological rotary motor F1 ATPase [18,19], folding
of DNA hairpins [20], control of protein copy-number distri-
butions [21], bounds on the efficiency of membrane separation
of binary gases [22], and nonequilibrium phase transitions
[23]. The formalism has also been extended beyond the
classical regime to quantum systems [24]. A re-weighted
friction tensor has been introduced for the efficient sampling
of free-energy surfaces [25] with applications to the binding
affinity of drugs [26]. Recently, it was shown for contin-
uous overdamped dynamics that the thermodynamic length
defined in the friction-tensor formalism is equivalent to the
L2-Wasserstein distance from optimal-transport theory under
the restriction to equilibrium distributions [27].

In this paper, we establish a foundational geometric
structure for the friction-tensor formalism. We define a non-
Riemannian global thermodynamic manifold M whose metric
tensor [Eq. (24)] is the generalized friction tensor obtained
by assuming arbitrary control over the microstate energies of
a given system. We demonstrate how, in the case of conser-
vative control, arbitrary partial-control friction tensors arise
naturally as inherited metrics [Eq. (30)] on submanifolds of
M. We then derive two decompositions, Eqs. (43) and (55),
of the full-control friction tensor that facilitate numerical and
analytic calculations, provide insight into the dynamical ori-
gins of dissipation for slowly driven systems, and suggest
optimization heuristics. We provide concrete demonstrations
of the framework in three illustrative examples.

II. CONVENTIONS AND ASSUMPTIONS

Our principal results apply to both discrete- and
continuous-state spaces � under a set of assumptions about
the nature of the dynamics and control. It will thus be advan-
tageous to establish a unified notation that does not require
any assumptions on the cardinality of the state space.

Summation (for discrete-state spaces) and integration (for
continuous-state spaces) are unified by introducing a measure
μ on �: If g(x) is some measurable function on �,∫

�

dμ(x) g(x) =
{∑

xν∈� g(xν ), � discrete,∫
�

dx g(x), � continuous.
(1)

Formally, μ is the counting measure for discrete � and the
Lebesgue measure for continuous � [28]; i.e., the notation
above indicates either a sum or an integral depending on
whether � is discrete or continuous. Then, for any state func-
tions g and h, we denote by

(g, h) ≡
∫

�

dμ(x) g(x)h(x) (2)

the Euclidean �2 inner product (dot product) for discrete � or
the Euclidean L2 inner product for continuous �. In particular,

〈g〉q ≡ (g, q) (3)

is the average value of g with respect to a distribution q
over �.

Throughout, we extend in the straightforward way the def-
inition of the inner product [Eq. (2)] to arguments other than
state functions [e.g., (u, v) = uTv for vectors u, v ∈ Rm].

We consider ergodic continuous-time Markov processes Xt

taking values x in �. The time evolution of the probability

distribution p(x, t ) over � is governed by a generator G,
i.e., ∂ p/∂t = Gp. External control is accomplished through a
vector of control parameters u such that Gt = Gu(t ). The most
general equation of motion for p(x, t ) is then

∂ p

∂t
(x, t ) = [Gt p(t )](x) (4a)

≡
∫

�

dμ(y)Gt (x, y)p(y, t ), (4b)

where in Eq. (4b), we define the integral kernel Gt (x, y) of Gt ,
i.e., the rate of probability flowing to x from y. For discrete
�, Gt is a rate matrix Wt , and this is the master equation.
For continuous �, Gt is the second-order differential Fokker-
Planck operator Lt . The notation [Gt p(t )](x) here reflects that
Gt acts on the entire function p(t ) [just as Wt acts on the entire
vector p(t )].

We further assume that the fixed-parameter dynamics are
overdamped and reversible; i.e., the generator Gu satisfies
detailed balance for all u:

Gu(y, x)πu(x) = Gu(x, y)πu(y), (5)

where πu is a distribution satisfying Guπu = 0. Under the as-
sumptions of ergodicity and detailed balance, πu ∝ e−βV (u) is
the unique equilibrium distribution for the process at fixed u,
for potential energy V and inverse temperature β ≡ (kBT )−1.
Driving may thus be expressed by a time-dependent potential
energy V (t ) = V (u(t )); i.e., control is conservative [29].

We often write 〈g〉p(t ) as 〈g(t )〉 for the average of a state
function with respect to a time-dependent distribution p(t ).
When the parameters are temporally varied, π (t ) ≡ πu(t ) is
the equilibrium distribution corresponding to the parameter
values at time t . The mean deviation of a state function g from
its instantaneous equilibrium value is 〈δg(t )〉 ≡ (g, δp(t ))
for δp(t ) ≡ p(t ) − π (t ). Equilibrium (fixed-parameter) time-
correlation functions are

	g(t ) ≡ 〈δg(t )δg(0)〉eq (6a)

=
∫

�

dμ(x)
∫

�

dμ(y) P(x, t |y, 0)π (y) δg(x)δg(y),

(6b)

where P(x, t |y, 0) = [etG](x, y) is the probability that the sys-
tem is in state x at time t given that it was initialized in state y
at time 0.

With additional and not-too-restrictive assumptions on
V (x, t ) for continuous systems [30], these conditions
mean that G has a discrete spectrum of real, nonpositive
eigenvalues [31].

The right eigenfunctions ψα and left eigenfunctions φα

satisfy

Gψα = λαψα (7a)

G†φα = λαφα. (7b)

Here, the adjoint G† is defined by (h,Gg) = (G†h, g). For
discrete �, the adjoint operator is the transpose W T of the rate
matrix, and for continuous � it is the backward Kolmogorov
operator L†. In particular, with λ0 = 0, ψ0 = π and φ0 = 1.
The left and right eigenfunctions form a complete dual basis;
i.e., they can be normalized such that (ψα, φβ ) = δαβ for
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Kronecker delta δαβ , and∑
α

ψα (x)φα (y) = δ(x, y), (8)

with δ(x, y) the Dirac delta function when x and y are con-
tinuous states and the Kronecker delta function when they are
discrete states. Consequently, the fixed-u generator admits a
spectral decomposition

Gt (x, y) =
∑
α�1

λα (t )ψα (x, t )φα (y, t ), (9)

such that Eq. (4b) can be written as

∂ p

∂t
(x, t ) =

∑
α�1

λα (t ) (φα (t ), p(t )) ψα (x, t ), (10)

with λα , φα , and ψα , in general, depending on time through
the control parameters u.

We do not use Einstein summation in this paper due to
potential ambiguities caused by expressions such as Eq. (9).
However, for objects with clear geometric interpretations,
we do distinguish vectors and covectors by upper and lower
indices, respectively. For example, control parameters are
written as ui, and their conjugate forces are written with a
lower index as fi. Latin indices are reserved for paramet-
ric control-parameter sets, while Greek indices are used for
state-vector indices for discrete systems [e.g., probabilities
pν ≡ p(xν )] and for eigenfunction indices across all systems.

III. THERMODYNAMICS, CONTROL, AND GEOMETRY

Given a set of control parameters u and some cost func-
tional C, an optimal control protocol is a curve u∗ : [0, τ ] →
Rm that minimizes the cost functional subject to some set
of constraints. The choice of cost function depends on the
context: For example, one may wish to minimize entropy pro-
duction or the loss of available work, maximize power output
or efficiency, or optimize some combination of these [1,32]. In
this paper, we study protocols that minimize the average work
subject to a set of holonomic constraints V (t ) = V (u(t )) that
define the control parameters.

Over a particular realization of a conservative control pro-
tocol, the energy V (Xt , t ) of the system at time t depends
on time through both the deterministic evolution V (t ) of the
potential energy and the stochastic dynamics Xt . On the en-
semble level, these contributions can be separated in the time
derivative of the mean system energy 〈V (t )〉p(t ) = (V (t ), p(t ))
into the mean power and mean heat flow [33]:

d

dt
(V (t ), p(t )) =

(
dV (t )

dt
, p(t )

)
︸ ︷︷ ︸
mean power 〈P (t )〉

+
(

V (t ),
dp(t )

dt

)
︸ ︷︷ ︸
mean heat flow 〈Q̇(t )〉

.

(11)
For a protocol V (t ) over a time interval [0, τ ], the average
work (taken over many instantiations of the control protocol)
is obtained by integrating 〈P (t )〉 over the protocol:

〈W〉 =
∫ τ

0
dt

(
dV (t )

dt
, p(t )

)
. (12)

It is convenient to instead minimize the mean excess work
(or irreversible work), defined as the mean work minus the
quasistatic work 〈W〉(QS) = limτ→∞〈W〉, obtained by taking
p(t ) → π (t ) in Eq. (12). One may verify that the quasistatic
work so defined is independent of τ and is equal to the differ-
ence in free energy between the initial and final states.

〈Wex〉 =
∫ τ

0
dt

(
dV

dt
, δp(t )

)
. (13)

This can equivalently be written as

〈Wex〉 = −
∫ τ

0
dt

(
du
dt

, 〈δ f (t )〉
)

(14)

in terms of control parameters u and mean conjugate-force
deviations

〈δ f (t )〉 ≡ −(〈∇uV 〉p(t ) − 〈∇uV 〉π (t ) ). (15)

We assume that the controlled system is prepared at time
t = −∞ with some initial value of the control parameters u0

so that p(0) = πu0 . If the system is driven such that it remains
close to equilibrium throughout the protocol, dynamic linear-
response (LR) theory [34] approximates the average deviation
of the conjugate forces f to the parameters u as

〈δ f (t )〉 ≈ β

∫ t

−∞
dt ′ d	 f

dt
[u(t ′) − u(t )], (16)

for equilibrium time-correlation matrix 	 f (t ) =
〈δ f (t )δ f (0)T〉eq. The derivative d	 f /dt characterizes the
system response at time t to a perturbation of the control
parameters at time 0.

If driving is slow compared to the system’s relaxation
timescales, the conjugate-force deviation reduces to

〈δ f (t )〉 ≈ −ζ̃ (u)
du
dt

(17)

for generalized friction tensor [15]

ζ̃ (u) ≡ β

∫ ∞

0
dt ′ 	 f (t ′; u). (18)

The LR contribution to the excess work is then

〈Wex〉(LR) =
∫ τ

0
dt

duT

dt
ζ̃ (u(t ))

du
dt

. (19)

The component ζ̃i j (u) of the generalized friction tensor ap-
proximates how the energy cost of simultaneously changing
the control parameters ui and u j scales with the veloc-
ity of the control parameters. While the exact excess work
[Eqs. (13) and (14)] depends on the solution p(t ) of the
time-inhomogeneous equation (4), the linear-response ap-
proximation [Eq. (19)] only requires information about
the equilibrium dynamics for fixed parameters. The excess
work 〈Wex〉 approaches the linear-response approximation
〈Wex〉(LR) as the protocol duration τ increases (Fig. 1).

The generalized friction tensor is positive-definite and
symmetric, endowing the control-parameter space with a Rie-
mannian metric structure. Within this geometric framework,
control protocols are curves on a thermodynamic manifold
M̃ on which distances quantify the excess work for near-
equilibrium driving. The LR excess work [Eq. (19)] of a
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FIG. 1. Convergence of the exact excess work β〈Wex〉 (solid
red curve) to the linear-response approximation β〈Wex〉(LR) (dashed
teal line) as the protocol duration τ becomes large, for the
(h, JNN, JNNN, K, L) protocol described in Sec. VII C. As τ → 0,
the excess work asymptotically approaches the relative entropy
D(π0‖πτ ) between the initial and final equilibrium distributions [14]
(horizontal dashed black line).

protocol u(t ) is identified with the geometric energy of a
curve u(t ) on M, and therefore LR minimum-work protocols
are geodesics (paths of shortest length) on the thermody-
namic manifold. Such protocols thus satisfy the geodesic
equation ∇u̇u̇ = 0 for covariant derivative ∇u̇ along the curve.
In components,

d2ui

dt2
+

∑
j,k

�i
jk

du j

dt

duk

dt
= 0, i = 1, . . . , m, (20)

for Christoffel symbols of the second kind

�i
jk ≡ 1

2

∑
�

ζ̃ i�

(
∂ζ̃� j

∂uk
+ ∂ζ̃k�

∂u j
− ∂ζ̃ jk

∂u�

)
(21)

for ζ̃ i� ≡ [ζ̃−1]i� [35].
In a small handful of systems [15,36,37], the friction tensor

is analytically obtainable directly from the definition (18). In
the special case of one-dimensional continuous overdamped
dynamics, the friction tensor simplifies [24], extending the
range of analytically tractable models. Physically motivated
approximations may also provide analytic insights when the
full friction tensor is not known [23]. More often, numer-
ical methods are required, typically involving estimation of
the time-correlation functions 	 f using Markov chain Monte
Carlo simulations [38–40].

IV. HIERARCHY OF THERMODYNAMIC MANIFOLDS

In this section, we apply the mathematics of submanifolds
[41] to connect the geometries of distinct control-parameter
sets. By constructing a global thermodynamic manifold M
spanned by the state energies, we show that the partial-control
manifolds for arbitrary sets {u0, u1, . . . , um−1} of control
parameters arise naturally as submanifolds (Fig. 2). In con-
junction with the decompositions we will derive in Sec. V,
this geometric picture offers methods for rapidly computing
friction tensors.

FIG. 2. Partial-control manifolds (M̃, ζ̃ ) (blue) coordinatized by
a set of control parameters u are submanifolds of the global thermo-
dynamic manifold (M, ζ ), with ζ̃ inherited from ζ by Eq. (30). The
restriction V = V (u) of conservative control defines the immersion
F [Eq. (28)]. The pushforward F∗—that maps vectors on M̃ to
vectors on M (red arrows)—is related to the conjugate forces f
[Eq. (29)].

A. Global manifold: full control

In the context of conservative driving, “full control”
refers to the ability to arbitrarily reshape the potential-energy
landscape V (x) provided that e−βV (x) remains normalizable.
Equivalently, this means that the control-parameter set is
sufficiently robust to prepare the controlled system in any
equilibrium distribution π .

For a system with N discrete states, the energy landscape is
specified by the energy of all N states, which can be assembled
into a vector V = (V 0,V 1, . . . ,V N−1) with V ν = V (xν ). For a
continuous system, one may imagine a continuum of control
parameters V (x) parametrized by x. The forces conjugate to
the state energies are indicator functions

ω(x, t ) ≡ −δV (Xt )/δV (x) = −δ(x, Xt ), (22)

where the functional derivative accounts for continuous x.
The average deviation of the conjugate forces ω from their
equilibrium values is then precisely the (negative) deviation
of the probability distribution from equilibrium:

〈δω(x, t )〉 ≡ 〈δω(x)〉p(t ) = −δp(x, t ). (23)

Analogous to Eq. (18), we define the full-control friction
tensor ζ (V )—which depends on the entire potential-energy
landscape V —by its integral kernel

ζ (x, y;V ) ≡ β

∫ ∞

0
dt ′〈δω(x, t ′) δω(y, 0)

〉
eq, (24)

such that

〈Pex(t )〉 =
∫

�

dμ(x)
dV (x)

dt
δp(x, t ) (25a)

≈
∫

�×�

dμ(x) dμ(y)
dV (x)

dt
ζ (x, y;V )

dV (y)

dt

(25b)
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≡ 〈Pex(t )〉(LR). (25c)

Interpreted geometrically, the full-control friction tensor is
a metric on a (perhaps infinite-dimensional) manifold that
we call the global thermodynamic manifold M, with each
possible landscape identified with a point on M. The squared
length of a tangent vector on the global manifold corresponds
to the linear-response excess power:

〈Pex(t )〉(LR) =
(

dV

dt
, ζ

dV

dt

)
≡

∣∣∣∣
∣∣∣∣dV

dt

∣∣∣∣
∣∣∣∣2
ζ

, (26)

where || · ||ζ denotes a norm with respect to the metric ζ .
We will see later that the metric ζ has a nonempty null

space spanned by 1 (respectively, the constant function 1 for
continuous � or the constant vector 1 for discrete �). We
should expect this intuitively from the linear-response relation
implied by Eq. (25):

δp ≈ ζ
dV

dt
. (27)

Uniformly raising or lowering the energy landscape does not
affect the system’s dynamics, so this action does not alter
the system distribution: δp = 0 for dV/dt ∝ 1. An equivalent
argument may be made from conservation of probability [42].

Since det ζ = 0, the metric is said to be degenerate and the
full-control manifold M is thus a non-Riemannian manifold.
This degeneracy does not meaningfully impede the usual geo-
metric analysis, however, as the null vector (in the coordinates
of V ) is the same everywhere on the manifold. The degeneracy
may be managed by projecting points V ∈ M onto some
hypersurface on which the metric is nondegenerate, e.g., by
fixing the potential zero point, setting V (y) = 0 for some y ∈
�. We address the construction of Riemannian full-control
submanifolds for discrete-state systems in Sec. IV C.

B. Submanifolds: partial control

In practical settings, the number of control parameters is
significantly smaller than the number of system states. For
instance, early studies of fluctuation theorems involved the
manipulation of single RNA molecules with the molecular
extension as the only controllable parameter [43,44]. The
success of these demonstrations and other nonequilibrium
measurements of equilibrium free-energy landscapes relies on
executing experimental protocols with low excess work [4].
Partial (or parametric) control is thus an area of clear practical
importance.

For conservative control with a set of m control parameters
{u0, . . . , ui, . . . , um−1}, protocols are constrained by V (t ) =
V (u(t )) to a lower-dimensional control-parameter space. Ge-
ometrically, this space is a submanifold M̃ of the global
manifold M.

Since the control parameters represent a constrained con-
trol over the potential energy V , there is a map (unique up to
specification of the energy zero point) between points u on M̃
and points V (u) on M. In differential geometry, such a map
is an immersion:

F : M̃ → M
: u �→ V (u). (28)

The partial-control manifold is called a submanifold of the
global manifold with immersion F .

Associated with an immersion is its pushforward (or differ-
ential) F∗ : TuM̃ → TV (u)M, mapping vectors on M̃ (i.e.,
elements of the tangent space TuM̃) to vectors on M. In this
setting, the matrix elements of the pushforward are simply
obtained by the chain rule, and are identified with the forces
fi(x) conjugate to respective parameters ui when the system is
in state x:

V̇ (x) = [F∗(u̇)](x) = −
m−1∑
i=0

fi(x) u̇i. (29)

The metric ζ̃ (u) on M̃, inherited from ζ (V ), is then

ζ̃i j (u) =
∫

�×�

dμ(x) dμ(y) ζ (x, y;V (u)) fi(x) f j (y). (30)

Substituting Eq. (24) into this form and applying Eq. (22)
shows it to indeed be equivalent to the metric defined in
Eq. (18). This is constructed to ensure that geometric in-
variants (e.g., the lengths of tangent vectors) are equal when
computed on M and on M̃. In particular, since the squared
length of a vector on a thermodynamic manifold corresponds
to the linear-response excess power, the preservation of geo-
metric invariants under coordinate transformations means that
one computes the same excess power from ζ̃ and u(t ) as from
ζ and V (t ). Figure 2 summarizes this picture.

C. Riemannian full-control submanifolds

For a discrete-state system with |�| = n, full control is
possible with a set of n − 1 parameters due to the invariance of
the dynamics under a uniform shift of the state energies (cap-
tured in the degeneracy of ζ ). We define a control-parameter
set u ∈ Rn−1 as complete if the potential energy is fully deter-
mined (up to a global additive constant) by u.

This may be formally stated as follows: A control-
parameter set u is complete if for all V ′ ∈ Rn, there exists
some u′ ∈ Rn−1 and c ∈ R such that

V ′ = V (u′) + c1. (31)

This implies a sort of point-wise generalized invertibility be-
tween u and V . If, in addition, u′ is unique for each V ′, then we
may always project the hypersurface defined by V (u) onto a
hyperplane, associating to each control vector a unique energy
vector in the plane.

Here, we consider complete control sets u that only affect
relative energies and not the overall offset, so V (u) is a hyper-
plane with constant normal vector 1.

Define the Jacobian J = FT
∗ of the transformation from

the control parameters u to the state energies V , i.e., [J ] ν
i =

− fi(xν ) = ∂V ν (u)/∂ui. Then, for probability vector p(t ),

〈 f 〉p(t ) = −J p(t ). (32)

We show in Appendix A that under the stated conditions,
the distribution p(t ) is completely determined by the average
conjugate forces 〈 f 〉p(t ), with Eq. (32) invertible via

p(t ) = −JR〈 f (t )〉 + 1

n
1 (33)
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FIG. 3. Schematic of the geometric condition on the complete-
ness of a set of control parameters u. A control parameter set u is
complete, i.e., able to fully determine state energies up to a constant
offset when the space � f of average conjugate forces 〈 f 〉 forms
an (n − 1) simplex in Rn−1 (red triangle, right), since this allows a
bijective transformation between � f and the probability simplex �p

(green triangle, left).

for right inverse JR = JT(JJT)−1.
The time evolution of the average deviation 〈δ f (t )〉 of the

conjugate force to a complete set of control parameters is thus
self-contained in the sense that

d〈δ f (t )〉
dt

= W f 〈δ f (t )〉, (34)

where

W f ≡ JWJR (35)

is the generator of the dynamics of 〈 f (t )〉.
There is an equivalent geometric condition on the com-

pleteness of a control-parameter set, illustrated for a three-
state system in Fig. 3. Let � f be the convex hull of the n points
{ f (xi )}, i.e., the set of all conjugate-force averages 〈 f 〉. For
a complete set of control parameters, � f forms an (n − 1)-
dimensional simplex in Rn−1. Since the space of probability
vectors p for an n-state system defines an (n − 1)-dimensional
simplex (the probability simplex �p = {p ∈ Rn : 1T p = 1}),
there exists a bijective transformation between these spaces.
Put simply, the space of conjugate-force averages 〈 f 〉 for a
complete set of control parameters is the same “size” as the
space of probability vectors.

Concretely, consider an N-spin system, for which there are
n = 2N states. We show in Sec. VII C that the set of all k-
spin interactions for k = 1, . . . , N from the cluster expansion
is a complete control set that spans a (2N − 1)-dimensional
Riemannian full-control submanifold.

V. DECOMPOSITIONS OF THE FRICTION TENSOR

This hierarchy of thermodynamic manifolds means that,
given full-control metric ζ , we may compute a partial-
control metric ζ̃ for any control-parameter set {u0, . . . , um−1}.
Though conceptually appealing, this leaves open the question
of how we can actually calculate and physically interpret the
friction tensor ζ and its relationship to inherited metrics ζ̃ .
In this section, we show that the properties of the full-control
friction tensor [Eq. (24)] permit mathematical manipulations,
which significantly simplify the calculation of friction tensors,

offer a dynamical interpretation of the linear-response excess
power, and suggest design principles for reducing dissipation
in driven systems.

A. The Drazin inverse

We begin with a brief review of the Drazin inverse, a
generalized inverse for linear operators, which plays a central
role in the derivations that follow. The Drazin inverse of the
rate matrix has also appeared in previous works on optimal
control [27,45–48] and has applications in first-passage prob-
lems [49,50].

Intuitively, the need for an appropriately defined inverse of
the generator arises due to the time integral in the definition
(45) of the full-control friction tensor. In the same way as the
generator Gt plays the role of a time derivative on the space of
probability distributions, its Drazin inverse GD

t plays the role
of a time integral (over [0,∞)) on the same space.

Let A be a linear operator on some Hilbert space. The
Drazin inverse of A is the unique operator AD satisfying

AADAk = Ak (36a)

ADAAD = AD (36b)

ADA = AAD, (36c)

for some k ∈ Z called the index of A. For operators on Hilbert
spaces of finite dimension (i.e., matrices), k is the small-
est non-negative integer such that rankAk = rankA� for all
� > k [51]. We consider only the case of k = 1 (such as for
irreducible rate matrices [52]). In this case, the Drazin inverse
of A may be constructed from

AD = P0 + (A − P0)−1, (37)

for projection matrix P0 onto the null space N (A) of A.
From properties (36a)–(36c), one can show that

AAD = I − P0, (38)

for identity operator I . That is, AAD projects vectors in the
Hilbert space onto the complement of N (A).

Concretely, suppose that W is an irreducible rate matrix
with equilibrium distribution π. Then, the product WWD

[and WDW by the commutativity property (36c)] maps a
probability distribution to its deviation from equilibrium, i.e.,
WWDp = (I − �)p = δp with � = π1T = [π · · · π]. As a
corollary,

WWDδp = δp, (39)

so that WD is a proper inverse of W when the domain
is restricted to vectors in the hyperplane {v : 1T v = 0}—
including deviations δp from equilibrium and derivatives
dp/dt of probability distributions.

From properties (36b) and (36c), it follows that [53]

WDπ = 1TWD = 0. (40)

The Drazin inverse may thus be interpreted as “inverting the
invertible part” of a matrix [45], leaving the null space of WD

coincident with the null space of W .
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B. Operator decomposition

Consider some continuous- or discrete-state Markov pro-
cess with generator G satisfying the conditions established in
Sec. II. We would like to manipulate the expression (24) for
the full-control friction tensor into a more manageable form.
We take advantage of the fact that the integrand 	ω(t ) =
〈δω(t )δω(0)〉eq is calculated for a fixed energy landscape so
that dπ/dt = 0, and thus d	ω/dt = G	ω. Then, from Eq.
(39), the full-control friction tensor is

ζ = β

∫ ∞

0
dt ′ 	ω(t ′) (41a)

= β

∫ ∞

0
dt ′ GD d	ω(t ′)

dt
(41b)

= −βGD	0
ω, (41c)

for 	0
ω ≡ 	ω(0). The final line follows from the fact that

limt→∞ 	ω(t ) = 0 for ergodic dynamics.
Equation (41c) is a main result: The full-control friction

tensor is decomposable into a product of the Drazin inverse
of the generator and the equal-time equilibrium covariance
matrix of the indicator functions ω. Roughly, this separates
the friction tensor into a static part 	0

ω and a dynamic
part βGD.

This expression simplifies further. Appendix B shows that
the equal-time equilibrium covariance matrix of the indicator
functions ω satisfies

	0
ω(x, y) = π (x)δ(x, y) − π (x)π (y). (42)

Since π is in the null space of GD, we obtain the
decomposition

ζ (x, y) = −β GD(x, y) π (y). (43)

For discrete systems, this reduces the infinite-time integral
(24) to a matrix equation

ζ = −βWDdiag{π}. (44)

Together with the formula (37) for the Drazin inverse of a ma-
trix, this expression allows for machine-precision numerical
calculation of the full-control friction tensor ζ (V )–and thus
any partial-control tensor ζ̃ (u) via the analysis of Sec. IV B.

In Appendix C, we show that for a complete control set u,
the friction tensor is

ζ̃ (u) = −βW −1
f 	0

f (45)

for generator W f of the dynamics of 〈 f (t )〉 as de-
fined in Eq. (35) and equal-time-correlation matrix 	0

f =
〈δ f δ f T〉π(u).

Finally, since a protocol V (t ) can be completely character-
ized up to an (irrelevant) additive constant by the evolution of
the equilibrium distribution π (t ), we use the operator decom-
position to derive the relation (Appendix E)

ζ
dV

dt
= GD dπ

dt
. (46)

The linear-response relation [Eq. (27)] is then equivalent to
the approximation

δp ≈ GD dπ

dt
. (47)

This expression was derived previously using an operator
expansion [46].

C. Connection to integral relaxation time

As noted in Ref. [15], the friction tensor ζ̃ (for any set of
control parameters) may be written as

ζ̃ = kBT T ◦ I, (48)

the Hadamard product of the integral relaxation-time matrix

Ti j ≡
∫ ∞

0
dt ′ 〈δ fi(t ′)δ f j (0)〉eq

〈δ fiδ f j〉π (49)

and the equilibrium Fisher-information matrix

I ≡ β2	0
f . (50)

When the conjugate forces f are the indicator functions ω,
equating Eq. (48) with the operator decomposition [Eq. (44)]
gives a simple correspondence between the Drazin inverse of
the rate matrix and the integral relaxation time:

WD
μν =

{
πμTμν, μ �= ν

−(1 − πμ)Tμμ, μ = ν.
(51)

Seen another way, defining the transition probability matrix
with elements pμν (t ) = Pr[μ, t | ν, 0], the Drazin inverse of
the rate matrix is [50]

−WD
μν =

∫ ∞

0
dt [pμν (t ) − πμ]. (52a)

Thus, much like T , the Drazin inverse of the rate matrix de-
scribes the timescale of system relaxation. The magnitude of
WD

μν characterizes how long it takes for pμν (t ), the probability
pμ(t ) conditioned on initialization in state ν, to reach the
equilibrium probability πμ.

D. Spectral decomposition

When a generator G admits the spectral decomposition [Eq.
(9)], the integral kernel of the Drazin inverse is

GD(x, y) = −
∑
α�1

ταψα (x)φα (y) (53)

for relaxation times

τα ≡ − 1

λα

, α � 1. (54)

See Appendix D for a concise proof. Substituting this ex-
pression into the decomposition [Eq. (43)] and using the fact
that ψα (x) = φα (x)π (x) for systems obeying detailed balance
[54], we obtain a spectral decomposition of the full-control
friction tensor:

ζ (x, y) = β
∑
α�1

ταψα (x)ψα (y). (55)

The degeneracy of ζ as inferred from Eq. (27) is manifest in
this form: From the biorthogonality of the eigenfunctions, we
have φ0ζ = ζφ0 = 0, with φ0 = 1.

This spectral decomposition can be used to express the
linear-response excess power [Eq. (25)] as a sum of in-
dependent contributions associated with the fixed-parameter
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relaxation modes of the system:

〈Pex(t )〉(LR) = β
∑
α�1

τα (t )

(
dV (t )

dt
, ψα (t )

)2

. (56)

Under the change of variables s ≡ t/τ for total protocol time
τ , the linear-response excess work is

〈Wex〉(LR)(τ ) = kBT

τ

∑
α�1

∫ 1

0
ds τα

(
dβV

ds
, ψα

)2

. (57)

Equations (55)–(57) constitute another main result. The spec-
tral decomposition of the excess work provides insight into the
dynamical origin of dissipation: Roughly, each term captures
the degree to which the protocol traverses a given mode,
scaled by that mode’s relaxation time. As a design principle,
dissipation may be reduced by driving a system such that
dV/dt is maximally orthogonal to modes with long relaxation
times.

A similar expression holds for partial-control submani-
folds. From the transformation law for metrics,

ζ̃i j (u) =
∑
α�1

τα ψ̃α|i ψ̃α| j (58)

for conjugate relaxation modes

ψ̃α|i = −
∫

�

dμ(x) ψα (x) fi(x). (59)

The zeroth conjugate relaxation mode ψ̃0 is the equilibrium
average −〈 f 〉π of the conjugate-force vector, and for α �
1, ψ̃α captures the fixed-parameter relaxation of −〈δ f (t )〉
corresponding to system relaxation along mode α. The linear-
response excess power in terms of a limited set of control
parameters is then

〈Pex(t )〉(LR) = β
∑
α�1

τα (t )

(
du(t )

dt
, ψ̃α (t )

)2

. (60)

Equation (58) is particularly powerful for continuous systems
for which the spectrum of L is analytically known. While the
full-control spectral decomposition [Eq. (55)] is a manifestly
infinite sum for continuous-state spaces, the partial-control
spectral decomposition [Eq. (58)] may be a finite sum if the
conjugate forces fi(x) are orthogonal to all but a finite set of
modes ψα (x); Sec. VII B demonstrates a concrete example of
this.

VI. THEORETICAL SYNOPSIS

We have, in the preceding sections, presented a rich geo-
metric structure of dissipation under slow driving. Here, we
briefly review the essential features of this structure before
applying it in three illustrative examples.

To each dynamical system evolving reversibly and er-
godically under the dynamics (4), one may define a global
thermodynamic manifold whose intrinsic geometry captures
the relaxation dynamics, as made evident by the decompo-
sition of the metric tensor in terms of the spectrum of the
infinitesimal generator [Eq. (55)]. This geometry also captures
dissipation for slow driving: The squared length of the tan-
gent vector approximates the excess power dissipation for a

particular speed and direction of driving [Eq. (26)]. This gen-
eralizes the friction tensor defined in Ref. [15], and subsumes
parameter-dependent friction tensors as inherited metrics [Eq.
(30)] on submanifolds. The operator decomposition [Eq. (43)]
of the full-control metric identifies an object that has implic-
itly arisen in different forms in previous works [27,45,46],
unifying its discrete- and continuous-state presentations.

We next demonstrate in examples the computational
advantages conferred by operator decomposition and the
submanifold structure, provide a concrete example of a Rie-
mannian full-control manifold, and explore the analytical
tools offered by the full- and partial-control spectral decom-
positions.

VII. ILLUSTRATIVE EXAMPLES

A. Two-state system

We begin with a very simple model system: two states with
arbitrary transition rates w10 and w01 [Fig. 4(a), left]. From
Eq. (37), the Drazin inverse of the rate matrix is

WD = 1

(w01 + w10)2

[−w10 w01

w10 −w01

]
. (61)

From the decomposition [Eq. (44)] and instantaneous equi-
librium distribution (π0(t ), π1(t ))T = ( w01

w01+w10
, w10

w01+w10
)T, the

full-control friction tensor is

ζ = β π0(t ) π1(t ) τrel(t )

[
1 −1

−1 1

]
, (62)

for relaxation time τrel(t ) = (w01(t ) + w10(t ))−1. Note that
the two-state system has only one nonzero eigenvalue (and
thus only one relaxation time τrel ≡ τ1). It may be readily
verified that the spectral decomposition ζ (V ) = βτrelψ1ψ

T
1

yields the same result.
The control parameters V may be freely defined subject to

−β(V 1 − V 0) = ln
π1

π0
. (63)

Thus, the energy difference � ≡ V 1 − V 0 is a natural param-
eter to consider. The linear-response excess power is

〈Pex(t )〉(LR) = βπ0(t )π1(t )τrel(t )

(
d�

dt

)2

, (64)

and any LR minimum-work protocol �(t ) satisfies

d2�

dt2
+ 1

2

(
d�

dt

)2
∂ (π0π1τrel )

∂�
= 0. (65)

A physical instantiation of a two-state system is a single-
level quantum dot interacting with a metallic reservoir
[Fig. 4(a), right]. In the wide-band approximation (i.e., the
metallic reservoir’s density of states is assumed constant
[55]), the energy ε of the quantum dot and the chemi-
cal potential μ of the reservoir set the respective tunneling
rates w10 = 2R0[1 + eβ(μ−ε)]−1 into the reservoir and w01 =
2R0[1 + eβ(ε−μ)]−1 out of the reservoir, where R0 is the tun-
neling rate when μ = ε [8]. Then, the friction tensor (for one
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Reservoir

Barrier

Quantum 
dot

dt

(a)

(c)

K

h

JNN

JNNN

(b)

x

t

Xt

FIG. 4. Model systems studied in Sec. VII: (a) two-state system
with transition rates w01 and w10 (left), one instantiation of which
is a quantum dot interacting with a metallic reservoir [8] (right);
(b) overdamped diffusion Xt of a particle in a harmonic trap V (x, t )
parametrized by tunable stiffness κ (t ) and center x0(t ); (c) four-
spin system with single spin-flip dynamics, giving rise to a state
graph that is isomorphic to a hypercube (left). Control-parameter
sets are (possibly constrained) collections of k-spin couplings (k =
1, 2, 3, 4) drawn from 15 parameters of the cluster expansion [Eq.
(73)], e.g., the five-parameter set (h, JNN, JNNN, K, L), where h =
h0 = h1 = h2 = h3, JNN = J01 = J02 = J13 = J23, JNNN = J03 = J12,
and K = K012 = K013 = K023 = K123 (right).

control parameter, the friction coefficient) is

ζ̃ (�) = β

4R0
sech2

(
1

2
β�

)
, (66)

for � = ε − μ.

B. Harmonic trap

Consider the overdamped diffusion Xt of a particle
in a one-dimensional harmonic trap V (x, t ) = 1

2κ (t )(x −
x0(t ))2 with stiffness κ (t ) and trap center x0(t ) [Fig. 4(b)].
The Fokker-Planck operator governing the evolution of the
particle’s position distribution p(x, t ) is

Lt p(x, t ) = 1

βγ

∂

∂x

{
e−βV (x,t ) ∂

∂x
[eβV (x,t ) p(x, t )]

}
, (67)

for (Cartesian) friction coefficient γ and inverse temperature
β. Dropping the explicit time dependence, the right eigenfunc-
tions of L are [54] (after normalizing to (ψα, φα ) = 1 with
φα = ψα/π )

ψα (x) = (−1)α
√

(βκ )1−α

2πα!

∂α

∂xα
e−βV (x), (68)

with relaxation times

τα = γ

ακ
. (69)

This is sufficient to write down an infinite sum for the
full-control friction tensor ζ using Eq. (55). A more prac-
tical expression may be obtained for the metric ζ̃ on the
(κ, x0)-thermodynamic submanifold: The conjugate forces
fx0 = −∂V/∂x0 and fκ = −∂V/∂κ are determined by the first
three left eigenfunctions:

fx0 (x) = −
√

κ

β
φ1(x), (70a)

fκ (x) = − 1

2βκ
[φ0(x) +

√
2 φ2(x)]. (70b)

Then, by the orthonormality of the eigenfunctions,
(φα,ψβ ) = δαβ , the conjugate relaxation modes ψ̃α|i =
(− fi, ψα ) [Eq. (59)] are

ψ̃1 =
√

κ

β

(
1
0

)
(71a)

ψ̃2 = 1√
2κβ

(
0
1

)
, (71b)

with ψ̃α = 0 for all α > 2. Thus, only the first two modes
contribute to the linear-response dissipation for the harmonic
trap. From Eq. (55), the friction tensor is

ζ̃ = β
(
τ1ψ̃1ψ̃

T
1 + τ2ψ̃2ψ̃

T
2

)
(72a)

=
(

γ 0
0 γ

4βκ3

)
, (72b)

in agreement with Ref. [15].

C. Classical spin systems

1. Complete control set for N spins

Control of classical spin systems in the linear-response
regime has been studied fairly extensively [56,57]. For a sys-
tem of N spins σi that take values in {−1, 1}, there are 2N

states σ = (σ0, σ1, . . . , σN−1), giving rise to a 2N -dimensional
global manifold. We begin by constructing a Riemannian
full-control manifold by introducing a (2N − 1)-parameter
complete-control set for arbitrary spin systems. Define the
energy function

V (σ) = −
2N −1∑
k=1

X k
∏

i∈C(k)

σi, (73)

where {X k} is the set of all n-spin interactions with n =
1, . . . , N , and C(k) is the set of spin indices corresponding to
the coupling X k . See, e.g., Eq. (78) for four spins. This energy
function is often called the cluster expansion [58], and it
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arises in the study of spin glasses and machine learning as the
generalized Ising model [59], generalized lattice-gas model
[60], or generalized restricted Boltzmann machine [61].

The probability p(σ ) of any spin configuration σ can be
expanded in the spin moments [62]:

p(σ) = 1

2N

⎛
⎝1 +

∑
j

〈σ j〉σ j +
∑
j �=k

〈σ jσk〉σ jσk + · · ·
⎞
⎠.

(74)

Following Sec. IV C, we compile the forces fk = −∂V/∂X k

into a Jacobian matrix [J ] ν
k = − fk (σν ) for some ordering of

the states ν = 0, 1, . . . , 2N − 1. Then, Eq. (74) can be put into
the form of Eq. (33):

p = − 1

2N
JT〈 f 〉 + 1

2N
1. (75)

Thus, there is an invertible transformation between the full
set of spin moments −〈 f 〉 and the probability distribution p.
We may identify JR = 2−NJT from the above expression or
derive it directly (Appendix F). This invertibility means that
the dynamics of the full set of central moments 〈δ fk〉 is fully
specified by their current values:

d〈δ f (t )〉
dt

= W f 〈δ f (t )〉, (76)

with W f = 2−NJ W JT. This holds for arbitrary transition
rates satisfying detailed balance.

2. Four-spin model

We consider a four-spin system evolving under the single
spin-flip transition rates

wμν =
{ 1

1+exp {β[V μ−V ν ]} , σμ, σν differ in one spin,

0, otherwise,
(77)

for μ �= ν. These are well-studied dynamics for the Ising
system, sometimes called heat-bath dynamics or Glauber dy-
namics [57,63–65].

For a system of four spins, the generalized Ising model [Eq.
(73)] has 15 parameters: 4 fields hi, 6 two-spin couplings Ji j , 4
three-spin interactions Ki jk , and a single four-spin interaction
L (Fig. 8 and Appendix G):

V (σ)=−
∑

i

hiσi −
∑
i< j

Ji jσiσ j −
∑

i< j<k

Ki jkσiσ jσk − L
∏

i

σi.

(78)

From these 15 parameters, the imposition of constraints
on their time evolution may be used to build partial-
control sets. Figure 4(c) shows one such partial-control set,
with a bulk field h = h0 = h1 = h2 = h3, two-spin coupling
blocks JNN = J01 = J02 = J13 = J23 (for nearest neighbors)
and JNNN = J03 = J12 (for next-nearest neighbors), bulk three-
spin coupling K = K012 = K013 = K023 = K123, and four-spin
coupling L.

We set our boundary conditions in terms of these five
bulk couplings to h(0) = −1, JNN(0) = 1 and h(τ ) = +1,

JNN(τ ) = 1, with all other couplings set to zero at t = 0 and
t = τ . Though Eq. (78) provides no notion of “geometry” for

FIG. 5. (a) LR excess work for LR optimal protocols for the four-
spin system computed for 200 different control sets with between 1
and 15 control parameters. The protocols featured in Figs. 6 and 7
are labeled. (b) Two-dimensional histogram showing the number of
independently varying parameters against the number of available
control parameters (e.g., 18 of the calculated 5-parameter optimal
protocols had only 4 independently varying parameters).

the spin system, under these boundary conditions it is con-
structive to imagine a ferromagnetic Ising model on a 2 × 2
grid as in Fig. 4(c).

We computed LR minimum-work protocols for 200 differ-
ent control sets consistent with these endpoints. The number
of control parameters per set varied from 1 for the minimal
set (with only a global field h) to 15 for the maximal set
(with independent control over all parameters in the cluster
expansion). Appendix G details the construction of control
sets and computation of minimum-work protocols.

The results are summarized in Fig. 5. We observe that very
few protocols need to use all available degrees of freedom to
minimize the linear-response excess work. For instance, the
optimized 15-parameter full-control protocol is (to numerical
precision) identical to the five-parameter protocol [Fig. 5(a)
blue diamond, and Fig. 6 right]. Evidently (at least within the
linear-response regime), it is not possible to reduce dissipation
by assuming a finer level of control over the spin system. In
all, only 42 distinct protocols were identified among the 200
computed. Figure 5(b) shows the number of independently
varying parameters compared to the number of available pa-
rameters; at most seven parameters were utilized.

Figure 6 shows LR-optimized protocols for three dif-
ferent sets of control parameters: the one-parameter set
(h,¬J,¬K,¬L), the three-parameter set (h=,¬J, K,¬L),
and the five-parameter set (h, (JNN, JNNN), K, L). Here, the
four elements of the sets refer to constraints on control of the
one-, two-, three-, and four-spin parameters, respectively (see
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FIG. 6. (a) LR optimal control protocols for a classical four-spin system in scaled time s = t/τ , for three different control-parameter
sets. (b) Spectral contributions to the LR excess power [Eq. (55)]. The dissipation along mode α is the product of the relaxation time τα (s)
and the squared inner product (dβV/ds, ψα )2 of the control-parameter velocity with the instantaneous mode. Modes are ordered such that
τ1(0) � τ2(0) � · · · . In the middle panel, the squared inner products of the degenerate modes 7 and 8 with the velocity are summed since their
respective contributions to the dissipation cannot meaningfully be distinguished. Dotted black lines: modes that are everywhere orthogonal (or
nearly so) to the velocity dβV/ds and which thus do not meaningfully contribute to dissipation.

Table I of Appendix G). For instance, h= represents two wide
magnetic fields, one interacting with the upper row of spins
(σ0, σ1) and the other with the bottom row (σ2, σ3), realized
by constraints h0 = h1 and h2 = h3. The symbol ¬ indicates
no control of the given type of coupling, so ¬J indicates that
JNN = 1 and JNNN = 0 are fixed.

The one-parameter protocol (Fig. 6, left) controls only a
global field h. This is the minimal control set for the speci-
fied protocol endpoints. Since the region of control-parameter
space traversed by h is fixed, the only optimizable property
is the velocity of h(t ), which for the optimal protocol slows
down where relaxation times are relatively large. The domi-
nant contribution by far to the dissipation comes from the first
mode.

The other two protocols [Fig. 6(a), middle and right]
are geodesics on three- and five-dimensional thermodynamic
manifolds. Both protocols change the magnetic fields non-
monotonically, a feature previously observed in Ref. [39].
How this (perhaps surprising) behavior reduces the total
excess work of the protocols is revealed by examining
the separate spectral contributions to the LR excess power
[Eq. (56)].

The first mode ψ1(s) has a fairly persistent identity in
the explored regions of parameter space: Roughly, it charac-
terizes relaxation between the two ferromagnetic states (see
also Fig. 7). Given that the central task is to flip the spins
from spin-down to spin-up on average, it is not surprising
that the first mode was the dominant contribution to the
LR excess work for almost all of the 200 parameter sets
examined.

Projecting the state energies onto the relaxation modes
(Fig. 6, bottom row) reveals that driving is nearly orthogonal
to the first mode along the nonmonotonic portions of the
protocols, and thus concentrates nearly all dissipation among
modes other than the first during these time windows. For
the five-parameter protocol, this feature significantly reduces
the relaxation time τ1. This uncovers the control strategy: By
driving orthogonally to ψ1, we are able to efficiently drive the
system to a region of control-parameter space in which τ1 is
relatively small.

For the three-parameter protocol, not only is τ1 not sig-
nificantly reduced, it is roughly doubled near the ends of
the protocol. In breaking the symmetry of the four spins,
the driving is dominantly directed along the relatively fast-

013004-11



JORDAN R. SAWCHUK AND DAVID A. SIVAK PHYSICAL REVIEW RESEARCH 8, 013004 (2026)

FIG. 7. Projections ψ̃1 and ψ̃2 of the respective first and second
modes (black and red arrows) onto the thermodynamic manifold for
the (h, L) control set plotted along the linear-response MWP (blue
curve). For visual clarity, the vectors are plotted with unit length,
although their magnitudes vary across the space. Heatmap: relaxation
time τ1 of the first mode ψ1.

relaxing second mode ψ2, which can be interpreted as
relaxation between the ferromagnetic states and the state σ =
(+1,+1,−1,−1). We also observe that (somewhat counter-
intuitively) most of the ∼15% of dissipation attributable to
the first mode occurs near s = 1/2 (when the spectral gap is
relatively small), while most of the ∼80% of dissipation at-
tributable to the second mode occurs when the spectral gap is
largest. While τ1 is often regarded as the characteristic dynam-
ical times for a system with a large spectral gap [66,67], our
results show that in driven systems faster modes can become
salient, and may even dominate the dissipation—especially
for efficient protocols which may drive orthogonal to slow
modes to save energy.

Finally, Fig. 7 shows the linear-response minimum-work
protocol for the two-parameter control set (h,¬J,¬K, L). The
control strategy is similar to the five-parameter MWP: In the
relevant region of the (h, L) manifold, the projection ψ̃1 of the
first mode (black arrows) is nearly parallel to the h direction.
So, given that one must drive along the first mode in order to
flip the spins, reduced dissipation is achieved by driving the
system nearly perpendicularly to this mode to reach a region
of control-parameter space where τ1 is smaller.

VIII. SUMMARY AND OUTLOOK

We have presented a foundation for the friction-tensor
formalism for conservative control of stochastic systems.
Thermodynamic manifolds M̃ for partial-control sets u are
derived as submanifolds of a global thermodynamic manifold
M whose metric structure is provided by the full-control
friction tensor. We derived two decompositions of the full-
control friction tensor, which facilitate both interpretation and

calculation of arbitrary friction tensors and minimum-work
protocols.

In particular, we show that the linear-response contribu-
tion to the excess power can be decomposed into a sum of
terms corresponding to the system’s relaxation modes [Eq.
(56)]. The magnitude of the αth term depends on the degree
to which the protocol drives the system along that mode,
scaled by its relaxation time τα . This decomposition suggests a
design principle for protocols that reduce excess dissipation
for finite-time processes: One should drive a system such that
dV/dt is maximally orthogonal to modes with long relaxation
times. When this is possible, the common identification of
τ1 as the system’s characteristic dynamical timescale may be
unsuitable even in the presence of a large spectral gap.

For low-dimensional discrete systems with small state
spaces or continuous systems with known spectra, these
decompositions simplify the analytic calculation of the fric-
tion tensor. For larger systems, the operator decomposition
[Eq. (44)] enables numerical calculation of the friction tensor
without recourse to simulation of the stochastic dynamics.
Indeed, for the four-spin system with |�| = 16, we were
able to rapidly compute 200 different MWPs—many on high-
dimensional thermodynamic manifolds, with up to 15 control
parameters. This opens up the possibility of systematically
searching control spaces for new insights and principles.

For very large discrete systems or continuous systems dis-
cretized on a fine grid, the matrix inversion in Eq. (44) will be
prohibitively expensive. Truncation of the spectral decompo-
sition may enable controlled-accuracy approximation of the
friction tensor, particularly in the case of a large spectral
gap (i.e., τ1 � · · · � τq � τq+1 � · · · for some q). However,
given that even long relaxation timescales may be irrelevant
when driving is orthogonal to the corresponding mode, the
accuracy of this approximation fundamentally depends on the
nature of driving.

A natural extension concerns higher-order corrections to
the excess work. From the relation [Eq. (27)] and the operator
decomposition [Eq. (43)], one may iteratively construct an
asymptotic series of the excess work in powers of τ−1, as
shown in Ref. [46] for discrete systems. Future research on
this subject could address the convergence properties of the
formal series and optimal truncation.
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APPENDIX A: COMPLETENESS CONDITION

A set of control parameters u is complete when it can
manipulate the energy landscape V (u) up to a global additive
constant. For |�| = n, this requires n − 1 parameters. We
show that when the hypersurface V (u) is perpendicular to the
null direction 1, the completeness condition (31) is equivalent
to the statement that 〈 f 〉p(t ) = −J p(t ) has inverse

p(t ) = −JR〈 f (t )〉 + 1

n
1 (A1)

for Jacobian J ν
i = ∂V ν/∂ui and right inverse JR ≡

JT(JJT)−1.
First, we show that Eq. (31) ⇒ Eq. (A1). The condition

(31) implies that J has full row rank, so the right inverse of
the Jacobian for a complete control set exists, and satisfies

JJR = In−1 (A2a)

JRJ = In − 1

n
1n, (A2b)

where In is the n × n identity matrix and 1n is the n × n matrix
of ones. Equation (A2b) follows from the facts that JRJ is the
transpose of the orthogonal projector onto the span of J [70]
and the null space N (J ) is spanned by the vector 1.

Operating on Eq. (32) with JR and applying the identity
(A2b) yields

JR〈 f (t )〉 = −p(t ) + 1

n
1, (A3)

so Eq. (A1) holds for any complete control set u.
To prove the converse [i.e., Eq. (A1) ⇒ Eq. (31)], the

existence of a right inverse JR immediately implies that N (J )
is one-dimensional. Left-multiplying Eq. (A3) by J and ap-
plying Eq. (A2a) gives

〈 f (t )〉 = −J p(t ) + 1

n
J1 (A4a)

= 〈 f (t )〉 + 1

n
J1, (A4b)

so N (J ) = span{1}.

APPENDIX B: EQUILIBRIUM COVARIANCE MATRIX
OF THE INDICATOR FUNCTIONS

We derive here a simple expression for the equal-time equi-
librium covariance matrix 	0

ω of the forces ω(x, t ) conjugate
to the potential energy V (x):

	0
ω(x, y) ≡ 〈δω(x)δω(y)〉 (B1a)

= 〈ω(x)ω(y)〉 − π (x)π (y) (B1b)

=
∫

�

dμ(z) π (z)δ(x, z)δ(y, z) − π (x)π (y) (B1c)

= π (x)δ(x, y) − π (x)π (y). (B1d)

For discrete-state systems, it is useful to write this in matrix
form:

	0
ω = diag{π} − ππT. (B2)

APPENDIX C: RIEMANNIAN FULL-CONTROL
FRICTION TENSOR

We show that the friction tensor for a complete control set
is given by Eq. (45). First, note that from the definition (35)
of the generator for the dynamics of 〈 f (t )〉 and the properties
(A2a) and (A2b) for the right inverse JR, the inverse W −1

f
exists and equals

W −1
f = JWDJR. (C1)

This is straightforwardly verified using the definitions and
properties of W f ,WD, and JR. Next,[

J	0
ωJ

T]
i j =

∑
μ,ν

fi(xμ) f j (xν )
(
πμδμν − πμπν

)
(C2a)

= 〈 fi f j〉π − 〈 fi〉π
〈
f j
〉
π

(C2b)

= [	0
f ]i j, (C2c)

where in the first line we used Eq. (B2). Then,

−βW −1
f 	0

f = −βJWD	0
ωJ

T (C3a)

= JζJT (C3b)

= ζ̃ . (C3c)

APPENDIX D: SPECTRAL DECOMPOSITION
OF THE DRAZIN INVERSE

Let G be the generator of a discrete- or continuous-state
Markov process with spectral decomposition

G(x, y) =
∑
α�1

λαψα (x)φα (y). (D1)

We will show that the integral kernel for the Drazin inverse of
G is

GD(x, y) = −
∑
α�1

1

λα

ψα (x)φα (y). (D2)

First, the composition of G with GD is

(G ◦ GD )(x, y) =
∫

�

dμ(z)G(x, z)GD(z, y) (D3a)

=
∑

α,β�1

λα

λβ

ψα (x)φβ (y)
∫

�

dμ(z) φα (z)ψβ (z)

(D3b)

=
∑
α�1

ψα (x)φα (y), (D3c)

where the last line follows from the biorthogonality of the
eigenfunctions. The composition GD ◦ G yields the same re-
sult, so the commutativity property (36c) is satisfied.

Since the full set of eigenfunctions is also complete, i.e.,∑
α�0

ψα (x)φα (y) = δ(x, y), (D4)
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this further simplifies to

(G ◦ GD )(x, y) = δ(x, y) − ψ0(x). (D5)

This is equivalent to Eq. (38). That is, G ◦ GD projects vectors
in the Hilbert space onto the complement of N (G).

To see that properties (36a) and (36b) hold with index k =
1, note that 1GD = GDψ0 = 0 by construction. Then,

(GD ◦ G ◦ GD )(x, y) =
∫

dμ(z) [δ(x, z) − ψ0(x)]GD(z, y)

(D6a)

= GD(x, y), (D6b)

and similarly,

(G ◦ GD ◦ G)(x, y) =
∫

dμ(z)G(x, z) [δ(z, y) − ψ0(z)]

(D7a)

= G(x, y). (D7b)

Since the Drazin inverse is the unique operator satisfying
properties (36a)–(36c), GD is the Drazin inverse of G.

APPENDIX E: PROOF OF EQ. (46)

To show that Eq. (46) holds, we first note that the tem-
poral derivative of the instantaneous equilibrium distribution
π (x, t ) = Z−1 exp{−βV (x, t )} can be expressed in terms of
dV/dt by

dπ (x, t )

dt
=

∫
�

dμ(y)
dV (y, t )

dt

δπ (x, t )

δV (y, t )
, (E1)

where δπ (x, t )/δV (y, t ) is the functional derivative of π

with respect to V . From the definition of the Boltzmann
distribution,

δe−βV (x,t )

δV (y, t )
= −β δ(x, y) e−βV (x,t ) (E2a)

δZ[V (t )]

δV (y, t )
= −β

∫
�

dμ(x) δ(x − y) e−βV (x,t ) (E2b)

= −βe−βV (y,t ). (E2c)

Then, by the chain and product rules,

δπ (x, t )

δV (y, t )
= − 1

Z2

δZ[V (t )]

δV (y, t )
e−βV (x,t ) + 1

Z

δe−βV (x,t )

δV (y, t )
(E3a)

= β
e−βV (y,t )

Z

e−βV (x,t )

Z
− βδ(x, y)

e−βV (x,t )

Z
(E3b)

= β π (x, t )[π (y, t ) − δ(x, y)]. (E3c)

The temporal derivative of the equilibrium distribution is
therefore

dπ (x, t )

dt
= β π (x, t )

[〈
dV

dt

〉
π (t )

− dV (x, t )

dt

]
. (E4)

Since π (t ) is in the null space of GD
t , operating on both sides

of Eq. (E4) with GD
t yields(

GD
t

dπ

dt

)
(x) =

∫
�

dμ(y)GD
t (x, y)

dπ (y)

dt
(E5a)

=
∑
α�1

ταψα (x)
∫

�

dμ(y) φα (y)π (y)
dV (y)

dt

(E5b)

=
∑
α�1

ταψα (x)
∫

�

dμ(y) ψα (y)
dV (y)

dt
(E5c)

=
(

ζ
dV

dt

)
(x), (E5d)

where in Eq. (E5b) we applied the spectral decomposition
[Eq. (D2)] of the Drazin inverse of the generator.

APPENDIX F: RIGHT INVERSE OF THE ISING
FULL-CONTROL JACOBIAN

We show explicitly that the Jacobian matrix J for the the
full set of control parameters from the cluster expansion [Eq.
(73)] has right inverse JR = 2−NJT, as inferred from Eq. (75).
The components of J are

[J ] ν
k = −

∏
k ∈C(k)

σ j (xν ), (F1)

where C(k) is the set of spin indices associated with interac-
tion X k , and σ j (xα ) is the value of spin k in state xα . Then,[

JJT]
k�

=
∑

ν

∏
i∈C(k)

∏
j∈C(�)

σi(xν ) σ j (xν ). (F2a)

For k = �, the spin sets are identical so the summand
evaluates to one and thus [JJT]kk = 2N .

For k �= �, we need only consider spin indices in either
C(k) or C(�), since any i ∈ C(k) ∩ C(�) contributes a factor
of one to the product. Denote this set by C(k) ⊕ C(�). For
each state xα , there is a state xα obtained by inverting all
spins. If C(k) ⊕ C(�) has an odd number of spins, then the
α th and α th terms in the sum cancel, so these entries will

FIG. 8. Fourth-order Venn diagram showing the 15 control pa-
rameters in a complete control set for the four-spin model. Each
spin is associated with a set of eight different parameters, and the
four-spin interaction L is at the intersection of all four sets.
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TABLE I. Defining constraints of the control subsets comprising
the 200 parameter sets in Eq. (G1).

h (h0 = h1 = h2 = h3)
h= (h0 = h1), (h2 = h3)
h× (h0 = h3), (h1 = h2)
hi All fields independently controlled
¬J JNN = 1, JNNN = 0 (uncontrolled)
JNN (J01 = J02 = J13 = J23)
JNNN (J03 = J12)
Ji j All two-spin couplings independently controlled
¬K K = 0 (uncontrolled)
K (K012 = K013 = K023 = K123)
K= (K012 = K013), (K023 = K123)
K× (K012 = K023), (K013 = K123)
Ki jk All three-spin interactions independently controlled
¬L L = 0 (uncontrolled)
L Four-spin interaction controlled

vanish. If C(k) ⊕ C(�) has an even number of spins, a similar
cancellation occurs by inverting only the first spin in each
(ordered) product. Therefore, [JJT]k� = 2Nδk�, so

JR = 1

2N
JT. (F3)

APPENDIX G: CONTROL SETS AND NUMERICAL
METHODS FOR THE FOUR-SPIN SYSTEM

We computed minimum-work protocols for a collection of
200 control-parameter sets with between 1 and 15 parame-
ters for the four-spin system. The endpoints for all protocols
are h(0) = −1 and h(τ ) = +1 for global field h (h0 = h1 =
h2 = h3), JNN(0) = JNN(τ ) = 1 for “nearest-neighbor” cou-
pling JNN (J01 = J02 = J13 = J23), and all other interactions
set to zero. Any control set capable of driving the system
between these endpoints must have (at minimum) control over
all of the fields hi.

The parameter sets studied are the elements of the product
set

[h, h=, h×, hi] × [¬J, JNN, JNNN, (JNN, JNNN), Ji j]

× [¬K, K, K=, K×, Ki jk]

× [¬L, L]. (G1)

The elements in the sets above are control subsets defined
by constraints on the one-, two-, three-, and four-spin in-
teractions. For example, referring to Table I, the subset
h= contains two parameters, JNNN and L each contain one
parameter, and ¬K is an empty set, so the control-parameter
set (h=, JNNN,¬K, L) contains the four parameters:

u0 = h0 = h1,

u1 = h2 = h3,

u2 = J03 = J12,

u3 = L. (G2)

To calculate the MWPs, we used a relaxation method
[39,56]. An auxiliary variable r is introduced, defining a sys-
tem of partial differential equations:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂2ui

∂t2
+ ∑

j,k �i
jk (u)

∂u j

∂t

∂uk

∂t
= −∂ui

∂r
(G3a)

ui(0, r) = ui
0, ui(τ, r) = ui

τ , ∀ r (G3b)

ui(t, 0) = gi(t ), (G3c)

for protocol endpoints ui
0 and ui

τ and initial curve gi(t ). If
this system is sufficiently well behaved, the curve ui(t, r)
approaches a solution to the geodesic equation (20) as r → ∞
for any initialization gi(t ). When r and t are discretized, �r
plays the role of a learning rate, scaling the magnitude of the
updates ui(t, r) → ui(t, r + �r). We took �r ∼ �t2 to en-
sure stability. Rapid convergence was achieved by initializing
with a large timestep �t = 0.02 and progressively refining the
grid to a maximum resolution �t = 0.00125.

We obtained an analytic (if inelegant) expression for the
derivatives of the friction tensor using the operator decom-
position [Eq. (44)] with the rate law wμν = πμ/(πμ + πν ) for
Boltzmann distribution π and the form [Eq. (37)] of the Drazin
inverse. The Christoffel symbols [Eq. (21)] were then rapidly
computed on the fly from local information at each point on
the discretized curve.

The spectra exhibit eigenvalue crossings, so ordinary
rank ordering (i.e., λ0(t ) � λ1(t ) � · · · for all t) results in
nonsmooth evolution λα (t ) of the eigenvalues and disconti-
nuities in the evolution ψα (t ) of eigenvectors. In order to
preserve continuity of physically meaningful eigenvectors,
we computed the rank-ordered spectrum at t = 0 and used
Rayleigh-quotient iteration [71] over a fine interpolation of the
protocols (�t = 8.33 × 10−5, or 12,000 points) to obtain the
spectrum at time (n + 1)�t from the spectrum at time n�t .
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