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Using a shared microwave resonator, we propose a transduction scheme between superconducting qubits
and qubit states encoded in the low-lying internal levels of trapped atomic systems. The approach employs
atomic Rydberg levels together with laser pulses that connect them to the low-lying qubit states. We explore
two coupling protocols: one based on resonant interactions between the subsystems and another operating in the
dispersive regime, where the resonator is far detuned from the transition frequencies of the matter qubits. These
protocols enable the transfer of a general qubit state from the superconducting qubit to the atomic qubit. Transfer
fidelity is evaluated across different coupling regimes and under various sources of dissipation and decoherence,
including resonator decay, Rydberg state decay, and both relaxation and pure dephasing of the superconducting
qubit, providing a detailed assessment of the performance of the proposed scheme.
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I. INTRODUCTION

The proposed transducers between microwave and optical
systems cover a variety of approaches, including atomic sys-
tems [1-3], ions in solid-state crystals [4—6], optomechanical
systems [7—15], electro-optical systems [16,17], and several
other designs [18-26]. Current interest in this problem stems
from the potential to harness and combine the individual
strengths of dissimilar systems. The prospect of enabling
state transduction and entanglement between superconducting
qubits and trapped atomic systems is particularly compelling,
as it brings together two of the most successful quantum com-
puting platforms to date, offering both high scalability and in-
tegration potential. Moreover, these platforms are highly com-
plementary: Superconducting qubits allow for fast gate oper-
ations and precise electronic control, while atoms and ions
exhibit excellent coherence times and facilitate efficient state
transfer to photonic qubits. In particular, the ability to couple
atomic states to photons with high efficiency enables the trans-
mission of quantum information across quantum networks,
paving the way for distributed quantum computing [27,28].

A promising approach to integrating trapped atomic sys-
tems with superconducting qubits is to exploit atomic Rydberg
levels, which offer transition frequencies in the microwave
range, long lifetimes, and large dipole moments [29]. These
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properties have enabled, for example, the control of en-
tanglement between neutral atoms [30], as well as the
implementation of quantum logic gates between individually
addressed atomic qubits [31]. In the case of Rydberg ions,
there have been demonstrations of coherent excitation to Ryd-
berg levels [32], state manipulation [33], and entangling gates
based on the strong dipole-dipole interaction between two
trapped Rydberg ions [34].

Here, we propose a transducer to effectively link mi-
crowave superconducting qubits to the low-lying levels of
a trapped ion or atom. What sets our proposal apart from
previous ones [1-26] is the use of a microwave resonator as
a data bus [29,35,36], combined with laser pulses to couple
Rydberg states to low-lying levels [32,33]. By merging these
elements, we demonstrate the potential of this setup to transfer
a general qubit state, initially encoded in the superconducting
qubit, to the optically active levels of the trapped atom, which
serve as the atomic qubit.

The microwave resonator can be implemented, for exam-
ple, as a coplanar waveguide (CPW) [35]. Experimentally, the
interaction between the CPW resonators and Rydberg levels
was recently demonstrated [37]. At the same time, coupling
superconducting qubits to CPW cavities has become routine,
with various control techniques available, such as the use of
Purcell filters [36]. A key element of our proposal is the appli-
cation of laser pulses to deexcite the atom from the populated
Rydberg levels to low-lying qubit levels. For neutral atoms,
coupling between low-lying levels and Rydberg states has a
long history [29], and significant advances have been made in
recent years for trapped ions [32-34]. In our scheme, we use
relatively intense deexcitation pulses to effectively switch off
the resonator interaction by transferring the population out of
the Rydberg levels.
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FIG. 1. On the left, the superconducting qubit is represented by
states |g) and |é), interacting with the microwave resonator described
by the coupling constant Ay. In the center, the resonator mediates
the interaction between the superconducting qubit and the atomic
system. On the right, the atomic levels include the low-lying states
|g) and |e), and the Rydberg states |r) and |s), connected by laser-
driven transitions. The laser interaction is characterized by the Rabi
frequencies € and €. The Rydberg states couple to the resonator
with strength A;. The model still includes Rydberg state decay y; .,
resonator decay «, and relaxation y,q and dephasing y,, of the super-
conducting qubit.

This paper is organized as follows. In Sec. II, we introduce
the composite system, which consists of a superconducting
qubit, a microwave resonator, and a trapped atom. We present
the system Hamiltonian and the figure of merit used to assess
the quality of transduction, namely, the quantum fidelity [38].
In Sec. III, we describe our first transduction protocol, which
employs a resonator simultaneously resonant with the super-
conducting qubit and the atomic Rydberg levels. In Sec. IV,
we introduce a second transduction protocol, in which the
resonator is detuned from the qubit transition frequencies of
the matter qubits to induce a dispersive interaction between
them. In Sec. V, we account for dissipation and decoherence
and discuss their impact on the performance of the protocols.
Finally, we present our conclusions in Sec. VI.

II. THE SYSTEM

In this work, we explore the integration of three quantum
systems, as illustrated in Fig. 1. The superconducting qubit
is modeled as a two-level system (left side of Fig. 1), with
an excited state |¢) and a ground state |g), and is coupled
to a resonator mode with coupling strength Ay,. The atomic
particle is modeled as a four-level system (right side of Fig. 1),
featuring two Rydberg states, |r) and |s), which couple to
the same resonator mode with coupling strength %;, and two
low-lying states, |g) and |e), which form the target qubit.
Transitions between Rydberg and low-lying states are driven
by controllable laser fields with Rabi frequencies Q and €
(see, e.g., Refs. [33,34,39]). In Sec.V, the model accounts for
spontaneous decay of the Rydberg states (rates y; ), resonator
decay (rate «), and both relaxation (yyq) and dephasing (y,,) of
the superconducting qubit.

We consider only the two spontaneous decay channels
for the atomic system shown in Fig. 1. By choosing the
low-lying and Rydberg state parities correctly, single-photon
spontaneous emissions from |s) to |g) and |r) to |e) can

be suppressed. With multiphoton decays usually significantly
weaker, we neglect these decay channels.

As seen in Fig. 1, the atomic system interacts with the
superconducting qubit only indirectly, through the bosonic
link provided by the microwave resonator. The system Hamil-
tonian, when the lasers are turned off, consists of two
simultaneous Jaynes-Cummings-like interactions, which can
be expressed as follows (with 7z = 1):

H = Eglg) (gl + Ecle)(e| + E/|r)(r] + Esls) (s] + wa'a
+hi(a'|r) (s| + als)(rl) + Egl2) (2] + Eel2)(@|
+ hsq(@'18) (2] + al®) (@), ey

where E, < E, < E, < E are the electronic level energies of
the atomic system and E; < E; are the level energies of the
superconducting qubit. The operators a' and a represent the
creation and annihilation operators for the resonator excitation
and o is the angular frequency of the resonator mode.

In the following, we will not focus on the specific values
of the level energies or the resonator frequency, since only the
transition frequency mismatch is relevant. However, coupling
constants play a crucial role in determining the timescale of
the protocol. Typical coupling strengths between supercon-
ducting qubits and CPW resonators, A, range from tens to
hundreds of MHz. For example, in Ref. [40], the coupling con-
stant between the superconducting qubit and the microwave
resonator is Agq/27w = 61 MHz. For the dipole interaction be-
tween Rydberg levels and a microwave resonator, the coupling
strengths are somewhat lower. For example, in Ref. [37],
a coupling constant of X;/2mr = 8 MHz was measured in a
system consisting of an ultracold cloud of ¥’Rb atoms and a
CPW microwave resonator.

Our goal with this system is to present feasible methods
for transferring a general qubit state from a superconduct-
ing qubit, which operates in the microwave domain, to two
low-lying electronic levels of a trapped atomic system. Specif-
ically, after preparing the superconducting qubit in the state

lsq) = cos(6/2)[2) + ¢ sin(6/2)|3) @

and initializing both the resonator and the atom in appropriate
initial states, we calculate the evolution of the system’s density
operator p(t), trace out the resonator and the superconducting
qubit, and obtain the atomic state p,(¢). This is a 4 x 4 den-
sity matrix defined in the space spanned by {|g), |e), |7), |s)},
which is then compared to the target state

|target) = cos(6/2)|e) + € sin(9/2)|g) + 0|r) + 0ls). (3)

To quantify how close the evolved state is to the target, we use
the fidelity of the quantum state defined as [38]

F(t) = |/(target| py (1)|target). 4)

III. IDEAL RESONANT CASE

First, we consider the resonant protocol, in which the mat-
ter qubits and the microwave resonator are in resonance. This
can be achieved, e.g., by adjusting the resonator length and
Stark shifting the Rydberg states. In this case, the Hamiltonian
(1) in the interaction picture becomes time-independent and is
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given by
Hg = Ai(a’|r)(s| + als)(r]) + Asq(a’18) (@] + alé)(g]). (5)

Our transduction protocol consists of two steps. First, a
general superposition in the superconducting qubit is trans-
ferred to the Rydberg states {|r), |s)}, using the resonator as
a quantum bus. Then, without removing the resonator inter-
action, laser pulses are applied to map the Rydberg quantum
state onto the low-lying states, |g) and |e), which act as the
target qubit states.

The protocol begins with the trapped atomic particle ini-
tially prepared in the Rydberg state |r), the resonator in the
vacuum state |0),, and the superconducting qubit in the gen-
eral superposition state [sq), as given by Eq. (2). The initial
state of this system can then be written as

[ (0)) = |r) ® |0) ® [cos(6/2)]&) + € sin(6/2)]2)]
= cos(0/2)|r, 0, &) + ¢ sin(0/2)|r, 0, ). (6)

Under the Hamiltonian in Eq. (5), and without considering any
decoherence yet, the initial state in Eq. (6) evolves unitarily to

Hﬁ(t)) = Ce(t)|ra O’ E) + Cg(t)|r7 Ov g} +Ol](t)|r, 1’ g>
+Ol0(t)|s, Ov g)s (7)
with

(A3 coshr +27)
c.(t) =cos(0/2) ———————,

)»2
c,(t) = €?sin(0/2),
) Asgq SIN At
a1(t) = —icos(0/2) T,
© ©/2) 2hiksq . o (M ®
(074 = — COS ——— SIn bl B
0 52 2

where % = VA7 + )qu.

We aim for the original parameters 6 and ¢ to be trans-
ferred to a superposition of the Rydberg states |r) and |s),
with the states of the superconducting qubit and resonator
factored out. This is achieved when both ¢, (¢) and « (¢) vanish
simultaneously. In this case, no population has leaked from |&)
to |r), no excitation remains in the resonator, and there is no
residual entanglement with the superconducting qubit. By im-
posing c¢.(tg) = 0 and «;(tg) = 0 on Eq. (8), or equivalently
lcg(tr)|* + latg(T)1? = 1, the interaction time is obtained:

2 ] A ©
TR = —= arcsin — .
=3 43232

i7"sq
Choosing a; = b, = \/k_lz and a, =b; = JE in the
Cauchy-Schwartz inequality (a1by + axby)” < (a% +
a%)(b% +b%), valid for any real a;, a,, by, and b, results
in 4)\%qu < A%, with equality achieved if and only if A; = Asq-
Since the range of the arcsine function is [—1, 1], tx is
a real number if and only if A; = Ay = A. Therefore,
TR=T /\/5)». The solutions are periodic; however, longer
times are of limited interest because of the detrimental effects
of decoherence, as discussed later.

After allowing the system to evolve for a time tz, one then
finds

V), = [€" sin(0/2)|r) — cos(6/2)]5)] ® |0) ® |3). (10)

The state in Eq. (10) serves as the initial state for the second
step of the protocol, in which classical laser pulses transfer
the population and coherences to the lower levels |e) and
|g). This is accomplished using two resonant laser fields: one
driving the |s) <> |e) transition with Rabi frequency €2 and the
other driving |r) <> |g) with Rabi frequency Q. These fields
implement rotations |s) — —ile) and |r) — i|g), respectively,
when applied for a duration T; such that Q7 = 7 /2 and
QT = 37 /2, which implies Q = 3. The final state after this
step is

[¥)r = i[cos(8/2)]e) + € sin(6/2)|g)] ® 10) ® |3). (11)

Apart from an irrelevant global phase, this is a perfect trans-
duction, i.e., |[{)r = |target) ® |0) ® |3).

The state in Eq. (11) is obtained under the idealized
assumption that the interactions of both the atom and the su-
perconducting qubit with the resonator are completely turned
off during the application of the laser pulses. However, in
practice, fully suppressing these interactions is often unfea-
sible. It is therefore crucial to assess how residual coupling to
the resonator affects the state transfer. To this end, we consider
the following time-dependent Hamiltonian

H(t) = Hg + u(t — r)Q(le)(s| + |s)(e])
+u(r — w)Q2(Ir) (gl + 1) (D), 12)

where u(x) is the Heaviside function, Hy is the Hamiltonian
in Eq. (5), and 1y is the time after which the lasers are turned
on. For the simulations below, we use this time-dependent
Hamiltonian in the von Neumann equation p = —i[H(¢), p]
and solveitto 0 <t < 1 + Ti.

In Fig. 2, we present the Bloch sphere representation of
the fidelity, which visually illustrates the performance of the
protocol for all possible input states. We focus on the role of
the ratio €2/, as it determines how quickly the laser pulses
transfer population from the Rydberg states |s) and |r) to the
low-lying states |e) and |g), while the rest of the system con-
tinues to evolve. If the population transfer induced by the laser
pulses is too slow, the resonator tends to repopulate, which
negatively affects the fidelity. For simulations, we assume
Mi/2m = 8 MHz, a realistic reference value [37], as discussed
earlier. In the upper panel, we set Q/27 = 4.8 MHz [39],
corresponding to 2/1 = 0.6, while in the lower panel, we
increase the Rabi frequency to 2/27 = 8 MHz, resulting in
Q/A=1.

For ©Q/x = 0.6, the resonator interaction strongly influ-
ences the dynamics, resulting in a minimum fidelity of Fp,j, =
0.58. This is not unexpected, since the atom-resonator interac-
tion is faster than the state transfer into the low-lying atomic
states. Surprisingly, the protocol performs significantly better
for only moderate increases in €2, as shown in the lower panel
of Fig. 2. By increasing /A from 0.6 to 1, the minimum
fidelity increases significantly to F, = 0.86. Extrapolating
to Q/A =3 yields Fyin = 0.986, and Q2/A =4 would re-
sult in near-perfect transduction with F;, = 0.995, making
our protocol robust against resonator dynamics during the

033210-3



FERNANDO L. SEMIAO AND MATTHIAS KELLER

PHYSICAL REVIEW RESEARCH 7, 033210 (2025)

1.00
0.95
0.90
0.85
0.80

Fidelity

0.75
0.70
0.65
0.60
0.55

1.00
0.95
0.90
0.85
0.80
0.75

Fidelity

0.70
0.65
0.60
0.55

FIG. 2. Bloch sphere visualization of the fidelity of the resonant
protocol at t = tg + Ty for A = 2w x 8§ MHz [37], with Q/27 =
4.8 MHz [39] (2/A = 0.6) in the top panel and 8 MHz (2/A = 1) in
the bottom panel.

application of laser pulses. Coherent state transfer between
low-lying and Rydberg states using pulsed lasers has been
demonstrated with Rabi frequencies in the GHz range [47,48].
Although the resulting transfer fidelities remain limited, these
experiments suggest that the increased values of 2 assumed
in this work are within experimental reach.

To gain a better understanding of the dynamics of the
system, we analyze in more detail the evolution of the fidelity
and state populations for two representative initial conditions
given by Eq. (6): & =0 (no superposition) and 6 = /2,
¢ = 0 (coherent superposition). The first case concerns the
transfer of populations through the system, while the sec-
ond focuses on the transfer of populations and coherences.
Unless explicitly stated otherwise, we use 1/27 = 8§ MHz
throughout the simulations. In Fig. 3, we consider the first
case (6 = 0), with the top panel corresponding to /1 = 0.6
and the bottom panel corresponding to an increased Rabi
frequency (£2/A = 3). During the initial part of the protocol,
the populations P, and P, of the levels |g) and |e), respectively,
remain zero. This holds until around 0.044 us, which marks
the moment when the transfer lasers are turned on. After
this, P, should ideally remain zero, while P, should evolve
to 1 at the end of the protocol. It is clear that /A = 0.6 is
insufficient to achieve this, resulting in relatively low fidelity.
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FIG. 3. Dynamics of key quantities for the resonant transduc-
tion protocol over the time interval 0 < ¢ < 7z + Ty: fidelity (solid
black), mean resonator photon number (dashed purple), population
in |e) (dash-dotted red), and population in |g) (dotted blue). The
initial state is given by Eq. (6) with & = 0. We set A = 27 x 8§ MHz.
Top panel: Q/27r = 4.8 MHz (2/1 = 0.6). Bottom panel: Q/27 =
24 MHz (2/A = 3).

On the other hand, /1 = 3 performs much better, reaching
P, =0.972 and F = 0.986. This difference in performance
can be understood by examining the dynamics of the resonator
mode, as seen in Fig. 3. Ideally, the mean number of resonator
photons (a’a) should remain zero after the lasers are turned
on, which is clearly not the case when Q < A.

In Fig. 4, we consider the second representative initial
state in Eq. (6), corresponding to the coherent superposition
0 =m/2, ¢ =0. As before, we set A/2x = 8 MHz for both
panels, with /A = 0.6 in the top panel and /A = 3 in the
bottom panel. After the lasers are turned on, the populations
P, and P, should each reach 0.5 at the end of the protocol,
reflecting the equal-weight superposition. For /A = 0.6, this
is not achieved, and the protocol results in P, = 0.168 and
F = 0.818. However, for Q/A =3, we obtain P, = 0.468
and F = 0.993. This improvement is again correlated with
the suppression of the resonator dynamics when the Rabi
frequency 2 exceeds the resonator coupling A. In the limit
2 > A, the protocol produces perfect transduction regardless
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FIG. 4. Dynamics of key quantities for the resonant transduc-
tion protocol over the time interval 0 < ¢t < 1z + Ty: fidelity (solid
black), mean resonator photon number (dashed purple), population
in |e) (dash-dotted red), and population in |g) (dotted blue). The
initial state is given by Eq. (6) with 6 = /2, ¢ = 0. We set A =
2w x 8§ MHz. Top panel: /27 = 4.8 MHz (2/A = 0.6). Bottom
panel: /27 =24 MHz (2/A = 3).

of the values of 6 and ¢ in Eq. (6), as previously discussed
using Bloch sphere visualization.

IV. IDEAL DISPERSIVE CASE

For the dispersive protocol, we define the detuning as § =
o — (E; — E;) = w — (E; — Ez) # 0. As in the resonant pro-
tocol, we assume A; = Ay; = A. However, unlike the resonant
case, the Hamiltonian (1) in the interaction picture becomes
time-dependent and takes the form

H = Aa’e® (|r)(s] + 18)(@]) + ae™™ (Is) (r] + 1) (3]

(13)

In the dispersive limit § > A, standard methods [41-43] show
that this Hamiltonian effectively reduces to

Hp = x(Is)(slaa" — |r)(rla’a + |&)(laa’ — |3)(gla"a)

+x(Ir) (sl ® &) (8] + [s){r| @ |8)(e]), (14)

where

)\‘2
xX=7 (15)

is the effective coupling constant between the atomic Ryd-
berg levels and the superconducting qubit, mediated by the
resonator mode. This constant also corresponds to the Stark
shift in the energy levels due to the off-resonant interaction
with the resonator.

Let us consider the initial state

[ (0) = |r) ® |g)e ® [cos(0/2)]&) + € sin(6/2)2)]
=cos(0/2)|r, ¢, &) + € sin(0/2)|r, ¢, 3), (16)

which differs from Eq. (6) only in the resonator part, now
assumed to be in a general pure state |¢).. In the Fock ba-
sis, we write |@). = Y a,|n), with coefficients a, satisfying
3", la,|* = 1. As we will see, the dispersive protocol works
for any state |¢), of fixed parity, which is a distinctive feature
compared to the resonant case that demands the resonator to
be in the vacuum state.

According to the Hamiltonian in Eq. (14), the initial state
in Eq. (16) evolves into

W (@0) = lean()lr,n, &) + cn®)lr 1, B)

+ca(@)ls, n, 81, a7
with
1 —2ixt
Cen(t) = 5an(e + 1)cos(6/2),
can(t) = a, ¥ ¢ sin(6/2),
Con(t) = a, (e — 1) cos(6/2). (18)
This allows us to determine for which states |¢). the pro-
tocol works. The time dependence of the component c,,(t)
varies with the number of photons, which generally prevents
the resonator field state from factorizing. However, it is still
possible to identify families of field states for which this
factorization is possible. Specifically, at time ¢t = tp, where

XTp = 7 /2, the coefficients become cz,(7p) = 0, czu(Tp) =
a,e" ¢ sin(#/2), and ¢,,(tp) = —a, cos(8/2), leading to

Ve, =) _[ane"" e sin(0/2)Ir, n, &) — ay cos(8/2)ls, n, 2)]

= [ sin(6/2)|r) — cos(6/2)|s)]
® Z ayln) ® |8) — [ sin(0/2)|r)+ cos(6/2)|s)]

neven

® ) aln & 3. (19)

nodd

Interestingly, for resonator states where a,, = 0 for odd n or
a, = 0 for even n, the state can be factorized. For even states,
a, = 0 for odd n, such as the well-known squeezed vacuum
state [42], we find

W), = [ 5in(6/2)|r) — cos(6/2)]s)] ® lg) @ |3). (20)

Just as in the resonant case, the lasers perform the rotations
Is) — —ile) and |r) — i|g), achieved by setting 27p = 7 /2
and QTp = 37 /2, respectively, which once again leads to the
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FIG. 5. Bloch sphere visualization of the fidelity of the dispersive
protocol att = tp + Tp for A = 2w x 8§ MHz and /27 = 4.8 MHz
(/) = 0.6), with § = 61 in the top panel and § = 12 in the bottom
panel.

condition Q = 3. The final state after this second step of the
protocol is

[¥)p = [cos(6/2)e) + ie'” sin(6/2)[2)] ® |9) ® 1), (21)

which represents perfect transduction.

To investigate how the detuning & influences the fidelity
of the protocol, we numerically solved the von Neumann
equation in the time interval 0 < ¢ < 7p + Tp, using the time-
dependent Hamiltonian

H(t) = H + u(t — tp)2(|e) (s] + |s)(e])
+u(t — )Ir) (gl + ) {rD), (22)

where H is the interaction-picture Hamiltonian from Eq. (13),
valid for arbitrary detuning §, and u(x) denotes the Heaviside
step function.

In Fig. 5, we illustrate how the fidelity depends on the
detuning §, with fixed values A =27 x § MHz and Q =
2n x 4.8 MHz (2/1 = 0.6). In the upper panel of Fig. 5, we
show the results for § = 6X, which does not satisfy § > A, but
still achieves a minimum fidelity of Fi,;, = 0.96. When the de-
tuning is increased to 12A (bottom panel), the system operates
in the dispersive regime, achieving Fy,i, = 0.99. One remark is
worth making at this point. As we have just seen, the protocol

works well when Q < A. This is explained by the fact that,
in the dispersive regime, the relevant comparison is between
Q2 and the effective coupling constant y given by Eq.(15).
For example, when considering § = 12X and the parameters
used in Fig. 5, one finds 2/ = 7.2. In other words, the role
of the cavity during the laser application is suppressed by a
sufficiently large 2. However, contrary to the resonant case,
where increasing the Rabi frequency 2 with a fixed A always
helps, this is not necessarily true in the dispersive protocol. It
would be if the dispersive Hamiltonian in Eq. (14) were exact.
Since it is not, the use of the microscopic Hamiltonian in Eq.
(13) in the simulations may lead to small deviations from the
expected monotonicity with . This is a consequence of the
fact that tp, by definition, is calculated from y, which belongs
to the effective model. Therefore, some nonmonotonicities
in the dependence of the fidelity on the Rabi frequency 2
should be expected. This behavior is indeed observed in the
next section, where we vary 2 and A independently. Finally,
in neither protocol does the regime Q2 < A perform well, as
we enter a limit where the influence of the cavity cannot be
neglected during the application of the laser pulses.

To gain further insight into the dynamics of the system,
we analyze the fidelity for the same two representative ini-
tial states considered in the resonant case. Specifically, we
consider Eq. (16) with & =0 and 6 = /2, ¢ = 0, assuming
that the resonator is initially in the vacuum state |¢). = |0).
in both cases. The result for & = 0 is presented in Fig. 6.
As shown in the upper panel, with § = 61 a transfer fidelity
of approximately 0.95 is achieved. This deviation from unity
arises because the actual evolving state is not fully described
by Eq. (17). A small detuning allows some excitation of the
resonator mode during the state transfer process, as evidenced
by the nonzero photon number (a'a). Consequently, the pop-
ulations in states |e) and |g) are also affected. In particular, the
population in |e) is expected to reach unity at the end of the
protocol, but this does not occur due to residual excitation of
the resonator mode. In the bottom panel of Fig. 6, the detuning
is increased to § = 12X, which significantly improves the pro-
tocol’s performance. The excitation of the resonator is then
strongly suppressed and remains effectively in the vacuum
state with (a’a) &~ 0 throughout the protocol. Therefore, both
the population in |e) and the fidelity approach unity.

The second case (6 = /2, ¢ = 0) is shown in Fig. 7. Once
again, high fidelity is achieved even for a relatively small
detuning (8 = 61), as presented in the top panel. The infi-
delity originates from off-resonant excitation of the resonator
mode during the state transfer, which is also reflected in the
oscillations of the mean photon number. As a consequence,
the populations in |e) and |g) are not equal at the end of the
protocol, as should ideally be. As in the previous case, this
imbalance is substantially reduced by increasing the detuning
to § = 12X, as shown in the bottom panel of Fig. 7. The result-
ing dynamics closely follow those predicted by the effective
Hamiltonian in Eq. (14), leading to a fidelity close to unity.

V. NONIDEAL DYNAMICS: IMPACT
OF DISSIPATION AND DECOHERENCE

In the previous sections, we have shown that high-fidelity
state transfer is possible under idealized conditions, in both
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FIG. 6. Dynamics of key quantities for the dispersive trans-
duction protocol for 0 <t < 1p + Tp: fidelity (solid black), mean
resonator photon number (dashed purple), population in |e) (dash-
dotted red), and in |g) (dotted blue). In both panels, we fix A =
2w x 8§ MHz and /27 = 24 MHz (2/A = 3). Top panel: § = 6.
Bottom panel: § = 12A. Initial state from Eq. (16) with 8 = 0.

the resonant and dispersive regimes. However, in a realistic
implementation, imperfections such as resonator decay, finite
atomic lifetimes, and dissipation and dephasing in the super-
conducting qubit must be taken into account. To assess the
robustness of the protocols under these conditions, we now in-
clude dissipation and decoherence in our model. Specifically,
we consider resonator decay at rate k, spontaneous emission
from Rydberg levels with rates y; (j =, s), and relaxation
and dephasing of the superconducting qubit at rates y,q and
Yy, respectively. The system dynamics is then governed by
the master equation

p = —i[H(), p] + «Dlalp + v, Dlo.1p + vsDloslp
+ Vqu[Usq]p + VQD[&z]pv (23)

where o, = [g)(r|, o5 = |e)(s|, osq = 18) (€|, and &, = |e)(e| —
|8)(g|. The term

D[0]p = 0p0" — 1070p — 1p0"0
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FIG. 7. Dynamics of key quantities for the dispersive trans-
duction protocol for 0 <t < tp + Tp: fidelity (solid black), mean
resonator photon number (dashed purple), population in |e) (dash-
dotted red), and in |g) (dotted blue). In both panels, we fix A = 27 x
8 MHz and 2/27 = 24 MHz (2/A = 3). Top panel: § = 6\. Bot-
tom panel: § = 12A. Initial state from Eq. (16) with6 = 7 /2, ¢ = 0.

represents the standard Lindblad dissipator, and the time-
dependent Hamiltonian H(#) is given by Eq. (12) for the
resonant case and by Eq. (22) for the dispersive one. Although
the choice § = 12X for the dispersive protocol showed ex-
cellent agreement with the effective Hamiltonian in Eq. (14)
in the ideal case, we use the full Hamiltonian in Eq. (22)
for the simulations that follow. This is because the resonator
can occasionally become populated, which is a feature not
captured by the effective Hamiltonian in Eq. (14). Accounting
for this is important when evaluating the impact of resonator
decay, as described by the master equation in Eq. (23).
Realistic decay rates for the resonator mode, « /27, are on
the order of a few MHz [40,44]. For example, in Ref. [40],
the resonator has a fundamental frequency of 5.4 GHz and a
linewidth of k /2w = 1.0 MHz. For Rydberg levels, the decay
rates y; and y, are on the order of a few kHz, depending
on the specific Rydberg level and the ion or atom species
[32,44]. In superconducting qubits, various designs of “arti-
ficial atoms” are integrated into circuit QED setups [36,45],
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FIG. 8. Fidelity as a function of the resonator coupling strength
A and the laser Rabi frequency 2 for the noisy case with
k/2m = 1.0 MHz, y,/2n =y,/2r = 1.0kHz, yyq/27n = 35 kHz,
and y,/2m = 130 kHz. The initial state is prepared with # =0 in
Eq. (6) for the resonant protocol (upper panel) and in Eq. (16) for the
dispersive protocol (bottom panel), where |¢), = |0).. The detuning
for the dispersive case is fixed at § = 12A.

with typical values for yyq and y,, around tenths and hundreds
of kHz, respectively. In Ref. [40], for example, the values are
Vsq/2m = 35 kHz and y,, /27 = 130 kHz, respectively. We do
not include the dephasing of Rydberg levels, as it is primarily
induced by laser power fluctuations, which can be minimized
[34]. Thus, the primary decoherence mechanisms that affect
the Rydberg states are their finite lifetimes, represented by y;
and y,. Overall, the dominant source of decoherence in our
system is the resonator decay, which is about 1 order of mag-
nitude larger than any of the other noise sources. Hence, we
represent the transfer laser Rabi frequency and the resonator
coupling in terms of «.

To evaluate how dissipation affects the fidelity of the reso-
nant and dispersive protocols, we solve the master equation in
Eq. (23) using the physical parameters outlined above. The
density matrix of the system evolves up to times fg = 7z + Ty
for the resonant case and ftp = tp + Tp for the dispersive case.
The fidelity at these final times is computed using Eq. (4),
varying independently both the coupling constant A and the
laser Rabi frequency €2.

Building on the previous analysis, we consider two illus-
trative cases given by Egs. (6) and (16): & = 0, shown in
Fig. 8, and 6 = 7 /2, ¢ = 0, shown in Fig. 9. In both figures,
the upper panels correspond to the resonant protocol, while
the lower panels show the dispersive one. For clarity, we

Fidelity

1.00

0.95

0.75

FIG. 9. Fidelity as a function of the resonator coupling strength
A and the laser Rabi frequency 2 for the noisy case with
k/2m =1.0MHz, y,/2n =y,/2r = 1.0kHz, yy/27n =35 kHz,
and y, /27 = 130 kHz. The initial state is prepared with § = 7 /2,
¢ = 0 in Eq. (6) for the resonant protocol (upper panel) and in Eq.
(16) for the dispersive protocol (bottom panel), where |¢). = |0)..
The detuning for the dispersive case is fixed at § = 12A.

display only the regions where the fidelity exceeds 0.75. A
common feature across all panels is that small values of
and A degrade the fidelity of the protocol. Naturally, in these
regimes, cavity decay dominates the dynamics. However, an-
other important source of infidelity emerges when Q2 < A:
The resonator can become repopulated with photons during
the atomic state transfer, which reduces the overall fidelity.
This effect has been discussed in previous sections.

For the dispersive regime with both initial states, a non-
monotonic dependence of the fidelity on €2, for fixed A, is
observed when 2 is comparable to A. This is more evident
for the preparation considered in Fig. 8, where a particularly
noticeable plateau appears around X/x =~ 10. As explained
previously, this behavior results from the small discrepancy
between the effective Hamiltonian in Eq. (14), used to de-
termine tp, and the full Hamiltonian in Eq. (12), used in
the simulations. As also seen in Fig. 8, increasing €2 while
keeping A fixed gradually restores the expected monotonic
behavior.

From a practical perspective, it is noteworthy that, under
realistic dissipation and decoherence, a wide range of feasible
values for €2 and A yield fidelities above 0.9 for both pro-
tocols. This shows that high-fidelity state transfer does not
require extreme coupling strengths. In Fig. 8, for example,
with @/« ~ 5 as reported in Ref. [39], we find Fy.x = 0.85
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at A/k ~ 3 for the resonant protocol, while the dispersive
case yields Fi,x = 0.93 at A /k =~ 10. Similarly, Fig. 9 shows
Finax = 0.94 at A/k =~ 2.8 for the resonant case and at A /k ~
10 for the dispersive case. Although the resonant protocol
generally yields slightly higher fidelities when €2 and A are not
constrained, the dispersive protocol tends to perform better at
lower Rabi frequencies. This behavior is again related to the
fact that, in the dispersive regime, the role of the cavity during
the laser application depends on the relationship between 2
and the effective coupling constant x, as given by Eq. (15)
and discussed in Sec. IV.

In superconducting systems, thermal excitation may not be
negligible. Typically, instead of vacuum, the resonator is in a
thermal state given by

P = ; G (24)

where 7 is the mean thermal photon number. In state-of-the-art
experiments, the resonator temperatures are low enough to
guarantee 71 < 1, so that typically only a very small resid-
ual excitation is present in the resonator (e.g., 7 = 0.006 as
reported in Ref. [46]). At this level, thermal occupation has
a negligible impact on the performance of our protocols.
However, to better illustrate the role of the thermal resonator
population, we consider an extreme scenario with 77 = 0.6,
which is 2 orders of magnitude higher than that in Ref. [46].
We examine the scenarios in Fig. 10, this time with 2 = 3A.
Also, for the dispersive case, we fix § = 12A. As before, the
atomic system is initially prepared in the Rydberg state |r),
but now the resonator is in the thermal equilibrium state in
Eq. (24).

For the superconducting qubit initially in the 6 = O state
[see Eq. (2)], the resonant protocol (upper panel in Fig. 10)
shows a significant drop in fidelity due to thermal photons,
whereas the dispersive protocol exhibits almost no degrada-
tion. The situation changes for the superposition state with
6 = /2 and ¢ = 0: In both protocols, the fidelity is signif-
icantly reduced by the thermal population of the resonator.
However, there is one important difference: In the dispersive
case, the effect of thermal photons becomes more pronounced
for stronger cavity couplings. Further simulations have shown
that the strong dependence on the initial state in the dis-
persive regime is not the result of a single physical factor,
such as the sole presence of thermal photons. Instead, the
inability to factorize the photonic state [see Eq. (20)], caused
by thermal photons, together with the various dissipation and
decoherence mechanisms considered in our model, leads to
effective dephasing dependent on A that strongly impacts the
superposition state, as seen in Fig. 10. A further layer of
complexity in understanding this behavior lies in the fact that
the dynamics in the dispersive protocol do not correspond to
a perfect dispersive interaction as given by Eq. (14). Small
oscillations in the cavity population, combined with dephas-
ing and dissipation, contribute to the effective A-dependent
dephasing affecting the fidelity as observed in Fig. 10.

VI. CONCLUSIONS

In this work, we have presented two protocols, resonant
and dispersive, to transfer quantum states from supercon-
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FIG. 10. Fidelity as a function of the resonator coupling strength
A for initial thermal states of the resonator, in the presence of noise.
The superconducting qubit is initialized with # = 0 in Eq. (2) for the
top panel and with 8 = /2, ¢ = 0 in Eq. (2) for the bottom panel.
The trapped atom is prepared in the state |r), and the cavity in the
thermal state given by Eq. (24), with 7 = 0 and 77 = 0.6 (see legend).
The remaining parameters are « /2w = 1.0 MHz, y, /27 = y, /27 =
1.0 kHz, yyq /27 = 35 kHz, y,, /27 = 130 kHz, and 2 = 3A. For the
dispersive case, the detuning is fixed at § = 12A.

ducting qubits to electronic levels of trapped atoms or ions,
mediated by a microwave resonator. These protocols utilize
excited Rydberg levels of the trapped atomic particle, which
interact indirectly with superconducting qubits through their
mutual coupling to a microwave resonator. Laser pulses are
applied to deexcite the atomic system from the Rydberg states
to low-lying levels, completing the transduction.

Our work shows that both the resonant and dispersive
protocols achieve high-fidelity state transfer under realistic
dissipation and decoherence, with fidelities exceeding 0.9
across broad regions of the parameter space spanned by the
transfer laser Rabi frequencies and the resonator coupling
strength. Although the resonant protocol generally performs
slightly better in ideal scenarios or at high Rabi frequencies,
the dispersive protocol stands out for its ability to achieve
high fidelities even at moderate values of 2. This makes
the dispersive scheme particularly attractive in experimental
settings where the Rydberg excitation Rabi frequency may be
limited.

We have also examined the influence of thermal photons
in the resonator, which may be relevant in superconduct-
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ing platforms. While the resonant protocol is affected by
thermal occupation regardless of the initial qubit state, the
dispersive protocol is more sensitive to thermal photons when
the superconducting qubit starts in a superposition state.
This sensitivity results from a combination of thermal exci-
tation, dissipation, and deviations from the ideal dispersive
regime.

As a final remark, the ideal dispersive protocol also works
with pure resonator states with defined parity, whereas the
resonant case is limited to the resonator being in the vacuum
state. However, this does not immediately imply an advan-
tage, as generating such states is typically more complex than
preparing the vacuum state.
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