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This study extends the moment-based nonlinear inverse modeling (nLIM) framework from the stationary to
the cyclostationary (CS) regime, introducing CS-Colored-nLIM. The proposed method constructs a periodic,
colored-noise-forced, quadratic stochastic system from cyclostationary input data. In this formulation, the active
nonlinear components can be empirically determined through a sparse identification scheme specifically devel-
oped for colored-noise-forced systems. Application to climate prediction demonstrates that CS-Colored-nLIM
achieves predictive performance comparable to modern machine learning and statistical models, while offering
greater flexibility with moderate computational demand, making it potentially applicable to a broader range of
complex systems beyond climate dynamics.
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I. INTRODUCTION

Stochastic inverse modeling is a powerful tool for under-
standing and predicting complex systems across the physical,
biological, social, and environmental sciences [1–7]. It links
empirical measurements with theoretical models by infer-
ring underlying dynamics and stochastic forcing from input
data. This data-driven approach is particularly useful when
direct measurements of internal processes are challenging or
first-principles models are incomplete or computationally de-
manding [8,9]. Advances in data and computation have further
enhanced its capability, making it an increasingly versatile
method for modeling and prediction in various scientific fields
[10–13].

*Contact author: lien.justin.t8@dc.tohoku.ac.jp
†Present address: Research Institute for Global Change, Japan

Agency for Marine-Earth Science and Technology, Yokohama,
Japan.

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

In climate science, the classical linear inverse model (LIM)
is a moment-based empirical method that produces a station-
ary (ST), additive-white-noise-forced linear stochastic process
to describe the evolution of input data [14–16]. We will
refer to this type of LIM as ST-White-LIM. Despite its ver-
satility in diverse applications, such as mode identification,
El Niño Southern Oscillation (ENSO) prediction, and in-
terbasin causal interactions, its inherent simplicity limits its
ability to represent the complex dynamics of the climate
system [17–21]. To address these limitations, various exten-
sions of ST-White-LIM have been developed, introducing
time dependence (Cyclostationary, CS) and different types of
stochastic forcing (additive persistent noise or multiplicative
state-dependent noise) [22–26]. Incorporating a cyclostation-
ary framework enables the representation of the seasonally
modulated evolution of the climate system, while accounting
for nonwhite noise can enhance predictive skill or repro-
duce non-Gaussian features such as ENSO skewness [26–28].
Nevertheless, linear formulations face challenges in represent-
ing climate processes with pronounced nonlinearity, such as
ENSO [29,30].

Recently, machine learning (ML) has gained increasing
attention for studying complex dynamical systems [31–34].
In climate science, ML techniques such as artificial neural
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networks or Bayesian methods have demonstrated impressive
skill for predicting tropical climate variability, in some cases
outperforming advanced climate forecast systems [35–42].
However, these approaches typically require extensive pa-
rameter tuning, high computational cost, and large training
datasets, conditions that may be difficult to meet in climate
studies, where high-quality global observations are available
only for the past few decades. Therefore, they are sometimes
integrated with dynamical modeling, for instance, by training
the ML model on outputs from advanced complex climate
model simulations [43,44]. Nevertheless, the limited inter-
pretability of ML models and their susceptibility to overfitting
make it challenging to understand the underlying mechanisms
of climate variability based on the ML results [45–47].

Nonlinear inverse modeling, on the other hand, balances
interpretability and model complexity. These models are of-
ten capable of reproducing essential statistical properties of
complex systems and have been successfully applied across
a range of disciplines [48–59]. However, many formulations
rely on the white-noise assumption, under which parameter
estimation is more accurate; when this assumption is violated,
the presence of nonwhite noise can cause biased parameter
estimates [60–63]. An alternative approach is the eXtended
nonlinear Recharge Oscillator model (XRO), a lagged-
correlation-based nonlinear framework that integrates cy-
clostationarity, additive-colored-noise forcing, and quadratic
nonlinearity [64–67]. In its pioneering application, XRO used
ten key climate indices from multiple ocean basins and in-
corporated nonlinear interactions over the Niño 3.4 region
and the Indian Ocean Dipole (IOD). This model successfully
characterized essential ENSO mechanisms, such as ENSO
asymmetry and differences in the duration and frequency of El
Niño and La Niña events, and achieved ENSO prediction skill
comparable to leading machine-learning models while requir-
ing substantially lower computational cost [67]. However, the
active nonlinear terms in XRO are prescribed based on prior
physical knowledge, which limits its general applicability,
particularly beyond climate-related systems.

The assignment of active nonlinear terms can be for-
mulated as a sparse identification problem. The Sparse
Identification of Nonlinear Dynamics (SINDy) framework is a
widely used approach for discovering governing equations di-
rectly from data by selecting a minimal set of active terms
from a library of candidate functions [68,69]. Extensions of
SINDy have been proposed to handle various challenges,
such as data scarcity and noisy measurement, and integra-
tion with neural networks or partial differential equations,
with applications in epidemiological and biological modeling
[70–74]. Nevertheless, the most popular algorithms for sparse
regression have only been tested on Gaussian white noise,
limiting their applicability to real-world processes driven by
temporally correlated noise [75–77]. This limitation suggests
the need for a sparse identification scheme that can robustly
handle colored noise.

Motivated by these developments, we previously ex-
tended the moment-based inverse modeling framework to
incorporate nonlinear dynamics in a stationary, additive-
colored-noise-forced formulation, referred to in this study as
ST-Colored-nLIM, and demonstrated its applicability using
a simple two-dimensional ENSO recharge oscillator model

[60]. Building on this foundation, the present study advances
the inverse modeling framework to a cyclostationary formu-
lation, termed CS-Colored-nLIM. In the parameter estimation
algorithm, we develop a simple sparse identification scheme
for a colored-noise-forced system, enabling the active nonlin-
ear terms to be determined fully empirically. Consequently,
CS-Colored-nLIM shares the same theoretical foundation as
XRO—accounting for cyclostationarity, colored-noise forc-
ing, and quadratic nonlinearity—while differing primarily
in the specification of active nonlinear terms [67]. Further-
more, previously developed moment-based inverse models
with additive noise forcing can be regarded as reduced forms
of the proposed CS-Colored-nLIM [14,23,24,26,60]. Hence,
CS-Colored-nLIM inherits the fundamental properties and
characteristics of its predecessors while offering greater gen-
erality and flexibility.

This study first presents in Sec. II the key mathematical for-
mulation for parameter estimation in CS-Colored-nLIM and
discusses its methodological similarities and differences with
SINDy, XRO, and its reduced forms. An illustrative numerical
example for the proposed method is presented in Sec. III.
In Sec. IV, the applicability of the proposed model is then
demonstrated through climate prediction experiments and
compared with the reduced variants and XRO. The derivation
and proof of the main formula are provided in Appendix A,
while Appendix B discusses a reduced variant called CS-
White-nLIM, corresponding to the white-noise-forced case.
Appendixes C and D provide additional technical details on
the CS-Colored-nLIM and XRO methodologies used in the
prediction experiments. In addition, the Supplemental Ma-
terial [78] includes (1) a brief demonstration illustrating the
bias introduced by conventional white-noise-based parameter
estimation techniques when applied to colored-noise-forced
systems, (2) demonstration code for the ideal example de-
scribed in Sec. III, and (3) additional numerical details and
prediction results presented in Sec. IV [78].

To facilitate a smoother presentation of the methodology,
we first clarify the notation and assumptions used through-
out this study. Boldface denotes mathematical objects in the
forward formulation, while regular font represents estimated
quantities from the inverse method. Vectors are assumed to
be column vectors. The normalized Gaussian white noise
ξ has zero mean and unit variance (i.e., 〈ξ(· + τ )ξ(·)T 〉 =
δ(τ ) I), where 〈·〉, δ, and τ denote the expectation, Dirac
delta function, and the lag (or lead) variable, respectively.
The normalized Ornstein-Uhlenbeck colored noise η with the
noise correlation time γ > 0 is realized by the steady state
of d

dt η = − 1
γ
η + 1

γ
ξ [79]. As its temporal structure satisfies

〈η(· + τ )η(·)T 〉 = 1
2γ

e
−|τ |
γ I, γ can be physically interpreted

as the characteristic time for the past dependence of noise.
Stationarity or cyclostationary is assumed implicitly. The
stochastic differential equation (SDE) can be interpreted in
either the Ito or Stratonovich sense, as the stochastic forcing
is modeled by additive noise.

II. MATHEMATICAL FOUNDATIONS
OF NONLINEAR INVERSE MODELS

The cyclostationary nonlinear inverse models describe the
n-dimensional input dataset {x(t )} ⊂ Rn that may or may not
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have a zero mean with the approximate SDE

dxi

dt
=
∑
j�k

Bi jkx jxk +
∑

j

Ai jx j + Ci︸ ︷︷ ︸
Dynamics:Fi (x,t )

+
∑

j

(
√

2Q)i jnoise j︸ ︷︷ ︸
Stochastic forcing

,

(1)

for i = 1, . . . , n. The dynamics F = [F1; . . . ; Fn] are
parametrized by (B, A,C), collectively referred to as the
dynamical parameters, represented by periodic 3-, 2-, and
1-tensors corresponding to the quadratic, linear, and constant
terms, respectively, with the same periodicity. Without loss
of generality, the fundamental period may be normalized to
unity. With an abuse of notation, the time variable t and phase
variable θ are identified via the canonical projection ω from
the real line to the circle with unit perimeter (i.e., θ = ω(t ))
[80]. The tensor Bi jk is constrained such that Bi jk = 0 if
j > k, and Q is the positive definite stochastic matrix that
describes the amplitude and cross-variable structure of the
noise.

The stochastic forcing is modeled by either white or
colored noise. This section focuses on the colored-noise
case, while the white-noise formulation is discussed in Ap-
pendix B, as it can be regarded as a limiting case of the
CS-Colored-nLIM. We start with the forward formulation be-
fore addressing the inverse methods.

A. Forward formulation

The governing equation of a state vector x in the CS-
Colored-nLIM framework reads

dxi

dt
=
∑
j�k

Bi jk (t )x jxk +
∑

j

Ai j (t )x j + Ci(t )

︸ ︷︷ ︸
Fi (x,t )

+
∑

j

(
√

2Q)i jη j, (2)

where Q is time independent. Following Ref. [60], the
uncentered correlation functions (also referred to as lag-τ
moments) of x are defined from 1-order to 4-order as E =
〈x(t )〉, K(τ, θ ) = 〈x(t + τ )x(t )T 〉 of x, Mi jk (τ, θ ) = 〈xi(t +
τ )x j (t )xk (t )〉, and Si jkw(τ, θ ) = 〈xi(t + τ )x j (t )xk (t )xw(·)〉.
These correlation functions (E, K, M, S) of x may not admit
explicit forms, but their derivatives encode the information of
the system parameters.

For notational simplicity, we drop the explicit dependence
on τ and θ , as all variables are evaluated at τ = 0 for arbitrary
θ , for the derivative relations. That is, we write T for the tensor
T(θ ) or T(0, θ ). Then, the derivative relations are

−→
Eθ = L2

K
−→
B + L1

E
−→
A + −→

C , (3)

γ
−→
Kττ + −→

Kτ = γ
(
L2

M

−→
B′ + L1

K

−→
A′ + L0

E

−→
C′)

+ γ
(
L2

Sym(Mτ )
−→
B + L1

Kτ

−→
A
)

+ L2
M

−→
B + L1

K
−→
A + L0

E
−→
C , (4)

γ
−−→
Mττ + −→

Mτ = γ
(
L2

S

−→
B′ + L1

M

−→
A′ + L0

K

−→
C′)

+ γ
(
L2

Sym(Sτ )
−→
B + L1

Mτ

−→
A
)

+ L2
S
−→
B + L1

M
−→
A + L0

K
−→
C , (5)

where Lm
T is a matrix associated with the tensor T,

−→
T [or

vec(T) and vec T] is the vectorization of T, and Sym(·) is the
symmetrization operator. It is worth noting that Eqs. (3)–(5)
do not involve the stochastic matrix Q and, at most, provide
nC = n, nA = n2, and nB = n2(n + 1)/2 linearly independent
scalar constraints for (B, A, C), respectively. Moreover, Q can
be explicitly written as a function of dynamical parameters
and the correlation functions [see Eq. (A8)]. Consequently,
the system parameters (B, A, C, Q) are fully determined by
the statistics (E, K, M, S) and γ . Details of these matrices and
operators are provided in Appendix A.

B. Inverse method

Before detailing the inverse method, we briefly outline
the idea. The objective is to estimate the system parameters
(γ , B, A,C, Q) from the correlation functions (E , K, M, S)
derived from the input data {x(t )}. In the ideal case where
{x(t )} is sufficiently long and perfectly sampled from Eq. (2),
solving linear systems determined by Eqs. (3)–(5) yields the
true parameters. In practice, however, limited sampling and
the subdivision of data used to compute phase-dependent
statistics can cause model instability [81]. To mitigate this,
a low-pass filter may be applied to the input correlation func-
tions in θ when necessary, a procedure referred to as phase
averaging [26,80]. Furthermore, as the number of nonlinear
terms increases cubically with system dimension, overfitting
can become a significant concern. To address this issue, spar-
sity is imposed by allowing only a small subset of statistically
significant and dynamically relevant Bi jk terms to be nonzero.
In addition, when no nonlinear terms are active, the inverse
method is designed such that the estimated parameters reduce
to those determined by the linear model, ensuring a contin-
uous transition from linear to nonlinear dynamics as more
active components are introduced.

1. Algorithm

Step 1: Compute statistics. Given an n-dimensional input
dataset {x(t )} sampled at frequency N (i.e., N samples per
cycle), the correlation functions are computed. The numeri-
cal derivatives with respect to τ and θ are computed by the
forward difference method and the center difference scheme,
respectively.

Step 2: Sparse identification. For each fixed γ , the matrix
representation of Eqs. (3)–(5) can be written as follows after
rearrangement:

(6)
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where
−→
B ∈ RN ·nB is the phase-wise vertical concatenation of

the estimated parameter
−−→
B(θ ) ∈ RnB at the phase θ , XMB ∈

R(N ·nB )×(N ·nB ) is a matrix consisting of the matrices acting on−→
B in Eq. (5), and

−→
YM ∈ RN ·nB is the vector on the left-hand

side of Eq. (5). The notation used for XMB and
−→
YM is analo-

gously extended to other blocks and vectors.
Since sparsity identification is only applied to B, and the

approximate system should remain consistent with the linear
models, Eq. (6) is reduced using the Schur complement. To
identify the active terms within B, the sparse identification
problem is formulated using the standardized group Lasso:

min−→
B

⎛⎝‖X̃MB
−→
B − ỸM‖2

2 + λ
∑
i; j�k

‖−→Bi jk‖2

⎞⎠, (7)

where
−→
Bi jk ∈ RN denotes the vector containing Bi jk (θ ) for all

phase samples θ . The standardized quantities are defined as
X̃MB = standard(XMB − X12X −1

22 X21) and ỸM = standard(Y2 −
X12X −1

22 Y2), where Xi j and Yi denote the colored blocks marked
in Eq. (6) and standard(·) denotes columnwise stardardization
[82–84]. The Lasso parameter λ determines the sparsity of
B. The optimization problem is efficiently solved using the
fast iterative shrinkage-thresholding algorithm (FISTA), and
indices corresponding to zero-valued entries are denoted by
idx0 [85,86]. More details are provided in Sec. S.I of the Sup-
plemental Material [78].

Step 3: Solve dynamical parameters. With idx0, the cor-
responding columns are removed from Eq. (6). To ensure
consistency with the linear models, the corresponding rows
from the equations are also eliminated; that is,

(8)

The gray-shaded regions in Eq. (8) indicate the columns and
rows associated with idx0, and X , V , and Y are the resulting
matrices and vectors after this reduction. The dynamical pa-
rameters (B, A,C) that are not constrained to zero are obtained
by solving XV = Y .

Step 4: Solve Q. The stochastic matrix Q can be esti-
mated using several approaches. One common method is
to approximate Q from the covariance of the residual term
dx/dt − F (x, t ) [53,67]. Alternatively, it can be derived from
analytical expressions such as Eq. (A8). More directly, it can
be determined by minimizing a loss function that accounts
for the discrepancy between the input moments and the corre-
sponding model moments evaluated at τ = 0 [60].

Step 5: Solve γ . The noise correlation time γ is deter-
mined by minimizing a suitable loss function. One of the
simplest loss functions introduced in Ref. [23] is adopted here.
For each value of γ , Steps 2–4 are repeated to compute the

second-order correlation function Kγ of the model, estimated
from a sufficiently long realization. The optimal γ is obtained
by minimizing the discrepancy between the input and model
correlation functions:

γ = arg minγ E (Kγ , K )︸ ︷︷ ︸
Loss function

, (9)

where E denotes the relative error given by E (a, b) =
‖a − b‖/‖b‖.

2. Additional constraints

In practice, a limited sample size may require reducing the
number of parameters to be estimated, in order to mitigate
issues such as overfitting or unstable estimates of correlation
functions and their derivatives. A practical approach is to
represent the periodic variations of the dynamical parameters
as linear combinations of a few dominant Fourier modes (the
phase-average approach), rather than allowing them to be fully
determined by the data (the fixed-phase approach) [26]. This
alternative reformulates Eqs. (6)–(8) as least-square problems,
thereby improving numerical stability and preventing overfit-
ting. The detailed implementation is provided in Appendix C.

In addition, input data may be subject to constraints, which
can be incorporated into the algorithm to ensure that the
reproduced statistical quantities remain consistent with the
input data. For example, when the input data have zero mean
(i.e., E = 0), this imposes constraints L2

K
−→
B + −→

C = 0 and

L2
Kθ

−→
B + L2

K

−→
B′ + −→

C′ = 0 for all θ . Following the same proce-

dure of Steps 2 and 3, C can be recovered by L2
K
−→
B + −→

C = 0
for all θ after B and A are estimated. When the model co-
variance closely matches the input covariance, the reproduced
mean Eγ remains near zero, provided that A is full ranked.

Moreover, if the active nonlinear components are pre-
scribed from prior knowledge, Step 2 can be skipped.
Likewise, if γ is predetermined, then Step 5 can be omitted.

3. Model properties, limiting cases, and comparisons

The equations used in Step 2 [i.e., Eqs. (6) and (7)] are
closely related to the SINDy framework. In the cyclostation-
ary setting, SINDy can be formulated as solving the sparse
regression problem from the residual-based perspective

arg min(B,A,C)

(∑
θ

∥∥∥∥∥∥∥∥∥∥∥∥∥∥
Ẋ (θ ) − [X 2(θ ) X (θ ) I

]
⎡⎢⎢⎢⎣

−−→
B(θ )−−→
A(θ )−−→
C(θ )

⎤⎥⎥⎥⎦
︸ ︷︷ ︸

Residual

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

2

2

+ λ
∑
i; j�k

‖−→Bi jk‖2

)
, (10)

where Ẋ (θ ), X 2(θ ), and X (θ ) are matrices whose columns
correspond to dx/dt , the quadratic, and linear components of
x at a fixed θ , respectively. The matrix I contains entries of
either 0 or 1 to account for constant terms.
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Conceptually, this formulation is similar to solving the
sparse identification problem from the moment-based per-
spective under the white-noise assumption; that is, the second
block row of Eq. (6)—the block row corresponding to the sub-
script K—is exclusively used to reformulate the minimization
problem as Eq. (7) with γ = 0. Therefore, the additional terms
involving γ in Eq. (7) can be interpreted as correction terms
that account for the persistence of colored noise, and the first
and third block rows provide supplementary information to
determine the system parameter in the ideal case. It should
be noted, however, that these correction terms depend on the
assumed functional form of the dynamics F .

Moreover, in the CS-Colored-nLIM framework, reducing
Eq. (6) to Eq. (7) not only preserves consistency with the
linear models but also decreases the system size in the FISTA
implementation, thereby improving computational efficiency
in Step 2. In addition, the minimizer obtained in Eq. (7) is
not directly regarded as the estimate of B. When B is con-
strained to be highly sparse—with only a small subset of
active components—or when the system dimension is mod-
erate or large (e.g., n � 4), the solution tends to exhibit bias
and coefficients of negligible magnitude. Consequently, the
nonlinear components in such cases are unlikely to play a
significant and meaningful role in the resulting approximate
system and instead act primarily as numerical noise [87]. For
this reason, a two-step procedure is employed: nonlinear coef-
ficients are first identified in Step 2, after which the equation is
solved in Step 3 using only the selected variables [88].

As mentioned in the introduction, CS-Colored-nLIM
shares a broadly similar governing equation with XRO, but
differs in three key aspects beyond the specification of active
nonlinear terms [67]. First, CS-Colored-nLIM explicitly in-
corporates a constant term in the deterministic dynamics. This
ensures that the reproduced statistics are consistent with data
constraints when applicable, such as the zero-mean condition,
and eliminates the need for postprocessing adjustment, which
is sometimes required in XRO implementations.

Second, the parameter estimation procedures differ. CS-
Colored-nLIM uses the derivatives of the correlation functions
at τ = 0, employing analytically derived moment equations to
account for the noise memory via the γ -dependent terms. This
formulation corrects for the instantaneous correlation between
the colored noise and the state variables, thereby avoiding the
biased estimates that typically arise when methods designed
for white-noise forcing are applied to colored-noise-forced
systems (see Sec. S.II of the Supplemental Material) [60,78].
In constrast, XRO is mathematically equivalent to evaluating
the derivative of the second-order correlation function at a suf-
ficiently large lag. At such lags, the colored noise is effectively
decorrelated from the state vector, yielding robust parameter
estimates.

Finally, the two frameworks differ in how noise memory
is parametrized. CS-Colored-nLIM assumes a common γ

for all state variables. As discussed in Ref. [24], although
Eqs. (3)–(5) hold whenever Q� = �Q (with � denoting
the diagonal matrix of variable-specific noise correlation
times), allowing variable-dependent noise memory would
substantially enlarge the search space in Eq. (9) due to the
γ -dependent terms, making the method numerically infea-
sible. On the other hand, XRO, in principle, accommodates

variable-dependent noise correlation times more easily: when
τ → ∞, all colored-noise components—regardless of their
individual memories—decorrelate from the state vector. How-
ever, in practice, accurate estimation of derivatives at large
lags requires sufficiently long and high-quality datasets so
that the large-lag correlation faithfully represents the system
without contamination from other factors.

CS-Colored-nLIM can be viewed as an extension
of previously developed moment-based inverse modeling
[15,23,24,26,60]. When the input data are assumed to be
stationary (i.e., when no periodicity is imposed on the system
parameters), Eqs. (3)–(5) simplify such that all partial deriva-
tives with respect to θ vanish, and the standardized group
Lasso in Eq. (7) reduces to the regular standardized Lasso.
Moreover, as discussed in Ref. [60], in the white-noise limit
of the inverse method, the estimated parameters converge to
those obtained in the white-noise case. In particular, setting
γ = 0 recovers the white-noise-forced approximate system.
Furthermore, by design, when no active nonlinear components
are present (i.e., B = 0), the higher-order correlation functions
are excluded from the parameter estimation procedure, and the
approximate system becomes identical to that determined by
the conventional LIM, which yields a Gaussian distribution.

Consequently, depending on whether the approximate sys-
tem is stationary or cyclostationary, driven by white or colored
noise, and linear or nonlinear, a total of eight model vari-
ants can be derived. These variants are named based on the
assumptions. For example, ST-White-LIM produces a station-
ary, white-noise-forced, linear system. As the most general
formulation, CS-Colored-nLIM retains both the strengths and
limitations of its reduced variants. Its principal advantages
include conceptual simplicity, interpretability, and the ability
to provide unbiased parameter estimates under colored-noise
forcing. In addition, as a moment-based approach, the compu-
tational cost is largely independent of the sample size, aside
from the marginal increase associated with computing the
correlation functions. This property highlights its efficiency
when dealing with a long input time series.

However, several challenges remain. The primary compu-
tational bottleneck in estimating the dynamical parameters
lies in achieving the desired level of sparsity. Although FISTA
is generally efficient, the initial stage of model implementa-
tion often requires multiple runs to determine a suitable Lasso
parameter (see Sec. S.III.A of the Supplemental Material for
a runtime estimate in a practical setting) [78]. This initial
cost can be reduced by parallel computation, and once a suit-
able parameter range is identified, subsequent computations
become more efficient. Moreover, the model performance de-
pends on the quality of input data and the numerical accuracy
of derivatives of the correlation function. Solving the inverse
equations, such as Eq. (8) may encounter numerical instability
due to feature collinearity, and unconstrained periodic dynam-
ics can cause vulnerability under data sparsity.

III. AN IDEAL NUMERICAL EXAMPLE

We present an instructive synthetic example to clarify the
algorithmic workflow. Consider a two-dimensional instance
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FIG. 1. Vector norms of the group Lasso solutions Bi jk of Eq. (7)
for the ideal numerical example (11) as a function of the Lasso
parameter λ. The y axis is shown on a logarithmic scale. Vanishing
Bi jk terms are not displayed.

of Eq. (2), given by

B112(t ) = −1 − 0.2 cos(2πt ),

B211(t ) = −B112(t ),

Bi jk (t ) = 0, for all other (i, j, k),

A(t ) = (1 + 0.3 sin(2πt ))

[−1 2
−1 −2

]
,

C(t ) =
[

0.5
1

]
, and Q =

[
1 0.5

0.5 1

]
. (11)

The colored noise η is characterized by the noise correlation
time γ = 0.5. Equation (11) is numerically integrated using
the Euler scheme with an integration time step of dt = 0.001.
The resulting trajectory is then sampled at intervals of 	t =
0.01 (i.e., N = 100) for a total duration of 10 000 to generate
{x(t )}. The objective is to reconstruct the system parameters
(γ, B, A, C, Q) from the synthetic data {x(t )}. We begin with
the fixed-phase approach.

With the statistical quantities computed as described in
Step 1, for a fixed noise correlation time γ , we first identify
the active nonlinear components using Eq. (7). Figure 1 shows
an example of the group Lasso solution paths for γ = 0.5
(i.e., the vector norm of ‖vec(Bi jk )‖ as a function of the Lasso
parameter λ). As λ increases, only the true active components
B1,1,2 and B2,1,1 remain nonzero, thereby isolating the correct
nonlinear terms.

With the identified nonlinear components for this γ , the
estimated dynamical parameters (B, A,C) are obtained by
solving Eq. (8), and the stochastic matrix Q is obtained from
Eq. (A8). Next, the second-order model correlation function
Kγ is estimated from a numerical realization of a duration of
10 000. Repeating this procedure over a range of γ gives the
optimal γ = 0.53. The corresponding loss curve is shown in
Fig. 2.

The final parameter estimates are taken to be those asso-
ciated with the optimal γ . A direct comparison with the true
system parameters shows that the relative errors in B, A, C,
and Q are 3.4%, 3.2%, 8.4%, and 6.9%, respectively.

The code used to generate this example is provided in the
Supplemental Material, together with the implementation of

FIG. 2. The loss function in Eq. (9) for the ideal numerical ex-
ample (11). The marker indicates the optimal γ .

the phase-averaged approach [78]. See also Fig. S.1 of the
Supplemental Material for the corresponding runtime for the
FISTA solver.

IV. APPLICATION TO CLIMATE PREDICTION

We conduct seasonal climate prediction experiments with
CS-Colored-nLIM, using both observational and simulation
datasets. Observational records provide a real-world bench-
mark but are relatively short for training and evaluating
statistical models of interannual variability. This limitation
is mitigated by long simulation datasets, which span sev-
eral centuries and are produced by comprehensive dynamical
global climate models (GCMs) governed by the laws of fluid
dynamics and parametrizations of unresolved physical pro-
cesses. Despite some systematic errors, many of these models
produce fairly realistic representations of observed climate
variability, making their output suitable as a surrogate of ob-
servational data.

The predictive performance of CS-Colored-nLIM is eval-
uated relative to seven reduced variants and XRO [67]. For
convenience, the approximate system is referred to by the
same name as the algorithm used to construct it whenever
no ambiguity arises. The experimental setup for the moment-
based models is described below, while the implementation
details specific to XRO are provided in Appendix D.

A. Data preparation

All datasets consist of ten climate indices with monthly
resolution, listed and symbolized in Table I. The observa-
tional dataset, obtained from Ref. [67], spans the period from
1979 to 2022, corresponding to the satellite observation era.
The simulation datasets are the GCM outputs covering 1850–
2024, including the historical period (1850–2014) and future
projections from 2015 onward.

These indices represent spatially averaged geophysi-
cal variables, primarily sea surface temperature anomalies
(SSTAs), that characterize major modes of oceanic variability.
Specifically, the ENSO, D20, NPMM, and SPMM indices
describe variability in the Pacific Ocean; the IOB, IOD, and
SIOD indices capture variability in the Indian Ocean; and the
TNA, ATL3, and SASD indices represent variability in the
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TABLE I. The ten climate indices used in this study. The column “Id.” denotes the index identifier, corresponding to the component of the
state vector in the model implementation. The column “Field” indicates the spatially averaged geophysical field associated with each index.
For more details, see Table 1 of the Supplemental Material in Ref. [67].

Id. Acronym Full name Field

1 ENSO El Niño Southern Oscillation SSTA
2 D20 – Thermocline depth anomlies
3 NPMM North Pacific Meridional Mode SSTA
4 SPMM South Pacific Meridional Mode SSTA
5 IOB Indian Ocean Basin mode SSTA
6 IOD Indian Ocean Dipole mode SSTA gradient
7 SIOD Southern Indian Ocean Dipole mode SSTA gradient
8 TNA Tropical North Atlantic variability SSTA
9 ATL3 Atlantic Niño SSTA
10 SASD South Atlantic Subtropical Dipole SSTA gradient

Atlantic Ocean. The variables τ and θ are regarded as lead
and calendar months, respectively.

The data preprocessing for all eight moment-based models
follows the same procedure as described in Ref. [24]. For the
observation dataset, the monthly climatological mean over the
whole period (1979–2022) and the linear trend are removed,
followed by the application of a 3-month running average
and normalization. For the simulation datasets, the monthly
climatological mean over 1980–2010 and the quadratic trend
are removed, after which the same 3-month running average
and normalization procedures are applied. The preprocessed
datasets serve as the training and testing data for the numerical
implementation. For cyclostationary models, the phase aver-
aging is applied when computing the correlation functions.

B. Model configuration

The model configurations for CS-Colored-nLIM and its
reduced variants are summarized in Table II. For nonlinear
models, since the input data consist of anomalies, a zero-
mean constraint is imposed, as mentioned in Sec. II B 2. The
stochastic matrices are further assumed to be diagonal and
are estimated by a loss function based on the discrepancies
between the input and model moments (up to third order)
evaluated at τ = 0. To mitigate model instability and over-
fitting arising from the limited sample size, the dynamical
parameters are expressed as a Fourier series up to the second
order (i.e., phase averaged) for the cyclostationary variants,

consistent with the default XRO configuration, as the climate
system typically exhibits dominant annual and seasonal cycles
[67]. The number of active nonlinear terms, k, is constrained
to between three and eight by tuning the Lasso parameter
or prescribed to match the configuration of XRO (hereafter
referred to as k = XRO), where in the present notation, B1,1,1,
B1,1,2, and B6,6,6 are active. These terms represent the nonlin-
ear processes related to ENSO, D20, and IOD, reflecting prior
physical knowledge of interbasin coupling [67].

The noise correlation time γ for the colored-noise mod-
els is not estimated empirically but rather prescribed over
0.03–0.08 years. This choice follows previous studies, which
independently reported submonthly noise-memory scales
[24,60,67]. Prescribing γ in this range enables a fair assess-
ment of the model sensitivity to parameter selection.

C. Prediction setup

Given an initial condition xt at time t and a lead month τ ,
the forecasted vector x̂t+τ is obtained from the linear evolu-
tion operator for the linear models, which admits an analytic
expression [20,24,26]. In contrast, for nonlinear models, the
evolution operator is neither linear nor available in closed
form. Therefore, Eq. (1) is numerically integrated using the
Euler method with an integration time step dt = 1/12 months
to generate a 1000-member ensemble. Then, the forecasted
state x̂t+τ is estimated as the ensemble mean. The ensemble

TABLE II. Summary of the eight model variants, indicating periodicity (ST/CS), noise type (W/C), and nonlinearity (LIM/nLIM), together
with additional model features described in the “Note” column and key references where the mathematical formulations are presented The
“Note” column contains only additional features not described in Sec. IV B.

Model Note Ref.

ST W LIM A is estimated by Eq. (A2) in Ref. [60]. [15,60]
nLIM A time-independent wall is introduced. [60]

C LIM A is estimated by Eq. (A4) in Ref. [60]. [23,60]
nLIM A time-independent wall is introduced. [60]

CS W LIM A phase-averaged approach is adopted, and Q is time independent and diagonal. [26]
nLIM A periodic wall is introduced via Eq. (12), and Q is time independent and diagonal. –

C LIM A phase-averaged approach is adopted, and Q is time independent and diagonal. [24]
nLIM A periodic wall is introduced via Eq. (12). –

023178-7



LIEN, ANDO, KIM, AND RICHTER PHYSICAL REVIEW RESEARCH 8, 023178 (2026)

size is chosen such that further increases produce negligible
changes in prediction skill.

Additional considerations are required for integrating non-
linear models. The approximate system does not guarantee
stationarity or bounded trajectories [53,89]. Thus, an artificial
boundary condition is applied to state components whose dy-
namics Fi(x, t ) include active nonlinear terms. More precisely,
the set of such components is denoted as G = {i| vec(Bi jk ) 
=
0 for some j, k}. The boundary condition is implemented by
adding a restoring force V, whose nonzero components are
defined by

[V(‖x‖, t )]G = −w(‖zG‖ − 3.5) · zG, (12)

where z is the phasewise z-score vector given by z j (t ) =
x j (t )/

√
Kj j (0, θ ) and w is the smooth weight function defined

as w(z) = emz · e−z−1
for z � 0 and for some m � 1, and zero

otherwise [60]. See Sec. S.III B of the Supplemental Material
for more details about Eq. (12) [78].

For the colored-noise-forced model, as noted in Ref. [24],
the conditional expected colored noise η(t ) = E(η| x(t ) = xt )
contributes nontrivially to the evolution. Because η(t ) does
not admit a closed form, it is approximated by the conditional
expected colored noise in the corresponding linear setup. This
approximation is valid since the nonlinear terms are sparse
compared to the linear response, thereby exerting minimal
influence on the expected colored noise.

In cases where the initial condition lies outside the imposed
boundary, predictions are performed using the corresponding
linear model. For example, for CS-Colored-nLIM, the predic-
tion is carried out by CS-Colored-LIM with the same γ .

The prediction skill is evaluated using the correlation coef-
ficient between the forecasted and target values. In particular,
the effective prediction range, referred to as the 0.5 correlation
skill, is defined as the maximum lead month up to which the
correlation coefficient remains above 0.5. Since the data are
3-month running means this metric corresponds to seasonal
forecast skill.

D. Observation dataset

We start with the discussion of the in-sample prediction
skill, where the training and evaluation periods are identical
(1979–2022).

A representative case with noise correlation time γ = 0.07
years and the number of active components k = 7 is first ex-
amined (see Sec. S.III C of the Supplemental Material for the
rationale behind this choice) [78]. Figure 3 presents the prob-
ability distributions of the input data and those reproduced by
all eight models listed in Table II. Since the linear models
are constructed solely from the input second-order correlation
functions (i.e., the lag-τ covariance), they inherently tend to
reproduce the input covariance more faithfully. In contrast, the
nonlinear models incorporate higher-order correlation func-
tions, placing emphasis on both skewness and covariance. As
a result, the reproduced covariance may not perfectly align
with the input covariance. Nonetheless, all models respect
the zero-mean condition by construction, thereby avoiding
systematic bias toward either warm or cool events in the
simulations without postprocessing.

FIG. 3. The probability distribution of the observation dataset
(bars) and those reproduced by all eight models (colored line) listed
in Table II, with γ = 0.07 years and k = 7. For linear models, the
distributions are computed analytically by the fluctuation-dissipation
relation, whereas for the nonlinear models, they are obtained by
5000-year simulations. The distributions of ST-White-LIM and ST-
Colored-LIM are indistinguishable because, by construction, the
variance of the Gaussian distribution equals the input variance.

Figure 4 shows the correlation skills as a function of lead
months. As discussed in Ref. [24], irrespective of nonlinearity,
the cyclostationary formulation significantly enhances short-
term skill (τ � 12 months). This improvement arises because
climate dynamics are strongly modulated by seasonality, lead-
ing to phase locking of climate modes during specific seasons
(i.e., seasonal variance peaks) that stationary models cannot
capture [90–93]. In contrast, the colored-noise representation
improves the skill beyond 12 lead months, as the seasonal
effect is averaged out and persistent stochastic forcing be-
comes more dominant. This behavior again aligns with Ref.
[24], demonstrating that atmospheric processes on monthly
to submonthly scales, potentially related to Madden-Julian
Oscillation or westerly wind burst, can contribute over 10%
in the system evolution in the linear setup [24]. Consequently,
the colored-noise models capture this persistent forcing more
effectively, leading to improved prediction skill at longer lead
times.

Furthermore, incorporating nonlinear dynamics further en-
hances correlation skill, particularly when the baseline skill
exceeds 0.5. Figure 5 shows that the nonlinear models out-
perform their linear counterparts, with CS-Colored-nLIM
achieving skill gains of up to 0.05. Table III indicates that
the nonlinear formulation leads to an overall improvement
in 0.5 correlation skill by approximately 1–2 months across
most indices, though the degree of improvement varies among
indices and is not uniformly significant. In addition, a Fourier
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FIG. 4. The in-sample correlation skills for the observation
dataset, with γ = 0.07 years and k = 7. The target values are the τ

month lead (i.e., the three-month running averaged climate indices).
The skill lower than 0 is not shown.

transform surrogate test, presented in Sec. S.III D of the
Supplemental Material [78], indicates that the improvement
likely arises from actual nonlinearity that is absent in the
linear formulations, reflecting the inherently complex nature
of the climate system [78,94]. See also Sec. S.III E of the
Supplemental Material for an example illustrating changes in
system evolution due to the inclusion of nonlinearity [78].

FIG. 5. Differences in in-sample correlation skills for the
observation-based dataset, with γ = 0.07 years and k = 7. Each
panel compares a nonlinear model with its corresponding linear
counterpart, as indicated by the panel titles. The heatmap shows the
correlation-skill differences (nonlinear minus linear), with an interval
of 0.01. Cells marked with × indicate cases where the correlation
skill of the nonlinear model is below 0.5.

TABLE III. The in-sample 0.5 correlation skills for the obser-
vation dataset with γ = 0.07 years and k = 7. The active nonlinear
components are empirically determined by Eq. (7). Bold font indi-
cates the best performance for each variable.

Stationary Cyclostationary

Variable White Colored White Colored

LIM nLIM LIM nLIM LIM nLIM LIM nLIM

ENSO 14 14 14 15 16 16 17 18
D20 13 15 14 17 15 16 16 17
NPMM 17 18 18 19 18 20 18 19
SPMM 4 4 5 5 5 5 5 6
IOB 14 15 15 16 18 18 18 19
IOD 2 3 3 3 5 5 5 5
SIOD 5 5 14 14 13 14 15 16
TNA 6 6 7 7 7 7 8 8
ATL3 3 3 4 4 4 4 4 4
SASD 3 3 4 4 5 4 6 6

Among all indices, the discussion focuses on ENSO, IOD,
and ATL3, which are representative of the equatorial Pacific,
Indian, and Atlantic Oceans, respectively. The ENSO dynam-
ics are characterized by a stable oscillatory mode, primarily
governed by SST-thermocline feedbacks with a typical period
of 2–7 years, and are known to interact with other major
climate modes across basins [95–98]. As the climate indices
selected to construct the state vectors in this study are specif-
ically designed to capture these features, CS-Colored-nLIM
attains a 0.5 correlation skill of 18 months [67]. This is compa-
rable to the performance of state-of-the-art statistical models
and ML-based approaches, which typically achieve 0.5 corre-
lation skills of 17–19 months when trained on monthly data
after 1979 [43,67,99]. In fact, these benchmarks can be ex-
tended to 20–24 months when trained on additional datasets,
such as advanced climate forecast products, historical simu-
lations, or longer observational records [100,101]. Even with
a relatively short 44-year dataset, CS-Colored-nLIM demon-
strates strong predictive capability for ENSO.

In contrast, the IOD and ATL3 indices tend to exhibit
lower predictability, with typical 0.5 correlation skills of 4–7
and 3–5 months, respectively [39,102–106]. Notably, ATL3
shows a weak rebound in skill at longer lead times, despite re-
maining below 0.5. This may reflect delayed, longer-timescale
interactions, such as remote influences from ENSO (see also
Fig. 2(k) of Ref. [67]), which introduce additional mem-
ory into ATL3 [107–110]. Overall, compared with ENSO,
the improvement in predictive skill remains limited even
when statistical or ML-based models are trained on advanced
forecast products, such as the North American Multi-Model
Ensemble [111–113]. This limitation may arise from multiple
coupled mechanisms or localized processes that contribute to
the irregular variability of these modes [114–120]. In addition,
the input dataset used here was primarily optimized for ENSO
prediction, which may further constrain the performance
of CS-Colored-nLIM for other climate indices. Improving
the representation of these processes through better feature
selection, data assimilation, or basin-specific model tuning
could enhance prediction skill. Despite these challenges,

023178-9



LIEN, ANDO, KIM, AND RICHTER PHYSICAL REVIEW RESEARCH 8, 023178 (2026)

FIG. 6. The in-sample correlation skills of XRO and CS-
Colored-nLIM (k = XRO, γ = 0.03–0.08 years) for the observation
dataset.

CS-Colored-nLIM still maintains a reasonable level of in-
sample predictive skill for both indices.

Regardless of the predictive performance achieved by CS-
Colored-nLIM, the empirically identified active nonlinear
terms differ from the XRO configuration. For instance, CS-
Colored-nLIM for k = 7 exhibits active terms B3,1,1, B4,1,2,
B4,7,7, B7,1,6, B7,6,8, B7,7,8, and B10,5,6. Among these, B10,5,6

has a largest magnitude (measured as ‖vec Bi jk‖). This term
represents the combined influence of the IOB and IOD on the
SASD, suggesting a cross-basin interaction between variabil-
ity in the Indian Ocean and the South Atlantic. One possible
interpretation is that it reflects the influence of the Indian
Ocean on South Atlantic variability, for example, through
processes related to Agulhas Leakage [121–123].

To enable a fair comparison, CS-Colored-nLIM is also
implemented with k = XRO. Figure 6 shows the correlation
skills and, Table IV presents the 0.5 correlation skills of XRO
and CS-Colored-nLIM across γ . Overall, CS-Colored-nLIM
and XRO exhibit comparable performance, with the rela-
tive advantage varying among SST indices and ocean basins.
For instance, CS-Colored-nLIM generally performs better for
D20, SIOD, and Atlantic (ATL3, TNA, SASD) Ocean indices,
whereas XRO achieves slightly higher skill for NPMM and
IOB. In addition, the results indicate that CS-Colored-nLIM
for k = XRO achieves performance comparable to the rep-
resentative case where active nonlinear terms are empirically
determined, shown in Table III.

Indeed, the predictive performance is consistent across
parameter settings. Table V shows the results for different
combinations of γ and k, demonstrating a consistent im-
provement in prediction skill compared to CS-Colored-LIM
results, shown in Table III. These results further suggest that

TABLE IV. The in-sample 0.5 correlation skills of CS-Colored-
nLIM, evaluated for γ = 0.03–0.08 years and k = XRO, and those
of XRO for the observation dataset. The two models share the same
active nonlinear terms, B1,1,1, B1,1,2, and B6,6,6. Bold font indicates
the best performance for each variable.

Observation dataset

CS-Colored-nLIM

Variable 0.04 0.05 0.06 0.07 0.08 XRO

ENSO 18 18 18 18 18 18
D20 18 18 18 18 18 17
NPMM 18 18 18 18 18 19
SPMM 5 5 5 5 5 5
IOB 21 21 21 22 21 22
IOD 5 5 5 5 5 5
SIOD 17 17 17 17 17 16
TNA 8 8 8 8 8 7
ATL3 4 4 4 5 5 4
SASD 7 7 7 7 7 5

incorporating nonlinearity can enhance prediction skill, while
the precise configuration of active nonlinear components is of
secondary importance—either because it has little influence
on performance or because the models have already reached
the practical limit of predictability.

E. Simulation datasets

Because the 44-year observational record is relatively short
for assessing out-of-sample forecast skill, high-quality simu-
lation data are used instead. As a representative example, the
Community Earth System Model version 2 (CESM2) simu-
lation dataset under the SSP370 scenario is employed [124].
SSP370 represents a future high-emission pathway branch-
ing from the historical simulation; the transition between
the historical and scenario periods is implemented using the
smoothed CMIP6 BMB protocol, which was designed to
avoid spurious drifts and maintain a more realistic long-term
balance [125]. In this experiment, the models are trained using
the CESM2 simulation over 1850–1999 and evaluated over
2000–2024.

The results, shown in Fig. 7 and Table VI, indicate that
incorporating nonlinear dynamics enhances prediction skill,
although the improvement is less consistent than in the in-
sample case based on the observational dataset, as shown
in Fig. 4 and Table III. This reduced consistency likely re-
flects the fact that the identified nonlinear terms do not fully
capture the evolving nonlinear behavior of the climate system
during the later evaluation period. Such difficulty is expected
when predicting previously unseen data and is further am-
plified by the temporal evolution of climate nonlinearity,
particularly under the accelerated global warming observed
in recent decades [126–128].

In addition, Fig. 8 and Table VII compare the prediction
skills obtained when the nonlinear coefficients in CS-Colored-
nLIM are prescribed to match those used in XRO. The
two models show comparable predictive performance, with
their relative skill varying across indices and lead months.
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TABLE V. The in-sample 0.5 correlation skills of CS-Colored-nLIM for the observation-based dataset, evaluated for γ = 0.04–0.08 years
and k = 3–8. Bold font indicates the best performance for each variable.

γ = 0.04 γ = 0.05 γ = 0.06 γ = 0.07 γ = 0.08

Variable 3 4 5 6 7 8 3 4 5 6 7 8 3 4 5 6 7 8 3 4 5 6 7 8 3 4 5 6 7 8

ENSO 17 18 18 17 18 18 17 17 17 18 18 18 17 17 18 18 18 18 17 17 18 18 18 18 17 18 18 18 18 18
D20 16 16 16 16 17 17 17 17 16 17 17 17 16 16 17 17 17 17 16 16 17 17 17 17 16 17 17 17 17 17
NPMM 19 19 19 19 20 20 19 19 19 20 20 20 19 19 19 20 20 19 19 19 19 19 19 20 19 19 19 19 19 19
SPMM 5 5 5 6 5 5 5 5 6 6 6 6 5 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6
IOB 18 19 19 19 19 20 18 19 19 20 20 20 18 18 19 20 20 20 18 18 19 19 19 21 18 18 19 19 19 19
IOD 5 5 5 4 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5
SIOD 14 14 14 15 16 16 14 15 14 16 16 16 14 15 16 16 17 17 15 15 16 16 16 17 15 15 16 16 16 16
TNA 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8
ATL3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 5 4 4 4 4 4 4 4 4 4 4
SASD 6 6 6 6 6 5 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6

Compared with the cases in which active nonlinear terms
are determined empirically, CS-Colored-nLIM (k = XRO)
performs similarly, suggesting that a physically motivated
assignment of nonlinear terms can be particularly advanta-
geous in out-of-sample predictions. Furthermore, relative to
the in-sample skills obtained using the observational dataset,
the skill for NPMM is notably reduced, whereas those for
IOD and TNA are substantially extended. These differences
may reflect variations in climate characteristics across training
and evaluation periods, as well as between observational and
simulation datasets.

Indeed, climate models may vary in their representation
of the climate system, especially due to differences in the
parametrization of unresolved processes. It is therefore im-
portant to test the performance of CS-Colored-nLIM on
multiple GCM outputs. Four additional GCMs from CMIP6

FIG. 7. The out-of-sample correlation skills for the CESM2 sim-
ulation dataset, with γ = 0.07 years and k = 3, . . . , 8.

(Coupled Model Intercomparison Project Phase 6) are there-
fore examined ACCESS-ESM1-5, CanESM5, MIROC6, and
MPI-ESM1-2-LR [129–132]. Similar to the CESM2 output,
historical simulations from 1850 to 2014 are merged with
future projections for 2015–2024, here using the SSP585 sce-
nario. Even though SSP585 features higher emissions than
SSP370, the difference is negligible over the 10-year period
considered.

Figures 9(a) and 9(c) show the pairs of 0.5 correlation
skills for CS-Colored-nLIMs (k = 7 and k = XRO) and their
linear counterpart CS-Colored-LIM, using a noise correlation
time of γ = 0.07 years. In general, model performance varies
across indices and datasets. Among the four GCMs examined,
the results suggest that MIROC6 likely exhibits stronger non-
linearity and higher predictability, whereas ACCESS-ESM1-5
appears more linear and less predictable, reflecting differences
in GCM physics and resulting climate variability.

Overall, the inverse models perform comparably, but the
two CS-Colored-nLIM configurations show slightly more
consistent improvements for ENSO and D20. This behavior
likely reflects the fact that the input set of climate indices
was originally selected for ENSO studies [67]. As a result,

TABLE VI. The out-of-sample 0.5 correlation skills for the
CESM2 simulation dataset, with γ = 0.07 years and k = 3, . . . , 8.
Bold font indicates the best performance for each variable.

CESM2 simulation dataset

CS-Colored-nLIM

Variable 3 4 5 6 7 8 CS-Colored-LIM

ENSO 18 17 18 18 18 18 18
D20 20 20 20 21 21 21 21
NPMM 4 4 4 4 4 4 4
SPMM 7 7 7 6 7 7 7
IOB 18 17 17 17 20 19 18
IOD 14 14 14 14 15 15 13
SIOD 13 13 13 14 15 16 13
TNA 15 15 14 15 16 16 15
ATL3 8 7 8 8 8 7 8
SASD 6 6 6 5 6 6 6
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FIG. 8. The out-of-sample correlation skills for the CESM2 sim-
ulation dataset, with γ = 0.04–0.08 years and k = XRO.

increases in model complexity tend to manifest in ENSO-
related indices. At the same time, the results also suggest
that ENSO variability in these simulation datasets is already
captured to a large extent by linear dynamics. Therefore,
the linear model approaches the practical predictability limit,
leaving limited room for additional improvement by the non-
linear formulation in out-of-sample prediction.

Figures 9(b) and 9(d) show pairwise skill comparisons
among the nonlinear models. No single nonlinear formula-
tion or model consistently outperforms the others across all
indices or all simulation datasets. Taken together, the nonlin-
ear models tend to perform similarly to, and in some cases

TABLE VII. The out-of-sample 0.5 correlation skills of CS-
Colored-nLIM, evaluated for γ = 0.04–0.08 years and k = XRO,
and those of XRO for the CESM2 simulation dataset. Bold font
indicates the best performance for each variable.

CESM2 simulation dataset

CS-Colored-nLIM

Variable 0.04 0.05 0.06 0.07 0.08 XRO

ENSO 18 18 18 19 18 16
D20 20 21 21 22 21 19
NPMM 4 4 4 4 4 4
SPMM 7 7 7 7 7 8
IOB 20 20 20 21 20 19
IOD 7 14 14 15 15 14
SIOD 14 14 14 14 14 14
TNA 15 15 15 16 15 17
ATL3 9 8 8 8 8 7
SASD 6 6 6 6 6 6

better than, the linear model, CS-Colored-LIM. These results
indicate that CS-Colored-nLIM provides an inverse-modeling
framework that has the potential to exceed the linear baseline
while achieving predictive skill comparable to an established
nonlinear method. More detailed results are provided in Secs.
S.IV and S.V of the Supplemental Material [78].

V. CONCLUDING REMARKS

This study extends the moment-based inverse modeling
framework by incorporating cyclostationarity, temporally cor-
related noise, and nonlinearity, along with a simple sparse
identification scheme that empirically determines the active
nonlinear components, resulting in the proposed CS-Colored-
nLIM. This method generalizes previous formulations, which
appear as its reduced variants, and naturally inherits many
of their advantages and limitations. In addition, CS-Colored-
nLIM is designed to preserve data constraints when applicable
and to empirically determine variations in periodic dynamics,
enabling a more accurate and realistic representation of data
evolution.

When applied to climate prediction to a 44-year observa-
tional dataset and extended historical datasets, the proposed
model demonstrates comparable or superior performance rel-
ative to its reduced variants and to existing ML-based and
statistical modeling approaches. The results also suggest that
the precise configuration of nonlinear components does not
yield a systematic influence on the annual prediction skill.
In particular, CS-Colored-nLIM configured with the nonlinear
terms used in XRO performs similarly to the fully data-driven
formulation, with each variant outperforming the other in dif-
ferent indices or lead times, but without any consistent pattern.
Nevertheless, different configurations may correspond to dis-
tinct underlying physical mechanisms, which require further
analysis to be properly validated.

In addition to the limitations inherited from its reduced
variants, CS-Colored-nLIM introduces a few challenges. The
approximate system is more sensitive to sample size because
of its cyclostationary formulation and reliance on higher-
order correlation functions, indicating that robust estimation
requires sufficiently long training data and, in some cases,
parameter reduction. In climate applications, this can be mit-
igated by training the model on high-quality climate model
outputs or extended historical simulations, and by repre-
senting periodic variations using the leading Fourier modes.
Moreover, the empirical determination of active nonlinear
terms creates a trade-off between interpretability and flexibil-
ity. Tuning the Lasso parameter λ in the sparse identification
process also increases computational cost, particularly for
systems with high dimensionality or with a fast sampling rate
relative to the length of a complete cycle.

A further limitation is that the method may not always
preserve diagonal third moments (i.e., skewness of anomalous
input data), as their contributions can be overshadowed by
nondiagonal terms in the sparse identification step. While
formulating Eq. (7) with a subset of preselected third moments
could emphasize them, doing so may compromise the unique-
ness of the group Lasso solution. This highlights the value of
physically motivated nonlinear structures, though such con-
siderations lie beyond the present scope [67]. Despite these
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FIG. 9. Pairwise comparisons of the 0.5-correlation skills for (a) CS-Colored-LIM and CS-Colored-nLIM (k = 7), (b) XRO and CS-
Colored-nLIM (k = XRO), (c) CS-Colored-LIM and CS-Colored-nLIM (k = XRO), and (d) CS-Colored-nLIM (k = XRO) and CS-Colored-
nLIM (k = 7), evaluated using ten ensemble members from four global climate models: ACCESS-ESM1-5 (blue, circles), CanESM5 (orange,
crosses), MIROC6 (yellow, diamonds), and MPI-ESM1-2-LR (purple, stars). The colored-noise models use a noise correlation time of γ =
0.07 years. Each marker represents a pair of skill values produced by the two models shown on the x and y axes, respectively. Marker size
indicates the number of ensemble members yielding the same pair of skill values. The diagonal line denotes cases in which the two models
achieve identical 0.5 correlation skills; points above the diagonal correspond to cases where the model on the y axis performs better.

challenges, the added complexity enhances the adaptability of
CS-Colored-nLIM, offering potential for application to a wide
range of problems beyond climate science.
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APPENDIX A: PROOF OF CS-COLORED-NLIM

In this Appendix, we give a proof of CS-Colored-nLIM
[i.e., Eqs. (3)–(5)], along with some direct consequences. The
derivation follows the approach used in Refs. [24, 60], which
utilizes the adjoint Fokker-Planck operators. For notational
compactness, the mathematical derivation is written in tensor
notation as in Ref. [60], summarized below.

1. Tensor notation

An a-tensor T is an element in R

a times︷ ︸︸ ︷
d × · · · × d . The tensor

multiplication of an a-tensor T and a b-tensor U produces
an (a + b − 2m)-tensor T ×m U, by summing over the last m
indices of T and the first m indices of U. For example, given a
3-tensor T and a 4-tensor U, their product T ×2 U is a 3-tensor
given by [T ×2 U]i jk =∑p, q TipqUpq jk . The transpose T∗ of
T is given by switching the first and second indices while
leaving the remaining indices unchanged (i.e., [T∗]i1i2i3···ia =
Ti2i1i3···ia ) and the symmetrization operator Sym is given by
Sym(T) = T∗ + T, without dividing the factor of 2.

2. Derivation

We first introduce the mathematical ingredients required
for the proof. The governing Eq. (2) can be written as the
augmented system for (x; η):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

dx
dt

=B(t )×2(xxT )+A(t )×1x+C(t )︸ ︷︷ ︸
F(x,t )

+√
2Q×1η,

dη

dt
= −1

γ
η + 1

γ
ξ

. (A1)
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The Fokker-Planck equation for the probability distribution
P of Eq. (A1) reads

∂

∂t
P = −

∑
i

∂

∂xi
Fi(x, t )P −

∑
i, j

(
√

2Q)i j
∂

∂xi
η jP

+ 1

γ

∑
i

∂

∂ηi
ηiP + 1

2γ2

∑
i

∂2

∂ηi
2

P,

= LFPP,

where LFP(t ) denotes the Fokker-Planck operator.
Let Pss denote the cyclostationary (steady-state) distribu-

tion and L∗
FP denote the adjoint Fokker-Planck operator given

by

L∗
FP(t ) =

∑
i

Fi(x, t )
∂

∂xi
+
∑
i, j

(
√

2Q)i jη j
∂

∂xi

− 1

γ

∑
i

ηi
∂

∂ηi
+ 1

2γ2

∑
i

∂2

∂ηi
2
.

In addition to the statistics of the state vector as introduced in
the main text, we denote the noise-state correlation tensors
Kηx(θ ) = 〈η(t )x(t )T 〉 and Mηx(θ ) = 〈η(t ) ×1 (x(t )x(t )T )〉,
which are nontrivial.

The partial derivatives with respect to τ are right deriva-
tives, whereas those with respect to θ are two-sided deriva-
tives.

We are now ready to present the main result.

Theorem A1. The derivatives of the statistics of the state vector satisfy

Eθ (θ ) = B(θ ) ×2 K(0, θ ) + A(θ ) ×1 E(θ ) + C(θ ), (A2)

Kτ (0, θ ) = B(θ ) ×2 M(0, θ ) + A(θ ) ×1 K(0, θ ) +
√

2Q ×1 Kηx(θ ) + C(θ ) ×0 E(θ ), (A3)

γ Kττ (0, θ ) = γ (B′(θ ) ×2 M(0, θ ) + A′(θ ) ×1 K(0, θ ) + C′(θ ) ×0 E(θ ))

+ γ (B(θ ) ×2 Sym(Mτ (0, θ )) + A(θ ) ×1 Kτ (0, θ )) −
√

2Q ×1 Kηx(θ ), (A4)

Mτ (0, θ ) = B(θ ) ×2 S(0, θ ) + A(θ ) ×1 M(0, θ ) +
√

2Q ×1 Mηx(θ ) + C(θ ) ×0 K(0, θ ), (A5)

γ Mττ (0, θ ) = γ (B′(θ ) ×2 S(0, θ ) + A′(θ ) ×1 M + C′(θ ) ×0 K(0, θ )

+ γ (B(θ ) ×2 Sym(Sτ (0, θ )) + A(θ ) ×1 Mτ (0, θ )) −
√

2Q ×1 Mηx(θ ). (A6)

Proof. Following Refs. [24,60,134,135], for L2 functions f and g, we have

〈 f (x(t + τ ), η(t + τ )), g(x(t ), η(t ))〉 =
∫
R2n

f (x, η)e
∫ τ

0 LFP(t+τ ′ )dτ ′
Pss(x, η, t )g(x, η) dxdη

=
∫
R2n

g(x, η)Pss(x, η, t )e
∫ τ

0 L∗
FP(t+τ ′ )dτ ′

f (x, η) dxdη

=
∫
R2n

g(x, η)Pss(x, η, t )

(
I + τL∗

FP(t ) + τ 2

2

(
L∗

FP(t )L∗
FP(t ) + d

dt
L∗

FP(t )

))
× f (x, η) dxdη + O(τ 3). (A7)

Therefore, by Eq. (A7), we compute the first-order right derivative of the (p, q) entry of K with respect to τ as follows:

∂

∂τ
Kpq(0, θ ) =

∫
R2n

xqPss(x, η, t )L∗
FP(θ ) xp dxdη

=
∫
R2n

xqPss(x, η)

⎛⎝∑
j, k

Bp jk (θ )x jxk +
∑

j

Ap j (θ )x j + Cp(θ ) +
∑

j

η j (
√

2Q)p j

⎞⎠ dxdη

=
∑
j, k

Bp jk (θ )M jkq(0, θ ) +
∑

j

Ap j (θ )K jq(0, θ ) + Cp(θ )Eq(θ ) +
∑

j

(
√

2Q)p j (Kηx(θ )) jq.

This is equivalent to Eq. (A3) in tensor form.
The computations for Kττ (0, θ ), Mτ (0, θ ), and Mττ (0, θ ) proceed analogously, and the detailed steps are omitted for brevity.
Finally, with the fact that 〈η(·)〉 = 0, Eq. (A2) can be obtained from

0 =
∫
R2n

x jLFPPss dxdη =
∫
R2n

PssL∗
FP x j dxdη.
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For implementation purposes, we transform the tensor equations into matrix form. For a tensor T, let vec T = vec (T) = −→
T

denote its vectorized form. The tensor multiplication T ×m U can be written in terms of matrix multiplication as T ×m U =
Lm

U
−→
T , where Lm

U represents the matrix corresponding to U. Then, eliminating
√

2Q ×1 Kηx in Eqs. (A3) and (A4) yields Eq. (4)
in matrix form. Similarly, Eqs. (3) and (5) can be obtained through the same procedure.

Finally, there are two immediate results.
Corollary A1. The stochastic matrix Q can be written as in terms of (γ, B, A, C) and the statistics of x:

Q = γ
d

dθ
(Kτ (0, θ ) − B(θ ) ×2 M(0, θ ) − A(θ ) ×1 K(0, θ ) − C(θ ) ×0 E(θ ))

− γ (Mτ (0, θ ) − B(θ ) ×2 S(0, θ ) − A(θ ) ×1 M(0, θ ) − C(θ ) ×0 K(0, θ )) ×2 B(θ )∗

− γ (Kτ (0, θ ) − B(θ ) ×2 M(0, θ ) − A(θ ) ×1 K(0, θ ) − C(θ ) ×0 E(θ )) ×1

(
A(θ )∗ − 1

γ
I
)

. (A8)

The cyclostationary balance equation in the nonlinear framework is given by

Kθ (0, θ ) = Sym( B(θ ) ×2 M(0, θ ) + A(θ ) ×1 K(0, θ ) + C(θ ) ×0 E(θ ) +
√

2Q ×1 Kηx(θ ) ). (A9)

Proof. Equation (A8) can be obtained by a direct computation of

d

dθ

(
Kηx
)

pq
=
∫
R2n

ηpxqLFPPss dxdη =
∫
R2n

PssL∗
FP ηpxq dxdη,

leading to

d

dθ
Kηx = Mηx(θ ) ×2 B(θ )∗ + Kηx(θ ) ×1

(
A(θ )∗ − 1

γ
I
)

+ 1

2γ

√
2Q. (A10)

Then, multiplying
√

2Q from the left and eliminating
√

2Q ×1 Kηx and
√

2Q ×1 Mηx using Eqs. (A3) and (A5) yields Eq. (A8).
Finally, Eq. (A9) can be obtained by computing

d

dθ
Kpq(0, θ ) =

∫
R2n

xpxqLFPPss dxdη =
∫
R2n

PssL∗
FP xpxq dxdη.

APPENDIX B: CS-WHITE-NLIM

The governing equation of CS-White-nLIM is given by

dx
dt

= B(t ) ×2 (xxT ) + A(t ) ×1 x + C(t ) +
√

2Q(t ) ×1 ξ,

(B1)

where in contrast to CS-Colored-nLIM, the stochastic matrix
Q is allowed to be periodic.

Because the white-noise limit is formal, the derivatives of
the correlation functions of Eq. (2) do not converge to those
of Eq. (B1) as γ → 0, as noted in Ref. [60]. Therefore, the
derivation must be done separately.

Indeed, with the Fokker-Planck equation of Eq. (B1) and
following a similar computation, we have

Eθ (θ ) = B(θ ) ×2 K(0, θ ) + A(θ ) ×1 E(θ ) + C(θ ), (B2)

Kτ (0, θ ) = B(θ ) ×2 M(0, θ ) + A(θ ) ×1 K(0, θ ) + C(θ )

×0 E(θ ), (B3)

Mτ (0, θ ) = B(θ ) ×2 S(0, θ ) + A(θ ) ×1 M(0, θ ) + C(θ )

×0 K(0, θ ). (B4)

Moreover, the balance equation is given by

d

dθ
K(0, θ ) = Sym( B(θ ) ×2 M(0, θ ) + A(θ ) ×1 K(0, θ )

+ C(θ ) ×0 E(θ ) + Q(θ ) ). (B5)

Eqs. (B2)–(B4) are Eqs. (A2)–(A6) when γ = 0. This
result again indicates that in the inverse formulation, the pa-
rameter estimation procedure is continuous for γ � 0 near 0.

APPENDIX C: PHASE-AVERAGED APPROACH

Compared to the fixed-phase approach, the phase-averaged
approach constrains the estimated parameters to the leading
Fourier modes up to order L. To avoid confusion, let B(1) de-
note the estimated parameters from the fixed-phase approach
[i.e., Eqs. (7) and (8)] and B(2) those from the phase-averaged
approach. The same notation applies to A and C.

Let N be the sampling frequency and Q0 be a tall matrix
whose columns consist of the Fourier basis of unit length up
to order L. That is, Q0 is a matrix of size N-by-(2L + 1) if
N > 2L + 1, or an N-by-N matrix if all Fourier modes are
included. Define the leading Fourier coefficients of vec B̂(2)

i jk

as vec B(2)
i jk = Q0vec B̂(2)

i jk . Then Eq. (7) is reformulated in the
Fourier domain by projecting it onto the truncated Fourier
basis as

min
vec B̂(2)

⎛⎝∥∥X̃MB Q̃ vec B̂(2) − ỸM

∥∥2

2 + λ
∑
i; j�k

∥∥vec B̂(2)
i jk

∥∥
2

⎞⎠,

(C1)

where Q̃ is a block diagonal matrix constructed from Q0 and
is compatible to X̃MB and vec B̂(2), the vertical concatenation
of all vec B̂(2)

i jk .
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With the identified active nonlinear components, the dy-
namical parameters are solved by reformulating Eq. (8) in the
Fourier domain:

XQV̂ (2) = Y,

where V̂ (2) represents the leading Fourier coefficients of the
estimated dynamical parameters (B(2), A(2),C(2) ) and Q the
block diagonal contructed from Q0 that is compatible to both
X and V̂ (2). Then the dynamical parameters are recovered
from QV̂ (2).

It is worth noting that the fixed-phase approach can be
viewed as a special case of the phase-averaged approach.
Suppose that X̃MB has full rank so that the group-lasso so-
lution is unique. When all Fourier modes are retained in the
phase-averaged formulation, Eq. (C1) reduces to Eq. (7) since
the Fourier transformation is orthogonal. Because the config-
urations of active nonlinear coefficients are identical, the two
approaches become equivalent:

(B(1), A(1),C(1) ) = (B(2), A(2),C(2) ).

APPENDIX D: XRO SETUP AND FORECAST

This appendix describes the experimental configuration of
XRO and discusses its methodological differences from CS-
Colored-nLIM in prediction.

The data preprocessing for XRO is essentially identical
to that used for the moment-based models, except that the
three-month running mean is not applied. The dynamical
parameters are also expressed as a Fourier series up to the
second order, following the default configuration in Ref. [67].
Although XRO is trained on unaveraged data, its prediction
skills are evaluated using three-month running-mean data to
ensure consistency with the results from the moment-based
models in Secs. IV D and IV E.

Prediction in XRO is performed by numerically integrating
the approximate system (1) without the stochastic term:

dxi

dt
=
∑
j�k

Bi jk (t )x jxk +
∑

j

Ai j (t )x j︸ ︷︷ ︸
Dynamics: Fi (x,t )

. (D1)

This deterministic formulation may introduce bias from the
formal solution obtained by integrating the full stochastic sys-
tem in Eq. (1) with initialized colored noise and subsequently
taking the ensemble mean [24]. Nevertheless, this simplifica-
tion significantly reduces computational cost.

On the other hand, CS-Colored-nLIM initializes the col-
ored noise by approximating its distribution with that of
the corresponding linear system, integrates the approximate
SDE (A1), and computes the ensemble mean. Although one
could instead integrate only the deterministic component
of Eq. (A1) to avoid ensemble generation, we adopt the
ensemble-based approach to access the probability distribu-
tion and ensemble spread of the system (see Figs. 3 and
S.5 of the Supplemental Material [78]), despite the cost of
increased computational demand. Moreover, while this ini-
tialization strategy for colored noise still yields minor biased
forecasted values from the formal solution—even when eval-
uated over an ensemble of infinite members—it effectively
corrects the initial tendency dx/dt associated with colored
forcing.

It should also be noted that, in the linear formulation, the
effect of colored noise can be incorporated into the evolution
operator, thereby achieving both accurate representation of
colored-noise effects and computational efficiency, as dis-
cussed in Ref. [24].
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