
PHYSICAL REVIEW RESEARCH 8, 043051 (2026)

Efficient simulation of Bose-Einstein condensates in nontrivial topologies

A. Beregi , J.-B. Gerent , and N. Lundblad *

Department of Physics and Astronomy, Bates College, Lewiston, Maine 04240, USA

(Received 4 March 2026; accepted 11 September 2026; published 15 October 2026)

Bubble-shaped Bose-Einstein condensates (BECs) constitute a unique class of quantum fluids with a hollow,
thin-shell geometry that supports a wide variety of phenomena distinct from those of compact condensates.
Numerical simulation of such systems is particularly challenging due to their inherently three-dimensional
structure and extreme aspect ratios. We present an efficient finite-difference simulation framework for solving
partial differential equations in nontrivial topologies, with a focus on the static and dynamical modeling of
bubble-shaped BECs. By employing selective spatial sampling on a semistructured grid, our method substantially
reduces memory usage and achieves more than an order-of-magnitude improvement in computational perfor-
mance compared with conventional split-step Fourier solvers. The algorithm is naturally extendable to highly
parallel execution on graphics processing units (GPUs), enabling large-scale, time-dependent simulations of
thin-shell condensates. We apply this framework to simulate the formation of bubble BECs through a controlled
hollowing-out protocol using ab initio trapping potentials relevant to the Cold Atom Laboratory aboard the
International Space Station. From these simulations, we identify characteristic timescales and parameter ramps
required to achieve adiabatic evolution, thereby assessing the feasibility of experimentally realizing bubble-
shaped condensates in microgravity environments.
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I. INTRODUCTION

Bose-Einstein condensates (BECs), as routinely achieved
in ultracold atomic physics experiments, provide a fertile
platform for the study of quantum fluids and macroscopic
quantum phenomena, often through the exploration of di-
mensionality [1–3], geometry [4,5], topology [6–8], spin-orbit
coupling [9], and interactions [10,11] of the quantum-gas
samples under study. In most experiments, BECs are confined
in harmonic or box traps, resulting in compact, topologi-
cally equivalent systems that can be deformed continuously
into one another. However, recent advancements in experi-
mental techniques, both in microgravity environments such
as those achieved in Earth-orbiting laboratories [12,13] and
in terrestrial efforts [14–16], have enabled the realization of
bubble-shaped systems, notable for being topologically dis-
tinct in real space from those produced using typical ultracold
atomic trapping approaches. Bubble- or shell-like trapping
geometries give rise to unique collective excitations [17–20],
vortex phenomena [21–25], thermodynamic corrections due
to curvature [26–31], and novel examples of nonlinear wave
propagation [32,33]. More generally, these geometries offer a
new framework for studying quantum-gas physics on curved
manifolds [34–37].

*Contact author: nlundbla@bates.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

Numerical simulation has been crucial to the development
of the field, through studies of the time-independent and
time-dependent Gross-Pitaevskii equations (GPEs); numerics
are most commonly used to predict ground-state energies
and wavefunctions in analytically intractable situations, and
to reveal dynamics including collective modes and vortices.
Recent technological advances such as the rapid growth in
massively parallel graphics processing unit (GPU)-enabled
computation have significantly expanded simulation capabili-
ties. However, bubble-geometry quantum-gas systems remain
challenging to simulate due to their unique hollow geo-
metrical configuration with large spatial extent and strong
local anisotropy. While strongly anisotropic compact sys-
tems can be efficiently simulated on anisotropic Cartesian
grids, bubble-shaped systems (or any arrangement that evokes
the embedding of one-dimensional or two-dimensional (2D)
structures within a three-dimensional volume) result in a large
fraction of the grid being wasted. In some special cases, such
as radial symmetry or quasi-2D confinement, the problem
is simplified through dimensionality reduction; in general,
however, these simplifying limits are not realistically ac-
cessible in experiments, and the numerics of accurate BEC
simulation remain challenging. As an example, an anisotropic
bubble with micrometer-scale thickness and 100-µm-scale
radius naively requires a Cartesian grid with 8 × 109 ele-
ments with corresponding ∼120 GB of memory to store
the wavefunction, which continues to be impractical outside
of high-performance computing facilities, despite ongoing
technological advances in the computational infrastructure of
personal workstations.

In this work, we present a general scheme for addressing
this issue without sacrificing accuracy; our approach can be
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used for simulations of realistic, anisotropic bubbles in situa-
tions (such as inflation and hollowing-out of a bubble) where
a quasi-2D condition does not always hold. Our methods are
applicable to both finding the ground state and evolving a
wavefunction in an arbitrary time-dependent potential. Owing
to their generality, they are not restricted to bubble-shaped
traps, providing a speedup of simulations in any scenario
where an exotic geometry is involved. Furthermore, the core
idea of our method is not limited to the GPE and is easily
adaptable for numerical studies of other differential equations.

This work is organized as follows: In Sec. II, we discuss the
simulation methods developed, followed by their numerical
verification in Sec. III; in Sec. IV, we evaluate the perfor-
mance of the new approach; in Sec. V, we present applications
of the technique to a physically relevant situation: the inflation
of a bubble-geometry BEC; and in Sec. VI, we conclude and
provide an outlook for future work.

II. SIMULATION METHODS

In a given potential, the equilibrium state and subsequent
dynamics are described by the time-independent and time-
dependent Gross-Pitaevskii equations

− h̄2

2m
∇2ψ + V (r)ψ + g|ψ |2ψ = μψ, (1)

ih̄
∂ψ

∂t
= − h̄2

2m
∇2ψ + V (r, t )ψ + g|ψ |2ψ, (2)

where h̄ is the reduced Planck constant, m is the particle
mass, V (r, t ) is the external potential, g = 4π h̄2a/m is the
interaction constant for s-wave scattering length a, μ is the
chemical potential, and ψ is the macroscopic wavefunction of
the condensate [38]. The wavefunction obeys the normaliza-
tion condition ∫

|ψ |2dV = N, (3)

where N is the number of particles. These equations arise
from the mean-field treatment of the full quantum many-body
problem and serve as the primary theoretical tool for the study
of dilute-gas BECs.

The time-independent GPE is usually solved with the
imaginary-time propagation technique by the transformation
t → −it in Eq. (2) [39]. This results in nonunitary evolu-
tion, which attenuates the excited states at rates proportional
to their energies. Therefore, by successive evolution for a
short time δt followed by the renormalization of ψ by im-
posing Eq. (3), the wavefunction converges to the ground
state. The main run-time-critical component, both in ground-
state calculations and in time evolution, is the evaluation of
the kinetic-energy term involving the Laplace operator. This
can be achieved by transforming to the basis of momen-
tum eigenstates in which the Laplace operator is diagonal;
thus, the corresponding evolution operator is easy to evalu-
ate. The change of basis is performed efficiently by discrete
Fourier transforms, having favorable O(N log N ) scaling with
input size. Since the kinetic-energy operator does not com-
mute with the potential and interaction energy operators,
the time evolution is typically implemented using a second-
order Suzuki-Trotter decomposition. Within this scheme,

imaginary-time propagation is summarized as follows:

ψe−HV δt/2h̄ FFT−−→ ψke−HT δt/h̄ iFFT−−→ ψe−HV δt/2h̄, (4)

where HV,T are the terms in the Hamiltonian diagonal in
position and momentum space, respectively, and ψk is the
wavefunction in the momentum basis. For simulating dynam-
ics, one can employ the same method, but with the unitary
time-evolution operators e−iHV δt/2h̄ and e−iHT δt/h̄ in Eq. (4),
where, in general, HV is time dependent. As discrete Fourier
transforms are an integral part of this approach, they are lim-
ited to simulation volumes that are rectangular cuboids.

However, bubble-shaped condensates typically occupy a
small volume fraction of rectangular simulation grids, result-
ing in inefficient use of computational resources. Furthermore,
the unique topology of a bubble results in the need for small
spatial step sizes, as typical clouds are thin in all spatial di-
rections. This is in stark contrast with the case of compact but
highly anisotropic systems, for example, cigar- or pancake-
shaped BECs, where choosing different spatial step sizes
along the strongly and weakly confined directions improves
the efficiency of simulation. A further limitation of the split-
step Fourier scheme is the requirement for the differential
equation to be homogeneous, which is not the case for an ex-
tended class of problems such as the stochastic GPE [40,41] or
tunnel-coupled BECs [42,43]. A possible solution is to build
a mesh around the relevant spatial region, as often done in
finite-element simulations, used for instance in computational
fluid dynamics, solid mechanics, or electromagnetism. This
results in an unstructured grid, where the evaluation of the
Laplacian is computationally expensive due to the irregular
memory layout of neighboring grid points and nonconstant
stencil weights. In our approach, we combine these two meth-
ods by using a semistructured Cartesian grid, defined only
near the minimum of the potential. Within this scheme, we
significantly exploit the local regularity of the grid, combined
with the efficient use of simulation resources, by defining
a region of interest (ROI). We developed two algorithms: a
general scheme that is optimized for execution on CPU-based
systems using a single thread and a highly parallel algorithm
for execution on a GPU.

A. General algorithm

We start with a standard Cartesian grid and estimate the
size of the condensate by the Thomas-Fermi (TF) approxima-
tion:

|ψTF|2 = max

(
μ − V (r)

g
, 0

)
, (5)

where μ is the chemical potential. This result is obtained by
neglecting the kinetic-energy term in Eq. (1). We define the
region of interest as the grid points at which the TF estimate
yields nonzero density. To ensure that the simulated conden-
sate is almost fully within the TF region, we set the value
of the chemical potential to an unrealistically high value. As
the value of such a chemical potential might not be known
a priori, we calculate the number of atoms in the TF trial
solution corresponding to an initial guess for μ and adjust
its value to ensure that the trial solution corresponds to an
unrealistically high atom number (e.g., an order of magnitude
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FIG. 1. Illustration of the semistructured grid using a Thomas-Fermi trial solution with μ/h = 450 Hz in a typical bubble trap potential,
corresponding to ∼9 × 105 particles. For visualization purposes, a quarter of the grid is cut out and the resulting boundary is colored orange. (a)
General scheme resulting in fine-grained postselection of grid points. The local structure of the grid is shown in the inset, with only the nearest
neighbors along x at deterministic offsets (±1) from the central point. The axes are labeled in grid-point units. (b) Parallel, GPU-optimized
scheme resulting in coarse-grained postselection of 83 blocks of grid points supporting storage in shared memory. The axes are labeled in
block units. The inset shows the structure of a single block, where the halo is shown with orange shading. Due to the coarser graining, the local
structure of the grid is highly ordered, with all nearest neighbors at deterministic offsets (±1, ±10, ±100) in shared memory.

higher than the atom number used in the actual simulation).
An example of a simulation region is shown in Fig. 1(a). Next,
the Laplace operator is constructed for the standard Cartesian
grid using a finite-difference approach from outer products
of identity matrices and tridiagonal matrices corresponding
to second-order central approximations to second derivatives.
Since the resulting Laplacian involves a seven-point stencil,
for N grid points, the fraction of nonzero entries ignoring
the edges is 7/N , resulting in very sparse matrices. We then
flatten the wavefunction and the potential array to a vector of
N elements and identify the set of indices where the TF trial
solution yields zero density, i.e., those lying outside the ROI,
denoted by ROI. The wavefunction and potential vectors are
reduced by removing elements at all indices i ∈ ROI, giving
ψ̃ and Ṽ . Corresponding to the vector reduction operation, we
remove all rows and columns of the Laplacian matrix with
indices i ∈ ROI and denote the resulting operator by T̃ , which
includes the necessary prefactor −h̄2/2m. This operation is
mathematically justified since we assume that the density is
zero at these grid points and will stay zero during evolution
in real or imaginary time. To calculate ground states, we
numerically solve

∂ψ̃

∂t
= (−1/h̄)(T̃ + Ṽ + gψ̃2)ψ̃, (6)

with the renormalization of the wavefunction after each tem-
poral step. Similar to the standard split-step Fourier approach,
we first propagate for δt/2 using the operators that are diago-
nal in position space:

ψ̃ → ψ̃e−(Ṽ +gψ̃2 )δt/2h̄. (7)

This operation can be performed efficiently by precom-
puting e−Ṽ δt/2h̄. Furthermore, since typical bubble-shaped
condensates are dilute, the interaction propagator can be ap-
proximated as 1 − gψ̃2δt/2h̄, avoiding the computationally
expensive evaluation of the exponential function. Next, the
kinetic-energy propagation is performed for a total time of
δt in two steps using the forward Euler method [44]. Sub-
sequently, we perform one more propagation step given by
Eq. (7) and renormalize the wavefunction to the desired
number of particles. Since imaginary time evolution under
the Laplacian is treated in the finite-difference fashion, this
approach does not require the wavefunction to be complex,
providing an intrinsic speedup and a factor-of-2 improvement
in memory efficiency compared to the conventional algorithm.

For time evolution, we numerically solve

∂ψ̃

∂t
= (−i/h̄)(T̃ + Ṽ (t ) + g|ψ̃ |2)ψ̃, (8)

using various explicit Runge-Kutta methods, without employ-
ing the split-step procedure. In particular, we use Heun’s
third-order method (RKHE3), the classic fourth-order method
(RK4) [45], and the fifth-order Cash-Karp method (RKCK)
[46].

The algorithms are implemented using high-level libraries
for sparse matrix-vector multiplication (SpMV) such as SciPy
or CuPy and with a highly optimized custom SpMV kernel
written in the C programming language. For all implementa-
tions, we employ the compressed sparse row format, which is
generally faster for the required SpMV operation. The custom
SpMV kernel exploits two properties of the Laplacian. First,
for cubical grids, its matrix elements only have two unique
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values, which reduces the required memory accesses. In fact,
the diagonal part of the Laplacian can be encoded in the
potential as a constant offset, which results in the elements
of the remaining reduced matrix to be constant. Second, as
the grid is semistructured, for the majority of the grid points,
there are six nearest neighbors and we refer to these as normal
grid points. Such grid points have irregular nearest-neighbor
offsets along the two slower-changing directions, but along
the fastest-changing direction they are deterministically ±1,
resulting in better cache locality and memory access patterns.
Moreover, a very large fraction of normal grid points also
have normal neighbors, since the grid is locally regular. There-
fore, for each normal grid point, if the next three are also
normal, we process these together as the offsets along the
two slower changing directions are the same for these points.
For anisotropic grids, discussed in Appendix B, one can still
exploit the local structure of the grid, but the stencil weights
no longer remain constant.

B. Parallel algorithm

Similar to the previous algorithm, we start with a TF trial
solution. However, instead of performing the postselection of
individual grid points, we calculate the number of atoms in
blocks of size 83, as illustrated in Fig. 1(b). The choice of
block size was motivated by the typical maximum number
of threads per block on CUDA-compatible GPUs. If a block
contains nonzero atoms, we add all of its grid points to the ROI
and record their indices. For each block, we also record the in-
dices of a shell of grid points around the block, which is often
referred to as the halo; these points are required for consistent
evaluation of the Laplacian at the boundaries of the block.
This coarse-grained postselection procedure requires the grid
to have Ni ≡ 2 (mod 8) points along directions i = x, y, z
and results in an Nb × 1000 array of grid indices, denoted as
Mind. Note that by this coarse procedure, the ROI necessarily
contains more grid points compared to the previous algorithm.
This effect can be mitigated by choosing smaller blocks, but
this results in a larger fraction of the grid points being reused
as halo [47].

To improve global memory access patterns, we sort these
grid indices in the following way. We ensure that elements of
each block are stored contiguously in memory with the first in-
dex varying the fastest, such that the elements of the nth block
are stored at offsets [512 × (n − 1), 512 × n). This results in
deterministic memory addresses for each array element in the
blocks; however, block halo points remain at nondeterministic
offsets. Therefore, for each block, we record an integer array
of length 488 that contains the indices of its halo in an ordered
fashion. The majority of these halo points are members of
the other adjacent blocks; thus, they are stored in memory
at offsets [0, 512 × N ) for N blocks. However, some halo
points of blocks at the boundary of the simulation region are
not included; these are collectively moved to memory offsets
above 512 × N . Next, we identify the unique indices in Mind,
perform the reduction of the wavefunction and the potential
array, and finally remap the elements of Mind to account for
the ignored grid points and the grid reordering.

After these preparation steps, we proceed to solving the
differential equation. The imaginary time propagation algo-

rithm is performed using three GPU kernels. The first kernel
loads the 1000 values of the wavefunction for a given block
and its halo into shared GPU memory. During the loading
operation, each array element is multiplied by the propagator
corresponding to diagonal operators given in Eq. (7), as well
as a constant scaling factor that renormalizes the wavefunction
from the previous iteration. The kernel then evaluates the first
forward-Euler step in each central 83 block using the known
constant offsets of the required Laplacian stencil. The halo
allows the use of higher-order compact (HOC) stencils of
size 33, increasing the accuracy and isotropy of the evaluation
of the Laplacian. Finally, the wavefunction in the central 83

block is written to an empty array in global memory, stor-
ing the temporary wavefunction. The second kernel loads
the temporary wavefunction for the 1000 grid points in each
block, applies the second forward-Euler step, and performs
the second propagation step given in Eq. (7). Finally, the third
kernel calculates the number of particles by reduction and the
scaling factor that is used to renormalize the wavefunction in
the next iteration.

Similar to the general algorithm, the time-evolution sim-
ulation is performed with explicit Runge-Kutta methods.
However, due to the block-based postselection procedure, a
modified, memory-optimized Runge-Kutta procedure is em-
ployed. In a standard Runge-Kutta procedure of n stages, the
right-hand side of the differential equation would be evaluated
n times according to

ki = f (t + ciδt, y(i) ), (9)

where y(i) = y0 + δt
∑

j<i ai jk j is the state of the system at
the previous intermediate step, with ai j being method-specific
constants, and the results ki are stored. After all stages have
completed, the update of the system state at the next time
step is calculated as a linear combination of ki. For our block
structure, this leads to poor usage of global memory, as for
stage n, for the evaluation of the right-hand side at 512 grid
points, we have to load and compute the linear combination
of y0, k1, k2, ..., kn−1, amounting to n × 1000 values. To re-
duce global memory usage, we store the wavefunction at the
intermediate stages y(i), which we compute from the linear
combination of earlier stages y( j<i) and a single evaluation
of the right-hand side at the current stage. The coefficients
required for this are straightforward to derive from the coeffi-
cients of the standard approach (see Appendix A). In addition,
the last kernel computes the appropriate linear combination of
ψ (t ) and yi to obtain ψ (t + δt ). The usage of this modified
scheme provides 7.5%, 12%, and 44% less global memory
traffic for the employed third-, fourth-, and fifth-order integra-
tors, respectively.

III. ALGORITHM VERIFICATION

We verify the validity of our methods and the underlying
approximations by comparing the numerical GPE ground-
state solutions to those from a split-step Fourier solver. The
simulation error has two sources: the finite-difference ap-
proximation of the derivatives and the irregular boundary of
the ROI. To investigate the first source of error, we com-
pare ground-state solutions calculated by the finite-difference
method using the full, rectangular grid with those obtained
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FIG. 2. Verification of the semistructured grid method with GPE ground states. (a) GPE ground-state density in a typical bubble potential,
along the y-z and x-y planes. The solid black line shows the boundary of the region of interest. (b) Simulation errors for the semistructured grid
method, shown along the y-z and x-y planes. (c) Scaling of simulation error with grid selection cutoff for the coarser grid with δr = 0.3 µm
(top) and the finer grid with δr = 0.15 µm (bottom), for various Laplacian stencils. The gray dashed line shows the choice of chemical potential
cutoff used in this work.

from the split-step Fourier solver. The potential was chosen
to be a realistic radio frequency (rf)-dressed bubble poten-
tial as realized on the Cold Atom Laboratory (CAL) atom
chip setup [48], and we chose the number of particles to
be N = 105. We used a grid size of 120 × 120 × 300, with
grid spacing of 0.3 µm along all three axes, as well as a
twice as dense, 240 × 240 × 600 grid with spacing 0.15 µm.
The reference wavefunction was obtained using the split-
step Fourier method until a relative tolerance of 10−9 was
reached. The finite-difference wavefunction was computed
using the same relative tolerance. The error was quantified
as �ψ = 1/N

∫ ||ψ0|2 − |ψ |2|dV , where ψ0 is the refer-
ence wavefunction and ψ is the wavefunction calculated by
the finite-difference method. Using the 27-point stencil for
the finite-difference Laplacian, the resulting error was 2.8 ×
10−3 and 6.9 × 10−4 for the coarser and finer grids, respec-
tively. The simpler, seven-point stencil yields 2 × 10−3 and
5.6 × 10−4. This demonstrates that using the finite-difference
method, the simulation error remains small for the employed
grid sizes. Furthermore, from the scaling of the error with
spatial step size, we conclude that the 27-point stencil per-
forms better for progressively smaller values of the grid
spacing.

Next, we compare the reference wavefunctions to those
obtained from the general and parallelized semistructured grid
methods. In Fig. 2(a), we show the ground-state density in a
typical bubble potential obtained with the semistructured grid
method along two orthogonal coordinate planes together with
the boundary of the ROI. For this simulation, the ROI was
set such that the ratio of the chemical potential cutoff and
the chemical potential of the BEC is 5, providing sufficient
clearance along all spatial directions. In Fig. 2(b), we show
the simulation error along the same planes, which does not
exceed the 10−3 level and shows the same general structure as
the error for the finite-difference simulation performed over

the full grid. To investigate the effect of the boundary, the
same calculation is repeated for a range of ROIs defined by
different chemical potentials for the TF trial solution used for
the grid postselection procedure. We plot the resulting errors
for both the coarser and finer grids in Fig. 2(c) for various
chemical potential cutoffs and Laplace operator stencils. For
all cases considered, the data show rapid convergence as the
ROI size is increased. For both spatial step sizes, the GPU
algorithm performed better, which is due to the inherently
larger simulation region. The simulation error is almost in-
dependent of the spatial step size, indicating that the source
is predominantly the boundary. This can be easily mitigated
by increasing the grid selection threshold μcut, which reduces
the error exponentially [Fig. 2(c)]. For the ROI sizes used in
this work, the simulation error is on the 10−5 level, which is
negligible compared to the error due to the finite-difference
approximations.

We evaluate the numerical performance of time-evolution
simulations by propagating the ground-state solution obtained
using the semistructured grid method for tmax = 800 ms—the
longest evolution time considered in this work. We use an
RK4 integrator with a time step of 2 µs and the 27-point stencil
for the finite-difference evaluation of the Laplacian. The evo-
lution is characterized by two figures of merit, conservation
of particle number (unitarity) and fidelity between the time-
evolved state and the ground state. For unitarity, we report
1 − N (tmax)/N0, where N0 is the initial atom number. Since
the fidelity is oscillatory in time, we report the time average
of 1 − | 〈ψ (t )|ψ0〉 |2 in the [0, tmax] interval. For both grid
sizes considered, over a wide range of potentials across the
hollowing-out transition, we observed violations of unitarity
on the order of 10−8. Similarly, the infidelities were on the
order of 10−6 or smaller. From these results, we conclude
that the employed numerical integration scheme and finite-
difference stencil provide accurate results.
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FIG. 3. Verification of the semistructured grid method with GPE
time-dependent simulations. (a) Column-density images for a dy-
namically loaded bubble-shaped condensate (top) and the ground
state in the same potential (bottom). The dynamically loaded con-
densate exhibits excess density near the poles along the z direction, as
well as density ripples along the surface. (b) Scaling of the simulation
infidelity with the grid selection cutoff for the two grid sizes. The
solid lines connecting the data points serve as a guide to the eye. The
dashed vertical line indicates the typical cutoff used in this work.

Finally, we investigate the effect of ROI selection for
time evolution across a dynamical hollowing-out transition.
We start with a compact, harmonically trapped cloud of
approximate size 8 µm along the x and y directions, and 25 µm
along the z direction. The potential is modified over 200 ms to
arrive at the bubble trap shown in Fig. 2, in which the system
is held for a further 200 ms. Due to the significant change
in the potential and the timescale of the ramp, the evolution
of the state is highly nonadiabatic, resulting in significant
deviations from the ground state corresponding to the final
potential, as shown in Fig. 3(a). The simulation is repeated
with various ROI selection thresholds and we compute the
time-averaged infidelity during the 200 ms hold time in the fi-
nal potential. For the fidelity calculations, we use the selection
threshold of μcut/μ = 10 to obtain the reference data. The
typical threshold value of μcut/μ = 5 results in infidelities of
1.0 × 10−4 and 6.6 × 10−4 for grid spacings 0.3 and 0.15 µm,
respectively. We attribute the increased error for the finer grid
to the smaller fraction of grid points in the ROIs. Neverthe-

FIG. 4. Benchmark of GPE ground-state solvers for grid sizes
120 × 120 × 300 (a) and 240 × 240 × 600 (b). The bars with solid
fill represent the conventional split-step Fourier method on CPU
and GPU, while the hatched fill bars show the semistructured grid
methods proposed in this work. The run times are averages over
seven runs. The uncertainties of the mean values are negligible.

less, these results demonstrate the numerical accuracy of the
semistructured grid method for time-evolution simulations of
highly nonadiabatic dynamics.

IV. ALGORITHM BENCHMARKING

We benchmark the performance of our algorithms by com-
paring their run times with those of the conventional split-step
Fourier scheme utilizing the highly efficient FFTW library
[49] to perform the fast Fourier transforms, as well as GPU
computation enabled by the CuPy library. The benchmarks
for the split-step Fourier scheme were performed using the
same spatial grids as the semistructured grid simulations be-
fore selecting the ROI [50]. Furthermore, all static quantities,
such as the arrays of the evolution operators e−(i)HV δt/2h̄ and
e−(i)HT δt/h̄ were precomputed and transferred to GPU mem-
ory before the simulation. The reported times reflect purely
on the duration of the imaginary and real-time propagation,
and exclude these preparation steps. The simulations for
the general algorithm were run on an A2338 MacBook Pro
equipped with an M1 processor and 16 GB memory. The
GPU simulations were run on a Tesla V100 with 16 GB
memory. All simulations used double-precision floating-point
format.

For the ground-state solver, the simulation parameters em-
ployed were the same as in the earlier comparison apart from
the relative tolerance of the solvers, which we set to 10−6. In
Fig. 4, we compare the run times of the split-step Fourier al-
gorithm executed on CPU (at various levels of multithreading)
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FIG. 5. Benchmarking the time-evolution algorithms and comparison with conventional split-step Fourier solvers for various grid sizes.
The run times are averages over seven runs, with negligible variance. The hatched fill highlights the results from the algorithms from this work.
(a), (b) CPU algorithm run times for a single-stage ramp between two potentials that correspond to inflating bubble-shaped clouds by ≈10%.
(c), (d) GPU algorithm run times for a ten-stage ramp, which simulated the hollowing-out dynamics and subsequent inflation.

as well as on GPU, with those obtained using the semistruc-
tured grid method. The simple SciPy implementation of our
algorithm already provided significant speedups compared to
the CPU-based split-step Fourier algorithms. However, the
highly optimized algorithm based on the custom SpMV kernel
significantly outperformed all other CPU algorithms, with
mean run times of 2.1 and 14.9 s on the smaller and larger
grids, respectively. Furthermore, the custom SpMV algorithm
performed marginally worse than the GPU implementation
of the split-step Fourier solver. It is important to note that
both semistructured grid algorithms executed on the CPU are
single threaded; therefore, further speedup can be expected
from multithreading.

Similar to the CPU results, the CuPy SpMV implementa-
tion of our algorithm resulted in substantial speedup compared
to the GPU split-step Fourier solver. However, our highly
optimized GPU algorithm outperformed both of these, re-
sulting in run times of 0.09 and 0.6 s, representing a 17-fold
speedup compared to the conventional GPU solver. Next, we
benchmark the time-evolution algorithms. The CPU-based
algorithms were tested on a single-stage ramp of the trapping
potential, such that the bubble-shaped cloud changed in size
by approximately 10%. This ramp was performed over 10 ms,
after which the cloud was held in the final potential for a
further 5 ms. For all methods considered, the simulation was
initially run with various time steps to check the convergence
of the solutions. These initial results were used to identify
the time steps that yielded a mean relative global error of
10−6. The benchmarking results are shown in Figs. 5(a) and
5(b) for two different grid sizes. The SciPy SpMV algorithm
with an RKHE3 integrator yields similar run times when
compared to the multicore split-step Fourier solver. The lack
of speedup compared to the ground-state solvers is attributed
to the higher order of the integrator as well as the necessity
for the wavefunction to be complex. However, the custom
SpMV algorithm yields significant speedups. For the problem
considered, the RKHE3 integrator resulted in the best run

time, corresponding to a 25- and 8-fold increase in simulation
speed for the smaller and larger grids, respectively.

The GPU-based algorithms were tested on a ten-stage ramp
of the trapping potential, starting from a filled, compact cloud
that was gradually expanded into a bubble-shaped configura-
tion. The total duration of the ramp was 100 ms, after which
the system was held in the final potential for 20 ms. Similar
to the CPU-based case, the optimal time step was chosen
with convergence tests by imposing the 10−6 mean relative
global error condition. For the CuPy SpMV algorithm with
an RKHE3 integrator, we observed a speedup of ≈2 over
the FFT-based split-step solver. The highly optimized custom
CUDA kernels, described in Sec. II B, significantly outper-
formed the previous two. For the specific problem, the RK4
integrator resulted in the best run time, corresponding to a
100- and 135-fold increase in simulation speed for the smaller
and larger grids, respectively, despite using the 27-point HOC
stencil.

V. SIMULATING INFLATION DYNAMICS

A common way to engineer trapping potentials for bubble-
shaped quantum gases relies on the rf-dressing technique. The
basis of this method is the irradiation of magnetically trapped
atoms with a strong rf field; when this field is resonant with
the energy splitting between Zeeman sublevels, the atoms
experience an adiabatic potential that smoothly connects the
two extremal (trapping and antitrapping) bare Zeeman states.
By treating the interaction between the atoms and the rf field
within the rotating-wave approximation, the dressed potential
is given by

V (r) = h̄m̃F

√
δ2(r) + �2(r), (10)

where δ is the difference between the rf frequency and the
Larmor frequency of the atoms, � is the Rabi frequency
characterizing the strength of rf coupling between the Zee-
man sublevels, and m̃F = 0,±1, . . . is the magnetic quantum
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number labeling the dressed eigenstates [51]. For the dressed
states with m̃F > 0, this results in the formation of a local
minimum in the potential near rf resonance, corresponding
to δ = 0. The geometry of the trapped cloud is primarily
controlled by the frequency of the rf field. If the rf frequency
is well below the Zeeman splitting at the center of the trap,
its effect is negligible, resulting in a conventional, compact
cloud. In the opposite case, a trap minimum is formed near an
ellipsoidal isomagnetic surface of the dc magnetic field; these
surfaces are oblate spheroids for a quadrupole field and prolate
spheroids for the Ioffe field used in this work. Therefore, a
controlled ramp of the rf frequency provides a natural way
to load a quantum gas from a tight, compact trap, where
evaporative cooling is efficient, into a bubble trap. For Earth-
based experiments, the effect of the additional gravitational
potential results in sagged and partially filled shell-shaped
clouds [52]. However, the application of this technique on
experiments in microgravity environments, such as the Cold
Atom Laboratory on the International Space Station, resulted
in the first observation of ultracold quantum bubbles in an
rf-dressed trap [12].

As the trapped gas undergoes a significant, topological
change in its shape through the formation of the inner empty
volume, it is vitally important to perform the ramp adiabat-
ically to avoid the excitation of collective modes. This is
especially important at the point of the hollowing-out tran-
sition when the interior boundary forms, as this is associated
with a significant change in the excitation spectrum, with the
presence of low-frequency modes [19,20]. Therefore, simu-
lation of the dynamic loading of the shell trap is of primary
importance for the development of optimal control protocols
to guide ongoing experimental efforts.

Here, we use our highly efficient methods to simu-
late the dynamics that arise from various rf frequency
ramps. We precompute rf-dressed adiabatic potentials for
� = [−10 kHz, 23 kHz] in steps of 500 Hz, for a given dc and
rf magnetic field configuration, where � is the detuning of
the rf field from the Larmor frequency at the center of the
dc magnetic trap. The resulting 67 potentials thus define a
66-stage ramp. The value of the starting detuning was chosen
with the possible experimental implementation in mind: The
dressing rf field must be turned on at a frequency below rf
resonance, which does not significantly alter the potential,
minimizing projective atom loss. This occurs when the rf
detuning is around or less than the Rabi frequency used. The
value of the final detuning was constrained by the size of the
simulation grid.

To obtain the initial state for the dynamical simulation,
we compute the ground-state wavefunction with 105 atoms of
87Rb in the potential corresponding to � = −10 kHz. After
this, we perform each of the 66 ramp stages, linearly interpo-
lating between the starting and final potentials. At the end of
each stage, the grid postselection procedure is repeated, and
the wavefunction is remapped between the old and new grids
to account for the varying size of the cloud. The threshold for
grid postselection is chosen as 5 × max(μi, μi+1), where μi is
the chemical potential of the ground state with 105 particles at
step i. To further ensure a suitable choice of simulation region,
we use an extended ROI, defined as the union of the ROIs
associated with the two potentials Vi and Vi+1. At the end of

the ramp, the cloud is held for 100 ms in the final potential.
During this hold, we record the wavefunction every 1 ms and
use the resulting data to quantify the excitations present in the
bubble-shaped cloud.

As the dominant excitations are low-energy phonons that
propagate along the surface of the bubble, we focus on the
mean kinetic energy of these modes. To evaluate this quantity,
we first extract the radius of the bubble R(θ, φ) as a function
of the polar and azimuthal angles θ and φ from the ground-
state solution in the final � = 23 kHz potential. We then
numerically calculate the components of the metric tensor
associated with the curved surface as γθθ = R2

θ + R2, γφφ =
R2

φ + R2 sin2 θ , and γθφ = RθRφ , where Rθ,φ = ∂R/∂ (θ, φ).
We interpolate the original wavefunction and extract its value
along the bubble surface ψs, i.e., at the local minimum of the
potential, using linearly spaced arrays of θ and φ. The surface
wavefunction ψs is normalized to the original particle number
by evaluating

Ns =
∫

|ψs|2√γ dθdφ, (11)

where γ is the metric determinant, and subsequently rescaling
by

√
N/Ns. Finally, the surface kinetic energy is evaluated as

Ek[ψs] = h̄2

2m

∫
|∇sψs|2√γ dθdφ, (12)

where

|∇sψs|2 = 1

γ
[γφφ|∂θψs|2 + γθθ |∂φψs|2

− Re(2γθφ (∂θψ
∗
s )(∂φψs))]. (13)

The main figure of merit for adiabaticity was chosen to
be C = 〈Ek[ψs]〉t , the time average of the surface kinetic
energy during the hold in the final potential. To find op-
timal control protocols, we perform Bayesian optimization
of the rf detuning ramp using C as a cost function. We
modify the ramp by changing the timing of the 66 individ-
ual stages. To reduce the dimensionality of the optimization
space, we use 10 free parameters and linearly interpolate
between them to get the duration of each of the 66 stages.
The durations are scaled together such that the total length of
the ramp tmax is fixed. The optimization was performed for
tmax = [100, 200, 400, 600, 800] ms.

In Fig. 6(a), we show the lowest cost achieved by the opti-
mizer for each of the considered ramp durations and compare
it with the results from two standard closed-form ramps of
the same durations, linear and smoothstep (S1). The optimized
ramps performed significantly better than the standard ramps.
To achieve the same degree of adiabaticity as the optimal
ramp corresponding to tmax = 200 ms, linear and smoothstep
ramps would need to be a factor of ∼3 and ∼2 longer. This is
particularly advantageous for an experimental implementation
as long ramps suffer from the intrinsic heating and atom loss
associated with technical noise in typical traps. In Fig. 6(b),
we plot the optimized rf detuning ramps for two values of tmax

along with the standard, closed-form ramps. The optimized
ramps exhibit distinctly different behavior from the linear and
smoothstep ramps. At the same time, for the two considered
durations, the optimized ramps show common characteristics:
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FIG. 6. Inflation dynamics of bubble-shaped BECs. (a) Evaluation of adiabaticity of various rf ramps with different durations. The lines
connecting the markers serve as a guide to the eye. (b) Optimal rf detuning ramps of duration 200 and 400 ms, compared to linear and
smoothstep (S1) ramps. (c), (d) Column density and projected density difference between the ground state and the dynamically loaded bubble
state for the 400 ms smoothstep ramp. (e), (f) Column density and projected density difference between the ground state and the dynamically
loaded bubble state for the 400 ms optimal ramp. For the projected images, the area-preserving Equal Earth projection was used.

As the hollowing-out transition occurs in the � � 0 region,
the rate of change of detuning significantly slows down, and
the expansion of the bubble is performed very slowly. Next,
we visualize the excitations present in the final state after the
dynamical loading of the bubble trap and a subsequent 100 ms
hold time in the final trapping potential for the smoothstep and
optimized ramps with tmax = 400 ms. In Figs. 6(c) and 6(e),
we show the column density difference �|ψ |2ydV between the
dynamically loaded system and the ground state for these two
ramps, respectively. As expected from the lower value of the
cost function, the system undergoing the optimized loading
ramp exhibits significantly smaller density fluctuations. The
same comparison is performed in Figs. 6(d) and 6(f), where
we use a projected view of the density mapping the entire
bubble-shaped surface onto a 2D plane. The optimized ramp
results in density fluctuations with smaller amplitude and
longer wavelengths, demonstrating the suppression of higher-
energy excitations.

VI. CONCLUSIONS AND OUTLOOK

In summary, we have developed a general, fast, and
memory-efficient simulation method for the Gross-Pitaevskii
equation modeling Bose-Einstein condensates in nontrivial
topologies, which relies on a semistructured simulation grid.
The simulation methods were implemented for execution on
both CPUs and GPUs. For computing ground states and time
evolution, we have observed speedups by factors of up to 17
and 135, respectively, when compared to the standard split-
step Fourier approach. Finally, using the semistructured grid
method, we simulated the loading and subsequent inflation
dynamics of bubble traps and used machine-learning meth-
ods to identify optimal ramps that suppress the excitation

of collective modes. Compared to simple ramps, the optimal
protocol allows the loading and inflation of the bubble trap
twice as fast.

Our methods significantly extend current capabilities for
simulating the dynamics of quantum gases in hollow ge-
ometries, thereby providing guidance for their experimental
realization. In particular, we anticipate that our methods
provide an interesting prospect for modeling bubble BECs,
considering the growing interest in bubble-shaped quantum
gases, with recent advances in experiments realizing bubble-
shaped gases [12,16,17], experimental proposals [53], and
experiments expected to come online in the near future
[54]. Furthermore, the semistructured grid method is also
extendable to a large class of simulations of Bose-Einstein
condensates, such as soliton dynamics on curved manifolds
[55,56], dipolar gases in bubble traps [57–59] or mixtures in
bubble traps [33,60].
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APPENDIX A: MEMORY-OPTIMIZED RUNGE-KUTTA
PROCEDURE FOR GPUS

Within the standard Runge-Kutta procedure, each interme-
diate state of the system y(i) is related to the previous state
of the system y0 and the evaluations of the right-hand side at
y( j<i) through

y(i) = y0 + δt
∑
j<i

ai jk j . (A1)

This motivates defining vectors

�Y = (y(1), y(2), y(3), . . . , y(n) ) (A2)

and

�K = (y0, k1, k2, ... , kn−1), (A3)

where y(1) ≡ y0. Then, we can write the relationship between
�Y and �K as

�Y = M �K, (A4)

where

M =

⎡
⎢⎢⎢⎢⎣

1 0 0 . . . 0
1 δta21 0 . . . 0
1 δta31 δta32 . . . 0
...

...
...

. . .
...

1 δtan1 δtan2 . . . δtan,n−1

⎤
⎥⎥⎥⎥⎦, (A5)

with ai j being the coefficients of the standard Butcher tableau.
Inverting M allows us to express ki as a linear combination of
y0 and y( j<i). Finally, at each step, we can use these linear
combinations to express the intermediate state at the next step
y(i+1) using the previous intermediate stages and ki. This can
be written as

y(i+1) =
i∑

j=1

a∗
i jy

( j) + δtai+1,iki, (A6)

where the coefficients a∗
i j form the modified Butcher tableau.

Here, the ki term does not require additional memory accesses,
as these values directly result from evaluating the right-hand
side at y(i). The state of the system at the next time step is
calculated as

y1 =
n∑

j=1

b∗
jy

( j) + δtbnkn. (A7)

We now apply this protocol to Heun’s third-order method
(RKHE3). The standard implementation of this method uses
the following iterations:

y0 = y(t ),

k1 = f (t, y0),

k2 = f (t + c2δt, y0 + a21δtk1),

k3 = f (t + c3δt, y0 + a32δtk2),

y(t + δt ) = y0 + δt (b1k1 + b3k3), (A8)

with coefficients

ai j =
[

1/3 0
0 2/3

]
(A9)

(i = 2, 3; j = 1, 2),

bi = [
1/4 0 3/4

]
(A10)

(i = 1, 2, 3), and

ci = [
1/3 2/3

]
(A11)

(i = 2, 3). For an actual implementation, it is easy to see that
y0, k1, and k3 must be stored in memory before the update is
finished, while k2 is needed until the completion of the third
step. On a GPU, each of the three steps is evaluated by a
separate kernel to avoid race conditions. Furthermore, using
a fast, shared-memory implementation of the algorithm, the
second and third stages require loading both y0 and k1,2. For
the block size used in this work, this amounts to loading 2000
values from global GPU memory, while only producing 512
output values for each block. The improved scheme addresses
this memory inefficiency by changing which arrays are stored
by each step. We start by defining y(1) ≡ y(t ), and the first
GPU kernel evaluates k1 as in the case of the standard scheme
[61]. However, instead of storing k1 in global memory, we
store the array required for the next stage,

y(2) = y(1) + δta21 f (t, y(1) ). (A12)

This step requires loading 1000 and writing 512 values per
block. The kernel evaluating the second step needs to load the
1000 values of y(2), followed by the evaluation of the right-
hand side. Following the same logic, we wish to calculate and
write into memory

y(3) = y(1) + δta32 f (t + c2δt, y(2) ), (A13)

which requires loading an additional 512 values of y(1). How-
ever, this requires loading a total of 1512 elements instead of
2000 as in the standard scheme. Finally, we compute the last
intermediate step f (t + c3δt, y(3) ) and compute the next state
of the system as

y(t + δt ) = y(1) + b1
y(2) − y(1)

a21
+ δtb3 f (t + c3δt, y(3) ).

(A14)

The key step is expressing k1 in terms of y(1) and y(2) using
Eq. (A12). Inspecting the coefficients and gathering terms in
Eqs. (A12)–(A14), we get the modified a and b coefficients

ai j =
[

1/3 0
0 2/3

]
, (A15)

a∗
i j =

[
1 0
1 0

]
(A16)

(i = 2, 3; j = 1, 2), and

b∗ = [
1/4 3/4 0

]
(A17)

(i = 1, 2, 3). The simple structure of the modified a co-
efficients results directly from ai j being diagonal. The
improvement in global memory traffic is summarized in
Table I, revealing the 7.5% improvement. The standard im-
plementation of the classic fourth-order Runge-Kutta method
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TABLE I. Analysis of global memory traffic of normal and
memory-optimized RKHE3 algorithms. The values indicate the num-
ber of array elements loaded/written per block. The bold symbols
indicate arrays that must be loaded together with a halo, amounting
to 1000 elements.

Normal method

Step Loading Writing Nload Nwrite

1 y0 k1 1000 512
2 y0, k1 k2 2000 512
3 y0, k2 y1 2000 512
Total 5000 1536

Optimized method
Step Loading Writing Nload Nwrite

1 y0 y(2) 1000 512
2 y0, y(2) y(3) 1512 512
3 y0, y(2), y(3) y1 2024 512
Total 4536 1536

uses the following iterations:

y0 = y(t ),

k1 = f (t, y0),

k2 = f (t + c2δt, y0 + a21δtk1),

k3 = f (t + c3δt, y0 + a32δtk2),

k4 = f (t + c4δt, y0 + a43δtk3),

y(t + δt ) = y0 + δt (b1k1 + b2k2 + b3k3 + b4k4), (A18)

with coefficients

ai j =
⎡
⎣1/2 0 0

0 1/2 0
0 0 1

⎤
⎦ (A19)

(i = 2, 3, 4; j = 1, 2, 3),

bi = [
1/6 1/3 1/3 1/6

]
(A20)

(i = 1, 2, 3, 4), and

ci = [
1/2 1/2 1

]
(A21)

(i = 2, 3, 4). Since the a coefficient matrix is diagonal, the
modified coefficients are given by

a∗ =
⎡
⎣1 0 0

1 0 0
1 0 0

⎤
⎦. (A22)

Furthermore, following the same procedure as for Heun’s
third-order method and expressing ki in terms of y( j) in the
formula for y(t + δt ) yields

b∗ = [−1/3 1/3 2/3 1/3
]
. (A23)

The resulting scheme reduces global memory traffic by 12%.
For the RKCK method [46], as the a coefficient matrix is

not diagonal, the modified coefficient matrix is more compli-
cated, but straightforward to obtain using basic linear algebra.
We obtain

a∗ =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0
5
8

3
8 0 0 0

2 3 −4 0 0
−49
81

35
27

200
81

−175
81 0

253
12 288

−3795
4096

1375
1536

2875
4096

1265
4096

⎤
⎥⎥⎥⎥⎥⎥⎦

, (A24)

and

b∗ = [ −991
15 939

−3865
5313

5000
5313

3125
4554

25
154

]
. (A25)

Due to the dependence of each stage on all the earlier stages
in the standard implementation, the memory traffic analysis
similar to Table I yields a 44% improvement.

APPENDIX B: FINITE-DIFFERENCE STENCILS
FOR ANISOTROPIC GRIDS

For anisotropic grids (dx 
= dy 
= dz), the standard seven-
point Laplacian stencil can be written as

∇2
7pt = δ2

x ⊗ 1 ⊗ 1 + 1 ⊗ δ2
y ⊗ 1 + 1 ⊗ 1 ⊗ δ2

z , (B1)

where δ2
i = [1,−2, 1]/(di )2 with di being the step size along

direction i and 1 = [0, 1, 0] is the identity operator. Follow-
ing the derivation in Ref. [62], the 19-point HOC stencil for
anisotropic grids is given by

∇2
19pt = ∇2

7pt + 1
12

[(
d2

x + d2
y

)
δ2

x ⊗ δ2
y ⊗ 1

+ (
d2

x + d2
z

)
δ2

x ⊗ 1 ⊗ δ2
z + (

d2
y + d2

z

)
1 ⊗ δ2

y ⊗ δ2
z

]
.

(B2)

[1] M. A. Cazalilla, R. Citro, T. Giamarchi, E. Orignac, and M.
Rigol, One dimensional bosons: From condensed matter sys-
tems to ultracold gases, Rev. Mod. Phys. 83, 1405 (2011).

[2] Z. Hadzibabic and J. Dalibard, Two-dimensional Bose fluids:
An atomic physics perspective, Riv. Nuovo Cimento 34, 389
(2011).

[3] R. Shah, T. J. Barrett, A. Colcelli, F. Oručević, A. Trombettoni,
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