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The quantum approximate optimization algorithm (QAOA) is a variational ansatz that resembles the Trot-
terized dynamics of a quantum annealing (QA) protocol. This work formalizes this connection formally and
empirically, showing that the angles of a multilayer QAOA circuit converge to universal QA trajectories.
Furthermore, the errors in both QAOA circuits and QA paths act as thermal excitations in pseudo-Boltzmann
probability distributions whose temperature decreases with the invested resource—i.e., integrated angles or total
time—and which in QAOA also contain a higher temperature arising from the Trotterization. This also means that
QAOA and QA are cooling protocols and simulators of partition functions whose target temperature can be tuned
by rescaling the universal trajectory. The average cooling power of both methods exhibits favorable algebraic
scalings with respect to the target temperature and problem size, whereby in QAOA the coldest temperature is
inversely proportional to the number of layers, T ∼ 1/p, and to the integrated angles—or integrated interactions
in QA.
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I. INTRODUCTION

In quantum computing and quantum simulation, one of
the most interesting and difficult tasks is the preparation of
ground states of interacting Hamiltonians. The Hamiltonian
ĤQSNet of the Ising quantum spin network (QSNet) can be
mapped onto classical optimization problems of the quadratic
unconstrained binary optimization (QUBO) or higher-order
unconstrained binary optimization type, demonstrating that
the task is at least NP-hard. Two methods with very simi-
lar inspiration have been proposed to solve such problems:
quantum annealing (QA) [1,2] and the quantum approximate
optimization algorithm (QAOA) [3–5]. QA is a continuous
protocol based on a slow deformation of the system’s dy-
namics, from a mixing Hamiltonian, typically denoted as Ĥx,
whose ground state is initially prepared, to the cost Hamil-
tonian, ĤQSNet, whose ground state we wish to achieve [2].
QAOA mimics a Trotterized version of QA, engineering a
quantum circuit with p layers that alternate evolution with
the mixing and cost Hamiltonians. The rotation angles of this
variational circuit are then optimized to best approximate the
ground state [3–5].

The performance and scaling of resources in QA and
QAOA protocols remain an open question. When focusing on
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QA, studies typically have sought guarantees of success using
the adiabatic theorem [1]. However, pursuing this sufficient
condition and optimizing the adiabatic trajectories require a
very good knowledge of the spectral gaps of many-body sys-
tems [6–8], which is harder than solving the original problem.
QAOA, on the other hand, is already based on the design of
optimal trajectories and addressing the same question seems
more accessible, thanks to a reduced dimensionality of the
control space and access to emulators, computers, and simu-
lators of increasing size [9–12]. However, despite the relative
success in heuristic strategies—warm-start initializations of
parameters [13,14], problem symmetries [15], extrapolation
[16–18], or machine learning techniques [19–21]—to over-
come the NP-hard nature of variational quantum optimization
[22] and the problems of local minima and barren plateaus,
there are no conclusive results yet about the performance and
asymptotic trends of this algorithm, either.

In this work, we adopt a different strategy, which combines
an empirical understanding of the states created by quantum
optimization with a study of emergent universal properties
common to QAOA and QA. The first central result in our
work is showing that the concentration of parameters in op-
timal QAOA circuits [5,16,17,23–25] happens on universal
QA passages of monotonically growing interaction and pro-
gressively decreasing mixer Hamiltonian. We show that these
multilayer QAOA and QA protocols with said trajectories
act as cooling protocols that create pseudo-Boltzmann prob-
ability distributions—i.e., distributions that fluctuate around
the Boltzmann distribution in energy space. This result goes
beyond our previous work with single-layer circuits [26,27],
providing evidence that the nonadiabatic errors in QAOA
and QA passages behave as thermal contributions, with the
peculiarity that QAOA has an additional but vanishing error
that originates in the Trotterized evolution. Our discovery
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enables the application of QAOA and QA protocols without
previous optimization and their use as a cooling algorithm
or simulators of partition functions with tunable temperature.
Finally, this study is supported by an interpretation of both
multilayer QAOA and QA as paths in Hamiltonian space, de-
riving common metrics for the resources associated with these
two protocols. We provide evidence that these resources—
integrated angles, time, integrated interactions, and number
of layers—scale very favorably with problem size and target-
state temperature.

The property of angle concentration in QAOA optimized
trajectories is not a previously unknown phenomenon. This
result has been demonstrated for MaxCut on regular graphs
and the Sherrington-Kirkpatrick model [5], and remarkable
patterns have been repeatedly reported in multiple studies
[16,17,23–25]. Furthermore, the transfer of angles between
problems has also been used in the past among problems of
similar families [18,28–30], and there is evidence of smooth
annealing paths constructed from QAOA optimal parameters
[16]. However, our work is the first one to demonstrate the
universality of these concentrated paths—universality defined
over the ensembles of dense spin glasses—and their connec-
tion to continuous QA trajectories, while at the same time
identifying the errors of those discretized annealing proto-
cols as quasithermal distributions with tuneable properties,
extending our physical interpretation of QAOA [26,27] to
both QAOA and QA simultaneously.

The paper is organized as follows. In Sec. II, we refresh the
main elements of a QAOA circuit and the Hamiltonians over
which it is defined. Then, in Sec. III, we introduce a formal
connection between QAOA evolution and QA passages, in-
troducing a notion of resource or cost that is common to both
protocols. Section IV A presents a physical analysis of the
states created by multilayer QAOA, demonstrating that this
circuit acts as a cooling protocol that creates bimodal Boltz-
mann distributions in energy space. This study conveniently
provides us with two metrics of “quality” of QAOA, in the
form of the two temperatures of the distribution—the cold
temperature that determines our probability to approximate
the ground state and the hotter temperature for the background
noise. Section IV B builds on previous results, computing op-
timal QAOA with different numbers of layers, over hundreds
of different problems with up to N = 20 qubits. This study
provides evidence that QAOA optimal parameters converge to
universal trajectories that resemble continuous QA passages.
Section IV C analyzes these circuits, studying the resources
demanded by the QAOA circuits to achieve distributions with
progressively lower temperatures, and showing very promis-
ing trends. We conclude with a summary of the main results
and a discussion of future research in Sec. V.

II. QUANTUM APPROXIMATE OPTIMIZATION
ALGORITHM

QAOA is a hybrid quantum-classical algorithm used
for solving combinatorial optimization problems [3,4]. The
quantum part of this algorithm can be implemented on a
programmable gate-based universal quantum computer. The
QAOA algorithm involves preparing the initial state |ψ+〉,
followed by applying the single-layer QAOA operator for p

rounds, given by

|γγγ p, θθθ p〉 =
p∏

i=1

Q̂i(γi, θi ) |ψ+〉 . (1)

Initially, all qubits are prepared in a superposition state en-
compassing all possible solutions, as given by the application
of N Hadamard gates H onto the qubits’ ground states |0〉,

|ψ+〉 := |+〉⊗N = H⊗N |0〉⊗N . (2)

For simplicity of notation and ease of understanding, we can
gather all the γi and θi values in p-dimensional vectors de-
noted by γγγ p = (γ1, . . . , γp) and θθθ p = (θ1, . . . , θp). This state
is evolved under the circuit defined by Eq. (1) with variational
parameters [γγγ p, θθθ p] that are tuned to minimize the expectation
value of the energy. Thus, we have{

γγγ p, θθθ p
} = arg min

[〈γγγ p, θθθ p| ĤQSNet |γγγ p, θθθ p〉
]
. (3)

The set of variational parameters {γγγ p, θθθ p} is estimated through
a classical optimization process, and measuring the state
|γγγ p, θθθ p〉 on the computational basis provides an approximate
solution to the optimization problem encoded by ĤQSNet.

The operator Q̂i corresponds to the ith layer of the QAOA.
The single-layer QAOA operator is defined as

Q̂i(γi, θi ) = ÛM (θi ) exp
[−iγiĤQSNet

]
, (4)

where ÛM (θi ) is referred to as the mixer layer. Traditionally,
the mixer layer is generated by an x rotation on every qubit,
defined as

ÛM (θi ) = exp

[
−i

θi

2
Ĥx

]
, (5)

where Ĥx ≡ ∑N
n=1 X̂n is the mixing Hamiltonian. The second

term in Eq. (4) is called the cost layer. The exact form of
the cost layer is problem dependent and characterized by
the quantum spin-network Ising Hamiltonian underlying the
combinatorial optimization problem. A QSNet is defined by
an undirected graph G(V, E ), where the number of vertices
is equal to the number of qubits or spins |V| = N , and the
edge weight for the vertices (n, m) ∈ (E ) is Jnm. The cost
Hamiltonian can be written as

ĤQSNet =
∑

(n,m) ∈E
JnmẐnẐm +

∑
n ∈V

hnẐn, (6)

where JJJ and hhh are an N×N square coupling matrix and a vec-
tor of N coefficients, respectively, with N the number of qubits
or spins, and Jnm, hn are the matrix and vector coefficients.
The operators X̂i and Ẑi are matrices of order 2N defined by
the relations X̂i = Î1 ⊗ · · · ⊗ Îi−1 ⊗ σ̂ x

i ⊗ Îi+1 ⊗ · · · ÎN and
Ẑi = Î1 ⊗ · · · ⊗ Îi−1 ⊗ σ̂ z

i ⊗ Îi+1 ⊗ · · · ÎN . Here, σ̂ α
i denotes

the Pauli operator at site ith along the direction α = x, z, Îi

is the identity matrix of order 2 at site i. In Fig. 1(a), we
schematically represent the QAOA algorithm and a QSNet
featuring a graph Gm, where m enumerates the number of
numerical experimental implementations.

Many interesting real-world optimization problems are
contained in families of NP-hard binary problems such as
QUBO [31]. QUBO problems have an associated classical
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FIG. 1. Overview of the QAOA algorithm with p layers, depicted
schematically. In panel (a), we present a p-layer QAOA algorithm.
The red and green modules represent the cost and mixer layers, re-
spectively. The cost layer is defined by a quantum spin network Ising
Hamiltonian, as described in Eq. (6). Each experimental sample,
denoted as the mth sample, corresponds to a quantum spin network
with topology Gm. Panel (b) illustrates the rescaling of the energies
in Eq. (20), which maintains the same energy-level structure.

energy defined by

EQUBO(xxx) = 2
N∑

n,m=1

xnQnmxm, (7)

where xxx = (x1, . . . , xN ) with xi ∈ {0, 1}, and QQQ is an N×N
square symmetric matrix of real coefficients denoted by Qnm.
It is well known that these problems can be mapped to the
Ising form (6). The binary variables are cast into Ẑn, where
Ẑn |zn〉 = zn |zn〉, and zn = 2xn − 1 ∈ {−1,+1} denotes the
spin value. The map produces a relationship between the
variables of Eq. (7) with the QSNet Hamiltonian parame-
ters given by Jn �=m = Qnm, Jnn = 0, and hn = ∑N

m=1 Qnm. Our
study is based on an extensive statistics of randomly generated
QUBO problems defined on fully connected graphs; i.e., all
off-diagonal elements of Q or J are nonzero. The nonzero
values Qnm of each sample are randomly drawn from a normal
distribution N (μ, σ 2) with mean μ = 0 and variance σ 2 = 1.
We are interested in studying the main characteristics of indi-
vidual experiments and the collective mean behavior across m
samples of QSNets.

III. CONNECTION BETWEEN QAOA AND QUANTUM
ANNEALING

The sequence of gates in the protocol (1) resembles a first-
order Trotter approximation of a quantum annealing protocol.
Quantum annealing is usually formulated as an adiabatic
passage with a time-dependent Hamiltonian that progres-
sively deemphasizes a mixing term Ĥx, while simultaneously

activating the problem Hamiltonian ĤQSNet, whose ground
state we wish to construct. This dynamics can be formulated
in terms of a trajectory in Hamiltonian space,

Ĥ (s) = −A(s)Ĥx + B(s)ĤQSNet, (8)

parametrized by a dimensionless quantity s ≡ t/ta ∈ [0, 1],
that is the time rescaled with respect to the total duration of
the protocol ta. Typically, A(s) is a monotonously decreas-
ing and B(s) a monotonously increasing function, which we
may set to start at A(0) = 1, B(0) = 0 and end at A(1) = 0,
B(1) = 1. The quantum annealing protocol starts with an
easy-to-prepare ground state of the mixer Hamiltonian, mod-
ifying the Hamiltonian over a long time to approximate the
ground state of ĤQSNet and thus obtain the solution to a hard
computational problem [2,32,33]. In the Schrödinger picture,
this corresponds to

i∂t |ψ〉 = Ĥ (t/ta) |ψ〉 , |ψ (0)〉 = |ψ+〉 . (9)

As a remark, let us note that we can rescale the time, t = ατ ,

i∂τ |ψ〉 = αĤ (τ/t ′
a) |ψ〉 , (10)

reducing the duration of the protocol t ′
a = ta/α at the cost

of enhancing the strength of the Hamiltonians α × Ĥ . This
means that both ta and ‖Ĥ‖ act as interdependent measures of
the resources used in the QA protocol.

To avoid this ambiguity and connect the QA dynamics to
the QAOA protocol, we may introduce a formulation that does
not depend on time, but on the integrated weights of the mixer
and interaction Hamiltonian contributions. If we introduce the
independent variable

	(t ) =
∫ t

0
A(τ )dτ, (11)

then the Schrödinger equation becomes

i
d	

dt
∂	 |ψ (	)〉 =

[
B(	)ĤQSNet − d	

dt
Ĥx

]
|ψ (	)〉 . (12)

Let us define


(	) =
∫ 	

0
B(τ (	1))

(
d	

dτ

)−1

d	1, (13)

so that the Schrödinger equation is

i∂	 |ψ (	)〉 =
[

d


d	
ĤQSNet − Ĥx

]
|ψ (	)〉 . (14)

Now, the QA passage is fully determined by the trajec-
tory (	,
) in Hamiltonian space, in a way that is totally
symmetric—i.e., we would arrive at the complementary equa-
tion if we took 
 as an independent variable. If we fix ‖Ĥx‖
and ‖ĤQSNet‖, this allows us to define the final values of those
two coordinates (	max, 
max) as the resources of the annealing
protocol.

This formulation allows establishing an immediate connec-
tion to the QAOA algorithm. The QAOA circuit consists of a
product of unitaries

|ψ (ta)〉 :=
p∏

n=1

e−i 1
2 θnĤx e−iγnĤQSNet |ψ (0)〉 (15)
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FIG. 2. Optimized QAOA state for one problem with N = 16 qubits and a circuit with p = 1 (left panel) and p = 15 layers (right panel). We
plot the numerical probability amplitude of the QAOA state as dots, together with a solid line representing the best fit to a pseudo-Boltzmann
distribution (22), both as a function of the normalized energy Ez. The upper histograms show the density of states. The right-side histograms
depict the contributions to the probability of the hot and cold components, with a Gaussian fit revealing signatures of the bimodal distribution.
The bottom panels show the cumulative probability C (E < Ez ) to illustrate the dominant contribution of the βhigh component.

that implement a first-order Trotter approximation of the evo-
lution with the composite Hamiltonian Ĥ (	). The QAOA
angles are the discrete counterparts of the QA Hamiltonian
path, with the identification

	n :=
∑
m<n

1

2
θm � 1

2
	(τn), (16)


n :=
∑
m<n

γn � 
(τn). (17)

This allows us to define the resource of a QAOA protocol
similarly the integrated angles 	max = 	p and 
max = 
p

over the p circuit layers. We will use this identification of
resources in later sections, when we analyze the equivalent
of a “time-to-solution,” connecting the QAOA resources to
the quality of the ground state approximation or the effective
temperature of the produced states.

IV. MULTILAYER QAOA STUDIES

This section discusses the performance of optimized
QAOA circuits over multiple random QUBO problems, sam-
pled as per the description in Sec. II, with an increasing
number of qubits from N = 2 to 20, and up to p = 30 layers of
gates. This extensive study has been performed over hundreds
of problems—800 random problems for N < 20 and 500 for
N = 20—obtaining very good statistics for both the type of
quantum states produced (cf. Sec. IV A) as well as for the
angles that result from the optimization (cf. Sec. IV B).

A. QAOA is a cooling protocol

Inspired by earlier works [26,27,34], we will analyze the
output of optimal QAOA multilayer circuits by studying the
probability distribution P(E ) of the output states in energy
space. This is given by

P(E ) :=
∑

zzz

δ(E − Ezzz )PQAOA(Ezzz ), (18)

with the probability amplitude

PQAOA(Ezzz ) := |〈zzz |γγγ p, θθθ p〉|2 (19)

derived from the p-layer QAOA state (3). For ease of pre-
sentation and to allow comparison among different problem
Hamiltonians, we will typically rescale the energies of the
different states Ez, so that Ez = 0 corresponds to the ground
state and Ez = 1 corresponds to the highest eigenvalue of
ĤQSNet. That is,

Ez = Ez − Emin

Emax − Emin
, (20)

where Emax and Emin are the largest and smallest eigenvalues
of the specific problem ĤQSNet under study [see Fig. 1(b)].

Figure 2 shows two typical examples of the probability
distribution PQAOA associated with QAOA circuits optimal
angles, for p = 1 and p = 15 layers. As expected, larger
numbers of layers imply both larger values of the resources
	max and 
max and a higher probability to sample the ground
state—i.e., P(0) is larger for p = 15 than for p = 1. However,
while the single-layer solution is highly concentrated over the
exponential curve associated with a Boltzmann distribution
[26], the multilayer QAOA state exhibits a bimodal structure

PQAOA(Ezzz ) ≈ B(Ezzz ), (21)

with

B(Ezzz ) = 1

ZB

(
chighe−βhighEzzz + clowe−βlowEzzz

)
, (22)

where βhigh and βlow (βhigh > βlow) correspond to two distinct
inverse temperatures characterizing the low- and high-energy
(high and low inverse temperature) regime of the spectrum,
respectively, chigh and clow are multiplicative factors reflecting
the weight of each Boltzmann in the overall probability distri-
bution, and ZB is the normalization factor:

ZB =
∑

zzz

(
chighe−βhighEzzz + clowe−βlowEzzz

)
. (23)
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FIG. 3. Evolution of binomial pseudo-Boltzmann states de-
scribed by Eq. (22) with the number of QAOA layers p, for 800
random QUBO instances (500 instances for N = 20). (top) Average
effective hot and cold temperatures, together with standard deviation
as error bars. (bottom) Distribution of overlaps with the ground state,
showing the first to the third quartile (box), the median (solid line),
and the 90% percentile interval (error bars).

To corroborate Eq. (21), and calibrate the free parameters
βhigh, βlow, chigh, and clow, we fit the probability distribution
PQAOA(E ) using a modified Kullback-Leibler divergence

DKL(B||PQAOA) =
∑

zzz

B(Ezzz ) ln

[
B(Ezzz )

PQAOA(Ezzz )

]
, (24)

that weights the bimodal Boltzmann distribution B(Ezzz ) =
w(Ezzz )B(Ezzz ) with a function w(Ezzz ) = 100Ezzz + 1. This weight
enhances the sensitivity of the fit to the tail of the distribu-
tion, particularly at large QAOA depths, where the fraction of
states participating in the coldest temperature is very small.
As shown in Fig. 2, this weighting captures very well both the
high- and low-energy parts of the spectrum.

The minimization of Eq. (24) for random QSNet instances
allows us to analyze the improvement of the QAOA approx-
imation as we increase the number of layers in the circuit.
As illustrated in Fig. 3(a), the inverse temperature associated
with the coldest component βhigh in the wavefunction—the
one that concentrates around the ground state—grows lin-
early with the number of layers p, while the hotter noise
associated with the tails of the distribution saturates to an
asymptotic value. Note that in single-layer limit, p = 1, both
temperatures tend to the same value βhigh = βlow, recovering
the pseudo-Boltzmann distributions reported for single-layer
QAOA [26,27].

While the temperature of the noise in the QAOA state
remains stationary with increasing number of layers, its con-
tribution to the state decreases exponentially. As shown in
Fig. 3(b), the relative weight of the tail of the distribution

Plow = 1 − Phigh, (25)

given by

Phigh =
∑

zzz

1

ZB
[chighe−βhighEzzz ], (26)

vanishes as p increases. Thus, for large number of layers,
the contribution of the coldest component βhigh dominates the
global distribution.

This evolution is consistent with the limit of perfect opti-
mization with an infinite number of QAOA layers, in which
the probability amplitude becomes zero for any excited state
and the system is at temperature zero (βhigh → ∞). We there-
fore denote β ≡ βhigh ∼ N− 3

2 as the effective temperature of
the system that explains the optimization performance of the
algorithm at large depth, in agreement with the exponential
scaling observed in Ref. [34].

B. Multilayer QAOA gives universal trajectories

The previous section analyzed the physical properties of
the states generated by optimized multilayer QAOA circuits,
running the same optimization protocol over hundreds of ran-
dom QUBO problems, with up to N = 20 qubits and up to
p = 30 QAOA layers. The outcome of this study provides us
not only with probability distributions of physical interest but
also with optimal angles that generate them. Those angles
can be analyzed from two different perspectives. We may
investigate the integrated angles 	max and 
max as a measure
of the resources used by the QAOA protocol to approximate
the ground state or to generate pseudo-Boltzmann distribu-
tions of specific temperatures. However, we can also analyze
the specific paths, investigating the concentration of angles
reported in the literature [5,16,17,23–25].

Our study focuses on the Hamiltonian paths (	,
) in-
ferred by the QAOA protocol. The second most important
result in this work is the evidence that said paths collapse
onto universal curves that approximate annealing paths in
the limit of large numbers of layers p → ∞. The collapse
of those curves is more evident when one studies separately
the rescaled trajectories (	/	max, 
/
max) from the average
total resources (	max, 
max) (cf. Sec. IV C). These rescaled
trajectories converge to deformed circles of radius 1, both
when we plot different trajectories for an increasing number
of qubits [cf. Fig. 4(a)], as well as when fix the number of
qubits, and we increase the number of layers [cf. Fig. 4(b)].

More precisely, the limit annealing trajectories described
by the QAOA angles in Fig. 4 correspond to the polar equation

R = 1 + ε(p, N )(1 − cos[4φ]), (27)

with

R2(	,
) =
(

	

	max

)2

+
(





max

)2

, (28)

φ(	,
) = arctan

[
	max


max




	

]
. (29)
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FIG. 4. Annealing trajectories defined by the rescaled optimal
QAOA angles (	n/	max, 
n/
max). (a) Average trajectories fitted to
Eq. (27) for N = 8, 10, 12, 14, 16, 18, and 20 qubits, computed from
p = 30 QAOA angles on 800 QUBO instances (500 for N = 20). We
also plot the average angles for N = 20 qubits as circles. (b) Average
rescaled optimal angles for QAOA circuits with N = 18 spins and
increasing number of layers p = 5, 10, 15, 20, 25, and 30 layers,
computed over 800 QUBO instances, together with a numerical fit to
Eq. (27) for p = 30 layers (solid line).

In these curves, ε(p, N ) is a small parameter character-
izing the finite-size deviation of the passage from the
radius 1 circle. As shown in Fig. 4, the QAOA angles
distribute evenly along this limit trajectory, with very mi-
nor deviations. Indeed, for Fig. 4(a), we find for N = 8,
10, 12, 14, 16, 18, 20, decreasing corrections ε(N, 30) =
−0.030,−0.007, 0.002, 0.014, 0.016, 0.012, 0.005, with a
standard deviation equal to 0.001. In Appendix B, we show
how these results also extend to other models beyond QUBO,
such as the maximum cut.

C. Integrated angles and computational cost

In Sec. III, we introduced the integrated angles 	max and

max as plausible measures of the computational resources
implied by both quantum annealing and the QAOA algo-
rithm. Figure 5 shows how these numbers increase with the
number of layers for different problem sizes. As anticipated
before, there is an exceptionally good collapse of the average
values over the different problem sizes—illustrated here for

FIG. 5. Scaling of the average total resources 
max

√
N (triangles)

and 	max (circles) with increasing number of QAOA layers p for
different problem sizes. We plot the average of 800 random QUBO
instances (500 instances for N = 20) using a 95% confidence interval
that results indistinguishable from the plot marker.

N = 14, 16, 18, 20—with a smooth, monotonous increase of
the resources with the number of layers. Remarkably, the
integrated angles of the interaction term increase linearly with
the number of layers 
max ∝ p and follow an algebraic decay
with the system size, 
max ∝ N−1/2. The mixer contribution,
on the other hand, follows a trend that also becomes linear
in the limit of a large number of layers, 	max ∝ p, but is
independent of the number of qubits, reinforcing the idea that
	max is a good measure of “time.” Note that in both cases, the
growth of the integrated angles with p implies that they are a
good proxy for the actual cost of implementing these circuits
in a quantum computer, which also increases linearly with the
number of layers.

D. Rescaling a trajectory changes the temperature

Díez-Valle et al. [26] showed that scaling down the angles
of an optimized single-layer QAOA circuit—i.e., reducing
γ1 from the optimal value down to 0—produced pseudo-
Boltzmann of increasing temperature, making this an effective
quantum simulator of partition functions. In our multilayer
scenario, the equivalent transformation would be to modify

max or 	max by a constant factor, while preserving the shape
of the rescaled trajectory (	/	max, 
/
max). Traced back to
our connection with annealing passages, reducing 
max by a
factor ζ amounts to speeding up the annealing passage, while
keeping the same trajectory

γγγ p → γγγ p/ζ = (γ1/ζ , . . . , γp/ζ ). (30)

Figure 6 illustrates the consequences of this rescaling for
the quantum state of a single QUBO instance. These plots
illustrate the fact that, as we reduce the adiabaticity, the system
undergoes a transformation toward an unimodal Boltzmann
distribution in which the two modes βlow, βhigh coexist in the
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FIG. 6. Effect of rescaling the optimal QAOA trajectories by
a factor ζ (
max/ζ ), for a random QUBO instance with N = 16
spins and p = 20 layers. As the trajectory is shortened, the hot
component decreases, and the distribution approximates better a
pseudo-Boltzmann state with a higher temperature.

range ζ = [1, 2] until the Phigh contribution completely can-
cels out. The coldest state β = βhigh is reached for ζ = 1 with
a contribution of the low-beta mode very small Plow ∼ 10−2.
On the other side, the least noisy Boltzmann distributions are
reached at high temperature for high ζ .

E. Multilayer QAOA protocols converge to QA

The results from Sec. IV B suggest that QAOA converges
toward continuous Hamiltonian trajectories, similar to those
that one would expect from QA. This opens three questions:
(1) Is the continuous limit of these QAOA trajectories a valid
QA path? (2) Does QA produce the same type of quantum
states? (3), and if QAOA is approximating a QA path, how
can we explain the persistent noise at a hotter temperature?

To answer these questions, let us put forward the following
working hypothesis: QAOA acts as a low-order Trotteriza-
tion of a universal QA path which, when scaled to certain
angles (	max, 
max), produces pseudo-Boltzmann states at a
fixed temperature. In this scenario, the bimodal nature of
QAOA states and βlow is explained mainly by Trotter errors.
Consequently, increasing p does not immediately lead to the
disappearance of Trotter errors, because when we increase
the number of layers, the total duration of the evolution
(	p

max, 

p
max) also grows, leading to a finite Trotter error that

decreases more slowly with the resources.
To validate this hypothesis, we can take a random instance,

optimized with m = 5 layers, as a target temperature. We can
then use optimized protocols with k > m layers and rescale
their trajectories (cf. Sec. IV D) to achieve the same integrated
angles and thus the same Hamiltonian path

θθθ k → θθθ k/ζ
km
θ , γγγ k → γγγ k/ζ

km
γ . (31)

FIG. 7. Convergence of QAOA protocols to quantum annealing
passages, and evidence that the effective noise temperature βlow

arises as an effect of the QAOA discretization error. We plot the
optimal QAOA output of an N = 16 instance with k = 25 (top-left)
and m = 5 (bottom-left) layers. We also show the result rescaling
the optimal angles of the k = 25 instance to the integrated optimal
angles of m = 5 layers (top-right), and the numerical simulation
of the continuous QA evolution following the interpolated QAOA
trajectory and Eq. (A4) (bottom-right).

Here, ζ km
θ = 	k

max/	
m
max, ζ km

γ = 
k
max/


m
max are the rescaling

factors, and 	k
max, 


k
max are the integrated angles obtained for

QAOA with k layers. We expect that the Trotter errors and
deviations from the universal trajectories should be smaller
for the k-layer than for the m-layer experiments. This is veri-
fied by simulating the continuous k → ∞ limiting trajectory,
rescaled to the same effective resources.

Figure 7 depicts an instance of such a study. We start from
two QAOA circuits with k = 25 layers (top-left) and m =
5 layers (bottom-left), which produce bimodal distributions
with very different temperatures. Our first approach involves
rescaling the resources of the k = 25 circuit to those of the
m = 5 layers protocol. As shown in Fig. 7 (top-right), this
results in a pseudo-Boltzmann distribution that has a single
effective temperature, close to that of the m = 5 protocol, but
without appreciable βlow noise.

We then numerically solved the continuous Schrödinger
equation (A4) using an approximation to the k → ∞ curve. In
particular, we take an interpolation of the converged trajectory
of QAOA angles with 30 layers, using it to compute 
(	) and
rescaling it to produce an annealing path which reaches up to
(	5

max, 

5
max). This rescaled universal quantum annealing path

is simulated in a numerically exact way. The outcome, shown
in Fig. 7 (bottom-right), is a single-mode pseudo-Boltzmann
distribution. This distribution is very close to the one produced
by the rescaled k = 15 layers experiment in Fig. 7 (top-right).

We take this result as a confirmation of our hypothesis—
i.e., the bimodal nature of QAOA protocols can be explained
by the Trotterization errors of QA trajectories. Furthermore,
these simulations also suggest that QA and QAOA have
similar behaviors as cooling protocols with limited temper-
atures determined by the Hamiltonian paths. In this picture,
imperfections in QA protocols are also explained as pseudo-
Boltzmann distributions or “heating” that decreases with the
QA passage length. This behavior is somewhat contradictory
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FIG. 8. Evolution of the effective temperature β ≡ βhigh with
QA resources 
max extrapolated from optimal QAOA circuits of
p = [1, ..., 30]. We plot the results of 800 (500 for N = 20) random
QUBO instances of N = 14, 16, 18, 20 spins (markers), together
with the average of these results (solid lines), and the 90% percentile
intervals (dashed lines).

to earlier QA pictures based on the closing of gaps and phase
transitions along the annealing passage. However, the emer-
gence of these states could be explained at a higher level,
assuming that QA and QAOA errors experience some kind of
detailed-balance relation, whereby the rate of excitation and
cooling are dictated by the protocol duration or “annealing
speed.”

F. Scaling of QAOA resources

The problem with the plot in Fig. 5 is that it only reflects the
cost of making larger circuits, but not how much the solution
“improves” with those resources. However, in order to make
clear statements about the performance of the algorithm, we
need to understand the growth of the cost with the solution
quality and the problem size. From a computational perspec-
tive, scaling refers to the relationship between the resource
requirements of an algorithm and the growth of the problem
size, as well as its impact on performance.

In quantum annealing, where the focus lies on preparing
good ground states, a more canonical plot would be to study
the time-to-solution, that is, what resources are needed to
achieve a fixed overlap with the target state. Fortunately, in our
study, we already have a very general figure of merit—βhigh,
the temperature of the produced states (cf. Fig. 3)—which
is not a prefixed tolerance, but a property of the algorithm’s
outcome.

To explore the connection between the quality of the so-
lutions and the integrated resources, Fig. 8 plots the results
of simulating hundreds of QUBO problems for instances with
N = 14, 16, 18, and 20 qubits. The plot shows one point for
each random problem, plotting the effective inverse temper-
ature βhigh of the resulting state versus the integrated angle

max. The plot shows that the inverse temperature of the

QAOA states scales polynomially with the size of the system
βhigh ∝ N− 3

2 , and linearly with the quantum circuits depth
βhigh ∝ 
max ∝ p. These are promising results, suggesting
that the QAOA protocol is a very efficient cooling method
with resources that scale in a way that is advantageous for
most random problems—Fig. 8 includes 90% percentile in-
tervals.

V. CONCLUSIONS AND OUTLOOK

In this work, we have performed a physical study of the
properties of optimized QAOA circuits and their connection to
quantum annealing trajectories. We have established that there
exists a formal connection between QAOA and QA, as both
explore paths in Hamiltonian space. This connection becomes
empirically exact, as the average angles of QAOA circuits
collapse over universal trajectories—defined in the family of
dense QUBO problems—that approach quantum annealing
paths in the limit of infinitely many layers. These optimal tra-
jectories have been shown to produce, both in the QAOA and
QA scenarios, similar pseudo-Boltzmann distributions—these
are states whose probability distribution approximates an ex-
ponential exp(−βhighE ) but have scrambled phases. However,
QAOA protocols exhibit an additional background noise that
can be explained as the Trotter errors that result from approxi-
mating QA trajectories. In both cases, the coldest temperature
of these distributions exhibits favorable scalings with respect
to the problem size and the integrated resources, which in
QAOA also correspond to the number of layers in the al-
gorithm T ∼ O(p−1). However, both QAOA and QA paths
can be used to produce hotter states simply by rescaling the
Hamiltonian trajectories to shorter paths than the optimal one.

This work provides a unifying picture of QAOA and quan-
tum annealing, connecting earlier results on the concentration
of parameters [5,16,17,23–25] as well as with recent studies
that derive QAOA trajectories from QA paths [35]. However,
multiple questions still remain open along this connection. In
the QAOA domain, we have not addressed how to use the
discovered universal trajectories in actual cooling protocols
for unknown problems, and we do not have an explanation
for the nature of these trajectories yet. More interestingly,
this work has revealed that QAOA is a viable tool to design
annealing paths, which avoids the need to study precisely
the eigenstate spectrum of the deformed Hamiltonian Ĥ (s).
It remains to study the quality of these paths in large-scale
annealing protocols and bigger problems, a study that is much
more costly than the finite-size circuit simulations we per-
formed in this work.

Our study has also confirmed the utility of QAOA circuits
and QA passages as simulators of partition functions and ther-
mal distributions. Not only has this thermal characterization of
the global output distribution shown a valid metric for the per-
formance of QAOA algorithm [34], but we have also shown
that QAOA and QA protocols produce similar distributions.
This seems to contradict the folklore picture that assumes
QA to have a catastrophic performance for moderate speeds,
suggesting instead that annealing errors behave like thermal
noise, whose temperature can be controlled with the annealing
speed. It would be both very interesting to verify this hypoth-
esis with larger simulations and study the resilience of this
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FIG. 9. Annealing trajectories defined by the rescaled optimal QAOA angles (	n/	max, 
n/
max). (a) Average trajectories fitted to Eq. (27)
for N = 8, 10, 12, 14, 16, 18, and 20 qubits, computed from p = 30 QAOA angles on 800 MaxCut instances (500 for N = 20). We also plot the
average angles for N = 20 qubits as circles. (b) Average rescaled optimal angles for QAOA circuits with N = 18 spins and increasing number
of layers p = 5, 10, 15, 20, 25, and 30 layers, computed over 800 MaxCut instances, together with a numerical fit to Eq. (27) for p = 30 layers
(solid line).

picture in real hardware with other sources of noise. Indeed,
while our performance metrics suggest a favorable behavior
of QAOA in most instances of random problems that include
spin glasses, it remains to confirm the nature of this scaling
and its robustness in practical scenarios, including a broader
set of problems with structured and sparse connectivity.

Finally, the utility of QAOA for thermal state simulation
has applications beyond the approximation of NP-hard prob-
lems. The sampling of pseudo-Boltzmann distributions could
be a useful subroutine for physical simulation, combinatorial
optimization, or machine learning. In this sense, it would be
interesting to verify the tunability of said simulators in real
hardware, the comparison to alternative methods, as well as
their extension to other types of ansätze or Hamiltonians in
line with recent results [36].
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APPENDIX A: NUMERICAL DETAILS

In this Appendix, we provide additional details about the
numerical experiments that support the results reported in the
manuscript.

All quantum circuits were simulated using exact state-
vector calculations under zero-noise conditions. The op-
timization of the variational parameters involved in the
numerical results of QAOA at any depth was performed using
the L-BFGS-B method implemented in scipy [38]. The gradi-
ents were calculated analytically, and the convergence criteria
established that the optimization stops when

f k − f k+1

max(| f k|, | f k+1|, 1)
� ftol = 2 × 10−9 (A1)

or

max |proj(gi )| i = 1, . . . , n <= 10−10, (A2)

with f k the value of the cost function at iteration k and proj(gi )
the ith component of the projected gradient. The parameters of
a QAOA circuit with p layers are initialized using the optimal
parameters of p − 1,

θ
p
l = 	p−1

max/p, γ
p

l = 
p−1
max /p, (A3)

for l = {1, ..., p}, with θ1 = π/3 and γ 1 = 0.1. This heuristic
was tested in different scenarios and provided good results in
practice.

As for the simulation of continuous quantum annealing
passages (see Fig. 7), we numerically integrated the system
of ordinary differential equations given by the normalized
continuous Schrödinger equation between 	 = 0 and 	 = 1,

∂	 |ψ (	)〉 = −i

[

max

d


d	
ĤQSNet − 	maxĤx

]
|ψ (	)〉 .

(A4)
The integration method used was the explicit Runge-Kutta
method of order 5(4) implemented in scipy [38] with a maxi-
mum step size equal to 10−5.
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APPENDIX B: UNIVERSAL TRAJECTORIES ON MAXCUT

The figures presented in the main text show universal be-
haviors of randomly generated QUBO problems (7). In this
Appendix, we extend the scope of the results to a different
family of NP-hard binary combinatorial optimization prob-
lems, the maximum cut problem (MaxCut). MaxCut is defined
by the following classical energy:

EMaxCut (xxx) = −2
N∑

n,m=1

xnQn,m(1 − xm), (B1)

where xxx = (x1, . . . , xN ) with xi ∈ {0, 1}, and QQQ is an N×N
square symmetric matrix of real coefficients denoted by Qnm.

As in QUBO instances, we consider fully connected graphs;
i.e., all off-diagonal elements of Q or J are nonzero values
randomly drawn from a normal distribution N (μ, σ 2) with
mean μ = 0 and variance σ 2 = 1. Although MaxCut (B1) can
be formulated as a QUBO (7) by allowing diagonal elements
in the Q matrix, MaxCut exhibits a global symmetry Z2 gen-
erally absent in QUBO instances.

Figure 9 shows that the optimal QAOA angles on MaxCut
instances collapse into universal curves. As was the case
for the QUBO problem class, these curves define annealing
paths described by deformed radius 1 circles given by
Eq. (27). Specifically, we find small corrections ε(N, p =
30) = −0.026 ± 0.001,−0.019 ± 0.001,−0.017 ± 0.001,

−0.019 ± 0.001,−0.022 ± 0.002,−0.031 ± 0.002,−0.031±
0.002 for N = 8, 10, 12, 14, 16, 18, 20, respectively.
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