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Classical optimization of reduced density matrix estimations with classical shadows using
N-representability conditions under shot noise considerations
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Classical shadow tomography has become a powerful tool in learning about quantum states prepared on
a quantum computer. Recent works have used classical shadows to variationally enforce N-representability
conditions on the two-particle reduced density matrix. In this paper, we build upon previous research by choosing
an improved estimator within classical shadow tomography and rephrasing the optimization constraints, resulting
in an overall enhancement in performance under comparable measurement shot budgets. We further explore the
specific regimes where these methods outperform the unbiased estimator of the stand-alone classical shadow
protocol and quantify the potential savings in numerical studies.
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I. INTRODUCTION

The simulation of quantum chemistry presents a hard chal-
lenge for the field of computation. In recent years, quantum
computation has been proposed to aid quantum chemistry,
offering to simulate complex systems that previously were out
of reach for conventional methods [1–4]. However, current
quantum computers are still limited in size and the number
of operations due to noise and the absence of error correc-
tion [5]. As such, stand-alone quantum algorithms competing
with the highly optimized methods of traditional quantum
chemistry are still out of reach for the foreseeable future. This
has opened up an avenue of research at the intersection of
purely classical methods with the support of newly proposed
simulation techniques on a quantum computer [6,7].

Early efforts have sought to combine the strengths of
classical and quantum algorithms in an approach labeled as
hybrid quantum computation. In this spirit, recent work has
tried to enhance some established classical methods with data
gathered from shadow tomography, a powerful tool preparing
efficient classical representations of quantum states prepared
on a quantum computer for certain observables [8–11]. An
example is the combination of this tool with traditional meth-
ods of quantum chemistry like quantum Monte Carlo [6] and
coupled cluster [7], achieving improvement in accuracy in
certain situations. These techniques are motivated by the fact
that learning on quantum data in the form of classical shadows
is known to provide quantum advantage [12] under certain
conditions, identifying sampling on a quantum computer as
a minimal-cost useful task.
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While the aforementioned methods have focused on en-
hancing classical methods with quantum data, other work has
sought to apply techniques developed in classical quantum
chemistry to quantum computation, e.g., constraints stem-
ming from the N-representability conditions [limiting the
space of valid reduced density matrices (RDM) that can
stem from a physical wave function] to enhance quantum
readout [13–15]. The goal of these works is to optimize
measurement methods in sampling from an unknown quan-
tum state, mostly trying to decrease sample variance and
reduce sensitivity to device error [13,14] and to decrease
the shot budget of shadow tomography [15] with the use of
v2rdm (variational 2-RDM) [16,17], a method casting the
N-representability conditions into a semidefinite program. To
achieve industrial relevance, extracting ground-state energies
from quantum calculation does not lead to an application per
se. The promise lies more in the efficient extraction of further
chemically relevant observables, like, e.g., molecular forces
for geometry optimizations or molecular dynamics [18,19],
as this is paramount to compete with established classical
methods [20]. As fault-tolerant algorithms require a large
overhead to extract expectation values of observables on
ground states [21,22], sampling shadows of ground states
from a quantum computer could help extract reduced density
matrices more efficiently from a v2rdm procedure.

In this article, we introduce a way of constraining the
semidefinite program by using an improved classical shadow
estimator of the entire 2-RDM estimate. We also further ex-
plore the role of shot noise in estimation problems with and
without the use of v2rdm in the classical shadow tomography.
We establish regimes where the method can lead to savings in
shot budgets of up to a factor of 15 over the nonoptimized
estimate. We do not find that previous approaches lead to
an improvement when accounting for shot noise and further
explore behavior when choosing different cost functions.

The article is structured in the following way: First, we
give a brief introduction to shadow tomography (Sec. II)
and v2rdm (Sec. III). The former is focused on fermionic
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tomography respecting particle number and spin preservation,
and the latter briefly introduces core concepts of the con-
straints respected in our optimization and how to deal with
inequalities when casting semidefinite programs. We then de-
scribe the two additional constraints derived from quantum
data (Sec. IV), which we consider in our numerics, one from
previous work [15] and one introduced in this work. We then
simulate performance for various systems (Sec. V) and com-
pare it with the pure classical estimate and the pure quantum
estimate derived from shadow tomography without reoptimiz-
ing the 2-RDM to respect the N-representability conditions.

II. CLASSICAL SHADOW PROTOCOL

Classical shadows, a scheme introduced in Ref. [8] based
on the shadow tomography proposal [23], can predict many
properties of a quantum system with a number of measure-
ments that scale logarithmically with the number of properties
measured. The task of the protocol is to estimate the ex-
pectation value of multiple observables 〈Oi〉 on an unknown
quantum state ρ. This requires the preparation of multiple
copies of the state measured under random unitaries U drawn
from an ensemble U , resulting in the measurement outcome
|b〉. Averaging over the results constitutes the measurement
channel

M(ρ) = EU∼U

⎡
⎣ ∑

b∈{0,1}N

〈b|UρU †|b〉U †|b〉〈b|U
⎤
⎦. (1)

The collection of random unitaries U and associated measure-
ment outcomes 〈b| is referred to as a classical shadow. For
each of these pairs, the measurement channel can be inverted
to build an unbiased estimator of the quantum state

ρ̂ = M−1(U †|b〉〈b|U ). (2)

Throughout this work, hatted quantities ρ̂ denote statistical
estimators of the corresponding true quantities ρ. From this
classical estimator, one can infer the expected values of the
desired observables 〈Oi〉 = Tr(Oiρ). The quality of the in-
verse of the measurement channel M−1 and the efficiency of
the classical and quantum procedures depend on the chosen
ensemble of unitaries and the associated observables one esti-
mates from the quantum state.

Multiple choices for the ensembles and associated classical
estimation schemes have been proposed [9–11]. We focus here
on shadow estimation schemes twirling over the particle num-
ber restricted ensemble of matchgates [11]. This constitutes
an efficient estimation scheme independent of the number of
qubits, N , and its quantum cost scales only in the number of
occupied fermionic modes η, which is the particle number
of the trial state. This ensemble is usually referred to as the
ensemble of single-particle basis rotations or orbital rotations
U (u), which define all valid transformations between different
sets of the fermionic creation and annihilation operators aq

and a†
q by

U †(u)a†
pU (u) =

N∑
q=1

upqa†
q, (3)

where u ∈ CN×N is a unitary matrix defining the change of
basis of the fermionic modes, with their representation U (u) ∈
C2N ×2N

in Hilbert space. We refer to the submatrix restricted
to the k-particle subspace as kU ∈ C(N

k )×(N
k ), and therefore

2U as the restriction to the two-particle subspace. We further
restrict unitaries beyond preserving particle number to also
preserve spin in Appendix C as these are the most important
symmetries for molecular systems.

In general, expectation values of generic k-particle reduced
density matrices can be inferred from this procedure [11],
we will only handle the two (k = 2)-particle reduced density
matrices as no higher-order density matrices are required for
the purpose of estimating the observables of our interest. Our
task, therefore, is to estimate the quantity〈2

SD̂pqrs
〉 = Tr[a†

pa†
qasarρ], (4)

for any quantum state ρ. 2
SD̂pqrs is the shadow estimator of

the 2-RDM, and the subscript prefix S differentiates it from,
e.g., the analytic 2-RDM 2Dpqrs of a quantum state in the
following.

The single-shot estimator for the expectation value of the
2-RDM for a measurement string b in the computational basis
under the basis transformation generated by u is given by [11]

2
SD̂pqrs = 〈r, s|2U (vbu)Eη,k=2

2U †(vbu)|p, q〉, (5)

where the basis states 〈r, s| and |p, q〉 are defined by
〈r, s| = 〈0|asar and |p, q〉 = a†

pa†
q|0〉 with the Fermi vacuum

|0〉, indexing elements of the reduced density matrix. The ma-
trix vb implements a rotation of b into the ordered string b0 =
{11 · · · 00} = {1⊗η} + {0⊗(N−η)}. The fermionic rotations are
combined for computational efficiency [11] kU (vn)kUη(u) =
kU (vbu). The operator Eη,k is defined as

Eη,k=2 =
∑

p,q∈{1, ..., N}
|p, q〉〈p, q|

(
η − s′
2 − s′

)(N − η + s′
s′

)

(−1)2+s′(k
s′
) , (6)

with s′(p, q) being the number of shared indices/occupied
orbitals with the reference determinant/Hartree-Fock |b0〉:

s′(p, q) =
⎧⎨
⎩

2, p � η ∧ q � η,

1, p � η ∨ q � η,

0, p > η ∧ q > η.

The average shot variance of the 2-RDM estimator in Eq. (5)
is then bounded by

Epqrs
[
Var

[〈2
SD̂pqrs

〉]]
�

(
η

2

)(
1 − η − 2

N

)2( 1 + N

1 + N − 2

)
,

(7)

which scales as O(η2). The estimator in Eq. (5) is only classi-
cally efficient for constant k [11], as is the case here for k = 2.

III. v2rdm

Variational methods using the 2-RDM as a more com-
pact stand-in for the wave function, as it contains all the
information to calculate the energy, molecular forces, dipole
moments, etc., were developed at the beginning of the
1950s [24]. Originally, obtaining energies that were too
low [25], as unrestricted optimization results in 2-RDMs
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not stemming from a physical wave function, was violat-
ing the variational principle. Once imbued with the concept
of N-representability conditions, restricting the space of ob-
tainable 1- and 2-RDMs in optimization, conditions in an
ever-increasing order were developed to guide variational
methods to obtain physical results when traversing the space
of 2-RDMs, by e.g., a semidefinite program [26]. Recent
high-performance implementations using graphics processing
units of these methods have led to the capability to treat
larger-scale systems, e.g., 3,7-circumjacent in a (64e, 64o)
active space [16]. A brief treatment of the theory behind the
workings of the algorithm will follow, but there are further
resources [16] for a more in-depth introduction to the topic.

In general, v2rdm is based on a convex optimization in the
form of a semidefinite program. The merit/cost function is
formulated as a vector c, containing the coefficients to score a
solution vector x over an inner product cT x to be minimized.
We use the energy under the Hamiltonian E [2D] as the cost
function. We compare different choices of cost functions in
Appendix F. The N-representability conditions are formulated
as a system of linear equations, containing the set of linear
equations embedded into the rows of a matrix A and their
respective solutions as a solution vector b, while the entries
of x are cast into a block diagonal form in a matrix M(x),
where the matrix and therefore the individual blocks are to be
kept positive semidefinite during optimization. The full set of
equations is summarized as

minx cT x,

such that Ax = b,

and M(x) 
 0.

(8)

In our case, the individual elements of x are associated
with the individual entries of the 1-RDM 1D and 2-RDM
2D, and further derived RDM-like quantities like the hole-
particle 1-RDM 1Qpq = 〈ψ |apa†

q|ψ〉 and similar quantities
derived from the 2-RDM, which appear in more elaborate
N-representability conditions [15]. These are often referred
to as the Q and G conditions, which come at an increased
computational cost but lead to higher precision in the end
result. Further constraints using the 3-RDM entries have been
developed but will not be covered here. The block diagonal
structure defined by M(x) takes the form of

M(x) =

⎛
⎜⎜⎜⎜⎜⎜⎝

1D 0 0 0 0 0
0 1Q 0 0 0 0
0 0 2D 0 0 0
0 0 0 2Q 0 0
0 0 0 0 2G 0
0 0 0 0 0 . . .

⎞
⎟⎟⎟⎟⎟⎟⎠


 0. (9)

As there is an exponential amount [27] of N-
representability conditions, enforcing all of them is
computationally unfeasible, and one usually truncates the
conditions at conditions of second or third order. At the
second order, there are efficient algorithms in solving
the resulting semidefinite program scaling as O(N4) in
memory and O(N6) in compute, e.g., a boundary-point
method for semidefinite programming (BDSDP) [28–30],
and a matrix-factorization-based procedure, reduced-rank
semidefinite programming (RRSDP) [31]. In total, the

N-representability conditions usually considered in v2rdm
can be summarized in the following way [15]:

min
2D

E [2D], (10)

such that 2D 
 0, (11)

2Q 
 0, (12)

2G 
 0, (13)

Tr(2D) = η(η − 1), (14)

2Q = fQ(2D), (15)

2G = fG(2D). (16)

fG and fQ are linear mappings between 2G,2 Q, and 2D. We
use a spin-adapted v2rdm code and also enforce spin-adapted
constraints from the classical shadow; for further details when
adapting for spin, consult Appendix A. To these traditional
constraints, we now add additional constraints stemming from
the classical shadow measurements on a quantum computer.

IV. SHADOW CONSTRAINTS

We consider two different sets of constraints stemming
from the output of a quantum computer, further constraining
the optimization problem. The first way of constraining the
optimization problem relies on the classical shadow estimator
in Eq. (5), which bounds the variance of the average 2-RDM
element in Eq. (7). As the variance properties of the classical
shadow protocol rely on using the estimator, this is optimal in
terms of quantum measurements. We refer to this constraint
as constraint (1) from here. We build an ε ball around all the
elements of the true 2-RDM 2Dpqrs from the estimator 2

SD̂pqrs

in Eq. (5) and estimating the radius of the ball ε1 by means of
the upper bounds of the variance from Eq. (7):

2
SD̂pqrs − ε1 � 2Dpqrs � 2

SD̂pqrs + ε1. (17)

This results in 2N4 additional constraints to the opti-
mization, which are of constant size. These can further be
divided into restrictions on each spin sector as discussed in
Appendix A. In general, the classical resources needed to
calculate the estimator stemming from the classical shadow
in Eq. (5) scale as O(N5) in the classical postprocessing
compared to the scaling O(N6) of the semidefinite program.
The classical optimization, therefore, adds a linear multiplica-
tive overhead in classical computational cost while potentially
reducing the number of quantum resources/shots required to
reach a given precision. As the postmeasurement classical
processing of the classical shadow comes from evaluating
the single-shot estimator for each individual shot [32], reduc-
ing the necessary shots to reach a given precision can save
computational cost from the preprocessing step, alleviating
increased cost in the second step depending on the factor of
improvement. There exists a more efficient way of estimating
from a classical shadow using Pfaffians [10,11] not described
here, which could bring this cost down even more.

The second constraint, referred to as constraint (2), in-
troduced in Ref. [15], is based on the diagonal part of the
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2-RDM, measured in the computational basis under m random
single-particle rotations Um as defined in Eq. (3):

Ŝpq
m = 〈�|U †

ma†
pa†

qaqapUm|�〉, (18)

with |�〉〈�| = ρ. This constraint also relies on randomized
measurements of the quantum state similar to (1) but not
using any of the improved estimators provided by the classical
shadow protocol. This leads to 2mN2 additional constraints,
with N2 entries. The factor of 2 follows from constraining
both sides of the inequality (see Appendix B for more details):

Ŝpq
m − ε2 � X pq

m � Ŝpq
m + ε2, (19)

with

X pq
m = ((Um ⊗ Um) 2D(Um ⊗ Um)T )pq, (20)

where ε2 marks the error on each element due to shot noise
and device error. We only investigate behavior under shot
noise considerations in this article, but as device error can
also be modeled under similar Gaussian perturbations to the
correct RDM, one could further study behavior under noisy
conditions [13,15].

V. NUMERICS

In this section, we numerically investigate the performance
of the proposed optimization of the 2-RDM when using the
two different constraints [Eqs. (17) and (19), labeled (1) and
(2)] stemming from the classical shadow estimation in com-
parison with the estimate stemming from a vanilla v2rdm
estimation without any additional constraints and an esti-
mate stemming from a classical shadow estimation without
any v2rdm postoptimization of the estimate [Eq. (5)]. To al-
low for comparison between all the approaches, we evaluate
them at equal measurement shot budgets. The shot budget
comparability is achieved in the following way: For more ef-
ficient numerical considerations, the estimate from a classical
shadow for (1) is simulated by adding Gaussian noise to the
2-RDM from a full configuration interaction (FCI) calculation
where the strength of the perturbation on each element is cal-
culated by the bound of the shot variance of each element from
Eq. (7). This is converted into a standard deviation by dividing
by the number of shots taken at the respective point. Previous
work [7,32] has shown this to be an accurate noise model for
the estimate of the classical shadow. As the constraint for (2)
in Eq. (19) relies on measuring the diagonal elements of the
2-RDM under random basis rotations, we consider the average
variance of one of these diagonal elements. For, e.g., the 2Dαβ ,
the expectation value of a diagonal element of the 2-RDM
E[Ŝpq] can be calculated by

E[Ŝpq] = (NαNβ )2/η2, Var[Ŝpq] = 1 − E(Ŝpq)2, (21)

where Nα, Nβ are the number of α, β electrons and η =
Nα + Nβ . The respective variance Var[Spq] follows from the
observable mapping down to a Pauli observable (Z) when
measuring in the computational basis after the random basis
transformation. To allow for equal shots for both ways of
constraining the problem, the number of basis m sampled
when constraining with Eq. (19) is taken to fulfill

Epqrs
[
Var

[〈
2
SD̂pqrs

〉]] ≈ mVar[Ŝpq] (22)

rounded up to the closest integer m. As the bound of the shot
variance given in Eq. (7) is also only bounding the average
shot variance of an entry of the 2-RDM, we deem this a fair
comparison.

One way to view the two different constraints is as follows:
Measuring the diagonal elements, one oversamples measure-
ments under the same basis rotation, so from a measurement
perspective, constraint (1) can be viewed as the limit of (2)
when sampling in a basis for every shot and using the es-
timator in Eq. (5), which resembles Eq. (19) projected into
the two-particle subspace. As changing the basis requires
reconfiguring the quantum circuit, this is usually associated
with increased cost, and oversampling has been explored in
Ref. [7] for potentially reducing cost in shadow estimation
when accounting for this cost. We do not include this po-
tentially increased cost here, but it can also be accounted
for when constraining in (1) by increasing the bound of the
variance from Eq. (7). Covariances are not considered here,
as previous work has shown numerical evidence that no co-
variances are present when estimating orthogonal elements in
classical shadow estimation using matchgates [7,32].

Our implementation extends an open source version of a
v2rdm code using libsdp, providing efficient solvers for the
semidefinite program [16,27] with the constraints mentioned
above. We further use Openfermion [33] to build the cor-
rect Hilbert space representation of our basis rotations in the
correct subspace to build our constraints and simulate mea-
surements on a quantum computer. Chemistry Hamiltonians
and active space calculation are done by PySCF [34]. All
simulations are run on a MacBook M1 Pro.

We use our test systems, N2 in correlation-consistent po-
larized valence double zeta (cc-pvdz) basis in an (10, 8) active
space and benzene in the Slater-type orbital basis STO-3G
in a (16, 16) active space to investigate how system size af-
fects the estimation. As previously mentioned, we are mostly
concerned with improving the estimate of the 2-RDM from
the shadow estimation scheme. Improvements in energy esti-
mation, we deem less interesting as one has access to more
efficient ways of measuring the energy, e.g., double factoriza-
tion [35,36] or tensor hypercontraction [37]. Constructing the
Hilbert-space unitaries needed for (2) becomes fairly costly
at large system sizes, and consequently, we only investigate
constraint (1) for the largest of the test systems, benzene.

For the smaller active space (10, 8) for N2, looking at the
energy, we find shadow constraint (1) outperforming shadow
constraint (2) over the range of the shot interval investigated
(Fig. 1, top). For the estimate of the 2-RDM compared to
the true 2-RDM (Fig. 1, bottom), we also find shadow con-
straint (1) outperforming constraint (2) consistently. Above
106 shots, shadow constraint (1) improves over the plain
v2rdm implementation, whereas the unadapted shadow es-
timation only improves above 107 over the purely classical
estimate. Constraint (1) improves over the shadow estimate
up until 2 × 108 shots, where the shadow estimator overtakes
the combined estimate, reaching a reduction of up to a factor
of 15 required shots to reach the same precision. The threshold
at 2 × 108 can be explained by the energy acting as the cost
function in optimization: At some point, the optimizer biases
the estimate by improving the entries of the 2-RDM with high
weight from the Hamiltonian at the cost of the other entries,
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FIG. 1. Top: Energy error of the estimate of the ground-state
energy for N2 in dependence on the number of shots spent on the
quantum shadow constraints included in the optimization. Bottom:
2-RDM error in the Frobenius norm toward the true 2-RDM stem-
ming from an FCI calculation of N2 in dependence on the number
of shots spent on the quantum shadow constraints included in the
optimization. Inset quantifies the factor of improvement over the
estimate coming just from the classical shadow at the same level of
error (red). The dot in the inset corresponds to the dashed line in the
outer figure as a guide to the eye and clarification.

losing precision over the unbiased estimate of the classical
shadow estimation performed on the true ground state (see
Appendix E). Shadow constraint (2) does not improve over
v2rdm without constraints in the low shot regime or the
estimate from classical shadow estimation at the 107 shots
threshold.

FIG. 2. 2-RDM error in the Frobenius norm toward the true
2-RDM stemming from an FCI calculation of benzene in a (16,
16) active space in dependence of the number of shots spent on
the quantum shadow constraints included in the optimization. Inset
quantifies the factor of improvement over the estimate coming just
from the classical shadow at the same level of error (red). The dot in
the inset corresponds to the dashed line in the outer figure as a guide
to the eye and clarification.

In Appendix G, adding more information from a fault-
tolerant calculation, e.g., the estimate of the ground-state
energy is investigated.

For the large active space (16, 16) for benzene (Fig. 2), we
find a qualitatively very similar looking relationship between
plain v2rdm, classical shadow estimation, and v2rdm with
shadow constraint (1): At an error that corresponds roughly
with 10−3, the shadow estimation beats the purely classical
estimate. v2rdm with shadow constraint (1) improves over
both the other estimates for roughly 2 orders of magnitude of
shot budgets before the bias introduced into the estimate loses
over the unbiased shadow estimation technique. Improvement
factors also seem to be a bit lower in this scenario, only
reaching up to a factor of 5.

VI. DISCUSSION

To conclude, our simulations show that v2rdm can help
classical shadow estimation to increase precision for a given
shot budget in certain regimes. When accounting for shot
noise, we find that constraint (2) of previous work [15] does
not improve the 2-RDM estimate over either the only classi-
cal optimization or quantum-only estimator at a given shot
budget. Only when constraining the optimization with the
improved constraint (1), we find up to a factor of 15 in
improvement for N2, although the factor of improvement is
largest when being close to the result of the purely classical
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estimate. This highlights that the power of the classical
shadow techniques stems from the efficient estimators that
come with guarantees of precision and they should be
included in the procedure and fully randomizing the measure-
ment scheme instead of oversampling a limited set of basis
rotations. The improvement we find for constraint (2) seems
to be reduced for larger systems. For high precision estimates,
the bias introduced seems to lose out over the unbiased es-
timate from shadow estimation. Nonetheless, when quantum
resources are scarce in near- and midterm shadow estimations
trying to extract 2-RDM quantities from a state to extract, e.g.,
forces and other molecular properties beyond ground-state
energies, classically optimizing the estimate from a classical
shadow can lead to increased precision at a fixed quantum
cost. Furthermore, when comparing different choices of cost
function, minimizing the energy under the Hamiltonian still
seems to be the leading choice, even when adding the ex-
act ground-state energy as a constraint in the other cases
(Appendixes F and G). Although the window where v2rdm ac-
tually improves the estimate is limited, for estimations where
high precision is necessary, e.g., chemistry applications, this
does not solve the cost of extracting a 2-RDM from a quantum
device. As we have investigated scaling of epsilon under the
standard quantum limit 1

ε2 , the cost savings would become
much more dramatic for recently proposed procedures [38]
with better scaling in N at the cost of increased scaling in
the error ε. Furthermore, there is also potential to use this
approach as an error mitigation technique beyond shot noise
when allowing for a bias in the error model [13,39].

As the optimization under the energy as a cost function
seems to introduce a bias limiting the applicability window
where the combined methods improve over pure shadow esti-
mation, changing the cost function to, e.g., the 1-norm of the
2-RDM [13,15] might be an avenue in further improvement of
the scheme presented here.
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APPENDIX A: SPIN-RESTRICTED v2rdm

As we work in a spin-adapted setting, one can further
find a subblock structure of the positive-semidefinite matri-
ces. We decompose the one-particle density matrix 1Dpq =
〈ψ |a†

paq|ψ〉 and its derivate 1Qpq = 〈ψ |apa†
q|ψ〉 into spin

blocks in the following way, as discussed in further depth in
Ref. [13]:

1D =
(

1Dα 0
0 1Dβ

)
(A1)

and Q:

1Q =
(

1Qα 0
0 1Qβ.

)
. (A2)

The two-particle conditions of 2Dpqrs = 〈ψ |a†
pa†

qasar |ψ〉 and
derived quantities 2Qpqrs = 〈ψ |a†

paqa†
s ar |ψ〉 and 2Qpqrs =

〈ψ |apaqa†
s a†

r |ψ〉 can also further be block diagonalized into
spin sectors. For compactness sake, we leave out the upper
indices on the diagonal 2Dαα ≡ 2Dαα

αα and get four spin blocks
for the 2-RDM

2D =

⎛
⎜⎜⎝

2Dαα 0 0 0
0 1Dββ 0 0
0 0 2Dαβ 0
0 0 0 2Dβα

⎞
⎟⎟⎠ (A3)

and a slightly more elaborate structure of G:

2G =

⎛
⎜⎜⎝

2Gα,α
2Gβ,β

α,α 0 0
2Gα,α

β,β
2Gβ,β 0 0

0 0 2Gα,β 0
0 0 0 2Gβ,α

⎞
⎟⎟⎠, (A4)

whereas Q has the same structure as G.

APPENDIX B: INEQUALITIES
IN SEMIDEFINITE PROGRAMMING

As we are constraining our semidefinite program now with
estimates associated with a certain error ε coming from the
statistical nature of the estimate, we have to be able to handle
inequalities when constraining the optimization problem. To
accommodate inequalities, one converts these inequalities into
equalities by using a set of ancillary variables ϕ0, . . . , ϕi that
are added to the optimization in the form of individual 1 by 1
blocks:

M(x) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1D 0 . . .

0 . . .
. . .

...
. . . 2D . . .

. . .
. . .

. . .
. . . ϕ0

. . .
...

. . .
. . . 0

. . . 0 ϕi

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠


 0.

(B1)
The jth inequality from Eq. (17) constraining the problem

2
SD̂pqrs − ε � 2Dpqrs � 2

SD̂pqrs + ε (B2)

can then be converted into two equalities by adding an ancil-
lary variable to a side of each inequality to equalize both sides

2
SD̂pqrs − ε = 2Dpqrs − ϕ2 j, (B3)

2Dpqrs + ϕ2 j+1 = 2
SD̂pqrs + ε, (B4)

where j is an index keeping track of labeling individual sets of
p, q, r, s, assigning it its own pair of ancillary variables. This
holds as long as ϕi > 0, which is guaranteed by keeping the
individual ancillary variables ϕi in an individual (1 × 1) block
of M(x) during the optimization, and the maximum error on
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each element can be upper bounded by Eq. (7) for constraint
(1).

In the spin-adapted way of constraining the semidefinite
program, our condition from Eq. (17) becomes a restriction
on the individual spin-full 2-RDMs

2
SD̂pqrs

αα − ε � 2Dpqrs
αα � 2

SD̂pqrs
αα + ε, (B5)

2
SD̂pqrs

αβ − ε � 2Dpqrs
αβ � 2

SD̂pqrs
αβ + ε, (B6)

2
SD̂pqrs

ββ − ε � 2Dpqrs
ββ � 2

SD̂pqrs
ββ + ε. (B7)

Again, each of these constraints can be converted into two
equalities by adding an ancillary variable to a side of the
inequality, here shown for one of the (α, α) constraints (B5):

2
SD̂pqrs

αα − ε = 2Dpqrs
αα − ϕ2i,αα, (B8)

2Dpqrs
αα + ϕ2i+1,αα = 2

SD̂pqrs
αα + ε. (B9)

More details on how to extract spin-full RDMs from the
classical shadow are found in Appendix C.

APPENDIX C: SPIN RESTRICTION
OF CLASSICAL SHADOWS

One can further adapt the estimator in Eq. (5) and the
shadow protocol to respect another symmetry apart from
particle number—spin. One can restrict the Haar-random uni-
tary generating the basis rotation upq into a block-diagonal
form [40],

upq =
(

upq,α 0
0 upq,β

)
, (C1)

which allows for a more efficient way of implementing the
unitary in terms of Givens rotations into two local Givens
circuits reducing the circuit depth needed to implement the
measurement rotation further by a factor of 2. As the clas-
sical postprocessing time scales with the size of the Hilbert
subspace, one can carefully restrict the estimator to a smaller
subspace

Eα,β

η,2 =
∑

p,q∈{1, ..., Norb}
|pα, qβ〉〈pα, qβ |

(
η − s′
k − s′

)(N − η + s′
s′

)

(−1)k+s′(k
s′
) , (C2)

likewise for (α, α), (β, α), and (β, β ) to only index the α/β

part of the p/q spatial orbital. This reduces the size of the
individual subspaces by a factor of 2 and the number of entries
by factor of 4.

APPENDIX D: ADDITIONAL NUMERICS

To verify our implementation of shadow constraint (2), we
also run simulations in the scenario considered most of the
time in Ref. [15] at ε2 = 0. We study H4 in STO-3G, the
energy convergence in Fig. 3 in dependence of the number
of basis sampled m, also reaching exact agreement at m = 12
basis used for the additional constraints during optimization at
infinite precision, corresponding to taking an infinite number
of shots at each basis. So, we deem our implementation of the
shadow constraint comparable to the one studied in previous
work.

FIG. 3. Energy convergence for H4 for the optimization under
shadow constraint (2) in dependence of number of basis m used for
additional constraints during optimization.

APPENDIX E: INTRODUCED BIAS IN OPTIMIZATION

As our numerics show, when including a high precision
estimate of a classical shadow with a tight ε, the optimization
actually increases the distance to the true 2-RDM during opti-
mization (Fig. 3). Here, we investigate the mechanism in how
the bias is introduced. We look at the elements of the 2-RDM
after the semidefinite optimization at different precisions of
the ingoing shadow data. We linearize the matrix and sort it
by the magnitude of the associated coefficients (see Fig. 4,
top) in the Hamiltonian that constitutes the cost function used
in the optimization.

We plot the difference of each element to the estimate from
the classical shadow estimator used to generate the additional
constraints. As the shadow data are generated by applying

FIG. 4. Top: Absolute value of the two-body coefficients of the
Hamiltonian/two electron integrals for H4 in STO-3G sorted de-
scending. Bottom: Difference between the shadow estimate at a given
epsilon used to build the shadow constraints and the 2-RDM estimate
after the semidefinite optimization averaged over five runs sorted by
the ordering of the upper plot.
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Gaussian noise to the correct 2-RDM, each element will be
on average equally far away from its true value and there-
fore should be moved similarly during optimization. At low
precision (Fig. 4, bottom, blue), we can see that elements
associated with big and small coefficients in the Hamiltonian
get changed in the optimization on similar magnitudes; there-
fore, no or at least a very small bias is introduced compared
to the variance of the estimator. At high precision (Fig. 4,
bottom, red), one can clearly identify the point at which the
Hamiltonian coefficients decrease by 6 orders of magnitude
in the bottom plot. To decrease the energy that constitutes the
cost function, terms with high weight get moved an order of
magnitude more during the optimization than lower weight
terms introducing a bias to the result, as in an unbiased opti-
mization we expect each element to be moved similarly during
optimization.

APPENDIX F: CHOICE OF COST FUNCTION

When variationally optimizing the 2-RDM with re-
gard to N-representability constraints, most implementa-
tions [15,27,30] minimize the energy min2D E [2D] with
regard to the Hamiltonian as a cost function [27,30]. Other
forms of cost functions have been used very successfully
in other applications of semidefinite programming, e.g.,
when completing matrices with only partially known en-
tries [41] and recovering matrices from noisy estimates of
their entries [42]. This is based on the finding that low-rank
approximations of these matrices are on average a good rep-
resentation of the unknown matrix. As minimizing the rank
is NP-hard [43], the first relaxation to a convex manifold
being the trace or nuclear norm ‖ · ‖∗ is used as a heuristic in
optimization [43,44]. The Frobenius norm ‖ · ‖F also serves
as a possible cost function in these applications [15]. For a
(positive-semidefinite) matrix A, the norms are defined as

‖A‖∗ = Tr(
√

A∗A), (F1)

‖A‖F =
√

Tr (A∗A). (F2)

These type of cost functions have also been applied in
quantum chemistry settings, as 2-RDMs of ground states are
known to be approximately low rank [42,45,46] and have
been investigated in improving readout when sampling in the
Pauli basis [42], finding that in the noisy readout setting it
was optimal to sample all terms and the optimization mostly
acting as a low-rank filter to the estimation. As the shadow
estimation used here estimates all Fermionic terms with equal
error, optimizing for nuclear norm also seems as a reasonable
choice as a cost function.

We investigate the following different cost functions in our
setting:

min
2D

E [2D], (F3)

min
2D

E [2D] − ||2D||∗, (F4)

min
2D

||2D||∗, (F5)

min
2D

||2D||F . (F6)

There are a total of four different cost functions, we con-
sider the following:

FIG. 5. Comparison of different choices of cost functions de-
scribed in Eqs. (F3)–(F6) against the plain error on the shadow
estimator entering the constraints. The constraints otherwise are kept
the same; points are averaged over multiple runs with different errors
on the shadow constraints.

(1) The energy under the Hamiltonian (F3).
(2) The energy under the Hamiltonian regularized by the

nuclear norm (Schatten 1-norm or trace norm) || · ||1 of the
2-RDM, therefore penalizing solutions with higher nuclear
norm (F4).

(3) The nuclear norm || · ||1 of the 2-RDM (F5).
(4) The Frobenius norm || · ||F of the 2-RDM (F6).
The constraints are the same for all the cost functions. The

optimization is implemented by using the package CVXPY [47]
and plotted in Fig. 5. The test system is the (10, 8) active
space for N2 in the cc-pvdz basis set used in the main text
as a testing system. The 2-RDM is cast into a matrix form via
a superindex summing p, q and r, s as is already done when
setting up the constraints in v2rdm.

We do not find a significant overall difference between
the different cost functions. In the noisy, fairly unconstrained
setting that extrapolates to the plain v2rdm algorithm the
cost functions using energy and the regularized energy clearly
dominate, as no real information about the Hamiltonian or its
ground state enters the optimization at a certain noise level. In
the fairly constrained setting, the cost functions only use rank
seem to introduce less of a bias over the shadow estimator but
still ending up less accurate as the shadow estimator in the
high precision regime.

So, at least from this small numerical experiment it does
not seem that extracting approximate low-rank 2-RDMs from
a noisy classical shadow estimation seems to improve over the
optimization under energy or the pure shadow estimator.
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1. Implementing norm cost functions
in semidefinite programming

As on first glance, it is quite unintuitive how to convert cost
functions including the nuclear or Frobenius into the linear
constraints needed for a semidefinite program; we quickly
highlight the modifications needed to transform them into
the appropriate format. When using the nuclear norm as a
minimization target, one arrives at the following semidefinite
program:

min
A

‖A‖∗,

subject to C(A) = b,
(F7)

where C represents linear constraints. This problem can be
reformulated [48] as

min
A,U,V

1
2 (tr(U ) + tr(V )),

subject to

[
U A
A† V

]

 0,

C(A) = b,

(F8)

where U,V ∈ Hn are auxiliary semidefinite variables.
A very similar thing can be done when minimizing under

the Frobenius norm

min
A

‖A‖F ,

subject to C(A) = b.
(F9)

The reformulation in this case using the Schur comple-
ment [49,50] becomes

min
A,W,t

t,

subject to

[
W A
A† I

]

 0,

Tr(W ) � t,

C(A) = b,

(F10)

where the semidefinite constraint together with the trace
bound encodes ‖A‖2

F � t . By the Schur complement lemma
(see Ref. [49], §4.6.3), the matrix inequality implies W 

AA†, so that Tr(W ) � Tr(AA†) = ‖A‖2

F . As these are regu-
larly showing up in semidefinite programs, these reformula-
tions are already implemented for the practising researcher
using semidefinite programs in open source semidefinite pro-
gram solvers like CVXPY [47] and can be used without
deriving these reformulations.

One might also wonder whether constructing constraints
based on these norms could improve the optimization further.
A natural approach would be to replace the elementwise con-
straints with a single norm-based constraint of the form ‖2D −
ˆ2D‖ � ε, which can also be formulated within a semidefinite

program framework using the reformulations above. Under
the Gaussian noise model used in our numerical simulations,
concentration results from random matrix theory could in
principle be used to set ε: For a d × d Hermitian error matrix
with independent and identically distributed Gaussian entries
of variance σ 2, the Frobenius norm concentrates around σd
and the operator norm around 2σ

√
d [51,52]. However, we

do not think that our assumption of the Gaussian distribution
of noise holds in practice; therefore, we do not find rigorous
ways of including norm-based constraints to our optimization,
though this remains a promising direction for future work.

APPENDIX G: CONSTRAINING
WITH GROUND-STATE ENERGY

In the fault-tolerant regime, quantum phase estimation
provides access to the ground-state energy under controlled
approximation under certain conditions at reasonable cost.
Although providing access to the ground-state energy, re-
duced density matrices are still prohibitively expensive when
looking to estimate further molecular observables like, e.g.,
forces for geometric optimization. Therefore, one can pose the
question whether constraining the energy by the ground-state
energy in a semidefinite program allows for a more accurate
estimation.

To include the estimate of the ground-state energy in our
semidefinite program, we add the following constraint to the
optimization:

EGS − εGS � Tr(H 2D) � EGS + εGS, (G1)

where EGS is the ground-state energy (calculated by FCI in
PySCF) and εGS = 10−3 hartree at chemical accuracy, the
precision a quantum phase estimation estimate would aim to
achieve. The test system is again the (10, 8) active space for
N2 in the cc-pvdz basis set used in the main text. Results are
plotted in Fig. 6.

In our limited data set, we do not find an improvement over
not including the ground-state energy in our optimization.
Adding this constraint does not seem to be restricting our
allowed solution space in a meaningful way.

FIG. 6. Comparison of optimizing the nuclear norm of cost
functions described in Eq. (F5) when omitting/adding the energy
constraint from Eq. (G1) against the plain error on the shadow
estimator. Points are averaged over multiple runs.
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