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Beyond local detailed balance: Microscopic rates reshape nonequilibrium phase behavior
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Local detailed balance (LDB) is a central guiding principle for modeling nonequilibrium stochastic dynamics,
yet it only constrains the ratio of forward and backward transition rates and does not fix the steady state. Although
the functional form of rates under the same LDB has been shown to affect steady-state correlations and transition
temperatures, whether it can qualitatively reshape phase behavior in strongly interacting systems, such as the
morphology and stability of phase-separated patterns, remains unclear. Here, for a two-dimensional driven lattice
gas with attractive nearest-neighbor interactions, we consider hopping rates with a parameter that preserves
the same LDB but tunes asymmetry along the driving force. We find that this parameter controls qualitative
phase behavior: In the homogeneous phase, it reverses the sign of the structure-factor discontinuity and hence
the anisotropy in long-range density correlations; in the phase-separated regime, it switches the orientation
of anisotropic patterns and their long-time stability. Both effects are coherently captured by an approximate
fluctuating hydrodynamic equation. The results demonstrate that, in contrast to equilibrium systems, qualitative
features of nonequilibrium phases are controlled by the specific choice of dynamical rules even under the same
LDB.

DOI: 10.1103/hvzp-wjmf

I. INTRODUCTION

Nonequilibrium many-body systems exhibit diverse collec-
tive phenomena with no equilibrium counterpart, including
flocking and motility-induced phase separation in active mat-
ter [1–4], and generic long-range correlations and anisotropic
ordering in externally driven systems [5–7]. Driven lattice
gases [8,9] provide a paradigmatic setting in which power-law
density correlations and drive-dependent phase separation can
be observed within a single model [5–7]. Classifying such
nonequilibrium phase behavior in terms of microscopic in-
gredients, such as the particle interactions, external driving
field, and form of dynamical rates, remains an open problem
of nonequilibrium statistical mechanics.

Local detailed balance (LDB) provides a general frame-
work for constructing physically consistent stochastic models
of systems coupled to thermal, chemical, or mechanical reser-
voirs [10]. It fixes the ratio of forward and backward transition
rates in terms of entropy production and underlies a large
family of exact nonequilibrium relations, including fluctuation
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theorems and thermodynamic uncertainty relations [11,12].
However, LDB leaves the individual rates and therefore the
steady-state distribution undetermined: Different dynamical
rules compatible with the same LDB generally lead to dif-
ferent steady states, in contrast to equilibrium processes, in
which global detailed balance uniquely selects the Boltzmann
distribution [13,14].

The consequences of this freedom of rates have been ex-
plored in several systems. For dynamical models of molecular
motors with only a few degrees of freedom, distinct rate
parametrizations consistent with the same LDB yield dif-
ferent statistical properties, such as heat dissipation [15,16]
and force-velocity curves [17]. For weakly interacting driven
particles, the presence or absence of long-range density cor-
relations depends on the form chosen for the hopping rate
[18,19]. For the driven lattice gas, the steady state, including
its structure factor, has been shown to depend on the choice
among Metropolis, Glauber, and heat-bath update rules, the
first two of which obey the same LDB ratio [20]. For the
asymmetric simple exclusion process, even a spatially local
change of the rates at a single defect bond, which leaves the
LDB ratio intact, can induce macroscopic segregation [21]. In
contrast, it remains largely unexplored whether a continuous,
spatially uniform deformation of the rates under the same
LDB can qualitatively reshape many-body behavior, such as
the morphology or stability of phase-separated patterns, in
strongly interacting nonequilibrium systems.

Here, we address this question using a two-dimensional
driven lattice gas with hard-core exclusion and nearest-
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FIG. 1. Driven lattice gas parametrized by θ and qualitative steady-state phase diagrams. (a) We consider particles with on-site exclusion,
nearest-neighbor attraction U , and external field E along the x axis. The parameter θ controls asymmetry in the hopping rate along the field
direction, while preserving the same LDB. (b) Phase diagram for homogeneous states with weak attractive interaction (U = 0.5), represented
by structure-factor discontinuity �S. We also plot heatmaps of anisotropic structure factor S(k) at indicated parameter sets. (c) Phase diagram
for phase-separated states with strong attractive interaction (U = 2), represented by the peak height H of structure factor, signed by the peak
direction. Positive H (red) and negative H (blue) indicate that the peak appears on the kx and ky axes, respectively. We also show typical
configurations.

neighbor attraction under an external field. We introduce
hopping rates parametrized by an asymmetry parameter θ ,
which preserves the same LDB while smoothly deforming the
dynamical rule; the standard exponential rate corresponds to
θ = 0 [18,19,22–24]. For weak interactions, the sign of the
structure-factor discontinuity at the origin, which reflects the
anisotropy of the long-range density correlations, reverses as θ

crosses zero, rotating the structure-factor pattern by 90◦. For
strong interactions, the same parameter controls the orienta-
tion of phase-separated clusters and their dynamical stability:
Vertically aligned patterns are broken and regenerated re-
peatedly, whereas horizontally aligned patterns remain stable.
Both phenomena are coherently captured by an approximate
fluctuating hydrodynamic equation with microscopically de-
rived θ -dependent coefficients. These results emphasize that,
in contrast to equilibrium phases, not only LDB but also the
specific choice of dynamical rule is key to modeling nonequi-
librium phases.

II. DRIVEN LATTICE GAS WITH PARAMETRIZED
HOPPING RATES

We consider a lattice gas model with total particle number
N on a square lattice of size (L, L) and periodic boundary
conditions [Fig. 1(a)]. The lattice site is specified by j :=
jxex + jyey =: ( jx, jy), where ea is the unit vector in the a
direction, ja ∈ {1, 2, . . . , L}, and a ∈ {x, y}. The particle con-
figuration is specified by n := {n j}, where n j ∈ {0, 1} is the
occupation of site j.

We assume that particles can stochastically hop to the
neighboring sites with hard-core exclusion and nearest-
neighbor attractive interactions of strength U � 0 under an
external field of strength E � 0. To implement this setup in a
Markov process, we employ the LDB as a constraint on the
ratio of forward and backward hopping rates:

w j→ j+ex (n)/w j+ex→ j (nj, j+ex ) = exp
[
U�Nnn

j→ j+ex
(n) + E

]
,

w j→ j+ey (n)/w j+ey→ j (nj, j+ey ) = exp
[
U�Nnn

j→ j+ey
(n)

]
. (1)

Here, w j→ j′ (n) is the hopping rate of a particle from site j to
an empty site j′ for configuration n, �Nnn

j→ j′ (n) is the change
in the number of neighboring particles due to hopping, nj, j′

is the configuration after moving a particle from site j to j′

starting from configuration n, and temperature is used as the
unit of energy. A nonzero E breaks global detailed balance,
making the process nonequilibrium.

To examine how the choice of transition rates can affect
phase behavior, we consider the following rates parametrized
by θ ∈ R [Fig. 1(a)]:

w j→ j+ex (n; θ ) = exp
[
(1/2 + θ )(U�Nnn

j→ j+ex
(n) + E )

]
,

w j→ j−ex (n; θ ) = exp
[
(1/2 − θ )(U�Nnn

j→ j−ex
(n) − E )

]
,

w j→ j+ey (n) = exp
[
(1/2)U�Nnn

j→ j+ey
(n)

]
,

w j→ j−ey (n) = exp
[
(1/2)U�Nnn

j→ j−ey
(n)

]
. (2)

The parameter θ controls asymmetry in the hopping rate
along the driving field. Similar rates with the exponential
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form with θ = 0 have been considered in previous studies
[18,19,22–24].

The parameter θ can be interpreted as a kinetic parameter
as follows. Writing X := U�Nnn

j→ j+ex
(n) + E for the entropy

production associated with a hop in the field direction, we can
decompose the rates for this hop and its reverse [Eq. (2)] as
w = e±X/2eθX . The time-antisymmetric factor e±X/2 is fixed
by the LDB condition (1), while the time-symmetric fac-
tor eθX controls the kinetic reactivity of the transition pair,
and thereby affects the dynamical activity tuned by θ . The
value 1/2 + θ plays the role of a load-distribution factor,
here generalized to include the nearest-neighbor interactions;
load-distribution factors have been estimated for biomolecular
motors [25].

We stress that the LDB condition (1) is kept intact regard-
less of the choice of θ . In the equilibrium limit where E = 0,
LDB leads to global detailed balance, and the steady-state dis-
tribution Pss(n) is the Boltzmann distribution independent of
θ [13,14]. In contrast, for nonequilibrium systems with E > 0,
the choice of θ affects the qualitative features of Pss(n), as
demonstrated in the subsequent sections.

III. ANALYTICAL RESULT FOR TWO-PARTICLE
STEADY STATE

To grasp how the θ -dependent behavior can emerge in sys-
tems with identical LDB, we consider two particles on a lattice
with L = 2. Using the rates (2) and the master equation for the
steady state, we obtain the following relations:

eU+θE cosh(2θU + E/2)Pss
d = e−U+θE cosh(−2θU + E/2)Pss

v , eU Pss
d = e−U Pss

h , (3)

where Pss
d , Pss

h , and Pss
v represent the steady-state probabili-

ties of taking diagonally, horizontally, and vertically aligned
particle configurations, respectively [Fig. 2(a)]; for exam-
ple, Pss

v = Pss(n(1,1) = 1, n(1,2) = 1, n(2,1) = 0, n(2,2) = 0) +
Pss(n(1,1) = 0, n(1,2) = 0, n(2,1) = 1, n(2,2) = 1).

From Eq. (3), we obtain

Pss
v

Pss
h

= 1 + tanh(2θU ) tanh(E/2)

1 − tanh(2θU ) tanh(E/2)
. (4)

This suggests that vertically and horizontally aligned particle
configurations are relatively favorable for θ > 0 and θ < 0,
respectively, for attractive interactions (U > 0) with driving in
the x direction (E > 0). In Fig. 2(b), we plot the θ -dependent
behavior of Pss

v /Pss
h for different values of U and E .

From Eq. (4), we see that both nonzero interaction U and
nonzero driving E are essential to the θ -dependent steady
state Pss(n). This property actually holds for many-particle
systems in general. First, for E = 0, Pss(n) is the Boltzmann
distribution and is independent of θ , as mentioned above.
Second, for U = 0, Pss(n) is independent of E or θ since
the model is equivalent to the two-dimensional asymmetric

FIG. 2. θ -dependent configurational biases in the two-particle
system with L = 2. (a) Diagonally, horizontally, and vertically
aligned configurations. (b) Ratio of the steady-state probabilities for
vertically and horizontally aligned configurations, Pss

v /Pss
h [Eq. (4)].

When U = 0 or E = 0, Pss
v /Pss

h = 1 for any θ .

simple exclusion process with periodic boundary conditions
[26], as known also for one-dimensional systems [27,28]. In
the following, we consider many-particle systems with E > 0
and U > 0 and illustrate how θ -dependent phase behavior
appears.

IV. θ-DEPENDENT ANISOTROPY IN LONG-RANGE
CORRELATION

In several driven lattice gas models with weak interactions,
breaking detailed balance with spatial anisotropy leads to a
long-range density correlation and an associated singularity
in the structure factor S(k) in the steady state [5,7]. Here, we
examine how θ can control the density correlation by consid-
ering a system with L = 50, N = 1250 (i.e., half filling), and
U = 0.5.

We conducted Monte Carlo (MC) simulations to sam-
ple the steady-state configurations for several values of θ

and E (see Appendix A for simulation details; simulation
codes are available in Ref. [29] and can be run on Google
Colab to generate videos). We confirmed that the steady
state is a homogeneous phase for any parameter set used
here since the interaction U is weak enough. To quantify
the long-range correlation in the Fourier space, we mea-
sured the signed discontinuity in the steady-state structure
factor, �S := limkx→0 S(kx, ky = 0) − limky→0 S(kx = 0, ky ).
Here, ka := 2πna/L ∈ [−π, π ) with na ∈ Z (a ∈ {x, y}), and
the structure factor is defined as S(k) := 〈|∑ j e−ik· jn j |2〉/L2

for (kx, ky) �= (0, 0), where 〈· · ·〉 represents the steady-
state average. For �S �= 0, the density correlation should
asymptotically follow C(x, y) ∝ −�S(x2 − y2)/(x2 + y2)2 in
a rescaled coordinate [5].

In Fig. 1(b), we plot the heatmap of �S in the θ−E plane,
where red and blue indicate positive and negative values of
�S, respectively. We see that �S = 0 at E = 0, suggesting
that no long-range correlation appears in the equilibrium limit.
In contrast, for E > 0, we find that �S changes its sign from
negative (blue) to positive (red) at θ ≈ 0 when θ increases
from −0.5 to 0.5. As seen from the example heatmaps of S(k)
at four parameter sets in Fig. 1(b), the anisotropic pattern in
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FIG. 3. θ -dependent anisotropy in long-range density correla-
tion. (a) Discontinuity in the structure factor �S as a function of
θ for various E , obtained numerically from lattice gas simulations.
(b) Counterpart of panel (a), obtained analytically from fluctuating
hydrodynamics.

S(k) rotates by 90◦ when crossing θ ≈ 0. This illustrates that
θ controls the long-range correlation property in the homoge-
neous phase.

We also analytically obtained the θ -dependent density cor-
relation by extending the perturbation theory developed in
Ref. [19] (see Appendix B for the derivation). At the leading
order in the high-temperature expansion, we find that the two-
body part of the nonequilibrium effective interaction exhibits
a power-law decay proportional to EUθ . This can be regarded
as the origin of the long-range correlation with ∼EUθ/r2

[19]. This result suggests that nonzero θ is essential to the
emergence of long-range correlation at the leading order of U
and E .

To explain the θ dependence of S(k) from a hydrodynamic
viewpoint, we derived an approximate fluctuating hydro-
dynamic equation [30,31] from our lattice gas model (see
Appendix C for the derivation). Assuming that the phase is
sufficiently homogeneous and nonlinearity in density fluctua-
tion is negligible, we obtain a linear hydrodynamic equation:

∂tφ = Ax(U, E , θ )∂x
2φ + Ay(U )∂y

2φ + ξ, (5)

where φ(r, t ) is the field of density fluctuation around mean
density (= 1/2), and ξ (r, t ) is a Gaussian noise field satis-
fying 〈ξ (r, t )〉 = 0 and 〈ξ (r, t )ξ (r′, t ′)〉 = −2[Bx(E , θ )∂x

2 +
By∂y

2]δ(r − r′)δ(t − t ′). The form of Eq. (5) itself is the linear
Langevin equation known for driven diffusive systems [5,7];
the new ingredient here is the microscopically derived de-
pendence of the coefficients on θ as well as on U and E .
The relation between the coefficients and lattice gas model
parameters is given by Ax = eθE cosh(E/2){1 − (5U/4)[1 +
2θ tanh(E/2)]}, Ay = 1 − 5U/4, Bx = eθE cosh(E/2)/4, and
By = 1/4.

From Eq. (5), we obtain the structure factor Shy(k) and its
discontinuity at the origin, �Shy := limkx→0 Shy(kx, ky = 0) −
limky→0 Shy(kx = 0, ky):

�Shy = 1

4 − 5U [1 + 2θ tanh(E/2)]
− 1

4 − 5U
. (6)

This functional form suggests that the driving force E > 0
induces the discontinuity, the sign of which is determined by
that of θ . In Fig. 3, we compare �S observed in lattice gas
simulations [Fig. 3(a)] and �Shy predicted from the approxi-

mate hydrodynamics [Fig. 3(b)]. Apart from the quantitative
difference, we find a similar E and θ dependence, particularly
the sign change when crossing θ ≈ 0 for E > 0. This indi-
cates that the fluctuating hydrodynamic equation (5) captures
the essential nonequilibrium phase behavior of the driven
lattice gas model parametrized by θ .

V. θ-DEPENDENT MORPHOLOGY AND STABILITY
OF PHASE SEPARATION

We consider the case in which the attractive interaction U
is strong enough for phase separation to occur. Specifically,
we fix L = 50, N = 1250 (i.e., half filling), and U = 2, with
varying θ and E .

In Fig. 1(c), we plot a qualitative steady-state phase
diagram, shown with typical particle configurations. The
heatmap represents the signed peak height of the structure
factor, H := s maxk S(k), where s = 1 if arg maxk S(k) is on
the kx axis and s = −1 if arg maxk S(k) is on the ky axis. The
sign of H changes depending on θ for E > 0, which suggests
that the morphology of phase separation (i.e., horizontal or
vertical alignment) is switched by θ , as demonstrated by the
typical configurations in Fig. 1(c).

The observed θ -dependent anisotropy in phase separation
can be qualitatively explained by the linear hydrodynamic
equation (5) near the stability limit of the homogeneous state.
The deterministic part of the density fluctuation follows

∂tφk = −[
eθE cosh(E/2)

(
1 − 5U eff

x

/
4
)
kx

2

+ (1 − 5U/4)ky
2
]
φk,

U eff
x (E , θ ): = U [1 + 2θ tanh(E/2)], (7)

where φk(t ) := ∫
dre−ik·rφ(r, t ), and U eff

x is regarded as the
effective attractive interaction along the x axis. The conse-
quence of the θ -dependent U eff

x under E > 0 is interpreted as
follows: A positive θ enhances U eff

x and tends to destabilize
the homogeneous state toward vertically aligned patterns, sig-
naled by the coefficient of kx

2 crossing zero, as U increases;
in contrast, negative θ weakens U eff

x and results in a tendency
toward horizontally aligned patterns as U increases. Note that
a similar θ -dependent anisotropy was found even at the two-
particle level [Eq. (4)].

Though the deterministic linear hydrodynamics captures
the instability toward phase separation, steady-state proper-
ties are also influenced by nonlinearity and noise, potentially
in a θ -dependent way. We tested the qualitative difference
between horizontally and vertically aligned patterns by ex-
amining phase separation dynamics. In Figs. 4(a) and 4(b),
we show typical steady-state dynamics for θ < 0 and θ > 0
cases, respectively. We find that horizontally aligned patterns
are stable [Fig. 4(a)], while vertically aligned patterns are
broken and regenerated repeatedly [Fig. 4(b)].

More quantitatively, as shown in Fig. 4(c), we measured the
θ and E dependence of the total number of clusters, defined
by connected components of particles with size larger than 9.
We find that the number of clusters remains close to unity for
θ < 0 (i.e., a single large cluster persists stably), whereas it
increases for θ > 0 (i.e., multiple small clusters coexist). This
contrast is more pronounced as the external field E increases,
and the peak observed at θ ≈ 0.2 is likely attributable to the
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FIG. 4. θ -dependent morphology and stability of phase separation. Snapshots for typical dynamics at (a) θ = −0.5 (horizontally aligned
stable pattern) and (b) θ = 0.5 (vertically aligned unstable pattern). (c) Total number of clusters in the steady state as a function of θ .
The brightness represents the strength of E , and the shadow for each curve indicates the standard deviation. Inset: For E = 1, we plot the
autocorrelation of large-scale patterns, Re[Ck(τ )].

rotational transition of the large-scale pattern, accompanied
by its breakdown into smaller clusters, as shown in the snap-
shots of Fig. 1(c). In the inset of Fig. 4(c), we also show
the autocorrelation of large-scale patterns for E = 1, defined
by Ck(τ ) := 〈ñk(t )ñ∗

k(t + τ )〉/〈|ñk|2〉 at the wave vector cor-
responding to the dominant pattern [k = (0, 2π/L) for θ =
−0.5, 0.2 and k = (2π/L, 0) for θ = 0.3, 0.5], where ñk :=∑

j e−ik· jn j . We find that Re[Ck(τ )] decays faster for θ > 0,
which quantifies the instability of vertical patterns observed
in Fig. 4(b). Since similar instabilities of bulk phase coexis-
tence into multiple smaller phases have also been reported in
active matter models [32–34], exploring the rate dependence
of phase behavior in active systems is a natural direction for
future work.

VI. DISCUSSION AND CONCLUSION

We have shown that, in a two-dimensional driven lattice
gas with attractive nearest-neighbor interactions, a one-
parameter family of hopping rates consistent with the same
LDB controls two types of nonequilibrium phase behaviors.
The parameter θ adjusts asymmetry between forward and
backward hopping rates along the driving field E . The sign
and amplitude of θ control the anisotropy of long-range den-
sity correlations in the homogeneous phase and switch the
orientation and long-time stability of patterns in the phase-
separated regime. Both effects are coherently captured by an
approximate fluctuating hydrodynamic equation whose coef-
ficients depend on θ and E .

Field-dependent transition rates have been measured in
biomolecular motors, showing that forward and backward
transitions need not respond symmetrically to an applied
load [15,25,35]. In contrast, in the continuous overdamped
Langevin limit, the path probability reduces to the standard
Onsager-Machlup form: The microscopic field-splitting pa-
rameter is effectively fixed to θ = 0. This points to systems
with an intrinsic discrete state space or lattice scale as the most
relevant platforms for testing the present mechanism. Be-

sides biomolecular motors, promising directions include open
quantum (non-Hermitian) lattice models, where asymmetric
hopping has been studied as a microscopic ingredient of
nonequilibrium localization, topology, and interaction-driven
phases [36–38].

The standard driven lattice gas with exponential or
Metropolis rates exhibits anisotropic phase separation aligned
with the drive [5–9], corresponding to the θ � 0 regime in our
model. Increasing θ toward the positive side selects patterns
aligned perpendicular to the drive, which are nonetheless dis-
rupted and created repeatedly on long timescales. A related
orientational switch of patterns has been reported in two-
temperature lattice gas models [39] and two-species driven
diffusive systems [40], where it is induced by the change in
driving forces; in contrast, our results show that the LDB-
preserving reparametrization of transition rates is sufficient
for a qualitative change in macroscopic patterns. The depen-
dence of steady states on the choice of the update rule has also
been reported for the driven lattice gas [20]; likewise, its criti-
cal temperature depends on the form of the rate function [23].
To our knowledge, however, an orientational switch of phase
separation induced solely by an LDB-preserving change of
rates has not been demonstrated. Meanwhile, when present,
the long-range correlations in the homogeneous phase have
the same form as those reported for driven lattice gases with
other rate choices [5,7,19], which suggests that the form of the
correlation is universal; both its presence and its anisotropy,
however, depend on the choice of rates, as shown here.
Our results caution against inferring the phase behavior of
nonequilibrium many-body systems from a single convenient
choice of transition rates.
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FIG. 5. Relaxation dynamics of structure factors with weak
attractive interactions. We plot the time evolution of the long-
wavelength components of the structure factor S(k) [(kx, ky ) =
(2π/L, 0) for panel (a) and (0, 2π/L) for panel (b)] averaged over
independent samples for the parameter sets used in Fig. 1(b). The
gray area indicates the time points used for averaging.
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on Google Colab to generate videos.

APPENDIX A: SIMULATION OF DRIVEN
LATTICE GAS MODEL

In numerical simulations of the driven lattice gas model
[Eq. (2)], we updated the particle configuration as follows:

(1) We randomly choose a particle.
(2) The chosen particle (at site j) hops to one of the empty

adjacent sites (site j′) with probability w j→ j′ (n)�t .
(3) We repeat procedures (1) and (2) N times in a single

MC step.
We used a time step �t = [e(1/2+θ )(3U+E ) +

e(1/2−θ )(3U−E ) + 2e3U/2]−1 to minimize the probability that
hopping does not happen.

For Figs. 1(b) and 3(a), we used 100 independent samples
at 90 time points (taken every 106 MC steps after relaxation
of 1.1×107 MC steps, shown in Fig. 5); for Figs. 1(c) and
4(c), we used 10 independent samples at 80 time points (taken
every 107 MC steps after relaxation of 2.1×108 MC steps,
shown in Fig. 6). To calculate the autocorrelation Ck(τ ) =
〈ñk(t )ñ∗

k(t + τ )〉/〈|ñk|2〉 plotted in Fig. 4(c), we used 10 in-
dependent samples at 100 different time points for averaging
after relaxation of 2.1×108 MC steps.

APPENDIX B: HIGH-TEMPERATURE EXPANSIONS

Following Ref. [19], we derive a high-temperature ex-
pansion for the steady state of the lattice gas model with
nearest-neighbor interaction U , external field E , and the ex-
ponential dynamics parametrized by θ [Eq. (2)].

Let 
 ⊂ Z2 be the two-dimensional L×L lattice with peri-
odic boundary conditions. We denote the sites as i = (ix, iy) ∈

FIG. 6. Relaxation dynamics of structure factors with strong
attractive interactions. We plot the time evolution of the long-
wavelength components of the structure factor S(k) [(kx, ky ) =
(2π/L, 0) for panel (a) and (0, 2π/L) for panel (b)] averaged over
independent samples for the parameter sets used in Fig. 1(c). The
gray area indicates the time points used for averaging.


 and the configuration of the system as n = {ni}i∈
. The
occupation variable ni ∈ {0, 1} is 0 if the site i is empty and
1 if it is occupied, where the total number of particles is
N = ∑

i∈
 ni. The equilibrium Hamiltonian is given by

H (n) = −U

2

∑
〈i, j〉

nin j, (B1)

where
∑

〈i, j〉 denotes a sum over all pairs of sites with
|i − j| = 1, counting both (i, j) and ( j, i).

The transition rate for a particle from i to j is given by

c(i → j; n) = δ
(n)
i→ jφ(β[H (ni, j ) − H (n) + E (ix − jx )]),

(B2)

where β is the inverse temperature, E is the external field in
the x direction, and δ

(n)
i→ j = ni(1 − n j ) equals 1 only when the

transition is possible; otherwise, it is 0. We denote by ni, j the
configuration in which ni and n j have been swapped in the
original configuration n. For our transition rates, we have

φ(h) =
{

exp
[−(

1
2 ± θ

)
h
]

(ix − jx = ∓1),

exp
(− 1

2 h
)

(ix − jx = 0),
(B3)

=: exp

[
−

(
1

2
+ θ̃i, j

)
h

]
, (B4)

where θ̃i, j = ±θ for ix − jx = ∓1, respectively, and θ̃i, j = 0
for ix − jx = 0. From Eqs. (B2)–(B4), the local detailed bal-
ance condition,

c(i → j; n) = eβ[−H (ni, j )+H (n)−E (ix− jx )]c( j → i; ni, j ), (B5)

is indeed satisfied.
The probability of configuration n at time t , Pt (n), satisfies

the master equation

d

dt
Pt (n) =

∑
〈i, j〉

[−Pt (n)c(i → j; n) + Pt (ni, j )c( j → i; ni, j )].

(B6)
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By setting dPt (n)/dt = 0, we can obtain the steady-state dis-
tribution Pss(n):

∑
〈i, j〉

[Pss(n)c(i → j; n) − Pss(ni, j )c( j → i; ni, j )] = 0. (B7)

We assume that the steady-state distribution has a form

Pss(n) = 1

Z (U, E )
exp [−βH (n) − �̃(n)], (B8)

where the effective interaction �̃(n) represents a nonequilib-
rium correction and Z (U, E ) is the normalization factor. From

Eqs. (B7) and (B8), we have∑
〈i, j〉

c( j → i; ni, j )eβ[H (n)−H (ni, j )][1 − e�̃(n)−�̃(ni, j )]

=
∑
〈i, j〉

[
c( j → i; ni, j )eβ[H (n)−H (ni, j )] − c(i → j; n)

]
.

(B9)

We expand �̃(n) in terms of β and calculate the lowest-order
contribution �(n), which is of order O(β2) as we will confirm
below:

�̃(n) = �(n) + O(β3). (B10)

First, �̃(n) = 0 when β = 0. Second, from Eqs. (B2), (B5),
and (B10), we find the left-hand side of Eq. (B9) as

∑
〈i, j〉

c( j → i; ni, j )eβ[H (n)−H (ni, j )][1 − e�̃(n)−�̃(ni, j )] = ��(n) + O(β3), (B11)

with

��(n) :=
∑
〈i, j〉

δ
(n)
i→ j[�(ni, j ) − �(n)]. (B12)

We denote the right-hand side of Eq. (B9) as −Q̃(n):

Q̃(n) =
∑
〈i, j〉

[1 − eβE (ix− jx )]c(i → j; n)

=
∑
〈i, j〉

δ
(n)
i→ j

(
−βE (ix − jx ) + β2

{(
1

2
+ θ̃i, j

)
E (ix − jx )[H (ni, j ) − H (n) + E (ix − jx )] − 1

2
E2(ix − jx )2

}
+ O(β3)

)
.

(B13)

Here, the term proportional to β vanishes since
∑

〈i, j〉 δ
(n)
i→ j (ix − jx ) = 0. This confirms that the expansion of Q̃(n) and thus that

of �̃(n) start at O(β2), and leads to the Poisson-like equation for the lowest-order contribution:

��(n) = −Q(n), (B14)

where Q̃(n) = Q(n) + O(β3).
Using δ

(n)
i→ j[H (ni, j ) − H (n)] = ni(1 − n j )U [

∑
k(|k−i|=1,k �= j) nk − ∑

k(|k− j|=1,k �=i) nk] in Eq. (B13), we find

Q(n) = β2
∑
〈i, j〉

δ
(n)
i→ j

{(
1

2
+ θ̃i, j

)
E (ix − jx )[H (ni, j ) − H (n)] + θ̃i, jE

2(ix − jx )2

}

= β2EU
∑
〈i, j〉

(
1

2
+ θ̃i, j

)
ni(1 − n j )

[ ∑
k(|k − i|=1,k �= j)

nk −
∑

k(|k− j|=1,k �=i)

nk

]
(ix − jx ) + β2E2

∑
〈i, j〉

ni(1 − n j )θ̃i, j (ix − jx )2. (B15)

Thus, we can divide Q(n) into two-body and three-body parts:

Q(n) =
∑

i, j∈


q(2)
i, j nin j +

∑
i, j,k∈


q(3)
i, j,knin jnk. (B16)

Noticing
∑

〈i, j〉 ni(1 − n j )θ̃i, j (ix − jx )2 = 0, we finally obtain

q(2)
i, j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−β2EUθ (i − j = ±ex ),

−2β2EUθ (i − j = ±ey),

β2EUθ (i − j = ±2ex, ex ± ey,−ex ± ey),

0 (otherwise)
(B17)

and

q(3)
i, j,k =

⎧⎪⎨
⎪⎩

β2EU ( j = i + ex, k = i ± ey),

−β2EU ( j = i − ex, k = i ± ey),

0 (otherwise).

(B18)

In the same way as Eq. (B16), by decomposing �(n) as

�(n) =
∑

i, j∈


ψ
(2)
i, j nin j +

∑
i, j,k∈


ψ
(3)
i, j,knin jnk, (B19)
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Eq. (B14) reduces to

⎧⎨
⎩

�ψ
(2)
i, j = −q(2)

i, j ,

�ψ
(3)
i, j,k = −q(3)

i, j,k,
(B20)

where the Laplacian is defined for A ⊂ 
 as

�ψA =
∑

〈i, j〉,i∈A, j /∈A

(ψA\{i}∪{ j} − ψA). (B21)

Here, q(2)
i, j and q(3)

i, j,k work as charges in the Poisson-like equa-
tions (B20). This expression follows from the unique decom-
position ��(n) = ∑

A(�ψA)nA, where �(n) = ∑
A⊂
 ψAnA

and nA := ∏
i∈A ni [19].

According to Ref. [19], the obtained charge distributions
[Eqs. (B17) and (B18)] lead to the solutions ψ

(2)
i, j ∼ 1/r2

for EUθ �= 0 and ψ
(3)
i, j,k ∼ 1/r5 for EU �= 0. This means

that, when U > 0 and E > 0 as considered in the main text,
nonzero θ leads to long-range correlation at the leading order
of the high-temperature expansion.

Note that the generalized exponential rate with θ �= 0 does
not satisfy the exponential condition in Ref. [18]:

�(v, v′; E )

�(v, v′; −E )
= eβ(2θU+E ) �= eβE , (B22)

where �(v, v′; E ) := φ(β(−v + v′ − E )).

APPENDIX C: APPROXIMATE FLUCTUATING
HYDRODYNAMIC EQUATION

To theoretically explain the θ -dependent phase behavior,
we derive an approximate fluctuating hydrodynamic equa-
tion [Eq. (5)] from the lattice gas model following the
path-integral formalism [30,31].

1. Path-integral formulation and Langevin equation

We start by describing the time evolution of the system us-
ing the path probability density. Introducing time-dependent
auxiliary fields ñ(t ) := {ñi(t )}i, the path probability can be
cast into the form P[n] ∝ ∫

Dñ exp(−S[n, ñ]) [30,31]. The
action S[n, ñ] is given by

S[n, ñ] =
∫

dt
∑

i

[
−iñi∂t ni

−
∑
j (∼i)

wi→ j (n)ni(1 − n j )(e
i(ñi−ñ j ) − 1)

]
, (C1)

where
∑

j (∼i) denotes the sum over all sites adjacent to site i.
To obtain a tractable continuous equation, we apply the

Gaussian approximation to the auxiliary field ñi. By expand-
ing the exponential term up to the second order, ei(ñi−ñ j ) −
1 � i(ñi − ñ j ) − (ñi − ñ j )2/2, the action S[n, ñ] becomes
quadratic in ñ. The path probability density can then be

written as

P[n] ∝
∫

Dñ exp

[
−i

∫
dt

∑
i

ñi(∂t ni − Fi(n))

− 1

2

∫
dt

∑
i, j

ñiMi j (n)ñ j

]
, (C2)

where Fi(n) := −∑
j (∼i)[wi→ j (n)ni(1 − n j ) −

w j→i(n)n j (1 − ni )], and Mi j (n) is a symmetric matrix.
We introduce noise fields ξ(t ) := {ξi(t )}i as

exp

(
−1

2

∫
dt

∑
i, j

ñiMi j (n)ñ j

)

∝
∫

Dξ exp

(
−1

2

∫
dt

∑
i, j

ξiM
−1
i j (n)ξ j

+ i
∫

dt
∑

i

ñiξi

)
. (C3)

Substituting this identity back into the path integral, the inte-
gration over ñ yields a product of delta functionals:

P[n] ∝
∫

Dξ
∏

i

δ(∂t ni − Fi(n) − ξi)

× exp

(
−1

2

∫
dt

∑
i, j

ξiM
−1
i j (n)ξ j

)
. (C4)

This expression demonstrates that the configuration n(t ) fol-
lows a Langevin equation:

∂t ni = Fi(n) + ξi(t ), (C5)

where ξi(t ) is a zero-mean Gaussian white noise satis-
fying 〈ξi(t )ξ j (t ′)〉 = Mi j (n)δ(t − t ′). The covariance matrix
elements are given by Mii(n) = ∑

j (∼i)[wi→ jni(1 − n j ) +
w j→in j (1 − ni )], Mi j (n) = −[wi→ jni(1 − n j ) + w j→in j (1 −
ni )] for adjacent pairs (i, j), and Mi j (n) = 0 otherwise.

2. Continuum limit and linearization

We focus on the density fluctuations around the homoge-
neous state with a mean density ρ0 = 1/2. Letting ni(t ) =
ρ0 + φ(ri, t ) where φ is small, we linearize the transition rates
wi→ j (n) with respect to φ and keep terms up to O(φ). The
noise covariance Mi j (n) is also approximated by its value at
the mean density ρ0, making the noise additive. Transforming
the linearized Langevin equation into the Fourier space, we
obtain

∂tφk = −Akφk + ξk, (C6)

where 〈ξk(t )ξ ∗
k′ (t ′)〉 = 2L2Bkδk,k′δ(t − t ′).

By expanding the coefficients for small wave vec-
tors k = (kx, ky) up to O(k2), we identify the de-
terministic and noise terms corresponding to Eq. (5).
Specifically, Ak is given by Ak � Axkx

2 + Ayky
2, and the

noise intensity is Bk � Bxkx
2 + Byky

2, with the following
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coefficients:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ax = eθE cosh(E/2){1 − (5U/4)[1 + 2θ tanh(E/2)]},
Ay = 1 − 5U/4,

Bx = (1/4)eθE cosh(E/2),

By = 1/4.

(C7)

Under these approximations, Eq. (C6) is expressed in the real
space as

∂tφ = Ax∂x
2φ + Ay∂y

2φ + ξ, (C8)

with 〈ξ (r, t )〉 = 0 and 〈ξ (r, t )ξ (r′, t ′)〉 = −2(Bx∂x
2 +

By∂y
2)δ(r − r′)δ(t − t ′), which is equivalent to Eq. (5).

The steady-state structure factor in the homogeneous phase
is analytically evaluated as Shy(k) = limt→∞〈|φk(t )|2〉/L2 =
Bk/Ak. The discontinuity of the structure factor at the origin,
which signifies the presence of long-range correlations, is
given as
�Shy = lim

kx→0
lim

ky→0
Shy(k) − lim

ky→0
lim

kx→0
Shy(k) = Bx/Ax − By/Ay.

(C9)

Substituting Eq. (C7) yields Eq. (6).
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