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Fock-space fragmentation in quenches of disordered interacting fermions
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Fock-space fragmentation, as it is currently investigated, primarily originates from specific kinematic con-
straints or emergent conservation laws in many-body systems with translation invariance. It leads to nonergodic
dynamics and possible breakdown of the eigenstate thermalization hypothesis. Here, we demonstrate that also
in disordered systems, such as the XXZ model with random on-site fields, fragmentation appears as a natural
concept offering fresh perspectives, for example, on many-body localization. Specifically, for a given quenched
initial state, we identify a potential-energy shell in Fock space, defined by its energy and energy uncertainty,
which represents the energetically accessible part of the many-body configuration space. For example, the drastic
sample-to-sample fluctuations observed in the weak disorder regime, W < Wy, represent fluctuations of the
mass of the shell. Upon increasing disorder, the potential-energy shell becomes increasingly fragmented. Its

finite-size evolution exhibits a turnaround flow; extrapolating this flow to the disorder at which the turnaround
vanishes provides a heuristic estimate of the strong-fragmentation scale Wr,,. We conjecture that the fragmenta-
tion identified here provides a geometric mechanism contributing to the finite-time slowing down of relaxation

observed in studies of disordered interacting systems.

DOLI: 10.1103/hvqr-6n3b

I. INTRODUCTION

The time evolution of charge imbalance is widely used
as an indicator to probe thermalization in isolated disordered
interacting systems, experimentally and numerically (e.g., see
Refs. [1-4]). Starting from a product state such as the Néel
state, thermalization implies that the imbalance decays to zero
at long times; conversely, a finite imbalance at long times sig-
nals a breakdown of thermalization, marking the emergence of
a nonergodic, i.e., many-body-localized (MBL) phase [5,6].

Despite a significant effort, experimentally and numeri-
cally, there is no consensus as to whether or not the MBL
phase has indeed been observed in generic models of disor-
dered fermions [7-19]. In the absence of rigorous analytical
results, it is not clear presently in what sense MBL exists. The
main detection challenge is taking the double limit of long
observation times and large system sizes, which are currently
still out of reach numerically and experimentally.

Still, numerical studies have revealed intriguing transient
phenomena. We mention only two: (1) The relaxation be-
havior of quenches changes from accelerated in time to
decelerated once the disorder strength W exceeds a threshold
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W, that is comparable to the bandwidth of the noninteracting
reference system [8]. (2) The sample-to-sample fluctuations
in the imbalance relaxation reflect this qualitative change. For
a given disorder strength W < W,, the ensemble consisting of
all samples with size L contains sizable fractions of perfectly
thermalizing as well as highly insulating samples [20-23].
Comparatively, at W = W, the sample-to-sample fluctuations
are moderate.

In this work, we identify a geometric mechanism in Fock
space that underlies part of the finite-size and finite-time
crossover phenomenology observed at intermediate disorder.
To this end, we embark on the paradigmatic model of disor-
dered, spinless fermions:

H:=T+H, ey

with B :=V + U and
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Here, x labels the lattice sites, L denotes the systems size, and
fi, = ¢i¢, is the local density operator. We choose interac-
tion V = tyop throughout, and €, denotes the onsite random
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potential drawn independently from a uniform distribution
in [-W,W].

Following previous authors [24] (see also Ref. [47] for
further discussion), we adopt a Fock-space perspective of the
many-body dynamics. Our focus will be on samples in the
regime of moderate to strong disorder, i.e., W 2 thop, com-
parable to the single-particle bandwidth in Eq. (1). In this
regime, the potential energy, A’, begins to dominate and there-
fore the site-occupation basis is a natural choice for the Fock-
space construction: Every basis state, |b), is an eigenstate of
the local occupations, 7i,, and hence also an eigenstate of H
with corresponding eigenvalue Ej.

The relaxation dynamics we are after is observed in quench
protocols performed in isolated finite-size systems. The corre-
sponding time evolution conserves the initial state’s energy Ej,
and, in fact, all moments of the Hamiltonian #. To the extent
that the potential energy dominates, this implies that the time
evolution involves all Fock-space sites |b) with energies E,
near Ej, within a window given by the energy variance of
the initial state. We refer to this set of Fock-space sites as
“potential-energy shell”; it provides an effective “dynamically
active region” of Fock space.

We will show that the concept of the potential-energy shell
in Fock space turns out to be fruitful in multiple ways. For
example, the sample-to-sample fluctuations at moderate dis-
order turn out to have a geometric interpretation: They reflect
fluctuations of the effective size of the potential-energy shell.
Moreover, the concept also sheds light on the somewhat coun-
terintuitive observation that sample-to-sample fluctuations
appear weaker at stronger disorder. The underlying mecha-
nism is a “shell fragmentation” once (W) increases above
twice the bare bandwidth (W =~ 3.5—4), the potential-energy
shell falls into “fragments”; the distribution of fragments that
host the initial state happens to be narrow (within a window
of system sizes), and therefore sample-to-sample fluctuations
are suppressed [47].

Fragmentation strongly restricts the directly connected re-
gion available to the initial state. Relaxation beyond this
region then requires processes that couple different neigh-
boring fragments, leading naturally to slow dynamics. We
stipulate that this slowing down has been observed in many
studies, numerical and experimental, as “creep” and gave rise
to introducing accelerating and decelerating regions in phase
space in Ref. [8].

Finally, we present an analysis of the cluster statistics
suggesting that, unlike percolation, the fragmentation tran-
sition exhibits a regime of turnaround flow whose floating
toward strong coupling is just transient; only at very large
disorder values, the attractive realm of the strong-coupling
fixed point is ultimately reached. Relating to earlier work
on MBL, an intermediate flow toward the insulator has been
reported [48]; since the turnaround is seen already at moderate
disorder W = 3.5, we believe that it reflects fragmentation
occurring in the numerical reference data. We mention that
there is growing evidence that also in the MBL context, the
strong-coupling fixed point attains stability—if at all—only at
extremely strong disorder.

We emphasize that shell fragmentation is a geometric
property of the Fock-space graph and is not, by itself,
a diagnostic of MBL. Quantum tunneling between frag-

ments and interference effects remain outside the present
construction.

II. METHOD

The relaxation of the initial state is described by the
Hamiltonian (1). For time propagation, we rely upon the stan-
dard Chebyshev expansion technique; the technical details are
given in Refs. [4,23].

Our primary observable for relaxation processes is the sub-
lattice imbalance,

o) L
I(t) := I Z(—l)x(\l’(t)lﬁxl‘l‘(t)% (2)
x=1

where |W(r)) := e~ [Néel) with the initial state at t = 0
being the Néel state, represented as |[Néel) := [1010...) in
the site-occupation basis. We fix the particle number to be
L/2, which defines the dimension of the FS Nis = (,7,). In
the Supplemental Material [47], we tested the sensitivity to
initial conditions by starting from other initial states.

III. POTENTIAL-ENERGY SHELL CONCEPT

We represent Fock space in the occupation basis, |b),
which consists of all states that are eigenstates of the
occupation number operators {i,,x =1,...,L}; by con-
struction, A'|b) = E,|b) and E, = (b|#L|b) because (b|T |b) =
0. The eigenvalues are given by Ej, = % Zi:l €0y +
% 25;11 0bxOpx+1, Where o, = 2(n, — 1/2) denote a se-
quence of L “bits” characteristic for every basis vector |b). The
notation emphasizes the close relation between the statistics of
the potential energy content of |b) and the thermodynamics of
the one-dimensional Ising model.

Toward the flat-band limit, #,,p << V, W, one expects that
the relaxation dynamics is approximately confined to the sub-
set of all basis states with

|Ein - Eb| 5 O‘Ain’ (3)

where Aj, = ((W(0)|H? — E2|W(0)))'/? and « is a phe-
nomenological parameter of order unity, which we take as
a = 1/2. The parameter o sets the width of the shell; the
qualitative fragmentation behavior is robust against moderate
variations of «, as shown in the Supplemental Material [47].
The set of all basis states that satisfy condition (3) we refer to
as the potential-energy shell. The number of states contained
in this set, Ny, we refer to as the “mass” of the shell.

In the following, we focus on initial states, |W(0)), that
have been chosen as one of the basis vectors |b), e.g.,
|W(0)) = |Néel). The corresponding variance A;, scales with
the kinetic-energy content of |W(0)). Specifically, for the Néel
state Ajp = Angel With Angel = (thop/2)+/L — 1; we notice
that Angl represents an upper boundary for the kinetic-energy
content of all basis states, Ange = (b|T2|b)1/ 2,

IV. ILLUSTRATION

Figure 1 illustrates the concept. It displays three exam-
ples for potential-energy shells (red circles) embedded into
the full Fock space (red and gray circles) taken at moderate
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FIG. 1. Fock-space structure for a system of size L = 10, shown for three different disorder realizations at W = 1.5. The leftmost site
corresponds to the Néel state, and the states to the right are ordered by one spin-flip distance from it. The vertical arrangement of the sites
is arbitrary. The red dots indicate the potential-energy shell; the connectivity of the basis states introduced by the hopping term in Eq. (1) is
indicated by lines. Upper inset: The distribution P(e;) of the Fock-space energy density €, = E,/L, where E, is defined in Eq. (3); the red
vertical line marks the energy of the Néel state, and the shaded region indicates the energy variance, Ang.. Lower inset: Imbalance relaxation

I(t) for the corresponding sample.

disorder W = 1.5. The lines denote pairs of basis states,
|b), |b'), that are linked neighbors in the sense that
S LB eTe g + Heeb) ># 0. Two basis states (“sites™)
are called connected if there is a continuous path along linked
neighboring sites between them; two connected sites are in the
same cluster. While only a single cluster is seen in Fig. 1(a),
multiple clusters exist in Figs. 1(b) and 1(c).

The potential-energy shells displayed in Fig. 1 define the
active space available when quenching a Néel state. Rep-
resenting the dynamically active part of the Fock space,
fluctuations of the potential-energy shell manifest in sample-
to-sample fluctuations of the time-evolving quenches. This is
why the concept is so interesting. Furthermore, in Ref. [49],
the quench dynamics for different initial conditions show a
state-dependent imbalance decay, which can now be under-
stood as the presence of distinct dynamically active parts in
Fock space.

V. FLUCTUATIONS OF THE MASS
OF THE POTENTIAL-ENERGY SHELL

There are three key observations to be made in Fig. 1:

(1) For the three typical moderate-disorder samples shown,
the Néel state’s energy, Ej,, fluctuates strongly with respect to
the distribution P(E}) of the site energies E, (upper inset).
This is qualitatively expected: First, we note that Ej, exhibits
disorder-induced fluctuations that are of order +/4/3(W/4)2L
with box-distributed disorder. Second, within a Gaussian
model, one expects P(E,) = 2w A%)’I/ze’El?/ZA%’ with
Ap = \/(V/4)2(L — 1) +4/3(W/4)2L [50]. Third, since the
disorder average of Eji, is typically extensive, e.g., for the
Néel state Enget = —(V/4)L, one estimates that the system
size shown in Fig. 1 is still at the crossover at which Ej, begins
to migrate to the tails of P with increasing L.

(2) The mass of the potential-energy shell, i.e., Ng,, is
highly sensitive to its average energy. As one would expect,

for average energies near the edges of P(E;), the shell vol-
ume’s fraction of the total Fock space Ng/Ngs is reduced.
Typical factors are 2.5 or even 5 as extracted from the exam-
ples displayed in Fig. 1.

Shedding fresh light on the strong fluctuations seen in
Fig. 1, we analyze the mass fluctuations of the potential-
energy shell. Figure 2 displays the evolution of the distribution
of the shell-mass fraction with disorder strength and system
size. Indeed, a broad, almost flat distribution at W = 1.5 ex-
plains the very large sample-to-sample fluctuations seen in
Fig. 1 and reported in the literature in the respective regime
of W and L [17,22,23,51].

With respect to the evolution of the distribution with sys-
tem size, we notice that finite-size effects are very large:
Characteristic of all W values displayed in Fig. 2, the fraction
of samples with Ny, /Ngs < 0.1 is increasing rapidly with L.
We take this as a manifestation of the fact that the overlap of
the distributions of E, and E;,—estimated by P(E;, )—slowly
decreases with increasing L; within the Gaussian model,
it is expected that P(Ey,) ~ e‘%‘ian/,/ZnA%, where t, :=
(En/L)/(Ap/+/L); here AZ = AL + A2 Correspondingly,
the average fraction Ng,/Ngs is expected to be suppressed
exponentially with increasing L.

Within the Gaussian model, the exponential suppression
starts once L exceeds the crossover scale Ly :=2/t}. In
this model, we can give qualitative estimates, e.g., t;lz =
(2thop/V )* + 1 +4/3(W/V)2. For the present situation V =
thop,» We are led to conclude that Ly ~ (10 + (8/ 3)W?), which
is roughly consistent with what is seen in Fig. 2. Similarly, at
W = 3, the disorder dominates the scale Ly, making it large
and essentially inaccessible for us, which is also consistent
with Fig. 2.

(3) At system sizes L < Ly, the satellite peak seen in
Fig. 2 dominates the behavior of typical samples. The pre-
ceding argument suggests that this peak gradually disappears
in the limit of large L. However, the satellite dominates the
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FIG. 2. The distribution of the normalized mass of the potential-
energy shell, Ny,/Ngs, for different W, L.

transient dynamics, e.g., the sample-to-sample fluctuations,
making them appear smaller in systems with larger disorder.
More importantly, the satellite peak is a remnant of the non-
interacting V = 0 limit, and the role of the interaction is to
facilitate the flow of the weight from the peak to Ng,/Ngs — 0
(see also Ref. [47]).

VI. CONNECTIVITY
FLUCTUATIONS—FRAGMENTATION

Figure 2 implies that within a wide window of sizes L <
Ly a substantial fraction of the system remains part of the
percolation cluster, with typical samples exhibiting a mass
fraction exceeding Ny, /Ngs =, 20% at disorder values W 2 3.
As is illustrated in Fig. 3, such rather massive potential-energy
shells are not necessarily ergodic. The reason is that the shell
consists of different parts that may or may not be connected;
we refer to them as “fragments”. Clearly, for relating the

—1 0 1
€b

Nsh/NFSRjO.l'?
W=5.5

0 50 100 150 200 250
t

FIG. 3. Similar data as in Fig. 1 for disorder strength W = 5.5 for
L = 10. With W growing beyond W ~ 3.5, the energy shell is seen
to become increasingly fragmented. Correspondingly, /(z) does not
decay. The resulting oscillations in /(¢), which is a hallmark of frag-
mentation, are analyzed in detail in the Supplemental Material [47]
(see Fig. S1 therein).

FIG. 4. The size of the cluster that contains the initial state, N,
normalized to the size of the corresponding potential-energy shell,
N, as a function of the disorder strength W for system sizes L =
12, ...28. Inset: The corresponding fluctuations of the ratio Nsn/Ng,.

potential-energy shell to the relaxation dynamics, the shell
geometry is to be carefully characterized [52].

In order to detect fragmentation, we study in Fig. 4 the
statistics of the mass of the fragment, N, that contains the
initial state |Néel). At moderate to weak disorder, in nearly
all samples, the potential-energy shell is singly connected,
Nesh/Nsh = 1, corresponding to the connected fixed point. In
particular, as seen in the inset, the variance of Ngg,/Ng, is
very close to zero at W < 3 once the system size exceeds a
value of L ~ 24. Fragmentation implies that the initial state
is not connected with most of the potential-energy shell, i.e.,
Nesn/Nsn < 1. As seen in Fig. 4, this is the dominating behav-
ior at strong disorder, W > 4.5.

Upon inspecting the evolution of the traces seen in Fig. 4,
the question naturally arises whether there is a critical dis-
order, Wy,e, at which phase transition takes place, similar to
percolation, which separates a phase dominated by fragmen-
tation from a singly connected regime. The range of system
sizes at our disposal is not suitable to provide a definite answer
by extrapolating L — oco. We notice, however, that for a sharp
transition to occur, all traces will have to intersect in a single
point in the limit of large L, which defines the critical disorder
Wirag- Since the intersection point of two neighboring traces in
Fig. 4 is seen to move rapidly to larger disorder, a conservative
lower bound would be Wiy, 2 4 with the distinct possibility
that there is no bound at all.

Even for a critical point floating toward infinite disorder,
a meaningful definition of a strong-disorder phase can be
given within a familiar scenario of turnaround flow [53-55].
This point has also been emphasized in recent work on the
MBL transition [48]. The basic idea is readily identified
in Fig. 4: In the range 4 < W < 4.5, the volume fraction
Nesh /Ny 1s seen to first decrease before it increases again at
larger L. At even larger W, the L window at which N, /Ny
decreases can become big enough so as to be interpreted as the
Renormalization Group (RG) flow approaching a fully frag-
mented fixed point. The flow reversal at the largest system
sizes is then interpreted as instability of the fragmented fixed
point.
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FIG. 5. (a) Direct comparison of variance and mean values, replotting the data Fig. 4. The colors indicate different disorder values W as
given in the legend. An approximate collapse is achieved after normalizing the ordinate with the heuristic factor of /L. Inset: Enlarged left part
of the main plot, showing the turnaround flow. (b) Flow of the maximum position W, of var(N.y/Ns,) with L, as extracted from data such as
shown in inset of Fig. 4 (blue squares). The dashed line indicates a logarithmic extrapolation; the vertical line represents the system size L, at
which the turnaround of the RG flow from strong to weak coupling is cut off. The other two traces indicate the evolution of the disorder values
at which var(N.y, /Ny, ) takes half the peak value (left, diamonds and right, pentagons). All traces taken together incorporate the evolution of

the peak’s shape with system size.

VII. EVOLUTION OF FRAGMENTATION
WITH SYSTEM SIZE

In an attempt to settle the question whether Wy, is finite
upon L — oo, we compare in Fig. 5(a) the average N.sn/Nsh
to the variance for the entire spread of disorder values and
system sizes. In the regime of weak to moderate disorder,
Nesn/Nsn S 1, we observe a collapse of the data consistent
with var(Negh/Nsh) = VL f(Nesn/Nsh), where f(x) denotes a
parameterless function of its argument. The /L rescaling is
empirical and is introduced to organize the finite-size data;
we do not interpret it as a controlled scaling theory. The
master curve hosts families of data points that share the same
disorder, W. With L increasing, the data points per family flow
along the master curve toward the weak-disorder fixed point
Ncsh/ Ngp = 1.

At the strongest disorder, W > 5, the family flow seen in
Fig. 5(a) is directed opposite, namely, toward the fragmented
fixed point at which N, becomes a set of measure zero
within the potential-energy shell. Crucially, as witnessed in
the inset of Fig. 5(a), at slightly weaker disorder, a turnaround
is visible: The initial flow is directed toward the fragmented
fixpoint before it redirects once a system size has been crossed
that depends on the disorder strength L*(W'). Moreover, it is
only at L > L* that the flow returns to the master curve f(x);
correspondingly, the data for the regime of strong disorder,
0 < Nesn/Ngn < 0.4, collapse only partially onto the master
curve, namely, after the turnaround.

Being limited to system sizes in our numerics, we can
observe the turnaround proper only for disorder values so
that L*(W) < 24, which implies the upper limit W ~ 4.6.
The clustering of larger-W data at the largest accessible sizes
suggests that the turnaround persists beyond this range. The

collapse in Fig. 5(a) gives [%\/“Z/NS“)]I/2 < 0.161. Since 0 <
Nesh/Non < 1, the variance is bounded by 1/4. If the peak
reaches this maximal value, one obtains [%]]/ ’x 0.161,

and hence L, ~ 93. At system sizes exceeding L., the RG
flow observed in Fig. 5(a) is confined to regions either left
or right of the maximum, without the possibility to cross. This
suggests the following scenario that at L 2> L, all points with
Nesh/Nsh < 1/2 fall into the domain of attraction of the frag-
mented fixed point, while the others flow toward ergodicity.

Since L, is larger than the system sizes reliably accessible
in current computational studies, L < 28, the extrapolation
necessarily remains heuristic. Nevertheless, the result is of
interest because it permits an extrapolated estimate of Wr,,.
In Fig. 5(b), we follow the evolution of the maximum po-
sition of the variance, Wy, (L), displayed in Fig. 4, inset,
with system size L. It is of interest since one might identify
Wirag & Wyar(Ly). Within the limited set of system sizes avail-
able, we have Wy, (L) ~ In(L) and the extrapolation to L,
yields Wirag = 5.

VIII. CONCLUSION

We analyze quenches in the one-dimensional disordered
t-V model (1) within a Fock-space representation. At the core
of our analysis, we introduce the concept of a potential-energy
shell, which essentially contains all Fock-space basis states
that are energetically accessible within the relaxation dynam-
ics. Crucially, the shell is a property of the quench protocol,
which is defined by the Hamiltonian fogether with the initial
state, taken to be the Néel state in this work and also other
initial states [47].

As one would expect, we observe a close relationship
between dynamical observables, such as the sublattice imbal-
ance, and the geometric properties of the shell, i.e., its size
(“mass”), connectivity, and spatial extent (measured in units
of one spin-flip distance).

(1) The potential-energy-shell concept allows us to explain
the peculiar fact that sample-to-sample fluctuations of imbal-
ance relaxations in small samples, L < 20, are very large at
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moderate disorder [17]: They are understood as a manifesta-
tion of fluctuations of the mass of the shell.

(2) The potential-energy concept implies shell fragmen-
tation above a finite-size scale Wey,e(L). This provides a
geometric mechanism for the pronounced slowing down of
relaxation and the strong sample-to-sample fluctuations ob-
served in the disorder regime associated with MBL studies.

(3) The crossover scale Wy,g(L) shifts with increasing L
to larger values, which implies the existence of a parameter
region that exhibits a turnaround flow driven by the increasing
system size. The physical picture behind the flow turning
around is the increasing growth (“mass”) of the fragment
that contains the initial state. In other words, the number of
many-body resonances proliferates with increasing L, provid-
ing more and more relaxation channels.

(4) We provide a caveat: While fragmentation and many-
body localization are related phenomena, they remain fun-
damentally different. The full many-body quantum dynamics
also includes tunneling between fragments and quantum in-
terference. Thus, the dynamics is not confined to a single
fragment. From the perspective of the potential-energy shell,
the MBL problem involves competition between localization
on a fragmented backbone and delocalization due to tun-
neling, which makes the MBL problem so interesting and
challenging.

(5) Since shell fragmentation is a geometric property of
the Fock-space graph, its characteristic scale Wi, should not
be identified with the MBL critical disorder Wy, which
additionally depends on quantum tunneling and interference
effects. It is nevertheless useful to contrast the present Fock-
space problem with localization on conventional random
regular graphs (RRGs). In the latter, the critical disorder Wrrg
depends on a connectivity K that is kept fixed in the thermody-
namic limit, and the on-site disorder is uncorrelated [56]. The
Fock-space graph generated by the local many-body Hamilto-
nian considered here differs in both respects: Its connectivity

grows with system size, while the Fock-space energies are
strongly correlated. These structural differences suggest that
the stability and finite-size flow of localization on the present
Fock-space graph can differ substantially from those of con-
ventional RRG models [41]. Determining how this distinction
ultimately affects the MBL transition requires information
beyond that provided by the geometric fragmentation analysis
presented here.
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