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Place-cell heterogeneity underlies power laws in coarse-grained hippocampal activity
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Power-law scaling in coarse-grained data has been linked to critical dynamics, but the true source of this
scaling often remains unclear. Here, we analyze neural activity recorded during spatial navigation, reproducing
power-law scaling under a phenomenological renormalization group (PRG) procedure that clusters units by
activity similarity. Such scaling was previously characterized as describing a nontrivial fixed point. We show that
the iterative nature of the procedure itself leads to the emergence of power laws when applied to a noncritical
model consisting of heterogeneous, noninteracting units obeying spatially structured activity. Furthermore, the
scaling exponents produced by heterogeneous noninteracting units match the observed exponents in recorded
neural data. A simplified version of the PRG further reveals how heterogeneity smooths transitions across
scales in our model, mimicking critical behavior. The resulting exponents depend systematically on system
and population size, predictions confirmed by subsampling the data, further distinguishing these effective PRG
exponents from true critical exponents.

DOI: 10.1103/hvk8-9hl2

I. INTRODUCTION

Renormalization group (RG) techniques probe interacting
systems for power-law scaling, revealing critical phenom-
ena [1–4]. Inspired by RG, coarse-graining methods applied to
empirical data can extract critical exponents to classify system
dynamics [5–9], yet power laws can also stem from noncritical
processes, obscuring interpretation when system details are
limited [10–18]. This ambiguity complicates analyzing empir-
ical datasets, including those from biological systems, where
coarse graining often suggests critical states [6,19,20].

Recent studies applying a phenomenological renormaliza-
tion group (PRG) to neural activity from mice navigating
spatially have reported power-law scaling, suggesting nontriv-
ial fixed points [5,6]. So far, traditional models of spatially
tuned units have failed to replicate this scaling [5,16], fueling
debate over the underlying mechanisms [12,15,20,21]. As an
alternative explanation to the existence of a critical point in the
renormalization group sense, the appearance of approximate
power laws has been attributed to the existence of fluctuating
global variables [10–12,16,18]. Along this line, a tentative
explanation of the results of Ref. [6] was proposed [16] by
postulating the existence of several (�5) temporally fluctuat-
ing latent variables such as attention. In the absence of clear
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experimentally supported mechanisms, the origin of the power
laws observed in Ref. [6] has, however, remained unclear.

Here, we construct a null model using data from a
large spatial environment (40 m), where hippocampal CA1
neurons exhibit striking heterogeneity in place-field distribu-
tions that can be modeled as independent Poisson processes
with Gamma-distributed rates [22,23], lacking any interac-
tions between neurons that could underlie criticality. After
reproducing previous findings, we demonstrate that this het-
erogeneous, independent model alone generates the observed
scaling under PRG, producing power laws that mimic signa-
tures of criticality. Importantly, this model is only based on the
experimentally well-documented heterogeneity of hippocam-
pal cell place fields. This reveals that PRG can transform
unit-level variability into a limited form of scale invariance
characterized by effective rather than true exponents, reshap-
ing power-law interpretations across complex systems.

II. RESULTS

Transgenic mice (n = 4) expressing GCaMP6f were
trained to run on a spherical treadmill (40 cm diameter) in
multiple 40-m-long virtual environments [Fig. 1(a)]. Water
rewards were provided randomly throughout the environment
and the animals were “teleported” to the start after running
the entire length of the track. Calcium activity of dorsal
hippocampal CA1 pyramidal neurons was imaged, yielding
700–870 neurons per session [Fig. 1(b)]. In each session,
the animals ran eight laps in a single familiar environment.
Calcium signals were filtered and normalized to yield bi-
nary signals representing when a cell was active [Fig. 1(c)].
Additional experimental and data preprocessing details are
presented in Ref. [23].
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FIG. 1. Experimental schematic. (a) A transgenic mouse runs on a spherical treadmill that moves the animal through a virtual environment
projected onto a surrounding screen. (b) Hippocampal cells are viewed via calcium imaging, giving hundreds of cells per recording. (c)
An example cell exhibits peaks in calcium response consistently across laps in multiple locations. (d) Phenomenological renormalization
group procedure is performed on binarized versions of the single-cell signals by combining cells with most correlated activity in a recursive
fashion. This produces power-law scaling for (e) negative logarithm of the probability of silence, (f) variance, (g) correlation time, and (h)
within-cluster eigenvalue spectrum. Power-law scaling exponents across mice are summarized in panel (i) (95% confidence intervals), with
each marker representing a different mouse. (j) Comparison of measured exponents under maximal-pair combining (PRG) and random-pair
combining (random RG, 95% confidence intervals).
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The binarized activity traces from N recorded neurons,
σ 0

i (t ), i = 1, . . . , N , were used as the inputs to the PRG anal-
ysis used in Ref. [6]. Briefly, coarse graining was achieved by
constructing units at level k + 1 starting with a pool of all units
at level k. The pair of units at coarse-graining level k with the
maximal correlation between their activity traces was chosen
and their activity summed. The resultant trace was placed as
a single unit at level k + 1, and the selected pair was removed
from the pool at level k. The procedure was iterated until no
pairs were left at level k. The procedure is initiated with single
neuron activity, leading to a first coarse-grained set of units
σ 1

i (t ), i = 1, . . . , �N/2�. This process was repeated as long as
there remained at least Nmin = 4 units, summing the activity
traces of all paired units at each stage [Fig. 1(d)]. After k iter-
ations, the activity of each of the Nk = �N/2k� units σ k

i (t ) was
a sum of the activity of a cluster of K = 2k recorded neurons.
At each step, the probability of silence (P0(k) = 〈P(σ k

i (t ) =
0)〉Nk ,t ), the mean variance of individual units (Var(K ) =
〈〈σ k

i (t )2〉t − 〈σ k
i (t )〉2

t 〉Nk ), the correlation time (τcorr(K ) expo-
nential timescale fit to the average autocorrelation function
〈Rσ k

i σ k
i
(�t )〉Nk ), and the within-cluster eigenvalue spectra are

computed. The within-cluster eigenvalue spectrum is λr (K ) =
〈Eigv(C(m, k), r)〉Nk , where Eigv(X, r) returns the rth largest
eigenvalue of matrix X . The matrix C(m, k) is the covariance
matrix of the units that comprise the mth coarse-grained unit
at the kth PRG iteration i.e., the σ 0

im , with
∑

im
σ 0

im = σ k
m. Three

exponents are computed by fitting a first-order polynomial
to the log-transformed relationships described by Var ∝ Kα ,
− ln(P0) ∝ Kβ , and τcorr ∝ Kz. The within-cluster eigenvalue
spectrum was fit to the relationship λr = A(K/r)μ, where
λr denotes the rth largest eigenvalue (see Refs. [5,6]). We
used a first-order polynomial fit to the corresponding log-
transformed relationship on the four largest K values per
session excluding r/K > 0.5 in order to capture the scaling of
the larger eigenvalues, rather than the bulk of low eigenvalues,
as expected for these matrices (see Ref. [24]).

We sought to reproduce the power-law scaling observed
following the application of the PRG procedure to hippocam-
pal CA1 data. Silence probability, variance, correlation time,
and eigenvalue spectrum were each well described by power
laws [Figs. 1(e)–1(h)]. We noted consistency in the power-law
exponents across mice [Fig. 1(i), black markers]. This anal-
ysis qualitatively reproduces previous findings [5,6], though
we observed systematic differences relative to previously re-
ported values, most noticeably in the exponent associated with
the scaling of the variance [Fig. 1(i), compare black with gray
markers].

To establish the significance of these results, we first built
a simple control coarse-graining procedure that pairs neurons
randomly (random PRG), rather than based on their activity
correlation. Using this procedure, we observed power-law
scaling behavior with trivial scaling exponents for α ≈ 1 and
β ≈ 1, as expected for sums of independent binary units.
These control exponents are far from those resulting from the
PRG procedure [Fig. 1(j)]. We similarly observed different
values for z and μ relative to our control. This demonstrates
that the correlation structure in the data gives rise to nontrivial
exponents (Fig. 1).

We next considered the possible contribution of spatially
tuned firing, a hallmark of hippocampal activity, to the power

laws observed with the application of the PRG procedure. We
used an accurate statistical model of CA1 place-field activity,
composed of model neurons with independent (condition-
ally on spatial location), heterogeneous, reliable place fields
[Fig. 2(a)] [22,23]. The probability of neuron i having a field
in some region was defined as a Poisson process, Pi(x) = 1 −
e(−ρi�x), where x denotes the spatial bin of size �x = 1 cm.
The Poisson rate ρi was heterogeneous across cells, follow-
ing a Gamma distribution G(ρ; a, b) = baρa−1e−bρ/	(a) with
shape parameter a and rate parameter b, both fit to maximize
the likelihood of observing the measured field number distri-
bution [23]. Each simulated neuron had a modeled calcium
spike rate described by Ri(x(t )) = B + A

∑
k exp[−(x(t ) −

x(i)
k )2/2s2], where B is a background transient rate, A is the

peak amplitude of the place fields, x(i)
k denotes the field loca-

tions for unit i,
∑

k sums over all place fields, and s = 10 cm
determines the field size (chosen because it is similar to the
typical observed field size). The field amplitude A and the
background rate B were fit to match the measured population
transient numbers using simulations over parameter ranges
and choosing the best match. We simulated an animal running
through the environment at a constant speed (v = 30 cm/s),
x(t ) = vt , and generated calcium spikes (sampled at 30 Hz)
as a Poisson process with rate based on the animal’s location
at each time. To mimic calcium transient durations measured
from our imaging recordings, each calcium spike was replaced
by a signal of constant amplitude for a duration T beginning
at the simulated spike time, sampled from the exponential
distribution P(T ) = 1/T ∗e(−T/T ∗ ) (the characteristic shape we
observed in the data), where T ∗ was the average transient
duration (i.e., the maximum-likelihood estimate) estimated
from the recordings, separately for each session [Fig. 2(a)].
The fit parameters are presented in Table I.

The simulated data were then analyzed in the same man-
ner as the measured empirical data. We observed power-law
scaling for the silence probability [Fig. 2(b)], the variance
[Fig. 2(c)], the correlation time [Fig. 2(d)], and the eigenvalue
spectra [Fig. 2(e)]. Additionally, the corresponding exponents
are consistent with those derived from the empirical data
[Fig. 2(f)]. Hence, a model with independent neurons, whose
correlations solely arise from spatial coding, could reproduce
the power-law scaling exponents extracted from the data.

We next sought to understand how this model could give
rise to power laws. We constructed an approximate PRG pro-
cedure based on a simplified model of spatial coding neurons

TABLE I. Heterogeneous model parameters fit for each animal. a
and b are the shape and rate parameters, respectively, for the Gamma
distribution describing heterogeneous field formation. A and B are
the amplitudes of the spatially modulated and background calcium
transient rates, respectively. T ∗ is the exponential timescale describ-
ing each animal’s observed transient durations.

Mouse a b (environment/field) A (Hz) B (Hz) T ∗ (30 Hz bins)

1 0.443 0.226 2.00 0.0020 11.0
2 2.37 0.969 2.75 0.0070 14.3
3 0.855 0.254 2.00 0.0030 11.7
4 0.805 0.575 2.25 0.010 11.1
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FIG. 2. Hippocampal spatial coding model recapitulates measured exponents. (a) Schematic of spatial coding model using parameters
derived from experimental data. Power-law scaling is observed for (b) negative logarithm of the probability of silence, (c) variance, (d)
autocorrelation time, and (e) within-cluster eigenvalue spectrum. (f) Comparison between exponents measured from hippocampal spatial
coding model and directly from the data across animals (95% confidence intervals).

consisting of a population of binary place cells whose fields
tile the environment. We first consider a model with homo-
geneous fields that are binary with size l and that uniformly
tile the environment (field center of unit i is xi = Li/N with
total environment size L and population size N). The activ-
ity of unit i without any coarse graining (iteration k = 0) is
σ 0

i (x) = 
(l/2 − |x − xi|), where 
 is the Heaviside func-
tion (1 when the argument is positive, 0 otherwise) and x

is the position of the simulated animal. In this model, units
with adjacent place fields are the most correlated. Therefore,
the coarse-graining procedure is simply defined as summing
the activity of pairs of neighboring units at every iteration
[Fig. 3(a)]. As shown below, this homogeneous tile model
exhibits nonuniform power-law scaling with coarse graining.
For example, if 1 	 Nactive = Nl/L 	 N , α ≈ 2 when K 	
Nactive and α ≈ 1 when Nactive 	 K 	 N . Nonetheless, it
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FIG. 3. Simplified spatial coding model. (a) Individual unit responses as coarse graining progresses show a distinct change in character
around K = Nactive. Significant heterogeneities in spatial response size [panel (b)] lead to apparent power-law scaling not visible in the
homogeneous model (insets) for (c) negative logarithm of the probability of silence, (d) variance, (e) spatial autocorrelation length, and
(f) within-cluster eigenvalue spectrum.

provides useful insights into the properties of a system where
correlations are solely due to spatial tuning of the individual
neurons. Note that the approximate PRG is similar in spirit to
simple models that were previously proposed to describe the
scaling properties of coarsening breath figures [25].

We simulated this homogeneous tile model using parame-
ters approximating the reference data (environment size 40 m,
field size 1 m, population size 1024) with an animal run-
ning at constant speed (30 cm/s) and used the PRG method
described above. We observe that the probability of silence
[Fig. 3(c), inset], variance [Fig. 3(d), inset], correlation length
[Fig. 3(e), inset], and eigenvalue spectrum [Fig. 3(f), inset] do
not follow an exact power-law scaling. Similar findings were
obtained with the exact coarse graining described (shown)

and with PRG using random permutations to break corre-
lation symmetry (not shown). A mathematical analysis of
this model (see Appendix) shows the presence of nonuni-
form scaling properties, determined by the number of units
active at any given location, Nactive = l/δx, where δx = L/N is
the spacing between neighboring units (Nactive = 25.6 for the
chosen parameters). A transition in scaling properties occurs
at cluster size K∗ = Nactive, where coarse-grained units’ field
amplitudes continue to increase for K < Nactive and only field
width increases for K > Nactive. For instance, the variance,
Var(σ K ) = ∑3

i=0 ai(K )Ki, has different coefficients ai(K ) for
K > Nactive and K < Nactive. Our analysis perfectly predicts the
scaling properties for the probability of silence and variance
[Figs. 3(c) and 3(d), insets]. We did not derive a closed-form
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expression for the correlation length and eigenvalue spectrum,
but the simulated results do not exhibit power-law scaling
[Figs. 3(e) and 3(f), insets].

The most salient difference between the simple homo-
geneous tile model described above and our hippocampal
place-field simulation (Fig. 2), and previous studies [5,16], is
the presence of heterogeneity in spatial coding across neurons,
which can be best quantified in large environments [23]. We
explored the effect of such heterogeneity by considering a
heterogeneous tile model in which the fields are drawn accord-
ing to a Gamma distribution plus a constant minimum field
size [Fig. 3(b)], l0 + lrG(ar, br ), with l0 = 5 cm, lr = 95 cm,
ar = 1, and br = 1. These values of ar and br are similar to
those observed in mice recordings and are chosen for sim-
plicity since the Gamma distribution simply reduces to an
exponential distribution. When fit using the same methods as
in the data, we observed scaling more closely matched to a
power law for the probability of silence [Fig. 3(c)], variance
[Fig. 3(d)], correlation length [Fig. 3(e)], and eigenvalue spec-
trum [Fig. 3(f)]. This is likely due to the heterogeneous length
scales across neurons effectively smoothing out the transition
in the homogeneous model. These results show how apparent
scale invariance can appear in a simple place-cell model in the
presence of heterogeneities.

We next used this heterogeneous tile model to explore
whether differences in the measured exponents between this
and previous studies [6] could be due to differences in the
number of recorded neurons (fewer in this study) and/or
environment size (larger in this study). When varying the
population size, we observed that with a larger population
size β and z decreased while α and μ increased [Fig. 4(a)].
When we varied environment size, we observed that increas-
ing the environment size resulted in an increase of β, an
inverted “u”-shaped curve for z, and a decrease of α and μ

[Fig. 4(b)]. Hence, we find that differences in neural popula-
tion and environment size could at least partially account for
the differences between the exponents reported previously [6]
and those measured in our data [Fig. 1(i)].

The strong dependence of the power-law exponents from
the tile model on both environment and population size led
us to reexamine our data and detailed place-field model. We
reasoned that a procedure moving toward a nontrivial fixed
point should exhibit power-law scaling and exponents that do
not depend on these details. Therefore, we sought to quantify
the effect of changing these parameters on the exponents
estimated from the data by analyzing hippocampal responses
using either smaller sections of the track or smaller numbers
of recorded neurons. Decreasing population size [Fig. 4(c)]
increased β and decreased α, produced small changes in z,
and had inconsistent effects on μ across mice, but always pro-
duced small changes. Reducing environment size [Fig. 4(d)]
increased α and μ while decreasing β, with an inverted “u”
shape for z. This is largely consistent with the predictions from
the simple heterogeneous tile model [Figs. 4(a) and 4(b)].
Moreover, the dependency of all of the exponents on popu-
lation and environment size was well captured by our detailed
model [Figs. 4(c) and 4(d), magenta curves]. These results
provide evidence against the hypothesis that power-law scal-
ing observed in hippocampal data under PRG results from
critical exponents associated with a nontrivial fixed point.

III. DISCUSSION

Our analysis of spatial coding models reveals that pop-
ulation heterogeneity alone can produce power-law scaling
under PRG with independent units. In the simplified tile
model, power-law scaling is not uniform across scales: The
homogeneous version exhibits two distinct regimes separated
by the characteristic scale Nactive, while heterogeneity smooths
this transition into apparent power-law behavior over the ex-
perimentally accessible range. This effective scale invariance
is distinct from the uniform scaling expected near a nontrivial
fixed point. Moreover, our model predicts that the exponents
depend systematically on population size and environment
size, a dependence we confirmed in the data and one that
is inconsistent with the interpretation of fixed-point expo-
nents, with the general caveat that neural data only allows
for a limited number of coarse-graining steps. Differences in
these parameters also account for discrepancies between our
measured exponents and those of previous studies. Overall,
the power-law scaling observed in hippocampal data under
PRG likely reflects known heterogeneities in place-cell cod-
ing rather than critical dynamics, although critical dynamics
cannot be precluded by this analysis.

Previous models of place cells [6,16] relied on data taken
in small environments where place cells typically exhibit one
field with relatively small variation in place-field size. We
demonstrated analytically that such homogeneous populations
fail to produce power laws because two length scales emerge:
the environment size L and the place-field size l . The resulting
characteristic count, Nactive = Nl/L = l/δx, creates distinct
scaling regimes for cluster sizes K 	 Nactive versus N 
 K 

Nactive, with the variance scaling as K2 and K1, respectively
[Eq. (A4)]. The experimentally accessible range of K sits
between these asymptotes, where fitting yields effective expo-
nents between the trivial limiting values. In the heterogeneous
tile model, each neuron contributes a different characteristic
scale, smearing the crossover into approximate power-law be-
havior. Although we used heterogeneity in place-field size to
achieve this smoothing in the tile model, our biological model
used a more realistic heterogeneity in hippocampal CA1
place-field number [22,23], achieving exponents that more
closely match experiment. This means that the PRG analysis
is a weak test of the presence of direct neuron-neuron inter-
actions and does not indicate interactions are absent between
these neurons. Interestingly, an accurate characterization of
this heterogeneity emerges [26] from models with random
projections from CA3 to CA1 hippocampal areas.

The previously proposed explanation for the emergence
of power laws in the PRG procedure based on temporally
fluctuating latent variables [16] can be revisited in the light
of our results. Indeed, heterogeneous fluctuations of place-
cell activities arise in our model from the “latent” motion
of mice in space. However, in contrast to Ref. [16] where
the existence of place cells plays no significant role, our
model makes crucial use of the well-characterized hetero-
geneity of CA1 place fields and replaces an uncharacterized
collection of latent fields by the uncontroversial mouse
position.

The scaling we observe can be described as a generic,
finite-range form of scale invariance [12], consistent with
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FIG. 4. Varying experimental parameters changes measured exponents. Changing the measured population size [panel (a)] and environment
size [panel (b)] systematically changes the exponents measured from the simplified spatial coding model. These trends from the tile model are
quantified between the hippocampal spatial coding model and hippocampal data by restricting population size [panel (c)] and environment
size [panel (d)] and observing the effects on the exponents measured in both hippocampal spatial coding model and hippocampal data
[95% confidence intervals in both plots; for panel (c), variance is combined from temporal bootstrapping that is standard to PRG as well
as permutations over subpopulations].

recent analyses of human brain data that have identi-
fied nontrivial scaling relations under PRG without invok-
ing criticality [27]. From this perspective, heterogeneity
in neural tuning may provide a robust mechanism for
achieving scale invariance when coarsening neural activ-
ity without the fragility of fine-tuning to a critical point.
However, the functional benefit of the power laws specif-
ically measured via the PRG procedure remains to be
demonstrated.

We have noted the similarity of PRG to the renormaliza-
tion procedure used to analyze coarsening phenomena [25],

where structures such as droplets merge and grow as time
evolves. A crucial distinction, however, is that in coarsening
the procedure reflects the intrinsic dynamics of the system,
whereas for neural data, it is an externally imposed analysis
with, at present, no direct counterpart in neural dynamics. This
distinction underscores the need for caution when interpreting
PRG outputs as signatures of dynamical criticality [19,20,28].
Our analysis highlights the role of place-field heterogeneity in
generating apparent scaling, but the implications may extend
beyond hippocampus: Tuning of neurons to diverse quantities
is widespread in the brain, and broad distributions of tuning
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properties are the norm rather than the exception. More gen-
erally, our results suggest that analyzing the distribution of
tuning curves, a more direct and interpretable characterization
of neural populations, should accompany any PRG analysis
to assess whether observed scaling can be accounted for by
known coding properties.
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APPENDIX: TILE MODEL

Initial unit activity for the homogeneous tile model is
σ 1

n (x) = 
( l
2 − |x − L

N n|). It is useful to define δx = L/N , the
spacing between unit activities, and use K = 2k denoting the
cluster size. Since the most correlated units are adjacent to one
another, we can examine the statistics of a sum of adjacent

units. The units grow with K in amplitude until it reaches
the number of active units at a given location, Nactive. While
1 < K < Nactive, we have

P
(
σ K

n = m
) =

⎧⎪⎨
⎪⎩

1 − l+(K−1)δx
L , m = 0,

2δx
L , 0 < m < K,

l−(K−1)δx
L , m = K.

(A1)

For K � Nactive,

P
(
σ K

n = m
) =

⎧⎪⎨
⎪⎩

1 − l+(K−1)δx
L , m = 0,

2δx
L , 0 < m < Nactive,

l+(K−2Nactive+1)δx
L , m = Nactive.

(A2)

The mean value 〈σ K
n 〉x = K l

L . The probability of silence is
therefore

P0 = 1 − l + (K − 1)δx

L
. (A3)

This quantity decreases linearly with K = 2k , although an
approximation of the “power-law” fit at any point can be
estimated using βest = ∂ ln[− ln P0]

∂ ln K |K=K∗ . The variance can also
be computed with different scaling relations for K < Nactive

and K > Nactive:

Varx
(
σ K

n

) =
{

δx
3L K (1 − K2) + l

L

(
1 − l

L

)
K2, K < Nactive,

− l
3L (N2

active − 1) + l
L NactiveK − l2

L2 K2, K � Nactive.
(A4)

This is explicitly more complex than simple power-law scal-
ing. When the number of place cells covering each position
is large and the size of each place field is much smaller
than the total size of the environment, then 1 	 Nactive 	
N , the two regimes K 	 Nactive and N 
 K 
 Nactive are
well separated, and distinct power laws are observed in each
of them. Namely, for K 	 Nactive, the variance scales like
K2, Varx(σ K

n ) ∼ K2l/L, while for N 
 K 
 Nactive, it scales
like K , Varx(σ K

n ) ∼ KNactivel/L. Thus, when K increases,
the variance exponent crosses over from α = 2 to α = 1
[which can be observed in the green inset to Fig. 3(d)],
as observed in other physical systems [29]. These ideal-
ized well-separated regimes do not seem, however, attainable
with neural data, which allows for limited coarse graining
only. Power-law approximations can be made using αest =
∂ ln Varx (σ K

n )
∂ ln K |K=K∗ . Since these units are single peaked (unlike

real place cells), the autocorrelation function, AK (�x), goes to
negative values for large distances, rendering the exponential
fit inapplicable. One instructive parameter regime to com-
pute this is K > Nactive, Nactiveδx � �x � (K − Nactive + 1)δx,

which gives

AK (�x) = N2
active

Kδx − �x

L
− l2

L2
K2. (A5)

This gives a linear falloff and describes the bulk of au-
tocorrelation decay when K 
 Nactive. The characteristic
length of this process is the extent of the coarse-grained
unit’s response, x̃ = l + (K − 1)δx = (K + Nactive − 1)δx. A
power-law estimate can be made giving zest = ∂ ln x̃

∂ ln K |K=K∗ =
K∗

K∗+Nactive−1
. Another instructive example is K < Nactive, (K −

1)δx � �x � l − (K − 1)δx. In this case, the autocorrelation
function can be calculated as

AK (�x) =
[

l

(
1 − l

L

)
− �x

]
K2

L
. (A6)

In this case, the characteristic length of the autocorrelation
function is approximately x̃ = (1 − l/L)l , and there is no K
dependence. We did not calculate the within-cluster eigen-
value spectrum for the tile model analytically.
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