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Enhancement of quantum annealing via n-local catalysts
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The potential quantum speedup in solving optimization problems via adiabatic quantum annealing is often
hindered by the closing of the energy gap during the anneal, especially when this gap scales exponentially with
system size. In this work, we alleviate this bottleneck by demonstrating that for the NP-complete Maximum
Weighted Independent Set (MWIS) problem, an informed choice of n-local catalysts (operators involving n
qubits) can reopen the gap during the annealing process. By analyzing first-order phase transitions in toy in-
stances of the MWIS problem, we first identify direct-tunneling catalysts that effectively eliminate the transition
and provide an analytical discussion on when the sign of the catalyst influences its impact. We then reveal that
n-local catalysts exponentially improve gap scaling and in certain scenarios are as effective as direct-tunnel
coupling between two minima. Utilizing this understanding, we show that they also increase the efficiency of
ground-state preparation via adiabatic quantum annealing in random graphs and analytically demonstrate the
necessity of their placement across unfrustrated loops in the graph for effective performance in MWIS problems.
Additionally, using a circuit implementation of the n-local catalyst (requiring 2n nearest-neighbor gates), we
demonstrate that both the circuit depth and the total number of gates required to solve the problem are reduced
by several orders of magnitude when compared to the discrete-time version of traditional quantum annealing
using local drivers. Our analysis suggests that nonlocal quantum fluctuations entangling multiple qubits as a
catalyst are key to achieving the desired quantum advantage.
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I. INTRODUCTION

One of the primary goals of quantum computation is to
solve combinatorial optimization problems more efficiently
than classical computers. This can be achieved by map-
ping the problem to the ground-state solution of a suitable
Hamiltonian. The complexity of the problem is then trans-
ferred to the simulation of the ground state of this Hamiltonian
on a quantum simulator. One method to simulate such a
state is via adiabatic quantum annealing, which is a method
where one starts from an easily preparable ground state of
a known Hamiltonian and adiabatically varies the potential
landscape to reach the target Hamiltonian [1–5]. According
to the adiabatic theorem, this ensures that the correct state,
and thus the solution, is obtained if the procedure is applied
slowly enough. However, in practice, the chosen pathway can
encounter points where the system undergoes a phase tran-
sition, leading to regions with extremely small energy gaps
between the ground and first excited states [6]. This threatens
adiabaticity, as excitations can easily be generated in these
regions. Energy gaps that are exponentially small in system
size, a common feature for first-order phase transitions and
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in some other scenarios [7–9], are particularly problematic,
driving the time complexity to solve the problem to be expo-
nential in system size, thus negating any potential quantum
advantage.

Recent research has therefore focused on strategies to
avoid such scenarios. Promising approaches include counter-
diabatic driving [10–15], the quantum approximate optimiza-
tion algorithm (QAOA) [16–19], quantum walks [20–25],
optimal control techniques [26], inhomogeneous driving
[27–29], restricting evolution to certain symmetry sectors
[30], the addition of nonstoquastic interactions [31–38], and
the use of directed catalysts [39,40]. While each of these
methods typically reduces computational complexity for cer-
tain classes of problems, a universal protocol that works
across all types of problems is yet to be developed.

In this work, we show a universal way to eliminate a
class of first-order phase transitions during quantum annealing
while preserving adiabaticity: multiqubit fluctuations induced
by n-local terms coupling n qubits simultaneously. Previous
research has suggested the usage of such terms in drivers
[41,42], i.e., quantum fluctuations that are gradually reduced
during the course of the anneal, but they have limited impact
in certain scenarios, such as in uniformly sampling degener-
ate ground states [43]. We propose their implementation as
catalysts—additional quantum fluctuations introduced during
the anneal but absent at both the start and end. This approach
introduces a distinct energy scale compared to the driver, en-
abling traversal of alternative annealing pathways and easier
initial state preparation regardless of the sign of the additional
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couplings. Additionally, our concern is speeding up the an-
neal process by removing the phase transitions in problems
typically with a nondegenerate solution [44]. Consequently,
we identify what constitutes an effective catalyst, a question
that has not been systematically addressed before. While a
version of such multiqubit catalysts has been employed before
to accelerate quantum annealing in p-spin models [31,35,45],
as we shall elaborate later, the transitions addressed and the
mechanism of improvement differ significantly from those
discussed here.

To do so, we use toy models to characterize first-order
phase transitions in the NP-hard maximum weighted inde-
pendent set (MWIS) problem [46]. Previous studies [3,47]
have shown that in traditional adiabatic quantum annealing,
the MWIS problem often encounters “perturbative cross-
ings,” i.e., first-order phase transitions that arise in the regime
where the transverse-field terms contribute only perturbatively
to the problem Hamiltonian. Our findings reveal that cata-
lysts entangling multiple qubits are crucial to bypass these
phase transitions. We systematically analyze how these cata-
lysts of varying locality can transform phase transitions into
crossovers [48], i.e., remove any discontinuities in the energy
functional by providing a smooth pathway between the initial
state to the desired ground state of the problem.

We also find that sometimes even small n–(localized) cat-
alysts suffice, and we explore the underlying reasons. We
successfully test our approach on random graphs with MWIS
problems, demonstrating the effectiveness of our method in
removing first-order phase transitions during quantum anneal-
ing. Additionally, we provide an understanding of why such
catalysts are effective in mitigating these transitions, contrast-
ing with the case of the first-order transitions in p-spin models.
Finally, we also demonstrate the gate-based implementation
of our setup, where we achieve substantial improvements
in fidelity by incorporating n-local terms. Specifically, we
show that to reach a given target fidelity, the introduction
of nonlocal terms using a polynomial number of two-qubit
gates leads to an exponential reduction in the total gate
count required, compared to the digitized version of adiabatic
quantum annealing using single-qubit quantum fluctuations.
This approach enables more efficient quantum circuit designs,
significantly reducing resource requirements for gate-based
quantum annealing.

II. PHASE TRANSITIONS IN MWIS PROBLEM
ON TOY GRAPHS

A. The MWIS problem and the mapping to Ising model

The MWIS problem on a weighted graph G with vertices
V and edges E is defined as the set of vertices VM that are not
connected to each other by the edges and carry the maximum
total weight. The problem can be stated as follows:

Given a graph G = (V, E ) with a weight function w : V →
R assigning a weight to each vertex, the objective is to find a
subset VM ⊆ V such that the following conditions are met:

(1) No two vertices in VM are adjacent; i.e., for all u, v ∈
VM , (u, v) /∈ E .

(2) The sum of the weights of the vertices in VM is maxi-
mized; i.e.,

∑
v∈VM

w(v) is as large as possible.

Formally,

VM = arg max
S⊆V

{∑
v∈S

w(v)
∣∣ ∀u, v ∈ S, (u, v) /∈ E

}
.

The MWIS problem is a well-known NP-hard problem
in combinatorial optimization, making it a challenging tar-
get for both classical and quantum algorithms. To solve the
MWIS problem in a quantum computation setup, the solution
is mapped to the ground state of an Ising model with anti-
ferromagnetic interactions (see Appendix A for details). In
this context, the set of vertices with |↑〉 states provides the
solution. The Ising Hamiltonian is given by

Hp =
∑
i j∈E

Ji jσ
z
i σ z

j +
∑
i∈V

⎛
⎝ ∑

j∈nbri

Ji j − 2wi

⎞
⎠σ z

i , (1)

where σ z
i are the Pauli-Z operators, Ji j represents the inter-

action strength between neighboring vertices i and j, hi is
the external field applied to vertex i, and nbri denotes the
set of neighbors of vertex i. An additional condition Ji j >

Min(wi,w j ) is imposed to ensure that the weights do not
dominate the “independence” of the two vertices when we
compute the ground state.

B. Exponential gap closing: Two kinds

To find the ground state of such problems, one can perform
adiabatic quantum annealing using the protocol

H (s) = sHp + (1 − s)HD, (2)

where 0 � s � 1 is the dimensionless parameter representing
annealing time. HD is the driver Hamiltonian that provides the
quantum fluctuations and is given by

HD =
∑
i∈V

−σ x
i . (3)

The energy of the ground and excited states of H (s) changes
throughout the anneal. Two simplest scenarios of occurrence
of an energy gap exponentially small in system size are rep-
resented in Fig. 1. Let us further assume that the energy-gap
occurrence is due to a phase transition at s = sc, where the
ground and first excited states switch, as shown in the Fig. 1.
We can write down the Hamiltonian in this two-state subspace
at the critical point as(

E (0)
0 = 〈g|H (sc)|g〉 ε = 〈g|H (sc)|e〉
ε = 〈e|H (sc)|g〉 E (0)

1 = 〈e|H (sc)|e〉

)
, (4)

where |g〉 and |e〉 denote the ground and excited states for
H (s → s−

c ), and thus are not eigenstates at s = sc. The energy

gap in this subspace is given by
√

(E (0)
1 − E (0)

0 )2 + 4ε2. The
actual energy gap of the problem also contains higher-order
corrections to this quantity. Now, the two distinct ways an
exponentially small gap in the spectrum can arise are as fol-
lows:

(1) For the example in Fig. 1(a), the ground state changes
from paramagnetic |P〉 = 1√

2L

∑2L

i=1 |i〉, where |i〉 denotes a
computational basis state, to the ferromagnetic state |F 〉 =
|1〉 = |↓↓↓ · · ·〉 across the transition, where L denotes the
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FIG. 1. Schematic diagram of two simple examples of energy-
gap closures at first-order phase transition during quantum annealing.
(a) The para-ferro transition where the ground state changes from
paramagnetic |P〉 to ferromagnetic |F 〉 during the annealing through
a first-order transition. This occurs, for example, in p-spin models
for odd p � 3. For even p, |F 〉 has a degeneracy. (b) Example of a
first-order quantum phase transition that can occur deep inside the
ordered phase, the “perturbative crossing.” Here, the states involved
are perturbations around computational states with O(L) Hamming
distance between them; an example is provided in the figure. There is
a subtle difference in the mechanism of gap closure in the two cases,
which is described in detail in the text.

number of sites in the system. Since HD = −∑L
i=1 σ x

i , it is
easy to see that ε ∼ O(L/

√
2L ), and at criticality E (0)

0 = E (0)
1

[49]. Hence this energy gap is 2ε, and it is exponentially small
in system size. This is the behavior seen in p-spin models
with p � 3 and odd. (For even p, there is a degeneracy on
the ferromagnetic side.) The Grover limit of p → ∞ also
behaves similarly, except here ε ∼ 1/

√
2L. The higher-order

corrections can be shown to also be exponentially small [50].
(2) Figure 1(b) illustrates the scenario of primary inter-

est in this work: perturbative crossings [3]. In the problems
we discuss, these occur deep within the phase where the
ground and first excited states typically have maximal overlap
with a single, albeit distinct, computational basis state. We
denote these dominant computational states as |g〉 and |e〉,
respectively, and an example is shown in the figure. Since the
eigenstates of Hp are computational basis states, such ground
and excited states are perturbative corrections around those
eigenstates when we are not at the critical point. Compared
to the earlier scenario, these transitions occur when Hp domi-
nates the Hamiltonian, i.e., deep in the “localized” phase.

The distinct feature of this example is that ε ∼ 0 at
the crossing point s = sc, as there exists no direct matrix

FIG. 2. Bipartite toy model: A and B are two subsystems of the
bipartite system. We represent the L = 7 model in the diagram where
A has spins 1, 2, 3, 4 and B has spins 5, 6, 7. Partition A[B] has a total
weight of W1[W2], which is equally divided among the four (three)
spins. Thus, w1,2,3,4 = W1/4 and w5,6,7 = W2/3. J is a constant cou-
pling between the spins across the bipartition. We typically choose
W1 = W and W2 = W + δW .

elements that connect the computational states that dominate
the ground and first excited states. They are also separated by
O(L) Hamming distance. This aids a principal characteristic
seen in a first-order phase transitions: a discontinuous change
in an order parameter, often related to magnetization in spin
models. During annealing, if the dominant components of
the ground and first excited states differ by a large Ham-
ming distance leading to a significant change in magnetization
across sc, then typically the system undergoes a first-order
phase transition. Consequently, since the matrix element be-
tween the two states becomes practically zero due to the
lack of overlap, the gap is entirely dependent on higher-order
corrections. Using standard high-order degenerate perturba-
tion theory, if the Hamming distance between the states is
n, then the lowest nonzero contribution comes from terms
like 〈g|�n

i=1σ
x
i |e〉. This implies that the energy gap scales

as �E01 ∼ O(1/(�E2)n−1). Here, �E2 denotes the energy
difference between the computational states involved in the
perturbative crossing and the nearest states in the spectrum
connected to them by the driver Hamiltonian HD (see Fig. 1).
It effectively plays the role of a barrier height across the
local minima in the perturbative regime. When n ∼ O(L),
this results in a gap that scales exponentially with system
size [51]. Mitigating such perturbative crossings is the central
focus of this work. However, in Appendix E, we also briefly
discuss the possibility of mitigating the earlier type of transi-
tion [Fig. 1(a)] using a catalyst and highlight the qualitative
differences in the nature of the catalyst required in each case.

Our first objective is to employ toy models to compre-
hend the fundamental nature of first-order phase transitions
with exponentially small energy gap that could arise during
annealing in such a setup, and to design suitable catalysts
to mitigate them. To begin, we consider a bipartite graph
illustrated in Fig. 2. This setup is similar to the one considered
in Ref. [40] and can be easily realized in the D-wave Chimera
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architecture [52]. We choose the total number of spins L = 7
for our numerical tests discussed in the following section, and
typically choose W1 = W and W2 = W + δW .

To generate the perturbative-crossing-based first-order
transitions during the anneal, we have to ensure that the two
states involved in the transition are a large Hamming distance
apart. Due to the perturbative nature of the eigenstates at the
crossing, we deduce that this can occur when the ground and
first excited states of Hp are separated by a large Hamming
distance. In the example shown in Fig. 2, this phenomenon
arises (see Appendix B) when (W2 − W1) < W2/3. This un-
derstanding guides us in selecting the parameters for the toy
models, which demonstrate a first-order transition during an-
nealing.

Furthermore, the closure of the energy gap during the
anneal is attributed to HD, providing insufficient quantum
fluctuations to smoothly drive the system to its ground state,
instead causing it to reach a local minimum in the energy land-
scape with a large potential barrier to the global minimum.
At the critical point, the ground and first excited states do
not get directly coupled by HD, owing to the large Hamming
distance between their dominant computational basis com-
ponents. As a result, the minimum gap arises only through
high-order (nth order, with n large) processes in perturbation
theory, which makes the gap exponentially small. Notably,
if the Hamming distance between the involved states were
smaller, the order parameter would not sharply jump, and
the gap would not exponentially vanish, as HD could connect
these states through low-order processes. Note that in case of
a highly degenerate subspace, even if the system undergoes
a first-order phase transition, the gap may be algebraically
small due to hybridization opening up alternate pathways to
connect the states across the transition [8]. The exponen-
tially closing gaps in perturbative crossing of MWIS problems
typically involve ground states with large weights on O(L0)
computational basis states. In fact for numerically accessible
sizes L ∼ O(10), we always found involvement of just two
dominant computational basis states in the transition.

These insights suggest the necessity of increasing quan-
tum fluctuations in the system to prevent the exponential gap
closing, but not arbitrarily. As we shall see below, in our
toy model, only by introducing a “direct-tunnel” coupling
between the states involved in the phase transition, which
we achieve using a “product catalyst” for this model, can
we induce level repulsion, thereby transforming the phase
transition into a crossover (or the level crossing to a strong
anticrossing). Later on, we shall discuss the limitations of this
specific catalyst for generic models and introduce the versatile
n-local catalyst as a promising alternative.

III. USING A CATALYST TO AVOID PHASE TRANSITIONS

A catalyst is an additional interaction introduced during
the anneal process in Eq. (2) to alter the anneal trajectory and
avoid phase transitions. This interaction is switched off at the
beginning and end of the anneal protocol. Thus, a possible
annealing trajectory after including the catalyst is given by

H (s) = sHp + (1 − s)HD + s(1 − s)Hc, (5)

where Hc denotes the catalyst Hamiltonian.

A. The product catalyst

We first introduce a highly nonlocal catalyst, which we
call the product catalyst, that is a product of σ x on all sites.
Essentially, this catalyst flips all spins simultaneously,

Hcp = −
L∏

i=1

σ x
i , (6)

introducing a direct coupling between states separated by a
Hamming distance of L, the system size. This prevents any
level crossings involving such states.

We verify the efficacy of this catalyst in the toy problem
shown in Fig. 2. We first choose an instance of the problem
where there is a first-order phase transition during the anneal
without the catalyst. Subsequently, we include the product
catalyst in the anneal protocol and analyze the resulting im-
provements. We also provide another point of comparison
using a different catalyst that is typically seen in the literature
[37,38], the XX catalyst. The XX catalyst involves adding an
σ xσ x interaction to the σ zσ z bonds of the problem, i.e.,

HcXX = −
∑
i j∈E

σ x
i σ x

j . (7)

We shall see later that this forms the simplest example of an
n-local catalyst.

In Fig. 3, we compare these cases. To identify the first-
order transition, we show the gap between the ground and
first excited states � and also compute an order parameter,
the imbalance between the spins in subsystem A and B in this
setup,

I =
∑
i∈A

σ z
i −

∑
i∈B

σ z
i . (8)

We see that the product catalyst Hcp completely removes the
transition during the anneal in Fig. 3(a), as the energy gap
shows no dip during the anneal and the minimum gap now
matches with the problem gap. This is in contrast to the
situation when only the driver Hamiltonian is used. Further-
more, the order parameter shows a smooth variation with s
in Fig. 3(b) on addition of this catalyst. The conversion of
the phase transition to a smooth crossover is further corrob-
orated in Fig. 4, where we see that on the addition of the
product catalyst, the minimum gap �min, typically a system-
size-dependent object, exactly matches the gap of the problem
Hamiltonian [53].

On the other hand, we clearly see that while the XX cata-
lyst HcXX does increase the gap for the case with total spins
L = 7, as shown in Fig. 3(a), the order parameter still shows
a sharp jump at the critical point in Fig. 3(b), showing that
the transition persists. This is corroborated when we study
the scaling of the minimum gap �min in Fig. 4, which still
shows an exponential scaling with system size L. Evidently,
the multiple XX catalyst improves the prefactor of exponential
in the gap scaling, from ∼3/2 to ∼1 in this case, but has not
actually changed the order of the phase transition.

Let us briefly comment on the role of the sign of the
catalyst couplings, in light of earlier suggestions that non-
stoquastic catalysts may be essential to achieving quantum
advantage in certain cases [31–36]. In the example we study
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FIG. 3. (a) The variation of energy gap � with the anneal pa-
rameter s for a system of size L = 7 with four spins in subsystem A
and three spins in B. The different colors indicate the three different
cases. Blue (Hc = 0) indicates the case when we do not add a catalyst
[Eq. (2)]. The others correspond to the anneal according to Eq. (5):
Red indicates the case where an XX interaction is added on all the ZZ
bonds (Hc = HcX X ) and black represents the case when the product
catalyst (Hc = Hcp) is used. (b) Variation of the order parameter with
s showing the presence and absence of a transition in different cases.

here, we find that the impact of the catalyst’s sign depends
strongly on its structure.

Specifically, for the XX catalyst HcXX , changing its sign—
i.e., making it nonstoquastic—actually reduces the minimum
gap, thereby eliminating any potential advantage. In contrast,
for the product catalyst Hcp, changing the sign has no effect on
the gap (see Fig. 15(c) in Appendix D).

This contrast can be understood as follows: The two
states involved in the transition are separated by the maximal
Hamming distance L. Without any catalyst, the off-diagonal
coupling ε in Eq. (4) vanishes. The product catalyst di-
rectly connects these two states, introducing a nonzero matrix
element ε ∼ sc(1 − sc), which hybridizes them. This is a non-
perturbative effect—the corrections due to HD appear only at
higher order and are negligible (as confirmed numerically for
a toy model). Moreover, the effective gap scales as ∼√

4ε2, so
changing ε to −ε has no impact on the gap size.

In contrast, the XX catalyst does not directly couple the
two states due to their large Hamming separation. If we

FIG. 4. Scaling of minimum energy gap �min with system size L
under different catalysts. The dashed line indicates the best fit �min =
Ae−bL . For no catalyst (Hc = 0), b ≈ 1.54, and for the multiple XX
catalyst (HcX X ), b ≈ 1.

denote a basis state with Hamming weight 0 � h � L as |h〉,
the only nonzero matrix elements of HcXX are of the form
〈h|Hc|h ± 2〉. Thus, hybridization must proceed via virtual
transitions through intermediate states, making it a higher-
order, perturbative process. In such cases, the sign of the
catalyst influences how these terms interfere, and its effect
becomes highly dependent on the problem structure.

We explain the role of perturbative catalysts in greater
detail in the following section, and also discuss why non-
stoquastic catalysts are particularly effective in mitigating the
ferro-para first-order transition in contrast to their behavior in
the models considered here, in Appendix E.

However, while the toy example serves as an excellent
demonstration of the necessity of the nonlocal nature of cat-
alysts in removing the phase transition, the product catalyst
works only for this specific problem structure. For other
problem structures, one would need to figure out the states
involved in the possible first-order phase transition to develop
the catalyst that removes them. This typically is a hard prob-
lem [9,54], and hence we utilize the essence of the product
catalyst, the multiqubit coupling, to develop other catalysts
that can work in more general scenarios. Let us first motivate
why this can work.

Perturbative crossings arise when the ground and excited
states are dominated by computational basis states that differ
by a large Hamming distance h. In such cases, the standard
driver HD can only couple them at the hth order in pertur-
bation theory, leading to an exponentially small gap when
h ∼ L. Then, naively, introducing an n-qubit catalyst can al-
low these states to be coupled at lower order, approximately
h/n, thereby enhancing level repulsion and alleviating the
exponential gap suppression. In the next section, we do a
quantitative analysis of this idea using numerical examples
and delve deeper into the mechanism of opening up the energy
gap using such catalysts. We shall see that the perturbative
effects described for the XX catalyst in this section will play
a crucial role in our understanding.
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FIG. 5. Examples of n-local catalysts with n = 2, 3, 4. The sim-
plest is 2-local, which corresponds to the buliding blocks of HcX X in
Fig. 3. The product catalyst is the extreme case of n-locality, where
all the sites are connected.

B. n-local catalysts

While the product catalyst induces a nonperturbative trans-
formation of the phase transition to a crossover, it is effective
only when it connects the corresponding states across the tran-
sition. This indicates that merely maximizing the strength and
range of quantum fluctuations does not guarantee quantum
advantage; only a direct-tunnel coupling can eliminate phase
transitions. In most geometries, not all spins change their
orientation during the phase transition, rendering the product
catalyst ineffective. Additionally, predicting which spins are
involved in the transition a priori is nearly impossible with
just the problem statement. However, the key takeaway from
the product catalyst is the necessity of introducing entangling
quantum fluctuations that connect states that are separated
by large Hamming distances. In essence, this can also be
achieved by using n-local catalysts that flip n spins together,
instead of all of them as in the product catalyst. In optimal
cases, this either enables tunneling between relevant states
across the transition or selects an anneal pathway that avoids
the transition. Even in the worst-case scenarios, increased
quantum fluctuations are typically expected to increase the
energy gap across a transition, thus improving annealing time
[55]. Note, however, one needs to be careful in controlling the
strength of the n-local catalyst since the number of couplings
increases exponentially as n increases. We rescale the strength
of the catalyst, if necessary, so as to ensure at all orders of
n-locality, ||Hc|| does not exceed ||HP||.

In Fig. 5, we illustrate the concept of n-local catalysts:

Hcn = −
n∏

i=1

σ x
i . (9)

Introducing additional quantum entanglement between n sites
during the anneal, this catalyst effectively smooths the po-
tential landscape in a way that is broadly applicable across
different random-graph structures, thereby providing a more
structure-agnostic approach to accelerate adiabatic quantum
computing. In what follows, we shall show that this catalyst
is very effective for the MWIS problem defined in Eq. (1).
In fact, we shall deduce that its performance varies based on
the sites that the catalyst connects. In some problem instances,
correctly arranging even the 2-local catalysts can eliminate the
transition altogether, thus achieving exponential improvement
in gap scaling. Note that we shall only consider optimization
of arrangements of couplings in this work and not the strength
of the catalyst for a simplified analysis. Again, we shall first
analyze the toy problem to understand the working principles.

1. Revisiting the toy problem

In the toy example of Fig. 2, we shall now add n-local
catalysts instead of a single product catalyst to assess potential
improvements. There are approximately 2(L

n) ways to add such
catalysts due to the choices of number and placement of cat-
alysts, which becomes intractable for n > 3 and L � 7 (For
n = 2 and L = 7, we have 2 × 106 possible combinations.)
In Figs. 6(a)–6(c), we plot the minimum energy gap during
the anneal, �min, against a fixed total number m of n-local
interactions added for n = 2, 3, 4 (respectively) for L = 5.
The different data points exhaust all possible configurations
of the n-site interactions [56]. For example, for the XX cat-
alyst, 3 on the x axis denotes the scenario where we add the
interactions between any three pairs of vertices, which may
or may not include the edges of the problem statement. We
plot all possible arrangements of such a catalyst for m = 3 as
different data points. Additionally, we also present the result
for the only tractable case for L = 7 in Fig. 6(d) for the 2-local
catalyst.

Our findings align with the intuition that larger n in n-
local catalysts enhances the energy-gap improvement in such
geometries. Furthermore, on average, the more vertices con-
nected by interactions, the better their performance. However,
interestingly, if positions of the catalysts are optimized cor-
rectly, even 2-local catalysts can be nearly as effective as the
product catalyst in closing the energy gap. Nevertheless, these
configurations are rare, and the majority of configurations
yield significantly less gap increase than the product catalyst.
The mean improvement in each case approaches the product
catalyst’s efficacy as both the number and the value of n
increase.

2. Scaling of gap for different catalyst configurations
with system size

We look into this phenomenon further in Fig. 7, where
we study the effect of system size on specific catalysts of
n-locality of 2 and 3. We scale up the toy model in Fig. 2 to
do so. The several catalyst configurations we compare are as
follows: (1) adding a coupling on all possible two-site (H all

cXX )
and three-site combinations (H all

cXXX ), i.e., adding
(L

2

)
and

(L
3

)
couplings, respectively, (2) coupling all sets of two and three
spins with edges between them in the problem statement
(HcXX and HcXXX ), (3) coupling all sets of two and three spins
that have no edges between them (H ′

cXX and H ′
cXXX ), and (4)

an optimal catalyst configuration (Ho
cXX and Ho

cXXX ) in the
toy problem of Fig. 2. These choices constitute some natural
ways one can arrange the catalyst couplings in a generic
problem. The optimal catalyst configuration, determined at
small L, remains unchanged as L increases. That is, the same
arrangement and number of couplings apply for all L values
shown. Specifically, only three couplings are needed for the
XX case and two for the XXX case. Overall, we observe
that barring the optimal catalyst, for 2-local XX catalysts,
H all

cXX yields slightly better results than the rest [57]. Further
improvement is observed when employing the XXX catalysts,
with HXXX

c yielding the most pronounced enhancement. We
now provide an analytical investigation of the mechanism
underlying this gap increase and the emergence of optimal
catalyst configurations.
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FIG. 6. (a)–(c) Plots showing various scenarios of using 2-local (XX), 3-local (XXX), and 4-local (XXXX) couplings for L = 5. m denotes
the number of couplings of the catalyst and each point denotes a different configuration of the m couplings. The black dashed line shows the
energy gap of the problem, Hp. Reddish hues indicate a high density of points, blue indicates a low density, and green indicates intermediate
densities. Panel (d) shows the XX catalyst for L = 7. Panels (a) and (b) feature 103 configurations each, panel (c) features 10 configurations,
and panel (d) features 2.097 × 106 configurations.

3. Mechanism of gap increase

We can obtain a qualitative understanding of how different
catalyst couplings affect the energy gap by analyzing their
perturbative effect on the bare eigenstates of the standard
quantum annealer. Note that we compute the change in the
instantaneous ground and excited state energies of H (s) to

FIG. 7. Scaling of the minimum energy gap �min with system
size for a few chosen configurations of the catalyst. We compare the
case with no catalyst Hc = 0, to adding a catalyst on all possible
coupling sites (superscript “all”), adding a catalyst only on the prob-
lem edges (HcX X and HcX X X ), adding a catalyst avoiding the problem
edges(′), and an optimal configuration (superscript o) for (a) the
2-local XX catalysts and (b) the 3-local XXX catalysts. The lines are
a guide to the eye. The optimal catalyst configuration Ho

cX X has the
same number (m = 3) and configuration of couplings for different
system sizes L, showing consistent improvement irrespective of the
size of the problem. For Ho

cX X X , m = 2 throughout.

assess the effect of the catalyst on the instantaneous gap. Since
we aim to mitigate perturbative crossings, perturbation theory
offers valuable insight into these changes. Let us first recall
how energies are affected on application of a perturbation.
If λV is the perturbation matrix and E (0)

n and |ψ (0)
n 〉 are the

unperturbed energy and eigenfunctions, then the perturbative
correction to energy up to third order is

En ≈ E (0)
n + λ

〈
ψ (0)

n

∣∣V ∣∣ψ (0)
n

〉
+ λ2

∑
m �=n

∣∣〈ψ (0)
m

∣∣V ∣∣ψ (0)
n

〉∣∣2

E (0)
n − E (0)

m

+ λ3

⎛
⎝∑

m �=n

∑
k �=n

〈
ψ (0)

n

∣∣V ∣∣ψ (0)
m

〉〈
ψ (0)

m

∣∣V ∣∣ψ (0)
k

〉〈
ψ

(0)
k

∣∣V ∣∣ψ (0)
n

〉
(
E (0)

n − E (0)
m

)(
E (0)

n − E (0)
k

)

− 〈
ψ (0)

n

∣∣V ∣∣ψ (0)
n

〉 ∑
m �=n

∣∣〈ψ (0)
m

∣∣V ∣∣ψ (0)
n

〉∣∣2

(
E (0)

n − E (0)
m

)2

⎞
⎠. (10)

For corrections to the ground state, note that E (0)
m > E (0)

0
for all m > 0, so E (0)

n − E (0)
m in all terms are negative. If the

catalyst has just σ x terms and is stoquastic, i.e., sgn(V ) = −1,
then by the Perron-Frobenius theorem, the first-order term
(if nonzero) is negative, lowering the ground-state energy.
Additionally, for the second-order term, the numerator is pos-
itive and the denominator negative, yielding another negative
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correction. For the third-order term, when the first-order con-
tribution vanishes (as often happens when the ground state
has dominant overlap with a single computational basis state),
and assuming nondegenerate classical solutions, the dominant
contributions arise from low-lying states that also have large
overlap with single computational basis state, say |sk〉, i.e.,

∣∣ψ (0)
k

〉 ≈ |sk〉 + O(ε).

Since V is stoquastic in |sk〉 basis, the corresponding matrix el-
ements carry negative signs, so the resulting numerator has an
opposite sign to the denominator, lowering its energy. Possible
contributions from higher excited states may have different
signs, but these are suppressed by their much larger energy
denominators in the perturbation expansion. Thus, stoquastic
catalysts perturbatively lower the ground-state energy in the
first few orders in the regime of perturbative crossings in
problems with nondegenerate solutions [58].

Now if such a catalyst strongly hybridizes the ground state
with a higher energy state, which is energetically close to
the ground state (E (0)

m − E (0)
0 � |〈ψ (0)

m |V |ψ (0)
0 〉|), there will

be a significant reduction in the ground-state energy. If the
same catalyst connects the first excited state only weakly to
all other states (|E (0)

m − E (0)
1 | � |〈ψ (0)

m |V |ψ (0)
1 〉| ∀m), then the

perturbation effectively “pulls” one state apart from another
and opens the gap [59]. This is the underlying mechanism
behind the optimal catalyst configurations. Note that if the
catalyst is nonstoquastic, then, in this perturbative limit, the
first few terms in the series will instead be of opposite signs
and the improvements much more difficult to assess (see also
Fig. 15 in Appendix D). However, as shown before, this dis-
tinction goes away in the nonperturbative limit when several
computational states directly hybridize with each other.

Depending on the problem statement (moving away from
our toy model), the state energetically close to the ground state
may be a large Hamming distance away. If we can directly
hybridize these two states strongly, the energy gap opened will
nearly match or exceed that of the gap of the problem state-
ment and we will achieve the optimal scenario. The product
catalyst and certain optimal n-local coupling configurations in
our toy model achieve this effect. Note also that if a catalyst
connects too many states, its chances to affect both the ground
and excited states increase and optimal configurations may not
be found. This is clearly evident in Figs. 6(a) and 6(d), where
no optimal catalyst configurations exist when large number
of catalyst couplings (m) are added. However, this feature is
less apparent in Figs. 6(b) and 6(c) because, for small systems
where the catalyst locality n is comparable to the system
size L, the catalyst directly hybridizes most computational
states through low-order processes, and the perturbative gap
scales as �min ∼ 1

(�E2 )O(1) , resulting in uniformly opened gaps
across the spectrum. The XXX and XXXX couplings for
L = 5 fall into this regime. When n � L, however, connect-
ing distant configurations requires higher-order processes of
order O(L/n), so only specific catalyst structures that couple
the relevant low-lying states can effectively enhance the gap,
which is observed for the XX couplings even at these system
sizes. The system-size scaling shown in Fig. 7 corroborates
this interpretation. This understanding becomes particularly

important when extending our method to random-graph struc-
tures.

For arbitrary random geometries, a brute-force search for
the optimal configuration of catalyst couplings rapidly be-
comes intractable, as there are O(2La

) possible combinations
with a � 2. It is therefore necessary to restrict attention to a
few generic but physically motivated catalyst configurations.
Insights from the toy model suggest that adding couplings
along the edges of the problem graph provides a reasonable
baseline strategy. At the same time, as indicated by the pre-
ceding analysis, increasing the locality n of the catalyst tends
to enhance performance for this class of problems. Hence,
designing effective yet scalable configurations of n-local cat-
alysts offers a practical and promising route to improving
annealing performance in random-graph instances.

4. Identifying redundant couplings

One way to make an informed choice of a catalyst is to
identify structures that fail to increase the energy gap for
specific optimization problems, thereby reducing the pool of
choices. Fortunately, for the MWIS problem, we have a way
of doing so. In what follows, we shall show that no gap
enhancement occurs when an n-local catalyst is connected
across a frustrated loop of the graph for such problems. This is
because such a catalyst cannot eliminate any first-order phase
transition across the loop. To illustrate this, let us consider
the problem structure in Fig. 8(a) that represents a tripartite
lattice with a frustrated bond.The frustration exists due to
the antiferromagnetic nature of the interaction, which results
in all three bonds being unable to be satisfied. Note that in
Fig. 8(a) we have shown just one spin in each block in the
figure for simplifying the analysis; the following arguments
can be easily generalized to a set of spins in each block.
Let us also assume that we have (W1,W2,W3) as the three
weights and J12, J23, J13 = J as the three couplings for sim-
plicity. Following the MWIS problem structure, without loss
of generality we have two cases:

(1) J > W3 > W2 > W1. The ground state for this setup is
shown in Fig. 8(a). In this case, flipping spin A or B costs
4J − 4W1,2, while flipping spin C costs 4W3. Flipping both
B and C spins together costs 4(W3 − W2), flipping A and C
spins together costs 4(W3 − W1), and flipping all three spins
costs 4J − 4W1 − 4W2 + 4W3. From the problem statement,
since J > Wi, we can see that flipping all three spins costs
more than flipping two spins, which in turn costs less than
flipping one spin in this scenario. Thus, the first excited state
is given by a state at a Hamming distance of 2 from the ground
state. Note that if all three bond strengths were not the same,
flipping all spins would cost 4J13 − 4W1 − 4W2 + 4W3, and
the same argument would still hold.

(2) W3 > J > W2 > W1. The ground state remains the
same in this case. However, due to the change in the statement
of the problem, we now have J − W1,2 < W3 − W1,2, which
indicates that the single spin flip is the first excited state.
The all-flipped state remains energetically unfavorable, and
the frustrated bond in the system ensures this outcome in both
scenarios.

As discussed earlier, the states involved in the phase tran-
sition are typically the lowest energy states of the problem.
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FIG. 8. (a) Schematic diagram of a tripartite setup. The bond
with a red background is the frustrated bond. (b) Numerical
data verifying that the product catalyst does not work in the
tripartite scenario. The tripartition has been made to 2, 3, and
4 spins. [W1,W2,W3] = [W/2, (W − δW )/3, (W − 2δW )/4], where
W = 0.04, δW = 0.01W , and J = 5.33W . Hcn = −�i∈A,Bσ x

i −
�i∈B,Cσ x

i − �i∈A,Cσ x
i .

Clearly, the all-spin-flipped state is not a part of them under
any allowed circumstances. This means that the product cat-
alyst will fail to improve the energy gap for this geometry as
it is not the direct-tunnel coupling catalyst. In Fig. 8(b), we
provide numerical evidence of this statement. We show the
behavior of a tripartite system with a phase transition during
the anneal under the presence of both the product catalyst
and a tailor-made n-local catalyst for the geometry. In this
case, the optimal n-local catalyst involves connecting all the
spins in two blocks at a time. This is because the chosen
parameters correspond to the first case discussed above but
with multiple spins in each block. Thus, the first excited state
involves flipping two blocks of spins. Hence, an n-local cat-
alyst successfully removes the phase transition, whereas the
product catalyst does not.

However, since the n-local catalyst does not connect two
states that are farthest apart in Hamming distance, it will have
perturbative effects on states at a Hamming distance greater
than n. Consequently, the sign of the catalyst interaction be-
comes significant. We have verified (see Appendix D) that the
stoquastic choice is preferable, for the same reasons discussed
previously. Note that HcXX also shows perturbative improve-
ment in the energy gap, as expected, but does not remove the
phase transition altogether.

FIG. 9. (a) Examples of subgraphs with low n where n-local
catalysts should be connected across all vertices to obtain speedup.
The blue lines denote edges in subgraphs of the problem graph and
the green squares denote the vertices in the problem graph. The
first row represents all the tree subgraphs. (b) Examples of loops
in which connection of n-local catalysts (where n equals number of
vertices) does not yield improvement. Thus, one needs to connect the
n-local catalyst across only those loops whose all subloops have even
number of vertices.

This understanding extends to all types of frustrated loops
with an odd number of nodes. In such cases, applying quan-
tum fluctuations by connecting an n-local catalyst across all
nodes of the loop is ineffective for MWIS problems. This can
be demonstrated through a simple picture. In such a loop, the
maximum number of |↑〉 spins allowed in the ground state
is (L − 1)/2, where L is the number of vertices, to preserve
the independence of the solution set. Flipping all the spins
in the loop results in a configuration that is no longer an
independent set, as it necessarily includes at least one pair
of adjacent |↑〉 spins. This effect is what is illustrated in the
simplest case in the tripartite scenario discussed above. The
resulting configuration has a much higher energy due to the
structure of the MWIS problem, where Ji j > min(wi,w j ).
This is because now we have (L + 1)/2|↑〉 spins (L = 3 in
the above example) and this increases the energy by O(4J )
from the on-site σ i

z term, and thus no longer remains a pos-
sible low-energy excited state. Consequently, connecting this
state to the true ground state is ineffective, as the effective
hybridization of the ground state and the all-spin-flipped state
would be too negligible to significantly change the ground-
state energy. This allows us to outline a possible hierarchy of
n-local catalysts that can be added to subgraphs of arbitrary
graphs to improve the energy gap. The basic guiding principle
is that they should not have any frustrated loop connections,
as shown in Fig. 9(a). On the other hand, in Fig. 9(b), we show
examples of possible subgraphs where adding the catalyst
offers no improvement. The key observation from Figs. 9(a)
and 9(b) is that loops with n odd, i.e., having an odd number
of vertices, should not be connected by a coupling of locality
n or greater. For further clarity of understanding, in Fig. 10,
we illustrate examples of advantageous subgraphs (shaded in
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FIG. 10. An abitrary graph showing the subgraphs across which
adding a catalyst is beneficial (thicker lines in shades of green), and
useless (shades of red). An example of a beneficial 3-local catalyst is
shown in dark green and a beneficial 4-local catalyst is shown in light
green, whereas an example of a useless 3-local catalyst is shown in
red, and a useless 4-local catalyst in orange.

green), where applying an n-local catalyst across the partici-
pating vertices can lead to improved performance. In shades of
red, we also show examples of those subgraphs across which
connecting an n-local catalyst will offer no improvement.

Hence, to improve the performance of a quantum annealer,
one should always first introduce 2-local couplings, which
will perturbatively improve the energy gap in many scenarios
[60]. However, to achieve further improvement, one should
introduce 3-local couplings that do not involve connecting
triangular loops. Then, if further improvement is sought, dif-
ferent 4-local couplings can be introduced, but in this case,
only square loops that contain no triangular loops should be
connected. This hierarchy can continue until the limitations of
the experimental setup are reached, or until no improvement
is observed in the outcomes.

5. An example in a random graph

In Fig. 11, we show an example of a random graph, where
adding a 3-local catalyst (HcXXX ) following the hierarchy
helps to increase the overall energy gap as well as remove
the first-order phase transition, while just using HcXX does not
[60]. The graph is generated as an Erdős-Rényi graph with
the probability of an edge between two vertices p = 0.5. We
choose an instance that exhibits a phase transition during the
anneal. The weights are chosen randomly from [0, 1] and
are shown on the vertices of Fig. 11(a). The bond strengths
are also randomly chosen from a uniform distribution [1, 2],
not shown in the figure to avoid cluttering. We provide details
on the bond strengths in Appendix F.

We plot the energy gap � during the anneal for the problem
described above without a catalyst (Hc = 0), and with two
types of catalysts (Hc = HcXX and Hc = HcXX + HcXXX ) in
Fig. 11(b). Note that HcXXX consists of couplings as shown
in the second diagram of the top row of Fig. 9(a), an example
of which is shown via green dotted lines in Fig. 11(a); i.e., it
connects all cases of three vertices with exactly two problem

FIG. 11. (a) An example of a random graph where adding the
XXX couplings removes the phase transition but the XX couplings
alone cannot. The dashed lines indicate two examples of the many
couplings present in the catalyst. The red dots indicate the sites that
provide the solution to the problem instance. The couplings are added
to all the allowed nodes, i.e, restricted to the first two scenarios of
Fig. 9. Notably, while HcX X X should naively include 21 additional
couplings compared to the HcX X case, removing the frustrated loops
reduces 33% of the couplings, and 14 couplings are sufficient to
obtain the improvement. The numbers on each vertex indicate the
weights wi. (b) Variation of energy gap � with the anneal parameter
s demonstrating how the addition of HcX X X removes the gap closure
at the phase transition.

edges between them. An example of coupling of HcXX is
shown via black dotted lines in Fig. 11(a). The addition of
HcXXX alongside HcXX to this configuration offers an exponen-
tial increase in the energy gap compared to the noncatalyzed
case. While the HcXX also offers an improvement, a sharp dip
in the energy gap indicates that it was not able to convert the
transition to a crossover.

6. Statistics of improvement in Erdős-Rényi graphs

To show that this phenomenon is statistically true for ran-
dom MWIS problems, we conclude this section by showing
minimum energy-gap data obtained by setting up the MWIS
problem on an Erdős-Rényi graph [60]. We generate 104 ran-
dom instances of the problem, choosing the probability p =
0.5 for an edge E to exist between two vertices V of the graph.
The antiferromagnetic couplings Ji j are drawn randomly from
a uniform distribution over [1, 2] and are chosen to be dif-
ferent on different edges to simulate distinct spin-glass-like
problems. The on-site weights w j are selected randomly from
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(a) (b) (c)

FIG. 12. Plot showing the improved gap opening for XXX catalysts vs XX catalyst. The black dashed line represents y = x, i.e., when
the catalyzed gap equals the uncatalyzed one. We rescale each instance by the problem gap �0 for a fair comparison. (a) �c1 denotes the gap
when we use the HcX X catalyst. (b) �c2 denotes the gap when we add HcX X X ; � denotes the gap for the Hc = 0 scenario. Panel (c) shows the
improvement on addition of HcX X X in addition to HcX X compared to just using HcX X The red and green circled points are analyzed in more
detail in the main text.

a uniform distribution over [0, 1]. These selections ensure the
MWIS criteria Ji j > min(wi,w j ) are satisfied.

We compute the minimum energy gap during the anneal
protocol, denoted as � for just this section to avoid cluttering,
without the addition of any catalyst (Hc = 0). We also cal-
culate the minimum energy gap �c1 upon adding a catalyst,
which includes an XX coupling on all the edges of the prob-
lem (HcXX ), and a second case �c2, where XXX couplings
are added on all groups of three vertices with only two edges
between them (HcXXX ). This setup follows our guideline of
not connecting frustrated loops with a single coupler.

Figure 12 presents a scatter plot comparing these scenarios,
with each instance scaled by the problem gap �0 to ensure
a fair comparison. From Figs. 12(a) and 12(b), the first key
observation is that there is a high density of points above
the dashed line, indicating an improvement in the energy gap
due to the addition of catalysts. Furthermore, in Fig. 12(b), the
data points appear to be more significantly displaced above
the dashed line compared to Fig. 12(a), clearly demonstrating
greater improvement when the HcXXX catalyst is added.

To further emphasize this point, Fig. 12(c) plots the energy
gap using HcXXX versus the energy gap using HcXX . The clus-
tering of points above the line with slope = 1 indicates that
statistically, adding HcXXX in addition to HcXX will increase
the energy gap. This analysis completes the previous, where
we show a scenario in which using only HcXX is insufficient to
eliminate the phase transition, while using HcXXX succeeds.

While the majority of instances show improvement in the
energy gap upon introducing the catalyst term HcXX (and
HcXXX ), some points lie below the dashed line in Figs. 12(a)
and 12(b). In a few cases, the gap even decreases by an order
of magnitude. These reflect a genuine physical effect: The
catalyst induces strong hybridization of excited states, which
can unintentionally trigger a possible first-order phase transi-
tion. To illustrate this, consider the instance marked by the red
circle in Fig. 12 (details of the configuration in Appendix F,
Tables II and III). Here, the ground (|g〉) and first excited (|e1〉)
states of the problem Hamiltonian HP differ by a Hamming
distance of 7. Without any catalyst, the minimum gap during
the anneal is the problem gap, with no first-order transition
occurring during the anneal. However, the HcXX term couples
states differing by Hamming distance 2: 〈h|HcXX |h′〉 �= 0 only
if |h − h′| = 2, where h is the Hamming weight of the state.

Henceforth, for the states discussed below, we shall label
them via the eigenstate of Hp they have the largest overlap
with, as that will determine the dominant contribution to the
hybridization since we are looking at perturbative crossings.
The catalyst does not directly couple the ground |g〉 and
first excited state |e1〉. However, |e1〉 and the second excited
state (|e2〉) differ by Hamming distance 2, allowing strong
hybridization via HcXX . As a result, |e1〉 hybridizes with |e2〉
and creates a new state whose energy is significantly lowered.
Meanwhile, the third excited state (|e3〉) is the closest energy
state with Hamming distance 2 of |g〉, but it lies farther in
energy, resulting in weaker hybridization. The net effect is
that the hybridized |e1〉 and |e2〉 state becomes lower in en-
ergy than the hybridized |g〉 and |e3〉 state, and it becomes
the instantaneous ground state of H (s = sc − ε), ε � 1.
However, since the ground state of Hp is |g〉, this leads to
an avoided crossing and a first-order transition at sc in the
presence of HcXX . This is absent when HcXX is removed or
replaced with HcXXX , as we demonstrate in Appendix C, cor-
roborating our understanding.

This mechanism is essentially the inverse of what we have
discussed briefly for the toy model, where specifically cu-
rated XX couplings can drastically improve the gap closing
by lowering the ground-state energy via coupling to nearby
low-energy excited states, while the first excited state re-
mains largely unaffected. In contrast, in these detrimental
cases, the excited state couples strongly to nearby states and
gets lowered more than the ground state. If the energy gets
lowered such that it becomes smaller than the state with max-
imal weight on |g〉 (the ground state of Hp), then there will
necessarily be an anticrossing during the quantum annealing
process. If the energy is lowered but not enough for the switch,
there will still be an O(1) energy gap but of lower magnitude.
Furthermore, only if |g〉 and |e1〉 differ by a large Hamming
distance, O(L), compared to the n-locality of HD and Hc, as in
the example described before, the energy gap becomes O(e−L )
by the same mechanism described in Sec. II B. As evident
from Fig. 12, such highly detrimental cases are statistically
rare, since they require the excited state to strongly hybridize
using Hc, more so than the ground state, and also lie at a large
Hamming distance from the ground state.

The complementary example of drastic improvement exists
for this random graph (green point in Fig. 12; the parameters
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are detailed in Appendix F, Tables IV and V), just like for
the toy model. In this beneficial case, the catalyst strongly
hybridizes the ground state with the third excited state (at
Hamming distance 2), while the first excited state remains
relatively unaffected, resulting in gap enhancement. Since the
catalyst in such a scenario is not required to directly connect
the ground and first excited states that are separated by a Ham-
ming distance of O(L), there is no direct connection between
the size of the problem L and the efficacy of such a catalytic
improvement.

Rather, the catalyst’s effect depends sensitively on the
proximity and Hamming distances of nearby energy levels,
which depends on the distribution of Ji j and hi. Favorable
distributions can lead to significant gap improvements even
for large L. When the unperturbed gaps are already small, even
modest perturbations from Hc can produce significant changes
through higher-order processes in perturbation theory. In con-
trast, a reduction of a large gap requires a much more specific
coincidence: An excited state above the first excited level
must be shifted downward with remarkable accuracy so that
it becomes nearly resonant with the ground state. Such near
degeneracies are statistically rare in the regime of perturbative
crossings.

To formalize this, we employ a perturbative formalism
(Schrieffer-Wolff/ Van-vleck). Let H = H0 + Hc, where H0 is
the uncatalyzed Hamiltonian, and project onto the subspace
containing the two states that we assume to be involved in the
transition {|1〉, |0〉}. The effective Hamiltonian governing the
low-energy subspace is

Heff (E ) =
(

E (0)
0 + 
00(E ) V eff

01 = V01 + �01(E )

V eff
10 = V10 + �10(E ) E (0)

1 + 
11(E )

)
,

where E (0)
0 and E (0)

1 are the uncatalyzed energy of the states,
and the self-energy and induced couplings till second order
of perturbation theory due to hybridization with other states
{|u〉}u�2 are


aa(E ) =
∑
u�2

|Vau|2
E − E (0)

u

, �01(E ) =
∑
u�2

V0uVu1

E − E (0)
u

.

A detrimental reduction of the minimum gap requires a near
resonance of one of the states |u〉 such that

|�01 + δ01| � |V01 + �01(E ′
1)|,

where �01 = E (0)
1 − E (0)

0 and δ01 = 
11(E ) − 
00(E ). In the
localized or perturbative regime, the effective couplings scale
as

|�0u(E )| ∼ (1 − s)h(u)/n � 1,

where h(u) is the Hamming distance between the configura-
tions labeled 0 and u, and n denotes the locality of the catalyst.
Consequently, because we have assumed that |�01| is much
larger than |V eff

01 | (i.e., the uncatalyzed instance does not have a
gap closure), such near resonances and the associated substan-
tial reductions of the minimum gap are exceedingly unlikely.
Achieving a resonance would require satisfying the condition
δ01 ≈ −�01 to a very high degree of precision. In contrast,
when �01 is already small, the probability of a perturbative
correction significantly modifying the gap is much higher.

This qualitatively explains why, in the random-graph exam-
ples, gap enhancements are statistically more frequent than
detrimental cases. Nevertheless, the specific catalyst structure
that is strongly beneficial cannot be known a priori without
solving the spectrum. Hence, we advocate a heuristic strategy:
Introduce n-local catalyst terms incrementally and monitor
their effect on performance, stopping once the benefit sat-
urates or reverses. This adaptive approach balances gain in
performance with computational overhead.

C. Circuit depth reduction in gate-based implementations

In this section, we discuss the integration of long-range
couplings within a gate-based quantum annealer framework.
A gate-based quantum annealer discretizes the continuous
annealing protocol into a series of Trotter steps, allowing
for stepwise simulation of the quantum evolution. The left
panel of Fig. 13 illustrates a quantum gate configuration that
realizes the XXX coupling. This is achieved by placing two
CNOT gates on either side of a Pauli-X rotation, denoted by
the Rx(θ ) gate. By stacking these CNOT gates in a “ladder”
structure around the rotation, we effectively create multiqubit
couplings; the depth of this CNOT ladder determines n of the
n-local catalysts. The generalization to higher-order XXX · · ·
couplings by adding more rungs in the CNOT ladder is in-
dicated by dots in the figure. An important advantage of this
approach is that only nearest-neighbor CNOT couplings are
needed, making the construction feasible even with hardware
constraints on long-range connections.

Further note that the gate count increases as O(n) for an
n-local coupling [61]. In fact, the number of gates required for
one n-local coupling can be exactly computed as 1 + 2(n −
1). Hence, the total number of additional gates required to
achieve p time steps to perform quantum annealing with an n-
local catalyst is Ng = p(v + ∑nmax

n=2[1 + 2(n − 1)]gn), where v

denotes the number of vertices of the problem and gn denotes
the number of n-local gates of each type added. We shall now
demonstrate, using the MWIS problem on the random graph
defined in Fig. 11(a), that for the same number of Trotter steps
and more importantly for the same total number of gates,
adding n-local catalysts exponentially improves the fidelity
of time evolved wavefunction with the exact ground state,
compared to the uncatalyzed scenario.

Discretizing the annealing protocol of Eq. (5) into Trot-
ter steps with step duration δt = 0.05, and starting from the
ground state of the driver Hamiltonian as before, we simulate
the fidelity of the time evolved wavefunction with the exact
ground state of the problem classically using unitary evolu-
tion. In the middle panel of Fig. 13, we observe that for the
case Hc = 0, even after increasing the time steps to p = 106

we see no improvement in the fidelity, which remains effec-
tively 0. In contrast, while the fidelity using the HcXX catalyst
stays near 0 until about p � 2 × 105, we see a clear upward
trend around p = 5 × 105. Finally, for the HcXX + HcXXX case
we observe a clear upward trend already from O(104) Trotter
steps and a near perfect fidelity (99.9%) is achieved around
p = 5 × 105 Trotter steps.

However, just comparing the behavior with p does not
give the full picture as each time step involves Ng/p gates
(1- and 2-qubit), which is different in each of the scenarios
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FIG. 13. Left: Circuit representation of XXX couplings. Middle: fidelity of Trotter-evolved wavefunction with exact ground state for
different cases, for different time steps p. Right: number of gates Ng required to obtain good fidelity with the exact wavefunction in different
scenarios. Each Trotter step duration is δt = 0.05.

and is based on the n of the n-local catalysts added. Thus,
in the right panel of Fig. 13, we provide the comparison of
fidelity with Ng, the total number of gates involved in the
quantum computation. This clearly reveals the superiority of
the approach of adding n-local catalysts during the anneal pro-
tocol by demonstrating orders of magnitude reduction in the
number of gates required to achieve different levels of fidelity
without and with different catalysts for the system described
above. For example, to achieve 95% fidelity in this anneal, if
we include HcXXX we can do so via 107 gates, whereas just for
HcXX we cannot achieve even 50% fidelity with 108 gates. The
situation is completely hopeless if we do not add the catalyst
where the fidelity of the wavefunction is practically nil for
108 gates. To summarize, n-local catalysts can be created in
polynomial complexity by 2-local gates and provide order
of magnitude improvement in quantum annealing time and
cost, thus reducing the need for resources. While we have
shown just one example here, any of the situations (points
in Fig. 12) can be similarly tested and will statistically show
similar results. This result establishes a powerful strategy for
achieving the most accurate ground state using a fixed total
number of gates. Initially, the ground state should be prepared
without the catalyst. Subsequently, the gates can be system-
atically rearranged to incorporate the nonlocal couplings in
the hierarchical sequence outlined in Fig. 9. By iteratively
refining the configuration until no further energy reduction
is observed, this approach ensures an optimized ground-state
preparation. This systematic method maximizes the utility of
available resources.

IV. DISCUSSION

In the realm of adiabatic quantum annealing, first-order
transitions are particularly challenging to mitigate due to the
nature of the states involved. These states are usually sepa-
rated by a large Hamming distance, implying that they are
significantly different in terms of their configuration. How-
ever, direct-tunnel couplings are the key to successfully open
up a gap during a first-order phase transition. That is, the
quantum fluctuations that directly connect the initial and fi-
nal states across the transition can most effectively create
an energy gap. We illustrate the efficacy of such couplings
as a catalyst showcasing a versatile implementation protocol.
However, identifying the exact coupling a priori is typically

impossible due to the complexity of the quantum system,
unless the problem structure has a lot of symmetries. As a
result, nondirect but additional quantum fluctuations become
essential for approximating the necessary conditions for these
direct-tunnel couplings.

These extra fluctuations must be n-local, providing many-
body quantum fluctuations stronger than those generated by
the system’s intrinsic driver. Among them, we show that there
exist effective couplings with n much smaller than the Ham-
ming distance between the two states across the transition, but
they are rare and difficult to identify due to the superexponen-
tial number of possible configurations. However, we observe
that the effectiveness of such catalysts does not scale with
problem size for the toy model, and possibly even for ran-
dom graphs as suggested by small L numerical simulations in
Ref. [60] and our heuristic arguments based on the statistical
analysis of problem instances on Erdős-Rényi graphs, opening
up significant opportunities to design practical methods that
leverage this property.

This mirrors an approach used in classical simulations,
where Monte Carlo algorithms addressing critical slowing
down—such as the Swendsen-Wang [62] and Wolff cluster
algorithms [63]—employ cluster flips to mimic the system’s
natural correlations near critical points. This strategy provides
the resonant perturbations needed to overcome energy barri-
ers. Our study highlights the potential for a quantum analog
by analyzing all configurations of catalyst couplings in small
L toy systems with inherent structural symmetry. We find that
a limited number of small n-qubit catalytic couplings achieve
exponential improvements for smaller systems and, remark-
ably, remain effective at mitigating phase transitions as system
size increases, demonstrating robustness and efficiency.

Using the toy models as microcosms of random graphs, we
show that the n-local catalysts create an additional effective
bridge between states separated by a large Hamming distance
across the transition in MWIS problems, something not inher-
ently provided by the standard driver Hamiltonian. As such,
these catalysts are expected to significantly accelerate the
annealing process even in larger graphs than those considered
here. Verifying this effect in larger and more complex random
graphs could offer valuable insights, representing an exciting
direction for future research.

We have further demonstrated that product catalysts,
which directly connect two states separated by the maximal
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Hamming distance in a problem, serve as examples of direct-
coupling catalysts in the toy bipartite model. These catalysts
nonperturbatively couple the ground and first excited states
across the transition and are agnostic to whether they are
stoquastic or nonstoquastic. However, n-local catalysts are
sensitive to this distinction. Stoquastic catalysts create a more
systematic improvement by selectively lowering the energy of
the instantaneous ground state involved in the transition, and if
they minimally impact (or adversely impact) the higher energy
level, a gap opens up. Nonstoquastic catalysts, on the other
hand, introduce oscillating perturbations, resulting in highly
system-dependent behavior.

While it is challenging to pinpoint the exact structures of
direct-coupling catalysts, it is possible to identify structures
that are ineffective for solving MWIS problems. Using them,
we developed a hierarchical framework of catalyst connec-
tions tailored for MWIS problems, potentially extending this
methodology to other types of problems as well. In prac-
tice, one may progressively introduce n-local catalyst terms,
starting from low locality and increasing n until either the
hardware or algorithmic limits are reached, or no further
reduction in the final energy is observed. This hierarchi-
cal approach provides a systematic way to identify effective
catalysts without full optimization. We emphasize, however,
that increasing n-locality does not guarantee a monotonic
improvement of the energy gap: Beyond a certain point, ad-
ditional multibody terms can make the system more complex
and may even reduce performance, as illustrated in some of
the random-graph examples in the main text, where an XX
catalyst induces an additional phase transition. However, as
discussed there, such detrimental cases are expected to be sta-
tistically rare. The proposed prescription is therefore meant as
a practical and adaptive heuristic, not as a claim of universally
monotonic enhancement.

We further discuss gate-based quantum circuit implemen-
tation of our proposed anneal protocol, where we show that,
crucially, the n-local couplings can be generated by a circuit
depth O(n). Using this, we demonstrate that the exponential
reduction of anneal time translates into an order of magnitude
reduction in number of gates necessary to obtain high fidelity
solutions, offering a leap in efficient quantum computing.
n-local catalysts induce entanglement across different sites in
the problem graph, providing an additional source of entangle-
ment alongside that generated by problem interactions. This
entanglement is crucial for preventing gap closures.

Our perturbative framework is not restricted to the specific
toy model discussed here. In principle, it should apply to any
system where perturbative crossings occur between low-lying
energy states during the anneal, including exact cover [64], k-
SAT [65], and other spin-glass-like models [66]. This is worth
investigating in detail in a future work. However, what will
differ is the procedure for reducing catalyst couplings at cer-
tain n-localities described in this work that specifically applies
to MWIS-type problems. As a result, the polynomial reduc-
tion in the number of catalyst terms may not hold or may need
to be replaced by a different rule in other problem classes.
Nevertheless, we anticipate that the effectiveness of stoquastic
catalysts should carry over to these problems as well.

There are alternative catalyst terms that could be used
in Hc, for example, involving σ y operators, but the situa-

tion can get more nuanced. Recall that HD is still
∑

i σ
x
i

and thus these terms render the Hamiltonian complex val-
ued, and therefore the Perron-Frobenius theorem no longer
applies. Consequently, the sign structure of the perturbative
series becomes indefinite, akin to the behavior of nonstoquas-
tic catalysts, making analytic predictions based on low-order
perturbation theory more challenging. However, σ y catalysts,
just like σ x catalysts, can still connect computational basis
states differing by large Hamming distances and may pro-
vide similar gap-opening benefits. However, in our numerical
experiments on the toy model, we found σ x catalysts to out-
perform ones with σ y terms. Some work also has been done
to study the effect of σ z catalysts [67], but the mechanism
of energy-gap improvement there is different, as it does not
connect states but rather changes the diagonal terms in the
H (s). A thorough analysis of which setup is most efficient is
beyond the scope of the present work.

While some research has explored the utility of multipartite
entanglement in quantum annealing [68], a general under-
standing remains elusive, and we intend to investigate the
geometry of additional quantum correlations that prove effec-
tive in future work. We also note that in approaches departing
from strict adiabaticity, such as the quantum approximate
optimization algorithm and quantum random walks, gates are
applied for extended durations and subsequently optimized,
thereby inducing entanglement across different regions of the
problem. Such optimization may yield additional speedups
in quantum state preparation beyond what is demonstrated
here, especially as recent results suggest that optimal control
[26] is particularly effective. The n-local catalyst provides an
adiabatic pathway to generate this entanglement, albeit at the
cost of multiqubit control. The observed gate count reduc-
tion from n-local catalysts can also complement QAOA-like
techniques. Since we find that introducing these new classes
of gates significantly enhances state preparation efficiency
even without parameter tuning, we expect additional speedups
may be achieved through further optimization. While we do
not claim that the addition of n-local gates without further
optimizations can already outperform classical algorithms or
the best QAOA protocols, our results provide a lens through
which we can understand and engineer quantum speedups.
We believe that this insight will serve as a foundation for
enhancing existing quantum state preparation strategies and
developing more powerful hybrid quantum algorithms.
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APPENDIX A: DERIVATION OF THE MWIS
SPIN-GLASS HAMILTONIAN

We provide here a step-by-step derivation of the spin-glass
Hamiltonian corresponding to the MWIS problem on a graph
G = (V, E ) with node weights wi.
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The MWIS problem can be cast as a binary optimization
problem over variables xi ∈ {0, 1}, where xi = 1 indicates that
vertex i is included in the independent set. The optimization
function with a soft constraint for independence is

H(x) =
∑
i∈V

wixi −
∑

(i, j)∈E

Ji jxix j, (A1)

where Ji j > max(wi,w j ) are penalty coefficients that ensure
neighboring vertices are not both included in the independent
set. The task is to obtain the configuration of {xi} that maxi-
mizes this function.

To map this to an Ising spin-glass Hamiltonian suitable for
quantum annealing, one introduces spin variables si ∈ {−1, 1}
via the transformation:

xi = 1 + si

2
, so that xix j = 1 + si + s j + sis j

4
. (A2)

Substituting into Eq. (A1), we compute the two components
of the Hamiltonian.

(1) Objective term.∑
i∈V

wixi =
∑
i∈V

wi × 1 + si

2
(A3)

= 1

2

∑
i∈V

wi + 1

2

∑
i∈V

wisi. (A4)

(2) Penalty term.

−
∑

(i, j)∈E

Ji jxix j = −
∑

(i, j)∈E

Ji j × 1 + si + s j + sis j

4
(A5)

= −
∑

(i, j)∈E

(
Ji j

4
+ Ji j

4
si + Ji j

4
s j + Ji j

4
sis j

)
.

(A6)

Collecting the terms, we obtain the following: constant
term:

1

2

∑
i∈V

wi −
∑

(i, j)∈E

Ji j

4
,

linear term (effective field hi):

hi = 1

2
wi − 1

4

∑
j∈nbr(i)

Ji j, (A7)

and quadratic term (coupling Ji j):

−J (Ising)
i j = − 1

4 Ji j, for all (i, j) ∈ E .

The crucial thing to note here is to avoid the double counting
of all the edges in the graph.

Final spin-glass Hamiltonian

Ignoring the constant shift in energy and multiplying the
overall Hamiltonian by 4, the final Ising Hamiltonian becomes

H = 4
∑
i∈V

hisi − 4
∑

(i, j)∈E

J (Ising)
i j sis j

=
∑
i∈V

⎛
⎝2wi −

∑
j∈nbr(i)

Ji j

⎞
⎠si −

∑
(i, j)∈E

Ji jsis j . (A8)

Recall that we are looking to find the configuration that maxi-
mizes Eq. (A8), which means it is the same configuration that
minimizes −H . This is the ground-state eigenfunction of the
Ising Hamiltonian in Eq. (1). For our simulations, we generate
random weights and couplings that satisfy Ji j > max(wi,w j )
for each graph instance. While the solution of the MWIS
problem itself only depends on the graph structure and not on
the specific values of the couplings Ji j , we have randomized
them as well. Thus, in essence we generate spin-glass-like
problems directly on the random graph but obeying the MWIS
constraint.

APPENDIX B: CONDITION TO ENSURE FIRST-ORDER
PHASE TRANSITION IN THE BIPARTITE MODEL

Recall the MWIS Hamiltonian in Eq. (1),

Hp =
∑
i j∈E

Ji jσ
z
i σ z

j +
∑
i∈V

⎛
⎝ ∑

j∈nbri

Ji j − 2wi

⎞
⎠σ z

i , (B1)

for the toy model of Fig. 2. We order the computational basis
states such that the first four bits represent the spins in system
A. If we choose W2 > W1 in the toy model, the ground state is
|↓↓↓↓↑↑↑〉. The maximum independent set here is the set of
three up spins in system B. Our goal is to find a condition
when the first excited state of the problem Hamiltonian is
a large Hamming distance away from the ground state, for
reasons that will be clear at the end of this Appendix.

To find the first excited state, one can flip a spin in the left
or right block, or flip more than one spin.

(1) Flip spin 1|↓↓↓↓↑↑↑〉 → |↑↓↓↓↑↑↑〉. We consider
Ji j = J for simplicity. The energy cost for this spin flip is

(3J + (3J − 2w1)) − (−3J − (3J − 2w1))

= 12J − 4w1 = 12J − W1. (B2)

(2) Flip spin 5|↓↓↓↓↑↑↑〉 → |↓↓↓↓↓↑↑〉. The energy
cost for this spin flip is

(4J − (4J − 2w5)) − (−4J + (4J − 2w5))

= 4w5 = 4W2/3 (B3)

(3) Flip all spins|↓↓↓↓↑↑↑〉 → |↑↑↑↑↓↓↓〉. Here, we
can ignore the antiferromagnetic interactions that remain the
same for both cases. Thus, we have before:−[(3J − 2w1 +
3J − 2w2 + 3J − 2w3 + 3J − 2w4) − (4J − 2w5 + 4J −
w6 + 4J − w7)] = 2(w1 + w2 + w3 + w4 − w5 − w6 − w7)
and after:−2(w1 + w2 + w3 + w4 − w5 − w6 − w7).

The difference and thus the energy cost is 4(−w1 − w2 −
w3 − w4 + w5 + w6 + w7)

= 4

(
−

∑
i=1···4

wi +
∑

i=5···7
wi

)
= 4(W2 − W1). (B4)

Finally, we consider another case when we flip two spins,
(4) Flip spin 1 and 5|↓↓↓↓↑↑↑〉 → |↑↓↓↓↓↑↑〉. The

energy cost for performing these flips is J + (3J − 2w1) +
2J − (4J − 2w5) − (−3J − (3J − 2w1) − 4J + (4J − 2w5)

= 8J − 4w1 + 4w5. (B5)
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Since J > wi by problem statement, case 4 always has greater
energy cost than case 2.

Since the energy cost of flipping more than one spin in a
single partition is additive, we do not need to consider the
other scenarios of flipping more spins in any of the sub-
systems. Additionally, as J > w1,w5, it is clear that case 2
and case 3 are the cases that can have comparable energies.
Finally, if

(W2 − W1) < min(w5,w6,w7) = W2/3, (B6)

then the state that is farthest away from the ground state in
Hamming distance becomes the first excited state of the toy
problem.

Upon introducing quantum fluctuations via the transverse-
field driver HD = ∑

i σ
x
i (for s � 1 in H (s)), the ground and

first excited states of Hp can hybridize with other eigenstates,
either directly or through higher-order perturbative processes.
As a result, at some value s < sc < 1, the ground state of H (s)
may switch from having maximal overlap with the ground
state of Hp to having maximal overlap with the first excited
state of Hp. This phenomenon is referred to as a perturbative
crossing. Formally, let {|si〉} denote the computational basis
states, which are eigenstates of Hp with energies E (0)

i . In the
perturbative regime, the eigenstates of H (s) can be expanded
as

|ψi(s)〉 ≈ |si〉 + O(‖HD‖),

with perturbed energies

Ei(s) ≈ E (0)
i + δEi(s),

where δEi(s) arises from higher-order processes induced by
HD. A perturbative crossing between the lowest two levels
occurs when, for some s < sc,

E (0)
1 < E (0)

2 but E1(s) > E2(s).

Thus, as s is reduced from 1, the energetic ordering of the two
states switches at a critical value sc < 1, even though each
|ψi(s)〉 remains dominantly supported on its corresponding
computational basis state |si〉.

For the toy model, we consider a complete bipartite graph
with partitions A and B of sizes (L + 1)/2 and (L − 1)/2,
respectively. A perturbative crossing can be ensured by choos-
ing the total weight on the smaller partition B to be slightly
larger than that on A, i.e.,

WB > WA, |WB − WA| � 1,

with

WA =
∑
i∈A

wi, WB =
∑
j∈B

w j .

This choice makes the two MWIS configurations nearly de-
generate at s = 1, so that higher-order perturbative corrections
from HD can reverse their ordering and produce a level cross-
ing at some sc < 1. Qualitatively, this can be understood by
noting that the transverse driver HD = −∑

i σ
x
i perturbs the

larger partition more strongly than the smaller one, since
a greater number of spins contributes non-negligibly to the
perturbation series.

Crucially, if an order parameter changes abruptly at sc,
the system undergoes a first-order quantum phase transition.
If the ground and first excited states of Hp differ by only a
single spin flip, the transverse field directly mixes them and
no such transition occurs. However, the chosen parameters
ensure that the two states differ by the maximal Hamming
distance L. As discussed in Sec. II B, when the ground and
first excited states switch roles under such circumstances, the
minimum gap scales as O(e−L ), reflecting an exponentially
small avoided crossing.

The term perturbative crossing refers to the fact that the
eigenstates near the transition can be described perturbatively
around Hp; however, the crossing itself is a nonperturba-
tive, collective effect involving O(L) qubits. Thus, in this
bipartite toy model, two elements jointly determine whether
a perturbative crossing occurs: (1) The larger weight must
lie on the smaller partition (necessary), and (2) the classi-
cal energy difference must be sufficiently small (necessary).
Once this difference satisfies the inequality in Eq. (B6), the
driver-induced corrections inevitably overturn the ordering of
the two MWIS configurations. Hence, combined with (1),
Eq. (B6) provides a sufficient criterion for such a crossing,
consistent with the behavior shown in Fig. 2.

The perturbative crossing also constitutes a first-order
quantum phase transition, since the relevant order parameter
changes discontinuously. To conclude, the first excited state
behaves as a local minimum that the system can reach ef-
ficiently without a catalyst; however, transitioning from this
local minimum to the true ground state requires tunneling
through a nonperturbative barrier associated with a first-order
transition.

APPENDIX C: EXAMPLE WHERE HcXX INTRODUCES
A NEW TRANSITION

In the main text, we identified a case labeled by the red
circle in Fig. 12 where HcXX severely reduced the energy gap
and performed an analysis of why this is the case. We claimed
that the additional hybridization introduced by 2-local HcXX is
the culprit and the next higher n-local catalyst HcXXX does not
show this effect. In Fig. 14, we show exactly this behavior
where we show that if HcXX is removed from the catalyst
hierarchy, an application of just HcXXX does not cause a gap
closing, corroborating our theory.

APPENDIX D: NONSTOQUASTIC CATALYSTS

In this Appendix, we provide a brief comparison of the
behavior of stoquastic versus nonstoquastic catalysts for the
problems considered in the main text. Our main conclusion
is that if one uses a direct-tunnel coupling with a product
catalyst, the sign of the catalyst does not matter, whereas
for other catalyst couplings, even if it is a direct-tunnel one,
stoquastic catalysts offer a much more systematic pathway
to improve the energy gap, while a nonstoquastic catalyst
introduces a problem-dependent improvement. In Fig. 15, we
provide evidence supporting these claims. In Fig. 15(a), we
observe that the number of exceptionally effective catalysts is
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FIG. 14. The variation of the energy gap � with rescaled time
s the instance labeled by the red circle in Fig. 12, showing the
appearance of gap closure when HcX X is used.

much greater in the stoquastic case, denoted by ×, compared
to the nonstoquastic case, denoted by •. Otherwise, there is
limited distinction between the two types of catalysts. This is
further seen for XXX catalysts, where due to the higher degree
of connections relative to the system size, the lines are further
blurred between the two types of catalysts.

To complete our analysis, we also consider the specific
cases of HcXX and Hcp for the bipartite graph in Fig. 15(c),
where we show that the direct-tunnel coupling induced by
Hcp, which connects states maximally apart in Hamming dis-
tance, remains unaffected by the sign, whereas the HcXX is
adversely affected by introducing nonstoquasticity. On the
other hand, for the tripartite case shown in Fig. 15(d), where
now the direct-tunnel coupling is induced by Hcn that still has
perturbative effects on the energy states as it does not connect
states maximal Hamming distance apart, the stoquastic choice
is preferable. This can again be explained via the perturba-
tive arguments of the main text. We therefore conclude that
nonstoquasticity provides no additional improvement for the
problems considered in this work.

APPENDIX E: MITIGATING THE TRANSITION
IN THE FERROMAGNETIC p-SPIN MODEL

The ferromagnetic p-spin model is defined as

Hp = −L

(
1

L

L∑
i=1

σ z
i

)p

, (E1)

where L is the system size. It is known [35,69] that to
prepare the ground state of such a model using adiabatic
quantum annealing with the standard transverse-field driver
HD = −∑L

i=1 σ x
i , the system undergoes a phase transition at

s = sc(p), where the ground state changes from paramagnetic
to ferromagnetic. Furthermore, for p � 3, this transition is of
first order with an exponentially closing gap [69]. In the main
text, we discussed the origin of this exponentially closing
gap and clarified that this is not the type of gap closing that
we primarily aimed to address in this work. Nevertheless, in
this Appendix, we explore the consequence of applying the
catalyzed annealing procedure to this model and demonstrate
how our understanding aligns with the well-known superiority
of the nonstoquastic catalyst in opening up the gap in the

p-spin model [35]. In the presence of a catalyst, the annealing
protocol used is

H (s) = sHp + (1 − s)HD + s(1 − s)Hc, (E2)

where Hc = ±H1
c = ±L( 1

L

∑L
i=1 σ x

i )k . Note that Hc is all-to-
all coupled, consistent with the all-to-all nature of Hp and in
line with the catalyst constructions considered in this work. In
Fig. 16, we show the behavior of the energy gap during the
annealing process for the cases without a catalyst (Hc = 0),
with a stoquastic catalyst (Hc = −), and with a nonstoquastic
catalyst (Hc = +) for three different choices of p and k (we
leave out writing H1

c for brevity). We first observe that for the
no-catalyst case, the energy gap closes during the anneal in all
three parameter settings considered. A more detailed investi-
gation (bottom panels) confirms that this gap is exponentially
small in system size L. When a stoquastic catalyst is added
(Hc = −), the energy gap does not reopen; rather, the gap
minimum shifts toward larger s values. Moreover, the system-
size scaling becomes even more severely exponential with L.
On the other hand, with a nonstoquastic catalyst (Hc = +), the
gap closes more smoothly around the critical point in all sce-
narios. This smoothness increases progressively as we move
through the parameter sets p = 3, k = 3, then p = 5, k = 3,
and finally p = 5, k = 5. In the last case, the structure of the
gap closing is reminiscent of power-law decay of the gap with
|s − sc| near the critical point. The bottom panels of Fig. 16
further demonstrate the superior performance of the nonsto-
quastic catalyst: The gap scaling with L is slower in all three
cases, and for p = 5, k = 5, it transitions to a power-law scal-
ing in L (verified but not shown), consistent with the findings
of Nishimori and Takada. [35]. This power-law scaling and the
smoother behavior of the energy gap around the critical point
suggest that the transition may become second order under
nonstoquastic catalysis. We do not analyze the transition order
further in the present work as it has been done before [35].
However, we now explore why the sign of the catalyst has
a qualitatively different effect on the phase transition in the
p-spin model compared to the examples discussed in the main
text. The key distinction lies in the nature of the transition
itself: Here, it is a paramagnetic-ferromagnetic transition—
unlike the perturbative crossing phenomena addressed in the
main text. In this case, the mechanism by which the energy
gap increases is not due to a direct connection between the
ground and first excited states, as discussed in the main text.
Instead, the nonstoquastic catalyst changes the energetics of
the eigenstates near the transition, whereas the stoquastic cata-
lyst does not. We illustrate this in Fig. 17 for the most dramatic
case of p = 5, k = 5. To compute the eigenstates, we use the
fact that the total angular momentum operator L2 commutes
with H (s), rendering the Hamiltonian block diagonal in the
rotated basis. The ground and first excited states lie within the
maximum angular momentum sector L = L/2, whose basis
states are the Dicke states. Exploiting this symmetry, we can
efficiently diagonalize systems of size L ∼ O(100) [69]. The
Dicke states are defined as

|i〉 = |L = L/2;Lz = mz〉, (E3)

where −L/2 � mz � L/2 and |i〉 denotes a Dicke basis state.
The paramagnetic state corresponds to a Gaussian-weighted
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FIG. 15. A comparison between nonstoquastic and stoquastic catalysts. Panel (a) shows a comparison of the minimum energy gap of the
bipartite toy model in Fig. 2, �min, when we add XX couplings with −ve sign (stoquastic), shown by ×, with addition of XX couplings with
+ve sign (nonstoquastic) shown by filled circles. Panel (b) shows the same data as panel (a) on addition of XXX couplings. Panel (c) shows a
comparison of how the energy gap for the same problem behaves during the anneal on addition of stoquastic vs nonstoquastic HcX X and Hcp.
Panel (d) shows a similar plot as panel (c) for the tripartite graph of Fig. 8 for the same choices of catalyst as in Fig. 8(b) but with different
signs. Note that the catalysts used in main text had −ve sign, i.e., were stoquastic.

FIG. 16. Data showing the effect of stoquastic (Hc = −) and nonstoquastic (Hc = +) catalysts on preparation of ground state of p-spin
model using quantum annealing via Eq. (E2). Left panels: For p = k = 3 in the p-spin model described in Eq. (E1), in the top panel we
show the instantaneous gap between the ground and first excited states during the anneal and in the bottom panel we show the scaling of
the minimum energy gap �min during the anneal with system size L. Middle and right panels show the same results for p = 5, k = 3 and
p = 5, k = 5, respectively.
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FIG. 17. Distribution of eigenstate |ψ〉 weights on basis states |i〉, for the basis defined in Eq. (E3). Top: For the no-catalyst case Hc = 0,
the critical point is at sc = 0.466 593 120 33. The panels from left to right show the behavior of the ground and excited states just before, at,
just after, and away from criticality, respectively. The middle panel does the same but for Hc = −, where sc = 0.605 792 442 974 086. The
bottom panel shows for the nonstoquastic case for which sc = 0.207 946 489 93. Clear differences in behavior around criticality are seen for
the ground and excited states.

superposition centered around i = L/2 + 1, while the fer-
romagnetic state corresponds to i = L + 1. Just before the
critical point, in the region where HD dominates, all three
scenarios yield a paramagnetic ground state. The difference
appears in the nature of the first excited state: For Hc = 0
and Hc = −, the first excited state closely resembles the ferro-
magnetic ground state. However, for Hc = +, it is a different
state having significant overlap with the paramagnetic ground
state, even near criticality. At the transition point, we observe
a superposition, followed by a level crossing between the
ground and first excited states. For s � sc, all cases show
similar behavior, up to a global phase. This distinction softens
the transition in the presence of the nonstoquastic catalyst.
The off-diagonal matrix elements of HD connect Dicke states
|i〉 and |i ± 1〉, since

∑
i σ

x
i flips individual spins. The k-local

catalyst Hc allows connections up to |i ± k〉. However, even
with the catalyst, direct connection between the paramagnetic
and ferromagnetic states remains exponentially suppressed
due to negligible overlap between states such as |i = L/2 + 6〉
and |i ∼ L〉 that need to be connected. The perturbative im-
provements possible are also limited, since the higher excited
states have significant energy separation [> O(1)] with the
ground and first excited states. This explains the persistence
of a first-order transition in the stoquastic case. In contrast,
for Hc = +, the first excited state exhibits strong overlap with
the ground state within a Hamming distance of ∼5, enhanc-
ing the off-diagonal matrix element as per Eq. (4), and thus
increasing the energy gap. A detailed scaling analysis of the

energy gap could be pursued, but lies beyond the scope of
this work. We can, however, explain the qualitative change in
the first excited state due to different catalyst signs. At s = 0,
the eigenstates are tensor product eigenstates of σ x, such as
|+ + + · · ·〉, |+ + − · · ·〉, etc. expressed in the Dicke basis.
When the catalyst is introduced without Hp, it modifies the
energy of these states. For a k-local catalyst Hc with the same
sign as HD, the effect is additive and lowers all energy levels.
This energetically favors the paramagnetic state for larger s,
pushing the para-ferro transition to larger s and reducing the
off-diagonal coupling in basis of σ x, as it scales with (1 − s).
As a result, the energy gap becomes even smaller. However,

TABLE I. Coupling strengths Ji j used for the example in Fig. 11.

Ji j Strength Ji j Strength

J1,4 1.661 22 J1,6 1.018 34
J1,8 1.144 59 J2,3 1.789 42
J2,4 1.109 15 J2,6 1.8282
J2,7 1.763 85 J3,4 1.575 87
J3,9 1.038 25 J3,10 1.888 31
J4,7 1.272 07 J4,9 1.023 95
J4,10 1.689 37 J5,6 1.232 93
J5,8 1.327 64 J5,9 1.0961
J6,10 1.090 28 J7,8 1.194 25
J7,9 1.228 29 J7,10 1.968 42
J8,10 1.300 31

013301-19



ROOPAYAN GHOSH et al. PHYSICAL REVIEW RESEARCH 8, 013301 (2026)

TABLE II. Coupling strengths Ji j between connected nodes, for
the red circle enclosed point in Fig. 12.

Ji j Strength Ji j Strength

J1,6 1.436 18 J4,6 1.130 57
J1,7 1.944 69 J4,7 1.714 23
J1,8 1.942 28 J4,9 1.6577
J1,9 1.787 54 J4,10 1.504 74
J2,3 1.142 42 J5,6 1.978 84
J2,4 1.9505 J5,8 1.154
J2,5 1.026 82 J5,9 1.108 29
J2,6 1.806 06 J5,10 1.350 26
J2,7 1.448 41 J7,9 1.356 43
J2,8 1.097 57 J3,4 1.731 91
J2,9 1.517 51 J3,6 1.7245
J2,10 1.970 66 J3,10 1.0843

when Hc = +, the catalyst has the opposite sign to the driver,
introducing competition between ground and excited states.
Simple algebra shows that at

sc = 2Lk−1

(2 − L)k − (−L)k
, (E4)

the ground and first excited states exchange roles. Note that
this derivation neglects Hp and considers the classical part
of the model where all terms commute. For k = 5 and L =
100, this gives sc ≈ 0.208 162, remarkably close to the ac-
tual critical point sc ≈ 0.207 946 when Hp is included (see
Fig. 17). Numerical analysis (not shown) confirms that Hp

acts perturbatively in this limit. In the Dicke basis, since
both the ground and first excited states now have significant
overlap, and Hp is diagonal in this basis, a nonzero gap opens
up. Once the ground state transitions away from the param-
agnetic state, no further sharp transitions occur—the system
smoothly evolves to the ferromagnetic phase through a series
of crossovers as Hp increases. Thus, the nonstoquastic catalyst
softens the para-ferro transition by inducing an intermedi-
ate transition at smaller s, involving two low-magnetization
states. This avoids a sharp magnetization jump and makes
the gap closing less severe. Because the paramagnetic state
is a superposition over all computational basis states, simple
k-local catalysts cannot directly connect it to the ferromag-
netic state unless all orders of k are included. By initiating
an energetic competition early in the anneal, the nonstoquas-
tic catalyst breaks the symmetry of the paramagnetic state,
introducing a new transition (with a gap closing as a power
law in L) to a different intermediate state and then enabling
a smooth crossover to the ferromagnetic ground state. This

TABLE III. On-site potential values wi for the red circle enclosed
point in Fig. 12.

wi Value wi Value

w1 0.968 722 w6 0.559 234
w2 0.009 245 94 w7 0.904 322
w3 0.440 185 w8 0.190 12
w4 0.113 431 w9 0.786 817
w5 0.667 931 w10 0.423 23

TABLE IV. Coupling strengths Ji j between connected nodes, for
the point circled in green in Fig. 12.

Ji j Strength Ji j Strength

J1,2 1.497 47 J4,6 1.983 16
J1,4 1.921 65 J4,7 1.191 58
J1,5 1.809 92 J4,8 1.7254
J1,7 1.015 89 J5,6 1.856 58
J1,8 1.928 79 J5,8 1.871 32
J2,7 1.174 51 J5,10 1.036 33
J2,8 1.885 29 J6,8 1.648 93
J2,9 1.384 27 J7,8 1.555 01
J2,10 1.436 71 J7,9 1.738 64
J3,4 1.086 09 J9,10 1.589 89
J3,6 1.29 071 J3,10 1.340 98
J3,9 1.790 68

mechanism is fundamentally different from the one discussed
in the main text, since it addresses a different source of gap
closing compared to the problems discussed in main text, and
thus explains the differing roles played by the catalyst’s sign.

APPENDIX F: COUPLING DATA FOR DIFFERENT
EXAMPLES IN THE MAIN TEXT

Tables I–V, we give the parameters Below, we give
the parameters for the different instances of MWIS prob-
lem on random graphs that have been analyzed in different
circumstances in the main text. If no coupling is given
between a set of vertices, it means the coupling is set
to 0.

APPENDIX G: IMPROVEMENT IN FIDELITY
WITH CONTINUOUS TIME ANNEAL

In Fig. 18, we demonstrate that the use of n-local catalysts
leads to an order-of-magnitude improvement in the time re-
quired to reach near-unity fidelity even in the continuous-time
(adiabatic) regime. This result complements the discrete-
time analysis presented in the main text and shows that the
advantage conferred by the catalysts is not limited to the
gate-based framework. Importantly, our approach does not
involve any optimization within a fixed catalyst configura-
tion. For a given n-local catalyst, the annealing protocol is
executed once, and the corresponding performance is directly
evaluated. Hence, the additional overhead associated with
exploring higher n values amounts only to a linear correc-
tion in the catalyst locality, as opposed to an exponential

TABLE V. On-site potentials wi for the point circled in green in
Fig. 12.

wi Value wi Value

w1 0.628 552 w6 0.341 512
w2 0.776 818 w7 0.445 503
w3 0.031 8716 w8 0.354 165
w4 0.639 06 w9 0.463 555
w5 0.019 2283 w10 0.501 439
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FIG. 18. Left: Fidelity of annealed state with the true ground state for time t in units of J−1 for the example problem in Fig. 11. Right: The
same for the toy biclique model of L = 5 with parameters of Fig. 4.

search over configurations. This establishes that the overall
time to identify an effective catalyst remains efficient, while

still achieving substantial reductions in the total annealing
time.
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