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Fermi-Bose crossover in superconductors: Disorder in control
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In contrast to ultracold atomic gases, Fermi-Bose crossover in solid-state superconductors is rare and a
relatively recent observation. We report the first theoretical proposal of disorder-tuned Fermi-Bose crossover
in superconductors with a customized spin-selective disorder potential serving as the control parameter. Our
analysis of the relevant spectroscopic signatures unambiguously brings forth the evolution of the Fermi surface
topology with disorder, as the system traverses through the Fermi-Bose crossover. We qualitatively analyze
our inferences in the light of the recent observations of Fermi-Bose crossover in doped iron chalcogenide
superconductors and organic superconductors, as well as propose an experimental setup of two-dimensional
electron gas at oxide interfaces where such disorder-tuned Fermi-Bose crossover could be observed.
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I. INTRODUCTION

In two dimensions, deep inside the Bardeen-Cooper-
Schrieffer (BCS) regime the Cooper pair formation takes
place for an infinitesimal attractive interaction. At the other
end of the interaction axis, strong attraction between the
fermions gives rise to tightly bound molecules that undergo
condensation to the Bose-Einstein condensate (BEC). This
continuous tuning of quantum statistics from the weakly cou-
pled BCS to the molecular BEC phase is deeply relevant not
only to strongly correlated materials (as it underpins intrigu-
ing physics in the form of pseudogap phase, strange metals,
and preformed Cooper pairs in the regime of intermediate
coupling) [1–4] but also to other diverse areas such as nuclear
physics [5] and neutron stars [6].

Initially realized in ultracold atomic gases via Feshbach
resonance [7–13], the Fermi-Bose crossover has been re-
cently reported in organic superconductors κ-(BEDT-TTF)2X
[14–18], iron chalcogenides [19–25], magic angle twisted bi-
layer graphene [26–29], magic angle twisted trilayer graphene
[29,30], two-dimensional (2D) gated semiconductors [31–33],
magnetoexciton condensates [34–37], and cuprates [38]. The
required evolution of the Fermi surface topology across the
crossover in these materials is brought about by pressure,
chemical doping, strain engineering, ion gating, etc. [14–40].

In this paper, we propose an alternate protocol wherein
the Fermi-Bose crossover is achieved via the manipula-
tion of the random disorder potential. More specifically, we
tune the fermionic dispersion via the implementation of a
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“spin-selective” disorder wherein the different spin species
are subjected to dissimilar disorder distributions [41–43]. This
asymmetry in disorder distributions witnessed by the two spin
species serves as a control parameter to continuously tune
through the Fermi-Bose crossover via impurity-induced band
structure engineering.

The impact of quenched impurities on the supercon-
ducting systems is a subject matter that has been well
investigated. However, much of these studies have centered
on the impact of conventional spin-independent disorder on
the superconducting transition (and on the putative phases).
These investigations have unraveled, for instance, the mech-
anism behind the localization phenomena [44,45] in these
low-dimensional systems and also the nature of the disorder-
induced superconductor-insulator transition (SIT) [46–53].
Furthermore, these studies have revealed the existence of
an anomalous metallic phase in certain low-dimensional dis-
ordered superconductors (see, e.g., Ref. [54] for a recent
review), and also the observation of exotic disorder-induced
Griffiths effects in such systems [55–59]. In contrast, barring
a few exceptions [41–43], impact of spin-dependent disorder
on the superconducting transition and the putative phases has
not been well investigated.

This paper presents a complete elucidation of the rich
ground-state phase diagram [see Fig. 1(a)] of such a
spin-selectively disordered superconductor highlighting the
hitherto mentioned crossover of statistics (from Fermi to
Bose) as a function of the asymmetry in the disorder strengths
experienced by the two spin species. More specifically, the
phase diagram of Fig. 1(a) represented in the interaction
(U )-disorder strength (V ) plane encodes the existence of (1)
a disorder-induced crossover quantified by the scale VBose

that demarcates a fermionic superconductor from its bosonic
counterpart, (2) disorder-dependent crossover scale Vg that
delineates the gapless and gapped superconducting phases,
and (3) a nonmonotonic disorder-controlled transition scale
VSC that quantifies the loss of superconducting order and its
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FIG. 1. (a) Ground-state (at T = 0.01t) phase diagram in the U -V plane, showing the thermodynamic phases and the relevant crossover
and transition scales. (b), (c) Electronic spectral function (A↑(k, ω)) at U = 4t,V = 0.25t and U = 7t,V = t , respectively, representative of
the fermionic and bosonic superconducting phases. The arrows indicate the gap minima. The corresponding single-particle densities of states
(DOS) (N↑(ω)) are shown in panels (d) and (e), respectively. (f), (g) Spectral line shape (A(kF , ω)) at the Fermi momentum at U = 4t,V =
0.50t and U = 7t,V = 0.85t , respectively, prototypical of Fermi and Bose superconductors.

transition to a correlated Anderson insulator (gapped bosonic
insulator) in weak (strong) coupling regime.

Spin-selective disorder-tuned Fermi-Bose crossover should
be experimentally observable in ultracold atomic gases hosted
on an optical lattice [60–64], using spin-selective speckle
disorder [41,42,65]. Among the solid-state systems, such
disorder-tuned Fermi-Bose crossover is expected to be re-
alizable in two-dimensional electron gas at the interface of
oxide heterostructure, such as the interface between non-
magnetic band insulators LaAlO3 (LAO) and SrTiO3 (STO)
[66–71]: Magnetic mapping via superconducting quantum in-
terference device [72] and magnetic force microscopy [73]
have established the inhomogeneous spatial coexistence of
ferromagnetism with superconducting correlations. Such in-
homogeneous regions of local magnetic polarization are
modeled via an inherently random local Zeeman field. The
interplay between this random local Zeeman field and the con-
ventional chemical potential disorder that is obtained due to
the presence of quenched impurities results in an asymmetric
renormalization of the disorder potential seen by the two spin
species, thus leading to spin-selective disorder. Such asym-
metric renormalization of the disorder potential has also, for
instance, been reported in the material Fe1−yCoySi, wherein
the spin splitting due to the exchange interactions leads to
the fact that the depth of the potential wells at the Co sites
is increased for the majority carriers and decreased for the mi-
nority carriers [74]. Another interesting example for a possible
realization of the spin selectivity is provided by the family of
organic superconductors κ-(ET)2X, etc. [75], wherein the in-
terplay of chemical potential disorder (via nonstoichiometric
doping) and antiferromagnetic fluctuations could lead to the
spin-selective disorder.

Our paper is organized along the following lines. In Sec. II,
we describe the spin-selectively disordered attractive Hubbard
model and the physical indicators that we use to construct the

phase diagram. The phase diagram is elucidated in Sec. III
along with a discussion of the various phases and also of the
myriad crossover scales in the problem. In Sec. IV, we end
the main part of this paper with discussions and conclusions,
while supporting results that highlight the spin selectiveness
of the Bose-Fermi crossover are relegated to Appendix A. In
a similar vein, Appendix B is devoted to the discussion of the
spatial maps that ensues as we transition from the gapped to
the gapless phase as a function of disorder.

II. MODEL AND INDICATORS

Our starting point is the attractive Hubbard model defined
on a square lattice, described by the Hamiltonian

H = − t
∑

〈i j〉,σ
(c†

iσ c jσ + c†
jσ ciσ )− | U |

∑

i

n̂i↑n̂i↓

+
∑

iσ

(Viσ − μ)n̂iσ . (1)

Here, the hopping amplitude is set at t = 1 for the nearest
neighbors, the reference energy scale of the system. Spin
selectivity is obtained via rendering the random disorder
potential Viσ to be spin dependent, such that Vi↑ = 0 and
Vi↓ �= 0 = V , selected randomly from a box distribution of
[−V/2,V/2]. |U | > 0 is the attractive on-site interaction giv-
ing rise to the s-wave superconducting pairing. We work in
the limit of the half filling (n = 1) and the global chemical
potential μ is adjusted to maintain the same. The degeneracy
between the superconducting and charge density wave (CDW)
orders at the half filling is lifted in the presence of potential
disorder.

The model is made numerically tractable via Hubbard-
Strantonovich decomposition of the interaction term and
introducing a complex �i(τ ) = |�i(τ )|eiθi (τ ) and a real φi(τ )
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scalar (bosonic) auxiliary field at each site, where the former
couples to the pairing and the latter to the charge channels
[76,77]. The problem is addressed via static path approx-
imated (SPA) Monte Carlo technique wherein the model
is envisaged as an effective spin-fermion model with the
random, fluctuating, “classical” background of the auxiliary
fields coupled to the free fermions [53,78,79]. At the ground
state (T = 0) where the thermal fluctuations of the bosonic
auxiliary fields are irrelevant, SPA reduces to the Hartree-
Fock-Bogoliubov de Gennes (HFBdG) approach, which is
effectively an inhomogeneous mean field theory (MFT) that
accounts for the spatial inhomogeneities in the pairing field
amplitude [80,81].

To characterize the ground-state phase diagram seen
in Fig. 1(a), we lay recourse to the observables: (1)
superconducting pairing field structure factor (S(q) =
(1/N2)

∑
i j〈�i�

∗
j 〉eiq.(ri−r j )); (2) spin-resolved single-particle

DOS (N↑ (ω) = (1/N ) 〈∑
i,n | ui

n |2 δ (ω − En)〉, N↓(ω) =
(1/N )〈∑i,n |vi

n|2δ(ω + En)〉) and the associated energy gap
Eσ

g ; (3) spin-resolved spectral line shape (Aσ (kF , ω)) at the
Fermi momentum k = kF ; and (4) spin-resolved spectral
function (Aσ (k, ω) = (−1/π )ImGσ (k, ω)), where ui

n and vi
n

are the Bogoliubov eigenvectors with the eigenvalues En, σ

is the spin label, and Gσ (k, ω) is the interacting Green’s
function, with ω being the real frequency corresponding to the
single-particle energy scale h̄ω (h̄ = 1). The results presented
here are for a system size of 24 × 24 and are robust against
finite system size effects. The observables are averaged over
ten disorder realizations and are invariant to further increase
in the number of disorder realizations.

III. PHASE DIAGRAM AND CROSSOVER SCALES

The phase diagram in Fig. 1(a) hosts a gapped fermionic
superconductor along with its gapped bosonic counterpart,
both characterized with S(q) �= 0 and Eg �= 0. They are distin-
guished with respect to each other via the behavior of the DOS
at the band edges: The fermionic superconductor displays the
usual inverse square root van Hove singularity [see Fig. 1(d)],
whereas the bosonic superconductor displays a jump discon-
tinuity at the gap edges [Fig. 1(e)]. This difference between
the fermionic and bosonic statistics can be understood by
comparing Figs. 1(b) and 1(c), which tracks the evolution of
the Fermi surface topology via the spectral function A↑(k, ω).
With increasing disorder strength, the minimum gap shifts
from a finite wave vector (or a contour in k-space) in the
fermionic regime (indicating the presence of a Fermi surface)
to a situation wherein the minimum is obtained at a single
point k = 0, resulting in the DOS and the spectral line shape
Aσ (kF , ω) [see Figs. 1(f) and 1(g) and Appendix A for more
details], developing discontinuities at the gap edges in the
bosonic regime as opposed to the inverse square root van Hove
singularity in the fermionic description [39].

The phase diagram also hosts (1) a gapless Fermi su-
perconductor (S(q) �= 0, Eg = 0, with inverse square root
singularity), (2) a gapless Bose superconductor (S(q) �= 0,
Eg = 0, jump discontinuity), (3) spin-selective Anderson insu-
lator (S(q) = 0, Eg = 0, featureless spectra), and finally (4) a
spin-selective Bose insulator (S(q) = 0, Eg �= 0, with residual

jump discontinuity). The Bose to Fermi crossover is encoded
via the disorder scale VBose, whereas the impurity scale Vg

separates the gapped and gapless phases. Finally, the SIT scale
mapped out based on S(q) is controlled by VSC . We now set
out to elucidate the phase diagram in more detail.

A. Thermodynamic, spectroscopic signatures and gapless
superconductivity

Figures 2(a) and 2(b) show the variation of the energy gap
E↑

g (E↓
g behaves similarly, except for strong disorder) at the

Fermi level and the pairing field structure factor (S(q)) with
disorder at selected interactions. The former is tied to the pair-
ing field amplitude |�i|, leading to the scale Vg ∝ |U |, while
the latter tracks the (quasi-)long-range superconducting phase
coherence and gives rise to the nonmonotonic scale VSC ∝
t2/|U |, shown in Fig. 1(a). The behavior of N↑(ω) at selected
interactions of U = 4t and U = 7t is shown in Figs. 2(c) and
2(d), while the corresponding real-space signatures in terms
of the spatial maps of the pairing field amplitude |�i| and
the phase coherence cos(θ0 − θi ) (where θ0 corresponds to the
pairing field phase at the reference site and θi is the phase
at every site other than the reference site) are presented in
Figs. 2(e)and 2(f).

At U = 4t , the system is a gapped Fermi superconduc-
tor upto Vg ∼ 1.10t with a robust spectral gap at the Fermi
level and inverse square root singularities at the gap edges,
typified by a uniform, (quasi-)long-range phase-coherent su-
perconducting state, depicted in Fig. 2(e). The gapless Fermi
superconductor in the regime 1.10t � V < VBose ∼ 1.25t is
characterized by spectral weight accumulation at the Fermi
level and suppression of the coherence peaks at the gap edges.
The corresponding superconducting state is spatially inhomo-
geneous, as shown in Fig. 2(e), at U = 4t and V = 1.15t .

Gapless superconductivity is well established in the context
of magnetic impurities [82–86], magnetic superconductors
[87–92], Fulde-Ferrell-Larkin-Ovchinnikov superconductors
[78,93–98], helical superconductors, etc. [99–106], wherein
magnetic correlations serve as pair breaking perturbations in
s-wave superconductors, breaking the time-reversal degener-
acy of the pairing electrons and leading to suppression of the
superconducting correlations via creation of “in-gap” states.
The key to understanding the gapless superconductor is the
realization that spin-selective randomness can be recast into a
local random chemical potential that is (anti)correlated with
a Zeeman field counterpart [43]. This random Zeeman field
couples to the itinerant fermions as ∼h(r)σi, with h(r) being
the spatially inhomogeneous Zeeman field and σi the spin of
the itinerant fermions. This is a form akin to the scenario
wherein magnetic impurities are embedded randomly in a host
superconductor: The time-reversal symmetry-breaking disor-
der gives rise to the in-gap states and the eventual closure of
the hard superconducting gap, i.e., a gapless superconducting
phase [104,106].

At VBose ∼ 1.3t , discontinuity appears at the gap edges
of the single-particle spectra, indicating bosonic correlations.
The finite spectral weight at the Fermi level indicates a gapless
Bose superconductor. The corresponding spatial signatures at
U = 4t , V = 1.65t include an inhomogeneous, strongly sup-
pressed |�i| and loss of (quasi-)long-range phase coherence.
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FIG. 2. Thermodynamic and spectroscopic indicators at T = 0.01t . (a) Disorder dependence of E↑
g , as determined from N↑(ω) at different

interactions. (b) Disorder-induced suppression of S(0, 0) corresponding to the loss of (quasi-)long-range phase coherence. (c), (d) Disorder
dependence of N↑(ω) at the representative interactions of U = 4t and U = 7t . (e), (f) The corresponding real-space maps for the supercon-
ducting pairing field amplitude (|�i|) (blue: high amplitude; red: low amplitude) and the superconducting phase coherence cos(θ0 − θi ) (green:
high magnitude; black: low magnitude), at selected disorders.

The SIT to the gapless correlated Anderson insulating phase
takes place at V � VSC , characterized by the spectral weight
accumulation at the Fermi level, absence of coherence peaks,
large transfer of spectral weight away from the Fermi level,
and absence of superconducting correlations in the pairing
field amplitude and phase, as shown at U = 4t and V = 2.25t .
The real-space signature of the correlated Anderson insulator,
typified by the case at U = 4t and V = 2.25t in Fig. 2(e),
shows the lack of superconducting correlations in terms of
both the pairing field amplitude and phase, as observed via
the corresponding spatial maps.

In the strong coupling regime, the system is a gapped
Fermi superconductor upto VBose � 0.65t with homogeneous
pairing field amplitude and (quasi-)long-range phase coher-
ence, shown at U = 7t and V = 0.25t , in Fig. 2(f). Similar
real-space signatures are observed at U = 7t and V = 0.75t
representative of a gapped Bose superconductor, realized in
the regime VBose � V < VSC ∼ 1.10t and typified by a spec-
tral gap with gap edge discontinuities in N↑(ω). The regime
VSC � V < Vg ∼ 2t is demarcated as a spin-selective Bose
insulator with a robust spectral gap and absence of global su-
perconducting phase coherence. The corresponding real-space
signatures, at U = 7t and V = 1.75t , include phase uncorre-
lated puddles of superconducting pairing field with large but
randomly distributed |�i|. V > Vg, as evidenced by U = 7t
and V = 2.50t , is a gapless correlated Anderson insulator.

B. Disorder-tuned Fermi-Bose crossover

Figure 3 shows the spin-resolved A↑(k, ω) exhibiting
disorder-tuned renormalization of the Fermi surface across the
Fermi-Bose crossover. With increasing disorder, the electronic
dispersion band undergoes renormalization from downward

convex to being independent of k. The topology evolves as the
Fermi surface becomes increasingly notional and eventually
vanishes in the Bose regime. At the intermediate disorder, a
gapless superconducting state is realized, with the correspond-
ing dispersion spectra being transient between a fermionic
and a bosonic description. The disorder-tuned evolution of
the Fermi surface topology is in agreement with the recent
angle resolved photo emission spectroscopy (ARPES) mea-
surements on the hole-doping-tuned Fermi-Bose crossover in
FeSe1−xSx [24,25].

C. Spin selectivity

At a representative disorder of V = 1.35t , we show the
spin-resolved single-particle DOS in Figs. 4(a) and 4(b). At
this choice of disorder, the system is a gapless Fermi super-
conductor at U = 3t , which crosses over to a gapless Bose
superconductor at U = 4t and 5t , quantified by the broad
coherence peaks with weak gap edge discontinuities. The

FIG. 3. Disorder-tuned Fermi-Bose crossover as demonstrated
via the spectral function (A↑(k, ω)) at T = 0.01t , for U = 4t . The
weak (V = 0.25t) and strong (V = 2.25t) disorder limits are typical
of the fermionic and bosonic phases, while the intermediate disorder
(V = 1.25t) regime hosts a (gapless) mixed phase with fermionic and
bosonic characteristics.
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FIG. 4. Interaction dependence of the single-particle DOS at
V = 1.35t , corresponding to (a) N↑(ω) and (b) N↓(ω), respectively.
(c), (d) Disorder dependence of the ratio between the spin-selective
spectral gap at the Fermi level (Eσ

g ) and the global chemical potential
(μ) adjusted to the Fermi energy, at U = 4t and U = 7t , respectively
(see text). The shaded region in panel (d) corresponds to the regime
where only one of the spin species is rendered gapless by disorder.

spectral gap opens up at U � 6t with spin-selective gap edge
discontinuities. While for the ↑-spin species the discontinu-
ities at the gap edges get prominent with interaction, the
↓-spin species exhibit large transfer of spectral weight away
from the Fermi level with the corresponding gap edge discon-
tinuities becoming more rounded, owing to the direct impact
of the disorder potential.

Figures 4(c) and 4(d) depict the disorder dependence of the
ratio of Eσ

g to the global chemical potential μ (set to the Fermi
energy) at U = 4t and U = 7t . In the weak coupling regime
[Fig. 4(c)], the ratio Eσ

g /|μ| is spin independent. However, in
the strong coupling regime (U 
 V ), Eσ

g /|μ| shows asym-
metric renormalization as a function of the disorder strength
[Fig. 4(d)]: The superconducting gap completely collapses
for the ↓-spin fermions as a function of V/t , while for the
↑-spin species it is still robust. Evidently, the superconducting
correlations are suppressed much faster in the ↓-spin species
owing to the direct influence of the disorder potential, as com-
pared to the ↑-spin species that sees the renormalized disorder
via U .

IV. DISCUSSION AND CONCLUSIONS

The results elucidated in this paper hinge on the spin se-
lectiveness of the disorder potential, which is obtained, for
instance, from an (anti)correlation between a local random
chemical potential and a Zeeman field [43]. Such type of
effective spin-dependent disorder has been reported in the
case of Co-doped FeSi [74], wherein the interplay of spin
polarization and disorder conspires such that the two spin
species making up the majority and minority bands see dif-
ferent disorder profiles.

The signatures of the disorder-tuned crossover can be
gleaned from the spectral function (Fig. 3) and the spectral
line shape (see Appendix A) via ARPES [24,25]. Also, the

spin-resolved DOS [Figs. 2(c) and 2(d)] can be extracted from
the corresponding tunneling conductance [74].

The disorder-induced renormalization of the Fermi surface
that we observe in the spectral function (Fig. 3) including the
characteristic backbending feature is reminiscent of the case
of FeSe1−xSx [24,107,108], wherein the substitution of Se by
isovalent S leads to an analogous evolution of the Bogoli-
ubov quasiparticle band dispersion. In fact, apart from FeSe,
other iron-based superconductors such as Ba1−xKxFe2As2

[107], LiFe1−xCoxAs [108], etc. are also potential candidates
wherein the Fermi-Bose crossover can be observed as a func-
tion of chemical doping. Our results open up the intriguing
possibility of quenched randomness acting as the operative
mechanism behind the Fermi-Bose crossover seen in some of
the quantum materials discussed above.

While it is possible that the interplay of disorder (induced
by doping) and competing phases (for instance, the spin den-
sity wave) in the FeSe1−xSx system might lead to a realization
of a spin-dependent disorder, one should be cautious in apply-
ing our results directly to the Fe-based superconductors. This
stems from the fact that the Fe-based systems typically are
understood via a multiorbital setup, the physics of which is
missing in our simple single-band Hubbard model. However,
it is by now well known that certain phenomenon in these
systems like the psuedogap phase (at finite temperatures) is
orbital selective and gives rise to rich Fermi-Bose crossover
physics [109].

Another interesting potential candidate for an experimen-
tal realization of the spin-selectively disordered single-band
two-dimensional system is provided by the family of or-
ganic superconductors κ-(ET)2X [75], wherein the inter-
play of chemical potential disorder (via nonstoichiometric
doping) and antiferromagnetic fluctuations could lead to
the spin-selective disorder, providing an alternate route to
the BEC-BCS (pressure-tuned) crossover realized in these
materials.

Finally, we turn our attention to a very important issue,
namely, the interplay of charge and superconducting fluc-
tuations in our system. At half filling for a translationally
invariant system, the CDW and superconducting order pa-
rameters are degenerate. This degeneracy is broken in the
disordered system wherein the CDW melts via an Imry-
Ma-type effect [110,111]. However, it could be argued that
large charge fluctuations could severely depress the super-
conducting order parameter that could impact the nature of
the phase diagram elucidated in Fig. 1(a). To obviate this
criticism, we stress that our results are obtained from an
SPA-based Monte Carlo analysis [53,78–81], which at the
lowest temperatures (at T = 0.01t) becomes equivalent to the
inhomogeneous HFBdG-type MFT. Thus, the methodology
that we have adopted to arrive at the MFT actually takes into
account the charge fluctuations as well as the superconduct-
ing fluctuations. This fact is well represented in Appendix B
where we present the real-space maps of the pairing field, the
phase coherence function, and the charge density [earmarked
by the variable φ(r)] as a function of disorder (for a fixed
interaction strength U = 4t), as we anneal in temperature
from T = 0.30t to T = 0.01t (note we have only displayed
data from T = 0.20t to T = 0.01t in Fig. 6). At the lowest
temperatures, with increasing disorder we see that the su-
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FIG. 5. Spin-resolved spectral line shape at U = 4t for V =
0.50t, 1.15t, 1.65t, and 2.25t and at U = 7t for V = 0.25t, 0.85t,
1.75t, and 2.25t , at T = 0.01t . Note the asymmetric jump disconti-
nuity at the gap edges salient to the bosonic correlations. The curves
are uniformly shifted along the y axis for clarity.

perconducting order survives even in the presence of strong
charge fluctuations.

In conclusion, we have numerically demonstrated for the
first time that customized disorder potential can be used as
a tuning knob to realize Fermi-Bose crossover in solid-state
superconductors. Based on our analysis of the spectroscopic
and thermodynamic signatures of the system, we have shown
that engineered chemical potential disorder can give rise to
the required renormalization of the Fermi surface architec-
ture of a superconductor so as to catalyze a Fermi-Bose
crossover physics. We expect our results to initiate impor-
tant experiments, particularly in iron chalcogenide and 2D
organic superconductors for the solid-state realization of
the disorder-tuned orbital-selective and band-selective Fermi-
Bose crossover.
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APPENDIX A: SPIN-SELECTIVE SPECTRAL LINE SHAPE

We show the prominent spin selectivity in terms of the
spin-resolved spectral line shape at the selected interactions
U = 4t and 7t , corresponding to the weak and the strong
coupling regimes, respectively, in Fig. 5. At U = 4t and weak
disorder (V = 0.5t), the system is a gapped Fermi supercon-
ductor independent of the choice of the spin species. The
disorder cross section V = 1.15t is the boundary between
the gapped and the gapless Fermi superconducting states at
U = 4t , and the corresponding spectral line shape exhibits a
suppressed gap at the Fermi level. The pronounced asymmetry
at the gap edges for the ↑-spin species is due to the short-range
bosonic correlations, with the system being proximate to the
Bose superconducting state. For the ↓-spin species, disorder
quickly suppresses the bosonic correlations leading to largely
symmetric line shape. The gapless Bose superconductor at
V = 1.65t is ascertained by the pronounced asymmetry in the
spectral line shape for both the spin species along with finite
spectral weight at the Fermi level, while the strong disorder
regime at V = 2.25t is spin selective with the ↑-spin species
containing signatures of bosonic correlations, whereas the ↓-
spin species is relatively featureless.

In the strong coupling (U = 7t) and weak disorder (V =
0.25t) regime, the spectral line shape pertaining to both the
spin species corresponds to the gapped Fermi superconductor.
The Bose superconducting phase at the intermediate disor-
der (V = 0.85t) is established by the asymmetric gap edge
discontinuities in the spectral line shape. V = 1.75t is a (spin-
selective) Bose insulator phase characterized by the signatures
of bosonic correlations in the ↑-spin species line shape, while
the ↓-spin spectra are featureless. The loss of bosonic cor-
relations at stronger disorder is via a spin-dependent scale,
as observed at the representative disorder of V = 2.25t . The
spectral line shape along with exhibiting spin selectivity pro-
vides clear distinction between the fermionic and bosonic
topologies of the Fermi surface in terms of pronounced asym-
metry in the gap edge features.

APPENDIX B: SPATIAL MAPS

Figure 6 shows the spatial maps corresponding to the pair-
ing field amplitude, phase coherence, and the auxiliary field
φ(r) coupled to the charge density distribution at weak (V =
0.25t), intermediate (V = 0.75t), and strong (V = 1.75t) dis-
order regimes for |U | = 4t that is obtained from a full
SPA-based Monte Carlo analysis [53,78–81]. In the weak
disorder regime, the system is a homogeneous superconductor
with long-range phase coherence at the lowest temperature.
Now, as the disorder strength increases into the intermediate
disorder regime, there is a fragmentation effect at play as the
system breaks into large local islands, which are phase locked
across the entire sample, as evidenced by the behavior of
the coherence function cos(θ0 − θr ). As the disorder strength
increases further, as exemplified by the case V = 1.75t , the
fragmentation effect is accentuated and the system breaks
into domains where the pairing field amplitude as well as
the energy gap is suppressed. Further, the system has lost
its long-range phase coherence in this regime as shown by
the cos(θ0 − θr ) map at T = 0.01t , thus entering into the

043127-6



FERMI-BOSE CROSSOVER IN SUPERCONDUCTORS: … PHYSICAL REVIEW RESEARCH 7, 043127 (2025)

FIG. 6. Thermal evolution of the real-space indicators at three different cross sections corresponding to (a) weak (V = 0.25t), (b) inter-
mediate (V = 0.75t), and (c) strong (V = 1.75t) disorder regimes, at U = 4t . In each case, the leftmost and the middle column correspond
to the distribution of the superconducting pairing field amplitude (|�(r)|) and phase coherence (cos(θ0 − θr )), while the rightmost column
corresponds to the distribution of the auxiliary field φ(r) coupled to the charge density. At weak and intermediate disorder regimes, phase
coherence survives up to temperatures higher than the one corresponding to the temperature at which pairing field amplitude undergoes
fragmentation. At strong disorder, however, the pairing field amplitude is strongly suppressed even at the lowest temperature, while there are
strong fluctuations in phase. Note that while in the regimes of weak and intermediate disorder the transition is driven by amplitude fluctuations,
the fluctuations in phase drive the transition in the regime of strong disorder.

disordered phase. As evidenced in these spatial maps via the
behavior of the quantity φ(r), the loss of phase coherence is a
combined effect of the phase and charge fluctuations.

Now, for the sake of completeness, we briefly comment
on the impact of thermal fluctuations on this spin-selectively
disordered attractive Hubbard model: Temperature fluctua-
tions also act as a disordering mechanism once again leading
to the fragmentation effect that we saw above. As seen in
Fig. 6, the maps corresponding to V = 0.25t at T = 0.10t
show signatures of gapless regime. Though the superconduct-
ing state has undergone weak fragmentation, the regions of
local order in both the pairing field amplitude and phase are
still weakly correlated. Further increase in temperature leads
these fragments to disconnect themselves and loss of global
phase coherence and thus superconducting order.

The behavior at the intermediate disorder (V = 0.75t) is
qualitatively similar to that observed in the weak disorder
regime. There are, however, certain quantitative differences
that are observable even at low temperatures. The lowest
temperature state as we discussed above is now fragmented,
with the size of the islands being larger than those observed
at V = 0.25t . Thermal evolution gives rise to similar behavior
as discussed above. However, as evidenced from Fig. 6, the
thermal transition into the disordered or nonsuperconducting
state is obtained at a lower temperature.

At the larger disorder strength of V = 1.75t , even at the
lowest temperature the fragmentation of the system is com-
plete (as elucidated in the beginning of this section). However,
with increasing temperature the system phase segregates into
islands of local order that are uncorrelated with respect to each
other.
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