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Entanglement detection is one of the most fundamental tasks in quantum information science, playing vital
roles in theoretical studies and quantum system benchmarking. Researchers have proposed many powerful
entanglement criteria with high detection capabilities and small observable numbers. Nonetheless, entanglement
criteria only represent mathematical rules deciding the existence of entanglement. The relationship between
a good entanglement criterion and an effective experimental entanglement detection protocol (EDP) is poorly
understood. In this study, we introduce postulates for EDPs about their detection capabilities and robustness
and use them to show the difference between entanglement criteria and EDPs. Specifically, we design an
entanglement detection task for unknown pure bipartite states and demonstrate that the sample complexity of
any EDP and the number of observables for a good entanglement criterion can have exponential separation.
Furthermore, we discover that the optimal EDP with the lowest sample complexity does not necessarily
correspond to an entanglement criterion constructed by a small number of observables. Our results can be
used to prove the exponential speedups achieved through quantum memory and be generalized to multipartite
entanglement detection. By highlighting the significance and independence of EDP design, our work holds

practical implications for entanglement detection experiments.
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I. INTRODUCTION

The “spooky action,” entanglement, has long been recog-
nized as a crucial resource that allows quantum physics to
exhibit advantages over classical systems in tasks such as
quantum communication and simulation [1]. Consequently,
the task of entanglement detection holds practical and the-
oretical significance, leading to the proposal of numerous
approaches [2]. Actually, most entanglement detection pro-
posals are entanglement criteria (EC), which are mathematical
rules that provide sufficient conditions for the presence of
entanglement. Without considering the practical implementa-
tion, the main objective in designing a good EC is maximizing
the detection capability, i.e., the probability of successfully
detecting entanglement. However, experimentally implement-
ing EC necessitates further efforts to devise a practical
entanglement detection protocol (EDP), which relies on ex-
perimentally accessible quantities. This gives rise to two
consequences: Firstly, if the primary focus in designing the
EDP is practicality, the detection capability of the original EC
may be significantly diminished. Secondly, if the main goal is

“These authors contributed equally to this work.
fContact author: qubithuan@ gmail.com
Contact author: wfc21@mails.tsinghua.edu.cn

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2025/7(3)/033121(18)

033121-1

to maintain the detection capability, the EDP may necessitate
additional resources and consequently become less practical.
The positive map criterion [2] is a typical example to
show the gap between EC and EDP, which detects entan-
glement by telling the semipositivity of the density matrix
after a positive but not completely positive map. Including the
positive partial transposition (PPT) criterion [3], the positive
map criterion finds widespread use in theoretical studies of
entanglement due to its concise mathematical form and strong
detection capability [4-6]. However, as the positive map is
not a physical operation and determining the semipositivity
of a given matrix is a task with expensive computational
cost, the positive map criterion cannot be directly applied in
real experiments. Two main approaches have been developed
to experimentally test the positive map criterion, relying on
two experimentally accessible quantities. The first approach
is measuring entanglement witnesses derived from the corre-
sponding positive map criterion [2], such as W = |y)(y|™
for PPT criterion, where T4 represents the partial transposition
operation on subsystem A. When |¢) has a simple form, this
method is experimentally friendly while exponentially weak-
ening the detection capability of the original positive map
criterion [7]. The second approach entails measuring the mo-
ments of the density matrices processed by the positive map,
such as Tr[(p")?], and using them to infer the semipositivity
of the target matrix [8—12]. This method exhibits much higher
detection capability compared to the entanglement witness
approach [7,11], whereas moment measurement necessitates
either exponential experimental times or a significant number
of memory qubits [9,10,12,13]. In conclusion, although posi-
tive map criteria are theoretically powerful, applying them in
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real experiments requires compromising the detection capa-
bility or dealing with high experimental costs.

Over the years, researchers gradually realized that there
might exist some fundamental limitations in entanglement
detection [14-17], especially when they tried to construct a
powerful EC using a minimal number of linear observables
[18-20]. Moreover, many efforts are paid to explore the rela-
tion between observable numbers and the detection capability
of EC [21,22]. Actually, the observable number has long been
considered as the cost of an EC with a simple example being
entanglement witness, which is widely acknowledged to be
an experimentally friendly protocol as it only requires one
to measure a single observable. Remarkably, the fundamental
limitation of EC was derived in Ref. [7], where the authors
established a fundamental trade-off between the observable
number and the detection capability of EC. However, this
result cannot be directly applied to analyze the performances
of EDPs as the number of observables does not directly equal
the experimental cost.

With the rapid development of quantum hardware, en-
tanglement detection gradually transforms from a theoretical
problem to an essential task for quantum simulation and
benchmarking [23—-32]. At the same time, performances of
entanglement detection protocols in practical scenarios attract
more and more attention [33-35]. To provide a guide for
designing entanglement detection experiments, it is an urgent
problem to figure out the complexities and limitations of
EDPs. Specifically, some critical questions arise: does a good
EC correspond to a good EDP? Does a fundamental limitation
of EDP exist? Can we use some quantum resources to reduce
the sample complexity of EDP?

In this work, we provide answers to these questions. We
first clarify the difference between EC and EDP and propose
two natural postulates of a good EDP about its detection capa-
bility and error robustness. Then, we design an entanglement
detection task that can be solved using an EC constructed
with a single observable, while any EDP satisfying our pos-
tulates requires exponential repetition times. This example
demonstrates that the observable number of EC and sample
complexity of EDP can have exponential separation. Further-
more, in this task, we find that the optimal EDP with the
lowest sample complexity does not correspond to the optimal
EC with minimal observables, further showing that designing
EDP and EC are two independent tasks. In addition, our
results help to show that quantum memory can bring expo-
nential speedups for EDP. We hope our work can remind
entanglement detection experimenters that the practical per-
formance of the corresponding EDP is a nontrivial problem
that should be considered independently from EC when de-
signing experiments.

II. EC AND EDP

Entangled states are those that cannot be written in a sepa-
rable form
p = pivh® pj (1)
i
where p; > 0 represents probability and A and B represent two

subsystems. Entanglement criteria are mathematical rules that
distinguish some entangled states from separable ones [2].
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FIG. 1. Difference between EC and EDP. ENT and SEP repre-
sent sets of entangled and separable states, respectively. Here, we
only consider EC and EDPs constructed by single-copy observ-
able expectation values and quantum experiments. (a) EC represents
mathematical rules to decide whether a state is entangled and never
makes mistakes. The blue line represents those states with C(p) = 0,
the states at the left of the line satisfy C(p) > 0, and vice versa.
(b) EDP represents rules of physical operations and measurements to
infer entanglement with finite rounds of experiments. The blue line
for C(p) becomes a blue area for C(p) whose darkness is propor-
tional to the probability for a state to satisfy C(p) = 0. In principle,
any state has a nonzero probability of being classified as entangled
or uncertain (UNC) by an EDP.

Mathematically speaking, an EC can be represented as a func-
tion of the target state C(p), which satisfies that C(p) > 0 for
all the separable p. Thus, C(p) < 0 is a sufficient condition
for entanglement. For example, C(p) = Tr(W p) represents
the entanglement witness criterion and C(p) = Amin(0™) rep-
resents the PPT criterion, where W is a witness operator and
Amin Tepresents the minimal eigenvalue. As shown in Fig. 1(a),
given a target state, a valid EC tells you if the state is entan-
gled when C(p) < 0, or if it is uncertain when C(p) > 0. As
EC are just theoretical rules, we can ask EC to never make
mistakes by classifying separable states into entangled ones.
Thus, to design a powerful EC, the most important indicator
is the ratio of entangled states that can be detected by it, i.e.,
the detection capability.

In addition, since EC is always the starting point for
researchers designing practical entanglement detection proto-
cols, we also need to consider the physical implementation
when designing EC. For example, there always exists an opti-
mal yet trivial EC which is defined as C(p) = —1 when p is
entangled and C(p) = +1 when p is separable. In principle,
one can use infinite computational resources to decide the
entanglement using Eq. (1); the function C(-) can be computed
and the EC is valid. However, this form of EC does not directly
relate to any specific entanglement detection protocol due to
its abstract definition. Therefore, we usually consider the EC
with the form of C(p) = f[Tr(O1p), ..., Tr(Oyp)], where
Tr(O;p) represents the expectation value of observable O; [7].
This kind of EC can be easily transformed into an EDP as
Tr(O,p) can be readily estimated using single-copy measure-
ments. Actually, when M = 1, such kind of EC is reduced
to the entanglement witness protocols. Therefore, researchers
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often use the number of observables, M, to quantify the cost
of an entanglement criterion [18-22].

EDP represents rules about operating and measuring the
target quantum states and using the measurement results to
infer whether the target state is entangled. EDP also decides
the entanglement of the target state through a function, C(p),
whose value is calculated using the experiment data. Due to
the intrinsic randomness in quantum measurements and the
finite experiment times, the value of C‘(p) has uncertainty
in different rounds of experiments, as shown in Fig. 1(b).
Thus, there always exists the possibility for EDP to classify
a separable state into an entangled one and make mistakes,
which is the most important difference between EC and EDP.
We can thus propose two postulates for a good EDP about its
detection capability and robustness to errors.

(1) Completeness: the probability of outputting the result
of entanglement when the target state is entangled should be
large enough, i.e.,

Pr[C(p) < O|p € ENT] = O(1), 2)

where ®(1) is a complexity notation meaning that the prob-
ability approaches some constant when the qubit number of
p approaches infinity. We present the formal definitions of
complexity notations in Appendix A.

(2) Soundness: the probability of actually being entangled
when outputting the result of entanglement should be large
enough, i.e.,

Pr[p € ENT|C(p) < 0] = p, + O(1), 3

where p, is the probability for the random state p being an
entangled state.

As stated, EC does not make mistakes, which implies
Pr[p € ENT|C(p) < 0] = 1. Therefore, completeness is the
only postulate for a good EC. Since an EDP is commonly
constructed based on some EC, the postulate of completeness
requires that an EDP should be based on a good EC with high
detection capability. The term of p, + ®(1) in the right-hand
side of Eq. (3) ensures that the EDP is remarkably better than
the random guess. Thus, the postulate of soundness places a
requirement on the experiment sample complexity to suppress
the error. Note that all the properties of EC and EDPs are
tightly related to probabilities. Therefore, one must first spec-
ify the underlying quantum state distribution before evaluating
the performance of EC and EDPs.

III. EXPONENTIAL SEPARATION

In this section, we will use a specific entanglement
detection task, i.e., a specific state distribution, to show
the gap between the observable number of a good EC
and the sample complexity of a good EDP. In practice, the
state distribution is determined by experiment setups and can
be very concentrated around some specific state. For example,
the real state distribution might be an ideal state disturbed
by a well-calibrated noise. Meanwhile, assessing EDPs with-
out any prior information about the state remains essential,
as it reveals the methods’ intrinsic, distribution-independent
detection power [17]. Intuitively, detecting the entanglement
of pure states is an easy task, so we start from the pure state
distribution:
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FIG. 2. The probability for detecting the entanglement in 77} | us-
ing the entanglement witness S = |®*)(®*|™. The x axis represents
the dimension of the subsystem A, which is the square root of the
dimension of the whole system. For each orange point, we sample
107 p’s from 7}, and calculate the ratio of these states satisfying
Tr(Sp) < 0.

Definition 1. A bipartite state p € D(H,) is sampled ac-
cording to the distribution of 77, if and only if with
probability 0.5, it is a d-dimensional Haar random pure state;
with probability 0.5, it is the tensor product of two indepen-
dent v/d-dimensional Haar random pure states, p = pa ® pp.
A Haar random pure state is generated by acting a Haar
random unitary on a fixed pure state.

It is easy to see that with probability 0.5, a state sampled
according to 77 | is entangled.

As the only requirement for EC is completeness, we only
care about the number of observables needed for detecting
the entanglement of 7j, with a constant probability. Fol-
lowing our intuition that’pure state entanglement detection is
easy for EC, we find that a single observable is enough to
satisfy the completeness postulate. We use the SWAP opera-
tor S defined between subsystems A and B, which satisfies
S|Va, ¥5) = |Yp, Ya) for arbitrary |4) and |¢p), to show
this. The SWAP operator is actually an entanglement witness
as § = |dT)(PdF|T with |dF) = Z
malized maximally entangled state.

Theorem 1. Considering that p is sampled according to
7 1» the detection power of § satisfies

|ii) being the unnor-

d d d—+d
Pr [Tr(Sp) < 0lp € ENT] = 11/2( +d ‘/—)
PTq,

2 7 2
“

where I.(-, -) is the regularized incomplete beta function.

We leave the detailed proof in Appendix B and conjecture
that the detection power of S is asymptotically a constant,
limy_ o Iq /2(%‘7, %‘7) = const. We numerically test this
conjecture using Fig. 2, in which the detection power con-
verges to some constant when the dimension increases.

However, considering the physical implementation of this
EC, i.e., the corresponding EDP based on single-copy mea-
surement of Tr(Sp), the sample complexity is high due to the
additional requirement of soundness. The first reason is that
if we randomly select a state according to 7, the expecta—

tion value is normally exponentially small, around —= f Thus,

one should keep the measurement error exponentially small
to estimate a negative value with high certainty. Secondly,

033121-3



ZHENHUAN LIU AND FUCHUAN WEI

PHYSICAL REVIEW RESEARCH 7, 033121 (2025)

considering practical situations, when measuring S, in every
experiment time, one randomly gets a result +1 or —1, which
are eigenvalues of S. Thus, the variance of a single experiment
result is a constant. According to Hoeffding’s inequality, to
hold the soundness requirement for EDP, the complexity is
around O(d), which is exponential with the qubit number as
d=2"

From this example, we find that if we directly design an
EDP based on a good EC constructed using a small number
of observables, the sample complexity might be exponentially
high. One may further ask if a better EDP for this entangle-
ment detection task exists or if a fundamental limitation exists.
In the following, we will show that a better EDP does exist,
and at the same time, an exponential sample complexity lower
bound also exists for any EDP, although this is an easy task for
EC in terms of the observable number.

Theorem 2. Given multiple copies of a state p that is sam-
pled from 7, if only single-copy quantum operations are
allowed, the minimum number of copies required by an adap-
tive EDP with completeness, Prj~: [C(p) < 0lp € ENT] >
%, and soundness, Pr,~» [p € ENT IC(p) < 0] > %, scales
as O(d'/*).

We emphasize here that the constants % and % can be
changed into any other constants satisfying postulates of com-
pleteness and soundness, which does not affect the validation
of the theorem. Moreover, when the subsystem dimensions
differ (d4 # dp), the sample complexity bound changes from
O(d"*) to O(min{dy, dsg}'/?). We leave the detailed proof in
Appendix C and sketch core ideas here. To prove the lower
bound, we first notice that if the EDP described in this the-
orem exists, it can be used to solve a state discrimination
task. Specifically, given multiple copies of a state p, the state
discrimination task is to decide whether it is sampled from
the set s; containing d-dimensional random pure states p or
s> containing product states p4 ® pp with p4 and pp being
two independent +/d-dimensional random pure states, with
equal probabilities. With the EDP given in Theorem 2, one
can classify the state to s; when the EDP outputs C(p) < 0
and to s, otherwise. With the conditions of completeness and
soundness, the success probability of this strategy reaches
%. Therefore, if this state discrimination task has a sam-
ple complexity lower bound, it is also a lower bound of
the EDP.

To find the lower bound for this state discrimination task,
we employ a decision tree to describe all the methods, includ-
ing those depending on adaptive strategies [36,37], as shown
in Fig. 3. Every node of the tree has all the experiment data
of its child nodes and uses it to decide how to experiment
within this step. After many steps, different input states will
lead to different probability distributions on the leaves. If the
deviation between two probability distributions on the leaves
is large enough, we can discriminate two state sets with high
probability. We prove that, when only single-copy quantum
operations are allowed in this decision tree, the depth of this
tree should be at least 2(d'/#) to make the distance of prob-
ability distributions caused by s; and s, a constant, which is
also the sample complexity lower bound for single-copy EDP.

To prove the upper bound, we consider an EDP that sat-
isfies the requirements of Theorem 2 and derive its sample

Classical Data
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FIG. 3. Every state discrimination protocol can be represented
as a decision tree, where n and / stand for the node and leaf, respec-
tively. P(l) stands for the probability distribution on leaves, which
is determined by the protocol and input state. The ¢th layer of the
decision tree represents the zth step of the protocol. In our setting,
the experimenter has a classical memory that records the experiment
data of the former steps and a quantum processor that can perform
operations and measurements on quantum states. The protocol has a
rule that decides how to perform quantum experiments based on the
data recorded in the classical memory. At the end of the experiment,
the experimenter will decide which set the target state comes from,
depending on the leaf the experimenter reaches.

complexity. This EDP is based on the purity criterion [2],
which detects entanglement by measuring C(p) = Tr(,of%) —
Tr(p?). As states in m; are all pure states, the condition

of Tr(p3) < 1 can help us to detect the entanglement of p.
According to the properties of random pure states, if a state
is sampled according to 7 ,, Tr(p3) is either 1 or exponen-
tially small [38], with probability 0.5 for each scenario. Thus,
any protocol that accurately estimates Tr(p3) at least satisfies
the requirement for completeness, Eq. (2). Then, we need to
find a purity measurement protocol that satisfies soundness
with the lowest sample complexity. Due to the restriction of
single-copy quantum operations, we employ the randomized
measurement protocol [39,40], which is commonly employed
for entanglement detection [41,42]. In this protocol, one
evolves the subsystem A using many random unitaries, mea-
sures it in the computational basis, and computes the purity
from these experiment data. In Appendix E, we analytically
show that O(d'/*) measurement times is enough to suppress
the variance of the randomized measurement protocol to sat-
isfy the soundness requirement, Eq. (3), which concludes our
proof for the upper bound.

There are some important consequences from Theorem 2
and its proof. Firstly, the optimal EDP with the lowest sample
complexity does not necessarily correspond to a good EC with
the smallest number of observables. Here, a good EC refers
to those satisfying the postulate of completeness, and the
optimal EDP refers to the EDP that satisfies two postulates of
completeness and soundness with the lowest sample complex-
ity. As stated before, the optimal single-copy EDP is based
on the randomized measurement protocol, which requires
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measurements on many bases. If we judge entanglement de-
tection protocols only regarding the number of observables,
this randomized measurement EDP is much worse than the
entanglement witness EDP we mentioned before, which only
requires a single observable. Secondly, a counterintuitive fact
from Theorem 2 is that entanglement detection for pure states
can be exponentially hard when considering sample complex-
ity. However, such a task is well acknowledged to be easy for
EC and theoretical analysis. Note that if considering practical
situations with enough prior knowledge of the target state, we
can largely avoid the exponential sample complexity.

In addition, Ref. [7] has shown that quantum memory, or
equivalently joint operations, brings advantages in construct-
ing EC by exponentially saving the number of observables.
Using conclusions in this work, we can further conclude that
quantum memory also brings exponential speedups for prac-
tical entanglement detection tasks. This is because the SWAP
test algorithm, which relies on quantum memory, estimates
purity with constant sample complexity. We thus arrive at the
following conclusion, which is also proved in Ref. [43] with
another quantum algorithm.

Corollary 1. Quantum memory can bring exponential
speedups in sample complexities for entanglement detection
protocols.

IV. HARDNESS FOR DETECTING MIXED STATES

Until now, we primarily focus on pure bipartite states. Our
results, especially the hardness of entanglement detection,
can be extended to mixed-state scenarios, as discussed in
Appendix D. These results help to understand the influence
of unpredictable noises.

We first need to generalize the definition of pure random
state 777 ;. To consider mixed states, we assume the target
state is interacting with a k-dimensional environment. Thus,
the global random pure state in the definition of 77, is now
replaced by a reduced density matrix of a d x k- dimensional
random pure state; and the tensor product of two ~/d-
dimensional pure states is now replaced by the tensor product
of two reduced density matrices of /d x +/k-dimensional
random pure states. The formal definition is shown below.

Definition 2. A bipartite state p € D(H,) is said to be
sampled according to the distribution 7, if and only if with
probability 0.5, it is the reduced densi’ty matrix of a d x
k-dimensional random pure state |V ){(¥| € D(Haxr); with
probability 0.5, it is the tensor product of two independent ran-
dom states p = ps ® pg, each of which is a \/J—dimensional
reduced density matrix of a v/d x +/k-dimensional random
pure state.

A natural question concerning the distribution of 7, is
that when k is large, a state sampled according to 7 will be
separable with a probability close to 1, which would make the
discussion of entanglement detection meaningless. According
to Ref. [16], when k = O(d'?), a state sampled according to
7, is entangled with probability approximately 0.5, similar
with rrd ;- Thus, entanglement is actually a robust resource
and it is reasonable to analyze the detection capability of
EC and EDPs in a wide range of k. Based on the new state
distribution, we make the following conclusions.

Theorem 3. Given multiple copies of a state p that
is sampled from 7j, with k= O(d'?), if only single-
copy quantum operations are allowed, the minimum num-
ber of copies required by an adaptive EDP with com-
pleteness, Prpwn;k [C’(,o) < 0|p € ENT] > 1 and soundness,

Pr, . [p € ENT|C(p) < 0] > , scales as ©[(dk)"/*].

We refer to Appendix D for the detailed proof. From
this theorem, it is easy to see the influence caused by the
interaction with the environment, as the sample complexity
increases from ®(d'/*) to ®[(dk)'/4]. Intuitively, the higher
sample complexity is caused by the fact that information of
the target system is leaked into the environment, which causes
the hardness in distinguishing states. In Appendix D, we also
discuss how to consider the multipartite entanglement detec-
tion and show a reduced sample complexity compared with
the bipartite entanglement detection.

V. DISCUSSION

The target for this work is to show that, although the
number of observables is widely adopted as the cost of EC
[7,18-22], it would result in a resource waste in practical en-
tanglement detection experiments. Specifically, if one designs
the practical EDP based on the EC with minimal number of
observables, one may not obtain the optimal EDP with the
lowest sample complexity. To summarize, some take-home
messages of this work are the following. Firstly, in addition
to the detection power, the only requirement for an entangle-
ment criterion, an effective EDP must also possess robustness
against errors. Secondly, certain entanglement detection tasks
exist that are relatively easy for an entanglement criterion,
achieving constant detection probability with a small number
of observables while proving to be exponentially challenging
for any EDP in terms of sample complexity. Thirdly, although
an EDP is typically designed based on an entanglement cri-
terion, the optimal EDP with the lowest sample complexity
may not necessarily correspond to an entanglement criterion
with a small number of observables, as their evaluation criteria
differ. Lastly, using quantum memory can significantly reduce
the sample complexity of the EDP, demonstrating the great
potential of multicopy entanglement detection protocols [44].

Our analysis framework is potentially generalizable to
other property estimation tasks. Note that a central object
of our framework is the pair of functions C(p) and ¢ (p),
used for EC and EDP, respectively. By replacing these two
functions with indicators of other properties and adjusting the
state distribution, we can analyze the sample complexity of
estimating those properties as well. For example, if we set
both functions to some entanglement quantifier, such as en-
tanglement negativity [4], we may obtain sample complexity
bounds for entanglement quantification.

While our results are derived based on a specific state dis-
tribution, they represent an initial step towards systematically
considering sample complexities of entanglement detection
protocols. Because 777 ; is built from Haar random pure states,
the corresponding sample complexity bound has two key in-
terpretations. First, it captures the resources required when
the target state is completely unknown and is therefore mod-
eled as being drawn uniformly at random from the entire
state space. Second, it serves as a worst-case benchmark: if
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the actual state distribution deviates from the Haar prior and
concentrates around specific states, this extra structure can be
leveraged to design more efficient EDPs, thereby reducing the
number of copies required. We hope that our work will inspire
further exploration using various practical state distributions,
ultimately reducing the cost of real-world entanglement de-
tection experiments.

Note that the optimal EDP explored in this work for de-
tecting states sampled from 7r; ; and 77, is the combination of
randomized measurements and purity criterion, which is an in-
adaptive single-copy protocol. So, beyond protocols based on
quantum memory, it would be valuable to consider other types
of protocols and their performance in entanglement detection,
such as separable, local, and adaptive protocols [45-47].
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APPENDIX A: NOTATIONS AND AUXILIARY LEMMAS

We use H, to represent the d-dimensional Hilbert space.
D(H,) represents the set of density matrices on ‘H,. For con-
venience, sometimes we omit the Dirac notation and denote
[Y¥)(¥| as ¥. We will frequently use some complexity nota-
tions such as @, 2, and O in this Appendix. f(x) = O[g(x)]
means that in the limit of x — oo, the value of f(x) can be
upper bounded by cg(x) where ¢ is some constant. f(x) =
Q[g(x)] means that in the limit of x — oo, the value of f(x)
can be lower bounded by cg(x). f(x) = ®[g(x)] means that in
the limit of x — oo, the value of f(x) can be lower bounded
by c;g(x) and upper bounded by c,g(x).

We first provide the definition of state distribution m, ,
which will be frequently used.

Definition Al. A state p € D(H4) is said to be sampled
according to the distribution 74  if and only if it is the reduced
density matrix of a d x k-dimensional random pure state
[ ) (| € D(Haxi). Here, by random, we mean that |i) =
U |0) where U is a Haar-measure random unitary matrix and
|0) is a fixed pure state.

Let St be the symmetric group of order 7. For distinct
ai,...,a;, we use the notation (a; - - -a;) to denote a cyclic
permutation in S7, which acts as a; — ay, ...,q;—1 — ay,
a; + ay. For o € S, define a unitary operator W, acting on
H?T by

d

Z lig-1(1y - -

g1y (i1 - - irl, (Al)

where {|i)}¢_, is an orthonormal basis of H,.
For two discrete probability distributions p = {py, ..., py}
andg = {q1, ... ; qN} define the total variation between them

by TV(p.q) = 2 Y%, Ipi — gil
For two systems H; and Hz, define the unraveling opera-

tion [48] Vi : HM @ HEM — (H1 ® Ha)®M by
Vu(x) @ -+ @ lxu)) @ (Iy1) ® -+ - ® lym))
=) @ yn) ®--- ® (Ixp) & |ym)),

which holds for all |x;) € H; and |y;) € H,. More gener-
ally, for K systems Hy, ..., Hg, define V&' : HEM @ ... ®
HM - (H1 ® - ® Hi)®M by

V()8 o i) @
o ()60 W)
= (i@ ® ) & -

(A2)

® (|Jx)®--- @ ), (A3)
which holds for all |xi(k)) € Hy, where k=1,...,Kand i =

l,...,M.
Lemma Al ([49]). For Haar random pure state |{) € Hg,
we have

E |y)yp|® =

W ~Haar

1
d+T7-1)--

Wo. (A4)
-(d+1)d ggs:,

APPENDIX B: DETECTION POWER AND PERFORMANCE
OF swap OPERATOR

The entanglement witness S is an important example in the
main context. In this section, we will first evaluate its detec-
tion power as an entanglement criterion and then estimate its
sample complexity as an EDP.

Theorem BI. Consider that p is sampled according to 7t ,;
the detection power of § satisfies

d d d—+d
Pr [Tr(Sp) < 0|p € ENT] = 11/2 + [, [ s
T 2 2

B

where I.(-, -) is the regularized incomplete beta function.
Proof. We take an orthonormal basis
{lar), ..., |O‘(d+ﬁ)/2>} for the +1 eigenspace of S, and

an or'thonormal basis {|a((d+ﬁ)/2)+]),...,|ad)} for Fhe
—1 eigenspace of S. For a random complex Gaussian

vector v ~ N¢(0,1;), take |¢) = Zx 1 7o lo) € Ha,
then ¥ ~ gy [17]. Note that Tr(Sy) = Y V2 Ll _

e~
d Lol
vy o Ve have
Pr [Tr(Sp) < O|p € ENT]
T

= wfr [Tr(Sy) < 0]

(d+d)/2 d
2 2
= /\/’PI(lO]I ) E [vy] E v <1
v, )
o x=1 (d+vd)/2)+1

(B2)
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For v~ Nc(0,1;), we Z;‘gﬁ)/z [ve]? ~

PESA D) and Y vayn el ~ TESE D, thas

d+vd)2 | 12,5~
x=1 0™/ 2 varyaye 1Vx

which is the standard beta prime distribution with
parameters %g and %g. Therefore the random

have

|2 ~ ,3/(d+2~/37 d—zx/g)’

variable 3V [y, 2/ 504 oo has cumulative

x=1
distribution function

(d+v/d)/2 d
2 2
Pr > I Yo <y
v~Nc(0.14) =
x= (@+vd)/2)+1

(B3)

d++d d—+d
:IY/IJ")’ 2 ’ 2 ’

where 1.(-, -) is the regularized incomplete beta function. Tak-
ing y = 1, we have

d d d—+d
Pr [Tr(Sp) < Olp € ENT] =1, +\/_, vd .
PTG 2 2

(B4)

|

Now we briefly analyze the complexity of the EDP de-

signed based on S. Firstly, if we randomly select states from
7, 1, the average expectation value is exponentially small as

E  Tr(Syap) = wE

YaAB~Td,1 Ya, ¥B~T sg

I
TrS(Ya ® ¥p)] = Tr(sgd)

1
=—, (B5)
Vd
where %" is the maximally mixed state in H,;. Then, one
can prove that if the state p is sampled according to the
distribution 4 ;, the variance of the expectation value is also
exponentially small,

1
Vary, o, [Tr(SYap)] = By, Tr(SYap)” — -+ (B6)
Substituting the result in Lemma A1, we arrive at
V [Tr(Sv¥ap)] 2d L1 (B7)
ar ~ T = — — -~ —,
Van"7d1 BRI dd+1) 4 d

This means that, when we sample a state Y4 with nega-
tive expectation value Tr(Sy¥4p) < 0, the absolute value of
Tr(Sv4p) normally scales as \/%7 One can prove that with a

constant probability, the value of Tr(Sy4p) is less than _\/LE'
Therefore, to satisfy the requirement of soundness, the EDP
should have an estimation error approximately \/LE' Combin-
ing with the property of the SWAP operator mentioned in the
main context, this requires the sample complexity of EDP to
be approximately O(d).

APPENDIX C: SAMPLE COMPLEXITY FOR PURE
BIPARTITE STATE EDP

Theorem C1. Given multiple copies of a state p that
is sampled from r;,, the minimum number of copies
required by a single-copy adaptive EDP with com-

pleteness, Prpw,;I [C‘(p) < 0|p € ENT] > %, and soundness,
Pr, . [p € ENT IC(p) < 0] > &, scales as O(d"/*).

Proof. To prove the lower bound on the sample complexity
of EDP, we first find an equivalent state discrimination task
and derive the lower bound for that task. Notice that given an
EDP satisfying the requirement in Theorem C1, it satisfies

Pr [p € ENT,C(p) <0]= Pr [C(p) <O0|p € ENT]
Py P

x Pr [p € ENT] >

1
PTG ¢

(CD
By PrP””Zi.. [p € ENT |C'(p) < 0] > % we know that
Pr [p € SEP,C(p) <0] < ¢ Pr [p € ENT,C(p) < 0]
PTG

p"“ﬂjv 1 6

1
gﬁa

(C2)
thus
Pr [p € SEP,C(p) > 0] = Pr [p € SEP]
PTG PT
— Pr [p € SEP,C(p) < 0]

Py

> (C3)

Sl

Consider the following two pure state sets with distributions
defined as follows:

(1) si: p=|¥){¥|, where |Y) € Hy is a Haar random
pure state.

(2) st p = |Ya)(VYul @ [¥p)(YBl, Where [Ya),|¥s) €
H sz are Haar random pure states.

Suppose a referee tosses a fair coin to select a set, and
then chooses a state p from the selected set according to the
distribution shown above. Then the referee gives T copies of
p to us. Our task is to decide which set p is from, with T
copies of p. Notice that state sampled from s; is entangled
with probability 1 and the state sampled from s, is entangled
with probability 0. Thus, if we can use these T copies of
p to achieve the EDP with requirements in Theorem CI,
we can solve this state discrimination task with a success

Qy Data:
{no,ny, .., M1}
Experiment:

e |92/, e [}

p(D

FIG. 4. Decision tree for solving the state discrimination task.
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probability of

Pr [pesi,C(p) <01+ Pr [pe€s,C(p)=>0]
PTG PTG
>1+2=2 (C4)
So, it suffices to prove that the sample complexity for solving
this state discrimination task has a lower bound Q(d'/*) for
all single-copy adaptive strategies.

For any single-copy adaptive state discrimination protocol
and a given state p, consider the decision tree associated with
them (Fig. 4). We use [ to label the leaves of the tree. Let
D, be a probability distribution on the leaves, such that p,([)
equals the probability of arriving at the leaf /. As this decision
tree covers all the single-copy adaptive protocols to solve the
state discrimination tasks, and the success probability depends
on the total variation between two probability distributions on
leaves, py (1) and py, gy, (1), to find the lower bound of this
task, we need to derive the lowest depth that allows the total
variation between leaves probability distributions a constant,

E p‘/fA®1/fB> 2 % (CS)

TV( E py.
Py Ya, VB

W ~Haar
To benefit our derivation, we will first calculate the total
variations between these two state distributions with the dis-
tribution caused by the maximally mixed state py,,; and then
use the triangle inequality to bound the target total variation.
As discussed in Sec. IV of [37], rank-1 positive operator-
valued measure (POVM) can simulate arbitrary POVM if we
do not care about the postmeasurement state, thus we can
assume that all measurements in the decision tree are rank-1

J

E py)

POVM. For a leaf [ in the decision tree, there is a unique path
from the root node ng to the leaf node ny = [. Denote the
nodes on the path by ny, ..., ny and the edges between them
by ej,...,er. For t =1,..., T, denote the rank-1 POVM
operator associated to e, by w, " |¢e ") (¢e' ' |, with wy'™" > 0
satisfying the normalization condition ), w,'"' = d, where
the summation is calculated over all the edges connecting
node n,_; with its child nodes. To calculate the total varia-
tion between the distribution caused by s; and the maximally

mixed state, we calculate the following quantity:

1//~Iglaarpw(l) 1 T

— E ne—] n—g Ne—1
T

=dl E -1 -1

W) (G ERE

— g7 ®T

=d" @I ( B _Wnw") )
dT

= (@]
d+T—1)---d+1)d

<[ Y v, | 1),

oEST

(Co)

where |®) = ®'_, |¢.' "), and the last equality is given by
Lemma Al. With the fact (®| (desr W,)|®) > 1 (Lemma
V.8 in Ref. [37]), we have

~Haar d’ 1 T -1\ 7"
y~H > = — — > (] + —> . ((e1))
prad) T d+T—=1---d+Dd (1+5F2).--(1+ )1 4
We can use it to estimate the total variation as
w~I[EIaarpw(l) T — 1 —(T-n
TV( E , = Dmax{0,1 - —— 3y <1 —(14+ —— . C8
(¢~Haarpw Ply/d) ;pld/d( ) max ) < p ) (C8)
On the other hand, we have
‘/’EW plﬂ/\@l//n(l) 1 T
i = E [T (| vave) (vavs| ¢
p]L//d(l) Hthl (wgtlfltli)l/m,lﬁstl:! e (Er | A B)( A B| e )
T
=d" E T]{er| vaws)(wavs|¢i) =d" <<b|< E <|wA><wA|®|t/fB><wB|>®T>|d>>
Ya, Vs 1 Ya, Vs
=d" <¢|VT<Jg|wA><wA|®T ®g|¢s><wg|®T>v; |®)
A B
(@)’ 2 ,
= |V w, W, | V) |®), C9
o1€5T 02897

where the last equality can be obtained by Lemma A1l. By Lemma C1 below, we have

waBplﬂA@WB(l) (d1/2)T

P, a(l)

2
1
> = > (1
((d1/2+T—1)---(d1/2+1)d1/2> ((1+§./§)m(1+d}/2)1> (

T — 1\ 2T-D
+ W) . (C10)
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We can estimate the total variation as

wEvf Pysoys (D) T _ 1\ 27D
TV(E U ): Dmaxfo,1- 2" by (142~ Cl1
TlfAJ/'Bp‘/j ®vps Pl,/d Zl:p]ld/d( ) P]Id/d(l) ( dl/? ) ( )
With triangle inequality, we have
<
TV (1//~Iglaarpv/, 1&},‘:1[/31)10/‘@1/!8) = TV (1//~I§Iaarpw7 ph/d) + TV (wl‘},E¢BPWA®WB’ plL]/d)
T 1\ 7D T — 1\ 27D
<2—<1+T) _<1+W> . (C12)

By Le Cam’s two-point method [36,50], the success probability for any procedure to distinguish between the two sets is upper
bounded by

1 1 TV
E3 + 5 ( ]E N ]E A ). C13
2 2 lg,wHaarpW wA,l/fgp‘// ®vs ( )

Combined with Eq. (C12), to achieve a success probability of at least 2/3, it must hold that

2<1—+—1TV( E E )<3 ! 1+T_1 . 1+T_1 o
35272 et gl ) S 272 d AT
3 T —1\ 2P
()
which implies
T 1\ 2D 5
(1 n W) <> c15)
Thus we must have
1 6\ 14 1/4
We leave the proof of the upper bound in Appendix E. |

Lemma CI. For any product pure state |P) = |¢1) ® - - - ® |¢r) in H?T, we have

@ Vr| S Wo || X wl, Vi) > 1, (€17

o1EST 02EST

where W,, and W,, both act on the space of ’Hf’}dz.

Proof. We prove by induction on 7. When T = 1, the first-order permutation group S; only has one element, id, thus Wiy =
1,2 and V; = I, therefore

(@11 Vg @ L)V I1) = (1) 1 = 1. (CI18)

Now suppose the statement holds for 7 — 1. Denote [T = % > W, as the projector to the symmetric subspace of ’H%

UEST

and T1 = ﬁ Zaesr,l W5 as the projector to the symmetric subspace of H%T—l)' We have T1(I ® ﬁ) —(I® 1“—’[)1-[ — IT and
[IWs = W51 = I1, V& € Sr_;. Note that

@V Y Wo | @ | D Wo, [ViI®) = (@ Vr [ (1@TT) Y W, (10T || (IeT) Y W,(II) |V

o1 GST UzEST (2] EST () EST

=@vr|(Iel) Y w,(Ie0)|e|(el) > w,(e)|viie)
ai(h=1 a(h=1

H@Vr|(Iel) Y W, (Iel)|e|(Ie) Y W,(IeI)|V]|®)
o (D#1 o (l)=1

033121-9
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I oo TI ¢2 > <¢2 II [ouliont] I ¢2 >
o A6 T (s A — A Nes) 2
4)

-
w3

—~ T~
-
[}

FIG. 5. We take T = 4, W,, = (1423), and W,, = (23) as an example to 1llustrate the correctness of Eq. (C22). The general situation is
similar to this example. The product of two terms in the red dashed box equals T1. The last tensor network can be seen as an unnormalized
state doing inner product with itself, and thus is non-negative.

+<@'VT((H®ﬁ) > Wm(ﬂ®ﬁ))®((ﬂ®ﬁ) > Wm(mﬁ))v;@)

o ()=1 o (1)#1

H@ V| (IeT) Y W, (Ie) ®((11 ®M) Y W,(I® ﬁ))v} |®) .
o (D#1 o (1)#1
(C19)

Denoting |&5) =|¢2) ® --- ® |¢r), the first term of the last equation in Eq. (C19) satisfies

<q>|vT((JI®ﬁ) > Wm(ﬂ@ﬁ)) ® ((H@ﬁ) > W(,Z(mﬁ))v;@)

o1 (D=1 o (1)=1

= (1) ¢1 (@ Vr_i (ﬁ > W;,ﬁ) ® (ﬁ > Wgzﬁ)V}ﬁ»

51 EST,1 52657‘,]

= Y @V (Tiws ) @ (Tiws, )V, 13)

G1,62€87—1

= (T = DHUT — DBV DT @ TTV]_| |®)

= (®|Vr- 1( > Wm) ( >, Waz) 1 1®) > (C20)

o1 GST 1 a1 €ST 1

where the last inequality is given by the induction hypothesis. The second term satisfies

(®|VT((H®F[) > Wa,(ﬂ®ﬁ))® ((]I@ﬁ) > Waz(]I@ﬁ))V}l@)

a(D#1 o (l)=1
= > > (@W[Iemw,(Ie)]e[(Ie )W, (Ie)]V; @). (C21)
a1(D#l oa(1)=1
We have
(@ Vr[(T@ MW, (I )] [(I® )W, (IeI)]Vie) >0 (C22)

for all o1 and o, satisfying o7(1) # 1 and 0»(1) = 1, whose proof is shown graphically in Fig. 5 using tensor network diagrams.
Following the same logic, the third term of the last equation in Eq. (C19) is also non-negative. The fourth term of the last
equation in Eq. (C19) satisfies

“D'VT((H ®f) > Wm(ﬂ®ﬁ)) ® ((H ®f) 3 Wu(le ﬁ))v}' @)
o1 (1)#1 o (1)#1

=Y > @W[Iemw,(Ie)]e[(Ie )W, (I o)V @), (C23)
o1(D#L oa(1)#1
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(¢ — — — -

(¢2 i>< i ¢2) (92 EK i b2)
(¢3 ~\ — Aos) (o3 ~\ — A 3¢s3)
<¢4 imolxol i ¢4> ¢4 igoh\/\m—i ¢4>

{
) (92
) = (03
) (¢4

1 Py 1 b2 i\ [ i ¢2)
] \:E@ %~ P ~§¢3>> :
il s b4 i/ \E ba)

= = Sl

FIG. 6. We take T =4, We, = (1423), and W,,, = (123) as an example to illustrate the positivity of Eq. (C24). The product of two terms
in the red dashed box equals IT. The general situation is similar to this example. The last tensor network can be seen as an unnormalized state
doing inner product with itself, and thus is non-negative.

where all the terms in the summation are again all non-negative:
(@Vr[(Ie MW, (I® )] [(Ie )W, (I 0)]V;|e) > 0. (C24)
We provide graphical proof as shown in Fig. 6. ]

APPENDIX D: GENERALIZATION

Until now, we mainly focus on the pure bipartite states. Our result, especially the lower bounds, can be generalized to
mixed-state and multipartite cases. Exponential lower bounds of sample complexities also exist in these cases.

For mixed-state entanglement detection, we have the following result.

Theorem D1. Given multiple copies of a state p that is sampled from 7}, with k = O(d*/?), all single-copy adaptive EDPs
with completeness, Pr~: [C(p) < 0]p € ENT] > 1, and soundness, Pty n; [0 € ENT IC(p) < 0] > &, require O[(dk)'/*]
copies of p.

For multipartite states, we first define a new state distribution.

Definition DI1. A state p € D(H,) is said to be sampled according to the distribution of n;{? * if and only if with probability
0.5, it is a Haar random pure state ¥ € H,; with probability 0.5, it is the tensor product of K Haar random pure state v =
QK| v with ; € D(Hgux).

A K-partite state p is said to have K-partite entanglement if and only if it cannot be written as

K
p=2 prQrk (D1)
N=1

i
where p; is probability satisfying ), p; = 1. Then, the definition of EDP can also be naturally generalized from a bipartite to a
multipartite case. We obtain the following result.

Theorem D2. Given multiple copies of a state p that is sampled from nsi)*, all single-copy adaptive multipartite EDPs with
completeness, Pr, __u [C(p) < 0lp € ENT] > 1, and soundness, Pr . uw.[p € ENT IC(p) < 0] > &, require ®(d'/*K) copies
of p. ' '

1. Proof of Theorem D1

Here we consider the case of k = O(d*/?) as in this range, all states sampled according to 7, ; are entangled with probability
asymptotically 1 [51]. Thus, the analysis of EDP is also equivalent to the analysis of a specific state discrimination task. Consider
the state discrimination task {7, s} vs {7 NN RN /&) More precisely, consider the following two state sets with distributions
defined as follows:

(D) {p = Trr(J¥){(¥])}, where |) € Haxi is a Haar random pure state.

(2) {p =Tr z(UPa)(Wal) ® Tr (I¥5) (B}, where [Y4) , |¥5) € H /7, s are Haar random pure states.

033121-11
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Suppose a referee tosses a fair coin to select a set, and then chooses a state p from the selected set according to the distribution
shown above. Then the referee gives T copies of p to us. Our task is to decide which set p is from, with T copies of p.

Given an EDP satisfying the requirements in Theorem DI, we can solve this state discrimination task with a success
probability of 2/3. Thus, it suffices to prove the following.

Proposition D1. Using single-copy adaptive measurement, we need at least T = Q[(dk)
p 1is taken from, with a success probability of at least 2/3.

Proof. Denote py and py, y, as probability distributions on the leaves induced by p = Tro(|v){¥]) and p = Tra(|a) (Yal) ®
Try(|¥s) (¥g|). Consider the following quantity:

1741 copies of p to find out which set

wN]II?Iaarpw(l) 1 T
p]Id/d(l) l_L 1 "r 11 1[/~Haa.rl_[w |TI']((|¢ W|)|¢ '// Haarg ‘Trk(hb 1ﬂ|)|¢ )

— 4" (@ (wNIEMTrk(W)(w)@T) ®) = d" (@] [ Tre (wggaarwww)] )

dT
= ®| Treven W | @), D2
@k+7 -1 @k+nac oI U; @ (b2)
where W, are permutation operators acting on HET x> and Treyen denotes tracing out systems 2,4, 6, ..., 2T. By Lemma D1, we
have
E py) T (T-1)
~Haar dk 1 T -1
Yo (k) 1+ —) . (D3)

2 = T—1 1 ><
P1,a(l) (dk+T —=1)---(dk+Ddk  (1+I24). (1+ )1 dk

On the other hand, we have

JE Puiun(® |
Prya® T (e 5 %Hw 2 Te e 1a) (D) @ Tr () s |2
T
:dTw}El/fR < - ‘}Tl‘f(wa)(WAD@Tr\/»(W/B ¢B|)|¢m 1)

i=1

= " (@1 (B, [Trog(1va) (VaD) © Tr 1) (waD] ") 1)
= " (@ Vr (ETr z(v) (WaD®" © ETe (1a)(va)*" )V} 10)
T T T T
(@1 Vr [ Tresen (B 1Va) (941°7 ) © Trewen(E i) (51°7) | V7 1)

1

= dT <( dk n T _ 1) . Cbl VTTreven Z Wm ® Treven Z W(fz VYt |(I)) ’ (D4)

2
(
(m-’_ 1)@) o1EST oSt

where W, , W,, are permutation operators acting on (H «/ﬁ)w' By Lemma D2, we have

s Jar' " ! ’
pra) " \(Vdk+T =1)--- (Vdk + 1)Vdk (142 (14 )1

~

g
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Putting everything together, we have

Tv( , E )<TV<IE , ) TV(IE , )
P> 5 Pinin ) S stV Plasd ) + sy PVt Plajd

T 1\ 7D T _ 1\ 27D T _ 1\ 27D
<2-— 1—1—? — l+ﬁ <2-2 1+ﬁ . (D6)

To achieve a success probability of at least 2/3, it must hold that

E
W ~Haar

2<1+1TV( E E )<3 1+T_1 o D7)
3752 2 11/~Haarpvl’ wA,prwA’d[B =2 m ’
which implies (1 + %)—2(r—1) < 3, thus T > QUdk)'/4]. n

Lemma D1. For any product state |®) = |¢)) @ - - - ® |¢r) € ’H?T we have

(@] Treven | D W | 10) > &7 (D8)

o €Sy
Proof. We prove by induction on 7. When T = 1, we have

(@1 Tri(La @ Ii) |d1) =k (1) 1 = k. (DY)

Now suppose the statement holds for 7 — 1. Denote IT = % > W, as the projector to the symmetric subspace of ’H?XT . and

oeSr
1= ﬁ Yoo s,_, Wo as the projector to the symmetric subspace in of ’H?g*l). We have

(@] Treven [ Y Wo | 19) = (@] Treven | (I @ TT) > W, (I T) | |)

oeSr oEeST

= (@] Treven [ (I TT) D> W (IR TI) | |®) + (P Treven | ([ @ TT) Y W,(IRTT) | |®). (D10)
a()=1 o (D)#1

Denote |<T>) = |¢2) ® - - @ |¢pr). The first term of the last equation in Eq. (D10) satisfies

(@ Treven [ (T@TT) Y Wo (1@ TT) | 10) =k (1) 1 (| Treven | TT Y WiIT | |®)

o(l)=1 FeSr_

=k Y (P Treven (TW511) |®) = k(T — 1)! (P Treen (1) | D)

(NT‘EST,]

= k(®| Treven | > W | 1B) >k, (D11)

EEST,1

where the last inequality is given by the induction hypothesis. The second term of the last equation in Eq. (D10) satisfies

(@] Treven [ ([®TT) Y W,(IRT) | @) = D (P Treven[ (I ® )W, (1@ )] @) (D12)
o()#1 a(1)#1
We have
(@] Treven[ (T ® W, (1 ® T1)]|®) >0 (D13)
for all W, satisfying o (1) # 1, which has a graphical proof as shown in Fig. 7. |

Lemma D2. For any product pure state |®) = |¢) ® --- ® |¢r) in ’H;?T, we have

(@ Vi Treven | Y Wo, | ® Treven | D Wo |V 10) > 7. (D14)

01EST 02 EST
Proof. We prove by induction on 7. When 7' = 1, we have
(611 Troa(l 7z @1z ®T 7 ®T 7)) = k (d1) b1 = k. (D15)
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FIG. 7. We take W, = (124)(35) as an example to illustrate the correctness of Eq. (D13). The general situation is similar to this example.
We use black and green legs to represent the indices of subsystems H, and Hy, respectively. The gray dashed lines denote the trace function,
which is represented by connecting legs in tensor network diagrams. The product of two terms in the red dashed box equals 1. The last tensor
network can be seen as an unnormalized state doing inner product with itself, and thus is non-negative.

Now suppose the statement holds for 7 — 1. We have

(@] VrTreven ( Z Wal) ® Treyen ( Z Wa2) V; | D)

(2] EST 02€ST

= (®| Vr Treven ((H ®M) Y Wo(I® ﬁ)) ® Treven ((H ®M) Y Wy(I® ﬁ)) Vi |®)

U]EST O'zEST
= (D] VTTreven((H ®M) Y W,(I® ﬁ)) ®Treven((11 ®M) > W,(I® ﬁ))v; |D)
ai(D=1 a(h=1

(P VrTrewen | [ @TT) D Wo,(IQTT) | ® Treven | (I@TT) > Wo (I TI) | V] @)
o1 (1)#1 o (l)=1

(P VrTrewen | (@ TT) D Wo,(IQTT) | ® Treven | (I@TT) > Wo (I TI) | V] @)

o1()=1 o (1)#1
(P VrTreen | (@) D> Wo(I®TT) | @ Treen | L@ TT) > W, (I@TI) |V} |®). (D16)
o (D#1 o (1)#1

The first term of the last equation in Eq. (D16) satisfies

(® Vr Treven ((]1 ®M) Y W,(I® ﬁ)) ® Treyen ((H ®M) Y W,(I® ﬁ)) Vi |®)

o1(H)=1 oy (1)=1

=k (1) $1 <5>|V71Treven(ﬁ > Walﬁ) ® Treven (ﬁ > Wazﬁ)v;_ﬁ»

a"[ EST_] EzEST_]

=k Z ((I~)| VT—lTreven(ﬁWEI ﬁ) ® Treven(ﬁwffz ﬁ)v;,l |5>

01,0287

= k(T — DT — 1)1 (B V11 Treyen(IT) ® Treven(MV_, |®)
=k <5| Vr_1Treyen ( Z WEI) ® Treven ( Z WEZ) V;:71 |EIV)) = kTs (D17)
E[ EST,] EZEST—]

where |213) = |¢) ® --- ® |¢r) and the last inequality is given by the induction hypothesis.
Using proof techniques in Lemmas C1 and D1, we can show that the summands in the second, third, and fourth terms of the
last equation in Eq. (D16) are all non-negative.
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We also leave the proof for the upper bound in Appendix E. ]

2. Proof of Theorem D2

For K > 2, consider the following two pure state sets with distributions defined as follows:

(1) s1: p = |¥) (Y|, where |Yf) € H, is a Haar random pure state.

2) s2:p= Y1)V Q-+ ® |Yk)(Yk|, where V), ..., |[¥k) € Hqux are Haar random pure states.

Suppose a referee tosses a fair coin to select a set, and then chooses a state p from the selected set according to the distribution
shown above. Then the referee gives T copies of p to us. Our task is to decide which set p is from, with T copies of p.

It is easy to find that the state sampled in s; is K-partite entangled with probabilities 1 and O for s,. Thus, given an EDP
satisfying the requirements in Theorem D2, we can solve this state discrimination task with a success probability of 2/3. It
suffices to prove the following.

Proposition D2. Using single-copy adaptive measurement, we need at least T = ©(d!/?X) copies of p to find out which set
p is taken from, to achieve a success probability of at least 2/3.

Proof. Similar to the proof in the last section,

E  pye-oun
vk

Ylyeens _ 1 e "z ] § o -
P, /a(l) N tT:l (word '1 l_[w ) (W ‘/’K|¢’e, )
T
=", B, T T vty vl o)

T<<I>|< E (W)Wle: ®|wK><1/fK|>®T>|<I>>

ey (gj:lwww ®-® £|wK><1/fK|®T)v;’”* )

(dl/K +T—1)--- (dl/K + l)dl/K

(@) '
=< ) @VE D W @ | Y W, |V @), (DI8)

018t ox €St
Similar to the proof of Lemma C1, we have
@V Y Wo || D Wo |V I0) > 1, (D19)
o1EST ox €St

which implies

n B, Pre-eyc) y (@'/5)" K ~ | K g (1 LT 1)K<T1>
pr/a() TN@EKAT D)@K+ DavE ) T\ 1+ L) (1 ) ) T d'/K '

(D20)
Now we have
o Py @ @yk(l) T — 1\ KT
TV( E LS ®¢K,Pﬂd/d) Zpﬂi/d(l)max 0,1- 0 <1 <1 + K > (D21)
By triangle inequality and Eq. (C8), we have
v (WNIEMIPIP’ ¥ ]E P¢1® ®]//K) < v (1//~I[;:{aarpd[’ p]I‘I/d) + v ( E pd/l@ @V pHd/d)
T 1\ TD T _ 1\ KT T _ 1\ KT
<2-— 1+T — 1+d17 <2_21+(117 . (D22)
To achieve a success probability of at least 2/3, it must hold that
2 1.1 3 T — 1\ *
z TV( E E ) S (1+2—= , D23
3 2 ts 2 ytiaak V7 gy g POV ) ( + d1/K ) (D23)
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which implies (1 + d,/K) KT-1) ¢ 5 , thus we must have

1 6
T>[—1In (-)dl/“ + 1= Q(d"*). (D24)
K 5
We also leave the proof of the upper bound in Appendix E. ]

APPENDIX E: SAMPLE COMPLEXITY UPPER BOUND

To derive the sample complexity upper bound of the pure state discrimination task stated in Appendix C, we need to design
a protocol and analyze its complexity. The protocol we choose is to measure the purity of subsystem A using randomized
measurements. This protocol works because for pure product state ¥4 ® ¥, the purity of subsystem A is always Tr(p3) = 1,
While for global pure state ¥4p, the purity can be exponentially small,

2+/d
Ey[Tr(px)] = d—fl (ED)

Therefore, the purity estimation protocol needs to measure purity with constant accuracy to solve this state discrimination task.
The randomized measurement protocol works as follows.
(1) Pick Ny different unitaries U, from the Haar measure distribution.
(2) Act each unitary on subsystem A and discard subsystem B to get Uy ,oAU
(3) Measure each Uy ,oAU in computational basis for Ny, times to get the data {b‘ ; Ml
After acquiring these measurement data, we perform the following calculation to derive the purity of pa:

o 1 1

Py = _ X b‘ b (E2)
Ny Ny (N — 1)%% by B0,)
where X (b, ') = —(—d,)%+ . The unbiasedness of this estimator can be verified using the second-order integral over Haar

measure unitaries,

Eu,-taar y, ),(P1) = Euosiar X (b, B OPE(BIUAPE(H Un)

b,b/
= Ey~taar Y X (b, ) (b| UspaUJ 1) (b'| UspaUy |V)
bt
= Ev,~ttaar T [X UapaU})®*] = B onaa Tr U X UL 0% ] = Te(Sap$?) = Tr(p3),  (E3)

where X =, ,, X (b, b')|bb')(bb'| is a diagonal matrix satisfying Ey~paarU ®2X U2 = § with S being the SWAP operator.
To derive the sample complexity of this protocol, we need to calculate the variance of this estimator. By definition,

A A )
Var(Py) = E(B}) — E(P,)". (E4)
As experiments and the estimators for different choices of unitary U, are independent, the variance can be simplified into
2

R 1 1 o 5
Var(Py) = —Ey,onaaEyy o | | ———= ) X(b,. 0] —Tr(p3)" | E5
ar(B) = S-EueaE o0 | | 53— ; (bl b1;,) r(03) (ES)
By expanding the summation term, we have
2
1 4 1 2 1 ;
i J i J k
NM(NM - 1) ZX(bUA bUA) ]\/2 (NM — 1)2 Z UA’ UA) N2 (NM — 1)2 Z bUA )X(bUA’ bUA)
i#] i#] i#jk#i
1 o
i ] k |
T N 1P Z X (b, b, )X (b, . bly,)- (E6)
i JFEk#

Defining X3 = Zb,,bm; = Zb],bz,bj; X (b1, b2)X (by, b3)|b1b2b3) (b1 byb3], the variance can be written as

1 2 4(Ny —2)
Var(Py) = —Ey, tar | ——————Tr(U®*X?U8%*p%%) + —2 = Tr(U/®*X;U23 p®3
ar(Py) = Ny Us~Haa |:NM(NM_ D I‘( A A Pa )+NM(NM_ ) r( A AU Py )
(Ny — 2)(Ny — 3) . 2
Dt XU )~ Te(e3)’ | E7)
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Using our conclusion in Ref. [13], the expectation terms in this equation are

Ev,~taar T (US* XU p5%) = dy + (da — DTr(p}),

1 5 3(da + 1)
—m[l + 2Tr(,0A)] + m

E,~taar Tr (US4 X DU p24) ~ Tr(03)°. (ES)

EUA~HaarTr(U:®3X3U,?3p§)3) = TI'(,O;) ~ 3Tr(:0,i)a

Thus, the variance can be bounded by

(E9)

~ 1| Cd C,Tr(o3
Var(PA)<—[ 164 22 2P (’)A)},
Ny

N} Ny

where C; and C, are constants that are independent of system size. Therefore, to make sure the variance is a constant independent
of the system size, it is sufficient for Ny to be a constant and Ny, = O(d ;/ 2). Thus the total sample complexity scales as O(d'/*).

The conclusion is easy to generalize to multipartite scenarios, where d4 = d'/X and the sample complexity is O(d'/*X),
which proves the conclusion made in Theorem D2. For the mixed-state discrimination task, i.e., n;! > we need to first decide
the accuracy for estimating the purity. Similar to Eq. (E1), if a state is sampled according to 7, &, the average purity of state of
system A, a +/d-dimensional subsystem, is approximately «/LE’ while if the state is sampled according to 7w 7 7 ® 7 /7 /. the

average purity of subsystem A is approximately \/LE + \/LI; Thus, to distinguish these two distributions, the variance in estimating

purity should be suppressed to % In this case, the sample complexity scales as O[(dk)'/*].
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