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Stable spin squeezing of nitrogen-vacancy centers via Floquet-driven magnons
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We propose an efficient scheme for generating a stable spin-squeezed state in a hybrid magnon-nitrogen-
vacancy (NV) centers system via magnon-Floquet driving. The system consists of a yttrium iron garnet (YIG)
film directly coupled to NV centers that are equidistant from the film surface, and at the same time the YIG
film is driven by a Floquet field. The magnon dissipation is exploited to distribute the NV centers into the dark
state, manifesting as the stable spin-squeezed state. We show that the system exhibits the low- or high-energy
dark state, which is determined by whether the lowering or the raising spin operator plays the dominant role in
evolution. Furthermore, we also show that the spin squeezing is robust against thermal effects and decoherence,
and it is possible to detect the change in N at the single-spin level, since it exhibits a distinct odd-even effect. This
scheme provides a feasible way for experimental implementation and thus has potential applications in quantum
information processing, quantum simulation, and precision metrology.

DOI: 10.1103/hkc6-jxrs

I. INTRODUCTION

In recent years, spin squeezing [1-3] has attracted
widespread attention in theoretical and experimental studies.
In fundamental quantum physics and quantum information
processing [4-6], spin squeezing has been utilized to probe
quantum entanglement [7-9], enhance the efficiency of quan-
tum computation and quantum communication [10-12], and
improve the stability of quantum storage and quantum gate
operations [13]. In quantum simulation, spin squeezing has
been widely used to study quantum phase transitions [14],
quantum chaos [15-18], and complex many-body interactions
[5,19-27], owing to its relative ease of generation and exper-
imental measurement. In precision metrology, spin squeezing
can also enhance measurement precision, such as in Ramsey
spectroscopy [1,3,28-35], as well as in the development of
more precise atomic clocks [3,24,36-42] and gravitational
wave interferometers [43—45]. It is worth noting that the def-
inition of spin squeezing is not unique. The most extensively
studied squeezing parameters were originally proposed by
Kitagawa and Ueda [2], and by Wineland et al. [1,3]. The
latter, introduced naturally in standard Ramsey spectroscopy
experiments, is defined as the ratio of the phase resolution
when using a correlated state to that when using a coherent
spin state [46].

There are many approaches for generating spin squeezing.
One approach is based on the nonlinear atom-atom interac-
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tion [5,22,47-52]. For example, Esteve et al. experimentally
demonstrated the generation of spin-squeezed, entangled
states in a Bose-Einstein condensate by splitting it in an
optical lattice, achieving a 3.8 dB precision gain beyond the
standard quantum limit [22]. Liu et al. proposed a simplified
theoretical scheme to generate spin-squeezed states via one-
and two-axis twisting using a single off-resonance stimulated
Raman scattering process in an optical cavity [49]. Another
approach is to transfer the squeezing of photons to the atomic
ensembles [19,53-56]. For instance, Hald et al. demonstrated
the transfer of quantum entanglement from light to atoms by
mapping polarization-squeezed light onto a collective atomic
spin, resulting in spin squeezing and noise reduction be-
low the standard quantum limit [56]. The last approach is
to perform the quantum nondemolition (QND) measurement
of the output field by utilizing the dispersive interac-
tion between the light field and atoms [24,25,39,41,57-69].
In particular, Shah ef al. demonstrated that the bandwidth of
the high-sensitivity atomic magnetometer had increased by
four times via continuous QND measurements [69]. However,
the spin squeezing produced by these approaches is instan-
taneous, meaning that this squeezing exists only within a
specific time window of evolution and then disappears rapidly
due to decoherence effects. Therefore, achieving stable and
highly robust spin squeezing is the main challenge that exper-
imentalists are facing.

Yttrium iron garnet (YIG), as a ferromagnetic material,
has a high spin density and low magnetic loss, which can
effectively prevent energy loss caused by Joule heating [70].
Additionally, the magnon features a wide frequency range and
strong coupling strength. This enables it to couple coherently
various quantum systems, including microwaves [71-76], op-
tical photons [77,78], phonons [79-81], solid spin defects
[52,82,83], and superconducting qubits [84—86]. Furthermore,
it supports efficient quantum control at room temperature,
significantly superior to other quantum systems [70]. On the
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other hand, the nitrogen-vacancy (NV) centers in diamond
have a relatively long coherence time [87,88] and extremely
high controllability [89], which enables them to serve as quan-
tum bits that can maintain quantum state coherence for more
than several seconds [90]. In the hybrid magnon-NV centers
quantum systems, two different physical platforms are cou-
pled together to overcome the limit of individual systems and
combine their advantages [70,82,91]. Recently, Fukami ez al.
theoretically showed that YIG magnons can mediate strong
long-range entanglement between NV centers at low tem-
peratures via virtual-magnon-exchange protocols [82]. Jiang
et al. experimentally achieved high-fidelity room-temperature
quantum logic operations using a hybrid magnon-NV center
system, enabled by coherent magnon control with signifi-
cantly reduced energy consumption and thermal noise [70].

In this paper, we propose a method using magnon-Floquet
driving to achieve a stable spin-squeezed state in a hybrid
magnon-NV centers quantum system. The hybrid system is
composed of a YIG film directly coupled to the spin of NV
centers. All the NV centers are positioned at the same distance
from the film surface to ensure that the coupling strength
between them is identical. At the same time, the YIG film is
driven through a Floquet-driven field, as in Ref. [74]. By lever-
aging the periodic temporal modulation from a Floquet drive,
the composite interaction of magnon and NV centers leads to
the existence of a collective spin dark state, which manifests
as the stable spin-squeezed state. By applying the Bogoli-
ubov transformation to the spin operators and the mean-field
approximation in the large-N limit, we obtain an analytical
solution of the spin squeezing parameter at steady state, which
is verified to be consistent with the dark-state results. In our
scheme, the magnon dissipation is exploited to produce and
stabilize the spin-squeezed state. When the lowering spin
operator plays the dominant role in evolution, the system
relaxes to the low-energy dark state. Conversely, if the raising
spin operator dominates, the system evolves toward the high-
energy dark state. It should be noted that the existence of the
high-energy dark state originates from the finite dimensions
of the spin system’s Hilbert space. In addition, the system
exhibits a distinct odd-even effect, which makes it possible
to detect the change in N at the single-spin level. Our scheme
has potential applications in quantum information processing,
quantum simulation, and precision metrology.

In comparison with previous studies [92-98], our scheme
exhibits the following significant characteristics: (1) The
present scheme is an all-solid-state platform, featuring su-
perior stability, high integration, and strong resistance to
environmental temperature variations and magnetic noise
interference. This significantly enhances system robustness
and experimental feasibility. (2) Unlike the Raman scheme,
which requires atoms with a specific four-level configura-
tion [92,94,96], and the dissipative scheme by interacting
with a squeezed reservoir [95,97,98], our scheme only uti-
lizes magnon-Floquet engineering, eliminating the need for
multilevel structures and an initial squeezed reservoir. (3)
More importantly, we find that stable spin squeezing can
be generated in both low- and high-energy dark state sub-
space. This stems from the finite-dimensional Hilbert space
of the spin system, which inherently restricts phase-space
divergence.
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FIG. 1. Schematic representation of the system structure. The
hybrid system consists of a YIG film directly coupled to NV center
spins. All NV center spins are positioned at the same distance from
the film surface, and the magnons are driven by a Floquet field with
frequency 2 and normalized amplitude 7. A bias magnetic field B,
and a Floquet driving field are applied along the x direction on the
YIG film, while a magnetic field B, is applied along the x direction
on the NV centers.

The remaining part of this paper is organized as follows.
In Sec. 11, we describe the system model, the derivation of the
effective Hamiltonian, and the master equation. In Sec. III,
the dark state is presented first, and then the spin squeezing
is discussed via analytical solutions, numerical results, and
thermal effects and decoherence. In Sec. IV, we discuss the
experimental feasibility of this scheme. Finally, a conclusion
is given in Sec. V.

II. MODEL AND EQUATIONS

As depicted in Fig. 1, we investigate a hybrid system where
a YIG film is magnetically coupled to an ensemble of N
NV centers [70]. An external magnetic field B, is applied
along the axis of symmetry of the NV centers, inducing a
Zeeman effect. The bias magnetic field B, and the Floquet
driving field are applied along the x direction on the YIG film.
Then, the excited magnon propagates along the surface and
couples to the spin modes of the NV centers. All the NV
centers are positioned at the same distance from the surface
of the film to ensure that the coupling strength between them
is identical. We assume that the system can be described by
the collective spin operators fx,y,Z = % > j 6i,., where 6{,,
are the Pauli matrices for the jth NV center. The magnon-NV
centers coupling system is governed by the time-dependent
Hamiltonian (&2 = 1):

H(t) = Hy + Hy + Hy(1), (D
where the first term
Hy = o' + ony T, 2

represents the free energy of the magnon and NV centers.
Here, the magnon angular frequency is given by w,, = |y.|Bx
with y,/2m = 28 GHz/T, which can be tuned by the exter-
nal magnetic field B,. The operator 77 (/") represents the
annihilation (creation) operator of the magnon. For the NV
centers, the spin-triplet ground states {|0), |4=1)} are the eigen-
states of the spin operator J., where the degeneracy between
the |£1) states is split by an external magnetic field B, via
the Zeeman effect, resulting in transition frequencies wy =
Do =% |y.|B,, with |0) taken as the energy reference. Here,
Dy = 2r x 2.87 GHz denotes the zero-field splitting. Under
an appropriate magnetic field B,, the states |0) and |—1)
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form a spin qubit and we therefore set wnyy = w_ and define
6, = |—1)(—1]—]0)(0]. The second term

Hy = g(h + m")J, A3)

describes the interaction between the magnon and NV cen-
ters, indicating the exchange of energy and quantum states. g
denotes the magnon-NV centers coupling strength. The rais-
ing and lowering operators for the collective spin of the NV
centers are defined as J = > ; 64. According to Ref. [82], at
a 5nm distance between the YIG film and the NV centers,
g/2m is roughly 0.5 MHz. With a sinusoidal drive, the last
term reads

Hy(t) = Qn cos(Qu)m'm, 4)

where 2 and n are the frequency and normalized amplitude
of the Floquet driving field, respectively. In our system, the
Floquet driving is achieved by modulating the frequency of
the magnon mode [74].

In order to focus on resonant interactions, we follow
the standard technique [99] and transform to the inter-
action picture. The transform is performed by using the
unitary transformation: 1{7{ =U"0)H U (t), where U(t) =
¢~ifo=i [y Au(t)d* The Hamiltonian in the interaction picture
can be written as

H = gﬁa"'[ﬁeml(’) +J_e®] +He, 4)
where A1 (t) = (wy, + wnv)t + nsin(Qt) and A, (1) = (w,, —
wnv )t + nsin(2t). Next, we use the Bessel functions to ex-
pand the complex exponential terms, and then obtain the
Hamiltonian expressed with an infinite sum

+00
ﬁl/ — gﬁﬂ[ Z _]p(n)ei(w,,l+wNv+pQ)zj+

p=—00
+o00

+ Y Jq(n)ei(‘“""“NV+‘fQ)’f} FHe ()
g=—00

Here, J,(n) and J,(n) are the Bessel function coefficients
for the pth and gth order expansions, respectively. The
Hamiltonian contains 77/, and /m'J_, both oscillating with
complex exponential. To simplify the analysis, we focus on
the slow oscillation terms while neglecting the fast oscilla-
tion terms. Specifically, the terms that meet condition |w,, +
ony + p2| K g and |, — ony + g€2| K g can be retained.
By assuming w,, = —wny and Q2 = wny — @y, only the terms
with p = 0 and ¢ = 1 make a significant contribution to the
system dynamics (see Appendix A). Thus, in this case, the
effective interaction Hamiltonian can be rewritten as

A ~ gm*[fo(n)ﬁ + i ()J-] + He. )

The effective Hamiltonian describes the transitions between
the ground and excited states, accompanied by the creation or
annihilation of the magnon. Assuming that the characteristic
timescale of the system Hamiltonian is significantly longer
than the reservoir correlation time, the environment can be
treated as a memoryless reservoir. Consequently, the Marko-
vian master equation is given by

d

P = —i[Hegr, ] + x L[], ®)
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FIG. 2. Time evolution of (J;) with H(¢) in Eq. (1) and H.¢ in
Eq. (7) for (a) N = 10 and (b) N = 100. The initial state is [ (0)) =
|J = %, my = —%)Spm|0)m, and the other parameters are 2 = 300g,

Kk =2g,and n = 1.6.

where L[0]p = 6po' — %(6“3,?) + p0'0) is the Lindblad op-
erator and « is the magnon dissipation rate. This master
equation describes the time evolution of the system’s density
matrix p, including both unitary evolution and dissipative
dynamics. It is noted that the Lindblad term « L[] p remains
unchanged after performing the same unitary transformation.

To verify the validity of our approximations, we perform
numerical simulations of the system dynamics by using the
full Hamiltonian in Eq. (1) and the effective Hamiltonian in
Eq. (7), and then compare the results of the two approaches.
Figure 2 shows the time evolution of (J,) for different numbers
N of NV centers. The initial state is set to |y (0)) = |J =
Y. my=—%)inl0), and the other parameters are taken as
Q =300g, k = 2g, and n = 1.6. As shown in Fig. 2(a), when
N =10, (J.) increases rapidly over time and stabilizes after
a certain period of time. In Fig. 2(b), when N is increased
to 100, the time evolution of (J.) initially exhibits weak os-
cillations, but eventually stabilizes as well. As can be seen
from Fig. 2, the evolution of (J,) governed by the effective
Hamiltonian in Eq. (7) is in excellent agreement with the
evolution obtained directly from the original full Hamiltonian
in Eq. (1), confirming that our approximations are valid.

III. DARK STATE AND SPIN SQUEEZING

We are now investigating the preparation of dark states
and their corresponding quantum dynamical behaviors. Refer-
ences [92-98] indicate that for even N, the combined effects
of the unitary and dissipative dynamics drive the system to
the dark state, defined as |D) = [¥)spin|0)n, Where [V/)gpin is
the steady state of the NV centers and |0),, is the vacuum
state of the magnon. Since we work in the interaction picture,
the eigenstate |D) of the effective Hamiltonian H.g is defined
in the interaction picture. When the system reaches a steady
state, the steady state of the NV centers should satisfy the
equation

oI+ + I (I[P ) pin = 0. ©)

Since total angular momentum J is conserved in Eq. (8), a
dark state exists for each permissible value of J. Each [y/)gpin
has an average spin polarization along the z direction and
exhibits squeezing (antisqueezing) in the J; (J;) direction. To
quantify this, we calculate the ratio of spin fluctuation in the
x and y directions, given by (J2)/(J2) = (1 —¢)*/(1 +¢)>.
Here, & =Jy(n)/Ji() is defined as the ratio of the
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FIG. 3. Sketch of the steady state for ¢ < 1 and ¢ > 1. The num-
ber of gray spheres represents the population of a level |J, m;). When
¢ < 1, the system is confined to the low-energy dark state subspace.
The raising and lowering operators (red and blue arrows) induce
destructive interference between adjacent energy levels such that
every intermediate energy level (dashed green lines) is unoccupied.
When ¢ > 1, the system enters the high-energy dark state subspace,
where destructive interference between adjacent energy levels still
occurs. While the population distribution is completely symmetrical
in the case of ¢ < 1.

zeroth-order and first-order Bessel functions. Clearly, for all
cases where ¢ > 0, the ratio of spin fluctuation is always
less than 1, indicating that the dark state is a spin-squeezed
state. We focus on symmetric states with total spin J = %’ and
expand [ )spin in terms of the eigenstates of fz,

N N
|¢>spin = Zcm J=—.my=—= +m> (10)

2 2

Substituting the expanded steady state into Eq. (9) and using
a recursive method, we obtain a relationship between c,, and
Cm+2. Assuming ¢y = 0, only the even terms are left

NN /N -3
Cm=2n = (_1)n8n<2>< ) €o, (11)
n)\2n

where (:) denotes the binomial coefficient and ¢, is deter-
mined by the normalization condition ), lewl? = 1.

It is well known that the characteristic of a pure bosonic
squeezed state is its pairing structure, being a superposition of
states with even photon numbers [100]. An analogous paired
structure holds in our spin system. The fully polarized state
|J, my = —J) can be regarded as the “vacuum,”’ while the state
|J, m; = —J + m) corresponds to having m excitations (i.e.,
m flipped spins). Thus, it can be seen from Eq. (11) that the
spin dark state |v/)sin also involves only even numbers of
excitations m. Formally speaking, this paired structure will in-
duce destructive interference in both bosons and spin systems,
thereby generating a dark state.

Figure 3 shows the population distribution of the dark state
for ¢ < 1 and ¢ > 1. The number of gray spheres represents
the population of a level |J, m;). According to Eq. (9), when
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FIG. 4. (a) The ratio ¢ and the spin squeezing parameter &2 vs the
normalized amplitude n for N = 10. (b) The spin squeezing parame-
ter £2 vs the ratio ¢ for N = 10, 100. When ¢ = 1, Jo(n) = J;(n) and
(J.) = 0. These singular points are represented by the black dots.

¢ < 1, the lowering operator J_ dominates and the ground
state |J,my = —J) has a greater number of occupancies.
From the ground state |J,m; = —J) to the excited state
|J,my =J), the occupancies decrease successively. How-
ever, when ¢ > 1, the situation is completely the opposite.
The combined effect of the raising and lowering operators
causes destructive interference between adjacent energy lev-
els, resulting in each intermediate energy level remaining
unoccupied. Specifically, when Jo(n)Jy + J1(n)J_) acts on
a paired state, it generates a state containing only an odd
number of excitations. To achieve a dark state for a given odd
excitation number myqq, destructive interference must occur
between two pathways leading to mgq: J_ acts on a state with
(mogq + 1) excitations, and f+ acts on a state with (mggq — 1)
excitations. This is shown schematically in Fig. 3.

To quantify the degree of spin squeezing, we introduce the
spin squeezing parameter [1,3]:

£ Nmin(8J;, ) N(J})
= - =

2 12
|(J)]2 [(2)1 (12

where min(8J;,)? is the minimum variance perpendicular to

the direction of the mean total spin iy = J/|(J)|. If €2 < 1,
it means that the quantum state is squeezed. The smaller &2
indicates the stronger spin squeezing.

Figure 4(a) shows the variation of the ratio ¢ and the spin
squeezing parameter £2 concerning the normalized amplitude
n. It can be seen that as 7 increases, both & and &2 exhibit
periodic variations, due to the periodic modulation from a
Floquet driving. The two curves reveal that the spin squeez-
ing occurs only when ¢ > 0, which is consistent with the
previous analysis. However, when ¢ = 1, Jo(n) = Ji1(n) and
(J.) = 0. This leads to the existence of singular points in
the spin squeezing, which are represented by the black dots.
Figure 4(b) shows the spin squeezing parameter £2 versus the
ratio ¢ for different N. As ¢ increases, the degree of spin
squeezing first increases and then decreases. Specifically, as
¢ — 1, the spin squeezing approaches the Heisenberg limit,
ie., £2 — 2/(N +2), indicating that the dark state is close
to the optimal spin-squeezed state. Similarly, if ¢ =1, the
spin squeezing has singular points, which are marked by the
black dots. When N increases from 10 to 100, the trend of
the spin squeezing remains unchanged, but the spin squeezing
becomes stronger.
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A. Analytical solutions

In order to deeply understand the interaction mechanisms
within the system, we introduce the Bogoliubov mode 8 =
sinh .f, + cosh rJ_. Then, the effective Hamiltonian can be
rewritten as

Hys = xm'B+He., fore<l, (13)
Hes = xm' BT +He., fore>1, (14)

where the effective coupling constant is given as x =
%v |J12(n) — Jg(n)| . From the above equations, it is evident
that when ¢ < 1, the interaction between the magnon mode
and the Bogoliubov mode takes the form of a beam-splitter
type coupling, whereas when ¢ > 1, it becomes a parametric-
amplifier type interaction that induces correlated excitations
of magnon and spins. The squeezing parameter 7 in the two
cases is defined through the hyperbolic tangent function as

tanhr = ¢, fore <1, (15)

1
tanhr = —, fore > 1. (16)
e

Substituting Eqgs. (13) and (14) into Eq. (8), the Heisenberg-
Langevin equation for the magnon mode can be derived as

m:—gm—ixﬁ, fore < 1, (17)
o= —gm —ixpt, fore> L. (18)

Setting 71 = 0, the steady state of the magnon mode can be
solved. If the magnon dissipation rate is sufficiently large,
the magnon mode can be eliminated adiabatically. Then, the
reduced master equation for the NV centers is derived as

d .
—p =TL[Blp,
7P [Blp

d 2 AR
P= LB 1p,
where I' = 4?2/« is the collective decay rate. For the regime
of ¢ < 1, the spin energy is dissipated through the Lindblad
channel £[B]p, and the system is cooled into the low-energy
dark state subspace defined by Bl ¥)spin = 0. In contrast, when
¢ > 1, the master equation involves the dissipator L£[B]p,
which represents the spin excitation process that drives the
system into the high-energy dark state subspace defined by
BW//)Spin = 0. Figure 3 also provides a good illustration of
these two physical processes.

It is noteworthy that the dark state defined by Eq. (9)
is the unique steady-state solution of the Lindblad master
equations (19) and (20). Under strong magnon dissipation,
the magnon mode is adiabatically eliminated, leaving the
NV spins dynamic governed by the effective dissipators
LBl or LIBT1H. Only the state that satisfies B|1)spin = 0
or BW/f)Spin =0 is a steady state of the master equation,
indicating that the Hamiltonian dark state is equivalent to the
unique steady state of the master equation, thereby ensuring
its robustness against dissipation.

To evaluate the degree of squeezing for a large number of
NV centers, we derive approximate analytical expressions for
the spin squeezing parameters based on the reduced master

fore < 1, (19)

fore > 1, (20)

4 1.
— dark-state & 0 (b) — dark-state &2
- analytical £ 0.8} 1 analytical &
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FIG. 5. The spin squeezing parameter £2 and the squeezing pa-
rameter r vs € for (a) N =10 and (b) N = 100. The dark-state
results (red solid lines) and analytical solutions (blue dotted lines)
are according to Egs. (10) and (25), respectively.

equation. By neglecting the spin decoherence effects, we solve
for the Heisenberg-Langevin equations for J, and J:z from
Eq. (20):

d . . . A
d_zUZ) = —I'(sinh® r(JJ_) — cosh® r(J_J,)), ¥2))

L172) = ~Lcoshr — sinh r) x (]
—(J = —= —sinh ) x ((J;
s 5 (coshr — sinh r

x (sinh rJ_ 4 cosh rf,) + H.c.). 22)

Here, we take the high-energy dark state subspace for ¢ > 1
as an example. Equations (21) and (22) involve higher-order
moments of the spins, whose time evolution should be cal-
culated independently. In the large-N limit, the spin ensemble
remains close to its maximal polarization along the z direction,
as shown in Fig. 2(b), the mean spin component satisfies
(J.) ~ N/2, and the quantum fluctuations around this mean
value are small. In this case, we can linearize the equations of
motion around (J.) &~ N/2 by introducing small fluctuations
8J. = J. — N/2, and neglecting higher-order terms of (3.J.).
Further, using the approximation (fxz + ff) = (J?) — (]?) ~
—N{(8J.) + %V, the simplified equations can be obtained as

%WD ~ —NT((8]:) + sinh? r), (23)
i 2\ ~ _ 72\ _ E —2r
o (7)~ —-NT ((Jx) ¢ ) (24)

It can be seen that both quantities decay exponentially in time,
and the effective decay rate is NI'. By substituting the steady-
state solutions of (8J.) and (J:l) into Eq. (12), we get the spin
squeezing parameter

N2 6721’
(N —2sinh? )2’

For the low-energy dark state subspace of ¢ < 1, we lin-
earize the equation of motion around (L) ~ —%’ and use a
similar method to derive the spin squeezing parameter. We
find that the expression of the spin squeezing parameter is the
same as Eq. (25).

In Fig. 5, we plot the spin squeezing parameter &£ and
the squeezing parameter r versus ¢ for (a) N = 10 and (b)
N = 100. Furthermore, we also compare the spin squeezing
based on the dark state by Eq. (10) to the analytical solu-
tions by Eq. (25). The former is precise, while the latter is
approximate. As shown in Fig. 5(a), when N = 10, the analyt-
ical results are only valid when ¢ deviates significantly from

g (25)
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& = 1. This is because the mean-field approximation is valid
only when r is relatively small. If ¢ is gradually increased
from 0 to 1, |(8J.)| = sinh? r will rapidly increase to infinity,
while |(J;)| will first decrease to 0 and then rapidly increase
to infinity. This results in the spin squeezing parameter first
decreasing, then increasing, and finally dropping rapidly to
0, as shown by the blue dotted line in Fig. 5(a). However,
when we increase N to 100, the mean-field approximation
is valid over a wide range and the analytical results are very
in agreement with the dark-state results except for ¢ = 1, as
shown in Fig. 5(b).

It is worth noting that the stable spin squeezing in our pro-
posed scheme is established through the magnon dissipation,
which induces the spin relaxation and excitation process. Gen-
erally speaking, the excitation process in traditional bosonic
systems usually leads to instability of the system, making it
difficult to generate a squeezed state. Therefore, in order to
achieve squeezing in a bosonic system, it is often limited by
the bosonic relaxation process. However, for the spin system,
such a restriction is not necessary. The reason is that the con-
ventional bosonic system has an infinite-dimensional Hilbert
space, while the spin system has a finite-dimensional Hilbert
space. Even during the excitation process, the spin system can
maintain its stability, thereby achieving the steady-state spin
squeezing. Our scheme also reveals that the stable state can
be generated in not only low-energy dark state but also high-
energy dark state, which has not been mentioned in previous
studies [92-98].

B. Numerical results

The previous subsection mainly introduced steady-state
spin squeezing. In this subsection, we will discuss the dy-
namic behavior of spin squeezing. Figure 6 shows the time
evolution of the spin squeezing parameter £ from the full
master equation (8), along with the Husimi-Q function for
the spin distribution on the Bloch sphere at selected time
points. The initial state is [{(0)) = |J = % my = %)spm|0)m
and the other parameters are N = 40, k = 2g, and n = 1.3.
As seen from Fig. 6(a), the spin distribution on the Bloch
sphere evolves, exhibiting squeezing along the x axis and
antisqueezing along the y axis. The spin squeezing parameter
&2 first drops rapidly over time and then gradually reaches a
stable value, as shown in Fig. 6(b).

Figure 7(a) presents the time evolution of the spin squeez-
ing parameter &2 obtained from Eq. (8) for different initial
states. The other parameters are taken as N = 10, x = 2g,
and n = 1.3. The system almost simultaneously evolves into
the unique steady spin-squeezed state, independent of the
initial excitation number of the magnon. Therefore, when the
magnon dissipation is sufficiently large, the adiabatic elimina-
tion of the magnon mode is a good approximation. Figure 7(b)
shows the time evolution of the spin squeezing parameter &>
for different numbers of NV centers. All the curves exhibited
oscillations before stabilizing. Different N lead to different
steady spin-squeezed states. The larger the N is, the stronger
the steady-state spin squeezing will be, and the shorter the
time required to reach the steady state will be. Figure 7(c)
gives the time evolution of the spin squeezing parameter £2 for
different total spins. Although the system was initially in an

0.0 : .
0 2 4 6 8

gt

FIG. 6. (a) The Husimi-Q function for the spin distribution on
the Bloch sphere at different times. (b) Time evolution of the spin
squeezing parameter £2. The initial state is chosen as | (0)) = |J =
Y. m; = %)pil0),, and the other parameters are N = 40, k = 2g,

and n = 1.3.

unsqueezed state, it eventually reached a stable squeezed state
over time. Different initial total spins will result in different
stable spin-squeezed states. Figure 7(d) plots the time evolu-
tion of the spin squeezing parameter &2 for different initial
spin projections. The system evolves into the unique steady
spin-squeezed state over time, independent of the initial spin
projection.

3 B
— N/2,N/2)[0)
IN/2, N/2)|1)
2 '-.,.z ~~~~~~ IN/2, N/2)|2)
0.0y 50 100
gt
4 — my=5
m;=4
] T —— m=3
i)
2
| 1
0 © 0 (d) SNS——
0 100 200 0 50 100
gt gt

FIG. 7. Time evolution of the spin squeezing parameter £ ob-
tained from Eq. (8) for (a) different initial states, (b) different
numbers of NV centers, (c) different total spins, and (d) different
initial spin projections. The other parameters are the same as in Fig. 6
except for N = 10.
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FIG. 8. (a) The spin squeezing parameter £2 vs the squeezing
parameter r for odd N (red solid line) and even N (blue dotted line).
Time evolution of £2 for odd and even N when (b) n = 1.3 (r ~ 1.2)
and (c) n = 1.41 (r = 2.1). (d) Ilustration of how the odd-even
sensitivity of the steady state can be used for sensing. The initial
state is chosen as |¥(0)) = |/ = 5§, m; = ¥)il0),, and the other
parameters are taken as k = 2g and n = 1.41.

In addition, we find that the spin squeezing exhibits re-
markable sensitivity to the parity of the total spin number N
[95]. Under certain conditions, the steady states of systems
with N spins and those with N + 1 spins exhibit significant
differences. When the A7 mode acts on a paired state, it
generates states with odd excitation numbers m,qq. In order
to achieve the dark state, these odd excitation states must can-
cel each other through destructive interference. For the spin
system, the maximum excitation number is the total particle
number, i.e., mpax = N. When N is even, mp,x is also even.
All possible odd excitation numbers can form destructive in-
terference through the actions of Ji. When N is odd, Mmax
is also odd. In this case, the needed destructive interference
is impossible to obtain. Starting with a fully paired state, a
state |J, —J + mpax) can be created by acting with J, on
|J, =J + (mmax — 1)). However, there is no complementary
J process, since there is no state with myax + 1 excitations.
Therefore, the interference condition cannot be satisfied for
all states, and the steady state is mixed.

Figure 8(a) plots the spin squeezing parameter £2 versus
the squeezing parameter r for N = 49 (red solid line) and
N =50 (blue dotted line). It can be seen that when r is
small, there is no appreciable even-odd effect. However, for
large r and odd N, the steady state is impure and exhibits
no spin squeezing. Specifically, for odd N, the steady-state
squeezing diverges in the large-r limit. Figure 8(b) gives the
time evolution of the spin squeezing parameter &2 for odd
and even N when r &~ 1.2. The two curves show almost the
same evolution, meaning that the odd-N steady state has the
same squeezing as the even-N case. This is because when r is
sufficiently small, the probability of high excitation numbers
is strongly suppressed, and hence the frustration caused by

L0 1.0
0.8} ;
: >
By H [5]
0.4} =2
. — 05 ~ 0.8
0.2f n=0.8
0'8 (a)
0 01 02 03 04

Ny,

FIG. 9. (a) The spin squeezing parameter £2 vs the magnon
thermal occupation number ny, for different normalized amplitudes
n. (b) Time evolution of the fidelity for different magnon ther-
mal occupation numbers ny, at n = 1.3. The initial state is chosen
as [¥(0)) = |/ = 5, my = §)in|0)n, and the other parameters are
taken as N = 10 and k = 2g.

truncating the maximum excitation number has almost no ef-
fect on the system. However, when r is large, the situation will
be completely different and the system exhibits a distinct odd-
even effect, as shown in Fig. 8(c). In Fig. 8(d), we plot the time
evolution of the variance (fxz). The evolution is interrupted
at randomly selected times, where a single randomly chosen
spin is removed from the system. When a spin is removed
(N — N — 1), the parity of the system changes, leading to a
corresponding change in the dark state subspace. This change
is nonperturbative, as it modifies the interference conditions
among collective spin excitations and thereby affects the
squeezing properties. As shown in Fig. 8(d), each spin-loss
event is accompanied by a sudden jump in the value of (fxz),
which originates from a real physical transition between two
distinct steady states. The significant odd-even sensitivity in
the steady state offers the possibility of detecting variations in
N at the single-spin level.

C. Thermal effects and decoherence

We now consider the effects of thermal excitations and
single-spin dephasing on our spin-squeezing protocol. To this
end, we modify the master equation (8) by including the
magnon relaxation terms with thermal occupation number g,
and the spin dephasing term with a rate y;, as follows:

d ~ A A 1A
T6 = —ilHer. 61+ 2 X,: cs!]p

+ (g + DL + knan L0107, (26)

where single-particle processes may break the conservation of
total spin.

Figure 9(a) demonstrates that although the magnon thermal
effect has a destructive effect on the spin squeezing, the spin
squeezing is still possible under room temperature conditions.
For instance, when 1 = 0.8, the spin squeezing parameter &>
increases monotonically with ny, until it disappears at ny, ~
0.4. The spin squeezing becomes less pronounced as thermal
noise grows, since the larger ny, corresponds to the stronger
decoherence of the collective spin mode. In particular, for
n = 1.3, the spin squeezing is significant only in the low-
temperature regime, showing that the preservation of quantum
correlations requires a nearly thermal-vacuum environment.
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FIG. 10. Time evolution of the spin squeezing parameter &2 for
different dephasing rates y,. Taking the parameter (a) n = 1.3 and
(b) n = 0.5. The other parameters are the same as in Fig. 9.

In Fig. 9(b), we give the time evolution of the fidelity for
different magnon thermal occupation numbers ny, at n = 1.3.
The fidelity rapidly approaches unity in the ideal case (ny =
0), showing that the system can evolve into the desired target
state with high accuracy. However, as ny, increases, the steady-
state fidelity gradually decreases, reflecting the degradation of
quantum coherence caused by magnon thermal effects. These
results confirm that suppressing thermal excitations is crucial
for maintaining high-fidelity quantum states and robust spin
squeezing in hybrid magnonic systems.

Figure 10 shows the time evolution of the spin squeezing
parameter &2 for different dephasing rates y,. We choose
different normalized amplitudes: (a) » = 1.3 and (b) n = 0.5.
When 1 = 1.3, even extremely weak dephasing effects can
significantly weaken the steady-state spin squeezing. In con-
trast, for n = 0.5, since the squeezing degree is inherently
not very high, it has strong robustness against the dephasing
effect. This means that an excessively high spin-squeezing
strength will significantly increase the sensitivity of the spin
squeezing to the dephasing effect. In our scheme, the dephas-
ing effect can be suppressed by tuning the amplitude of the
Floquet driving field.

The magnon-mediated approach presented in this work
offers distinct advantages over conventional cavity-mediated
spin-squeezing schemes. First, magnon modes in ferromag-
netic systems like YIG can be readily integrated on-chip
and coupled to solid-state spins via near-field interactions,
offering superior scalability and integrability [84,86,101].
Conversely, cavity-mediated schemes typically employ bulky
three-dimensional superconducting microwave or optical cav-
ities, which also require precise resonance matching with the
spins [24]. Second, magnon systems enable strong and tunable
interactions with large spin ensembles through their collective
coupling strength [102,103]. In contrast, the coupling in cavity
systems is typically constrained by the mode volume and den-
sity. Third, magnon systems are more robust to temperature
fluctuations and can function at or near room temperature,
whereas cavity-mediated schemes typically rely on cryogenic
environments to suppress thermal noise [86].

IV. EXPERIMENTAL FEASIBILITY

Experimentally, our model can be realized by using a
YIG film and bulk diamond containing an array of NV cen-
ters, as illustrated in Fig. 1. According to Ref. [82], when
the distance between the YIG film and the NV center is

5nm, the coupling strength g/2m is approximately 0.5 MHz.
The single-crystal (100) diamond samples used in Ref. [70]
are laser-cut and polished into a chip with dimensions of
2mm x 2mm X 0.15 mm. An ensemble of the NV centers is
generated through 15-keV *N ion implantation at a fluence of
1 x 10"% ions/cm?2. The low-energy manifold of the NV center
consists of S = 1 spin triplet states, where the ground state
corresponds to mg = 0 and the excited states correspond to
mg = %1. The optical excitation and state readout of the NV
centers can be achieved by using a 532-nm laser.

The permanent magnet provides a bias magnetic field of
strength B,, which is along the x axis and perpendicular to
the y-z plane, maximizing the interaction between the magnon
and the spin. A small coil is tightly wound around the YIG
film in the y-z plane to provide the Floquet driving, thereby
modulating the bias magnetic field and consequently tuning
the frequency of the magnon mode [74]. When the excitation
frequency of the magnon mode matches the electron spin reso-
nance frequency of the NV centers, the nearby magnon drives
the transitions of the NV centers. This can be detected by the
intensity of the electron spin-related photoluminescence of the
NV centers [70]. In our proposed scheme, the effective Hamil-
tonian in Eq. (7) is obtained under the conditions w,, = —wNv
and Q = wny — wy,,. These conditions can be implemented
by tuning the magnetic field B,. Using the relations w,, =
|velBy and wny = Dy — |ye|1§x, the magnetic field applied
to the NV centers can be determined as B, = By + Dg/|vel.
The frequency and amplitude of the Floquet drive are given
by @ = —2|y,|B, and n<, respectively. To ensure that the
magnon couples exclusively to the |—) spin state of the NV
centers, we choose 0 < B, < 32mT (see Appendix B).

At a room temperature of T = 300 K, the coherence time
of a single NV center is T, ~ 2ms [104,105], corresponding
to the spin-dephasing rate of y, /2w ~ 500Hz, i.e., y3/2m ~
0.001g/2m. The magnon decay rate is set as k /2w ~ g/mw ~
1 MHz, giving a magnon lifetime of approximately 1 us. As
shown in Fig. 6(b), the system reaches a steady spin-squeezed
state within about 10 ps, which is much shorter than the spin
coherence time, ensuring the feasibility of dissipative squeez-
ing generation under realistic experimental conditions.

V. CONCLUSION

In conclusion, we have utilized the magnon-Floquet-
driven method to generate the steady-state spin squeezing in
the hybrid magnon-NV centers quantum system. By using
Floquet-driven periodic time modulation, an effective cou-
pling between magnons and NV centers can be established,
thereby revealing the existence of the collective dark state.
This dark state plays a crucial role in generating the stable
spin-squeezed state. We have analyzed the physical mecha-
nism under the mean-field approximation and presented the
dynamical evolution by numerical calculations. Furthermore,
we find that the magnon dissipation can induce the spin relax-
ation or excitation process, thereby causing the spin system
to be in either a low-energy dark state or a high-energy dark
state. In addition, the system exhibits a distinct odd-even
effect, which makes it possible to detect the change in N at
the single-spin level. The all-solid-state approach can enhance
the stability of the system and does not require the initial
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FIG. 11. (a) The spin squeezing parameter &2 vs the normalized
amplitude n for p = 0 and different values of g. (b) Time evolution
of the spin squeezing parameter &2 for different detuning 8. The other
parameters are the same as in Fig. 2(a).

preparation of nonclassical states, providing a promising
direction for effective spin control and quantum state mod-
ulation.
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APPENDIX A: FREQUENCY SELECTION

In the main text, to simplify the analysis, we focus on
the slow oscillation terms while neglecting the fast oscilla-
tion terms. Specifically, the terms that meet condition |w,, +
wny + pR2| K g and |w,, — wny + gR2| K g can be retained.
Since |w,,, wnv, 2| > g, the following two cases need to be
further discussed.

First of all, we consider the case of exact resonance, i.e.,
|l + onv + p2] = 0 and |w,, — ony + ¢2] = 0. If we as-
sume w,, = wny, then ¢ = 0 and p is any nonzero integer.
If assuming w,, = —wNv, then p =0 and ¢ is any nonzero
integer. Figure 11(a) plots the spin squeezing parameter &2
versus the normalized amplitude n for p = 0 and different
values of g. For different values of g, the spin squeezing
parameter £2 exhibits periodic oscillations, which are mainly
due to the modulation of the coupling strength by Bessel
functions J,(n). Only the position of the optimal squeezing
has shifted, while the degree of optimal squeezing has not
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FIG. 12. Time evolution of the magnon and NV center frequen-
cies for different magnetic field: (a) B, = 1 mT and (b) B, = 32mT.
The normalized amplitude is set to n = 1.6.

been affected. Without loss of generality, we choose p = 0
and ¢ = 1 in the main text.

Second, we consider the case of nonexact resonance.
Choosing the parameters p=0, ¢ =1, and w,, = —onv,
then |w,, + ownv + p2| = 0 and defining a small detuning
8 = w, — wny + Q. Figure 11(b) shows the time evolution
of £2 for different detuning 8. When & = 0, the spin ensemble
rapidly reaches a steady squeezed state with minimal £2. As
the detuning increases, the spin squeezing progressively di-
minishes, indicating that the detuning weakens the effective
spin-magnon coupling, thereby degrading the spin squeez-
ing. Consequently, even a small detuning can significantly
suppress the spin squeezing, underscoring that the optimal
squeezing is achieved under exact resonant conditions.

APPENDIX B: THE RANGE OF THE MAGNETIC FIELD B,

In our proposed scheme, the effective Hamiltonian in
Eq. (7) is achieved by assuming the conditions w,, = —wNv
and Q = wny — @y, Using the relations w,, = |y.|B, and
wnv = Do — |ve| By, the magnetic field applied to the NV cen-
ters can be determined as B, = B, + Dy/|y.|. The frequency
and amplitude of the Floquet drive are given by 2 = —2|y,|B,
and n<2, respectively. Figure 12 shows the time evolution of
the magnon and NV center frequencies for different magnetic
field B, at n = 1.6. Here, we set the zero-field splitting Dy =
27 x 2.87GHz to be the lower boundary of the detuning
between the NV center |+1) state and the magnon frequency,
ensuring a sufficiently large off-resonance condition. When
the magnetic field is applied in the range of 0 < B, < 32mT,
the |+1) state can be safely excluded due to its off-resonance
with the magnon, and in this case, the |0) and |—1) states of
the NV center can together encode a two-level spin qubit.
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