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Quantum algorithm for estimating Olivier-Ricci curvature
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We introduce a quantum algorithm for computing the Ollivier-Ricci curvature, a discrete analog of the Ricci
curvature defined via optimal transport on graphs and general metric spaces. This curvature has seen applications
ranging from signaling fragility in financial networks to serving as basic quantities in combinatorial quantum
gravity. For inputs given as a point cloud with pairwise distances, we show that our algorithm can achieve an
exponential speedup over the best-known classical methods for two particular classes of problems. Our work is
another step toward quantum algorithms for geometrical problems that are capable of delivering practical value
while also informing fundamental theory.
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I. INTRODUCTION

The manifold hypothesis conjectures, with substantial em-
pirical support, that any high-dimensional dataset can be
represented by a much lower-dimensional manifold [1–3].
By stripping away redundant coordinates—often artifacts of
noise or constraints [4]—one can recover the true local de-
grees of freedom, i.e., the intrinsic dimensionality [5]. By
constructing local geometry—typically via a nearest-neighbor
graph [6] and pairwise distances—we can infer the global
topology of the underlying manifold and extract local geo-
metric information such as curvature [7], whose bottlenecks
or singularities flag anomalies [8]. This approach for big data
analysis has many practical applications, and perhaps best
known through quantitative finance, where the curvature on
asset-correlation graphs is found to be a good indicator for
market fragility [9,10] and potential crash magnitude [11,12].
Among discrete estimators of curvatures, the Ollivier-Ricci
curvature (ORC) [13–15] has often emerged to be the most
useful: It is defined via optimal transport between neighboring
probability measures on the graph [16], associating curvature
directly with how information moves across the network.
For the same reason, ORC fits naturally with combinatorial
quantum gravity [17–20], where distances and Markovian
dynamics create emergent geometry. As ORC gains traction,
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developing efficient methods to compute it becomes essential,
including approaches that go beyond classical algorithms.

Quantum computation has seen significant progress since
its early proposals [21,22]. By leveraging the intrinsic nature
of quantum physics, including entanglement and superposi-
tion, a quantum computer can store and process information
indistinguishably from a classical one. As such, it holds
great promise for solving problems beyond the classical limit.
Early attempts [23–26] have, to some extent, revealed such
promise by showing that quantum computers can compute
the property of black-box functions, search the database, and
factorize integers, which can be done with considerably fewer
resources than the best-known classical algorithms [27,28].
Over time, the notion of quantum computing has reached
almost every corner of scientific computing. Notable exam-
ples include solving linear systems [29–31], Hamiltonian
simulation [32–40], solving differential equations [34,41–44],
machine learning and artificial intelligence [45–51], etc.

Recently, quantum algorithmic techniques have been ap-
plied in the context of topological data analysis (TDA),
igniting a series of efforts [52–59]. In a parallel effort, the
work [60] explores the potential of quantum computing for
geometrical data analysis (GDA). While built on different
mathematical grounds, TDA and GDA offer powerful frame-
works for analyzing large-scale data, capable of revealing
intrinsic properties of data in realistic scenarios where noise
and sampling error often intervene. As outlined in the afore-
mentioned works, quantum computers can offer an efficient
solution to many problems in the TDA and GDA context, thus
suggesting a broader potential for application, going beyond
what was shown in the context of scientific computing, simu-
lation, machine learning, etc.

In this work, following these developments—particularly,
the attempt in Ref. [60]—we extend the reach of quantum
computing to a closely relevant problem in the context of
GDA. Specifically, we consider the problem of estimating
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ORC, given the input as a point cloud with pairwise con-
nectivities and pairwise distances. This input model is the
same as Ref. [60]; however, whereas Ref. [60] estimates local
scalar curvature via a diffusion-based approach, in this work
we adopt an optimal-transport-based estimator. It should
be noted that optimal-transport-based quantities are useful
for GDA because they characterize geometry at the level of
probability distributions rather than relying on an underlying
smooth manifold structure. In other words, this makes them
applicable beyond the manifold hypothesis, including settings
where data are discrete, noisy, or only partially manifold-
like. By comparing neighborhood distributions via optimal
transport, ORC captures mesoscopic geometric structure (e.g.,
connectivity, bottlenecks, and clustering) that is not accessible
to purely local differential notions like Gaussian curvature
[60,61].

Our work is organized as follows. In Sec. II, we pro-
vide a formal description of the key objective and related
assumptions. In the same section, we describe the classical
solution to the key objective and state our main result, fol-
lowed by a comparison to show the advantage of our quantum
method. Section III contains our main proposal for the quan-
tum algorithm for estimating the ORC, which splits into two
subsections (Secs. III A and III B) to handle two cases, corre-
sponding to two different types of input conditions. Finally,
conclusion is given in Sec. IV.

II. CLASSICAL ALGORITHM FOR CALCULATING
THE OLLIVIER-RICCI CURVATURE

Consider a graph G = (V, E ), where V is the set of vertices
and E is the set of edges. Each edge is represented by the
pair of vertices it connects, (a, b) ∈ E with a, b ∈ V , and is
assigned a distance d (a, b). The edges are undirected, so that
(a, b) ≡ (b, a). The neighbors of a vertex a ∈ V are defined
as the set of all vertices connected to a by an edge, i.e.,
Na = {b ∈ V |(a, b) ∈ E}. For any pair of vertices a′, b′ ∈ V ,
the graph, or geodesic distance between them, denoted by
dG(a′, b′), is defined as the length of the shortest path in G
connecting a′ and b′. Explicitly,

dG(a′, b′) = min
(v1,v2 ),(v2,v3 ),...

(vk−2,vk−1 ),(vk−1,vk )∈E
v1=a′, vk=b′

k∑
i=1

d (vi, vi+1), (2.1)

where the minimum is taken over all possible paths in the
graph G with end points a′ and b′.

An ORC value is associated with each edge (x, y) ∈ E ,
denoted by γ (x, y), and can be calculated with the Earth
Mover (1-Wasserstein) distance W1(x, y) as follows [62]:

γ (x, y) = 1 − W1(x, y)

dG(x, y)
. (2.2)

To calculate W1(x, y), we need to focus on the local config-
uration near the edge (x, y), as illustrated in Fig. 1. Assume
that the set of x neighbors excluding y has p points and
the set of y neighbors excluding x has q points, i.e., Nx \
{y} = {x1, x2, . . . , xp} and Ny \ {x} = {y1, y2, . . . , yq}. Then,
the value of W1(x, y) is the minimum cost of reconfiguring
mass in vertices in Nx \ {y}, which we further assume to

FIG. 1. Illustration of the setup used to compute the Earth Mover
distance associated with an edge in a graph. The graph’s vertices are
in blue, and its edges are in magenta. Here, we consider the edge
(x, y), in which the neighbors of x excluding y are {x1, x2, x3} (p = 3)
and the neighbors of y excluding x are {y1, y2, y3, y4} (q = 4). We
show the graph distance dG(x2, y3) between points x2 and y3 in green.
By optimizing the expression given in Eq. (2.3), we arrive at the Earth
Mover distance W1(x, y), which then allows us to calculate the ORC
γ (x, y) associated with the edge (x, y) using Eq. (2.2).

sum up to 1 and be uniformly distributed, to another uniform
distribution of mass in vertices in Ny \ {x}. Concretely, denote
by γi j (where i = 1, 2, . . . , p and j = 1, 2, . . . , q) the trans-
port variable that represents the amount of mass transferred
from xi to y j , which incurs a cost of dG(xi, y j )γi j . We solve
the following linear program with p × q variables and p + q
constraints:

W1(x, y) = min
{γi j}

p∑
i=1

q∑
j=1

dG(xi, y j )γi j, (2.3)

∀ j :
p∑

i=1

γi j = 1/q, (2.4)

∀i :
q∑

j=1

γi j = 1/p, (2.5)

∀i, j : γi j � 0. (2.6)

As a demonstration, in Appendix A we calculate γ (x, y) in
the graph illustrated in Fig. 1, assuming that all edges are
unit length. We note that the definition of W1(x, y) varies,
e.g., in Refs. [63,64], the summation above does include y as
neighborhood of x (and vice versa). However, either definition
is practically fine and does not lose the generality of our
subsequent construction.

In general, a linear program does not admit a closed-form
solution and needs to be solved algorithmically. An open
question in the field of optimization that has resisted progress
for several decades is whether linear programming can be
solved in strongly polynomial time. All known algorithms are
either worst-case exponential (in the number of variables, for
fixed dimension linear programming is strongly polynomial)
or algebraic/numerical and thus depend on the bit complexity
of the input [65,66].
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The particular category that our linear program computes
W1(x, y) falls into is the structured optimal transport problem,
for which there exist strongly polynomial algorithms. We give
a brief survey of some of these and refer the reader to the
references listed for more details.

(1) Orlin’s strongly polynomial time combinatorial exact
algorithm that runs in O(pq(p + q) log(p + q)) for finding the
min-cost flow on an uncapacitated complete bipartite graph
Kp,q [67].

(2) A recent breakthrough gives an O((pq)1+o(1) ) al-
gorithm for optimal transport with polynomially bounded
integral demands and supplies (into which we can easily
transform our linear program, by scaling both demands and
supplies by a factor of pq) [68].

(3) When p = q, the 1-Wasserstein optimal transport
problem becomes a linear assignment (matching) problem.
To see this, rescale the variables by letting �i j = pγi j . Then,∑p

j=1 �i j = 1 and
∑p

i=1 �i j = 1, so the matrix � ∈ Rp×p is
a square doubly stochastic matrix [69]. The objective 2.3
becomes 1

p

∑p
i=1

∑p
j=1 dG(xi, y j ) �i j , which is equivalent (up

to a constant factor, in the context of a linear program) to∑
i, j dG(xi, y j )�i j .
By the classic Birkhoff theorem [70], every doubly

stochastic matrix can be expressed as a convex combination
of permutation matrices (matrices with exactly one 1 in each
row and column). Equivalently, the permutation matrices are
precisely the vertices of the Birkhoff polytope, which contains
all doubly stochastic matrices. We are to optimize a linear
objective function over the set of all doubly stochastic ma-
trices and since in any linear program, if an optimal solution
exists and the optimum value is finite (which is the case for
our problem since the Birkhoff polytope is compact), then
at least one optimal solution lies at a vertex of the feasible
polytope [65,66]. Thus, it suffices to find an optimal permu-
tation matrix. In this case, an optimal transport plan sends all
the mass at each vertex to exactly one other vertex, so the
problem reduces to a balanced matching problem, solvable by
the Hungarian algorithm. (However, the optimal value of the
objective function W1(x, y) still depends on the cost structure
and does not admit a closed-form expression [71]).

We note that while there are other approaches with bet-
ter asymptotic running times, the Hungarian algorithm has a
small constant in the big O and works well in practice with
moderately sized instances, along with plentiful off-the-shelf
implementations that are highly optimized, so the Hungarian
algorithm remains the standard in many applications.

(4) When the distances between the supply and demand
nodes are decomposable, i.e., di j = ei + f j or di j = ei + f j +
C (C is a constant), the solution is remarkably simple, as any
feasible transport is optimal [16]. For instance, when G is
a tree, since there is only one path from any xi to any y j :
(xi, x), (x, y), (y, y j ), we always have dG(xi, y j ) = dG(xi, x) +
dG(x, y) + dG(y, y j ), and therefore we have

W1(x, y) = 1

p

p∑
i=1

dG(xi, x) + dG(x, y) + 1

q

q∑
j=1

dG(y, y j ).

(2.7)

The classical algorithm in this case just needs to perform the
summation, which takes O(p + q) time.

As can be seen above, the complexity of the classical
algorithms and hence their complexities vary case by case, as
linear programming in general is difficult and a closed-form
solution does not exist. In this work, we pay particular atten-
tion to (1) when G forms a tree and (2) when p = q. In these
cases, there are certain patterns in the solutions that we could
exploit to construct the corresponding quantum algorithms.

As a brief overview, we discuss a few key ideas and the
technical flow of our quantum algorithm. First, our work
utilizes a key technical Lemma in Ref. [60]. In Ref. [60], it
was shown that provided the raw distances d between data
points, then there is a procedure that outputs the block encod-
ing (see definition in Appendix B) of an operator having the
corresponding geodesic distances dG between data points on
the diagonal. In particular, the index of the geodesic distance
dG(xi, x j ) between xi, x j is |i − 1〉 〈i − 1| ⊗ | j − 1〉 〈 j − 1|.
From this block encoding, our strategy is then to prepare a
state of the form 1√

p+1

∑p
i=1 dG(x, xi ) |ix − 1〉 |i − 1〉, where

|ix − 1〉 refers to the vertex index, in terms of graph notation,
of x, plus another state of the form 1√

p+1

∑p
i=1 |ix − 1〉 |i − 1〉.

In the case when G is a tree, then as pointed out above,
the Earth-Mover (1-Wasserstein) distance admits an analytical
form. Then, by estimating the overlaps between the two states
we prepared (e.g., via Hadamard/SWAP test), we can infer the
value of W1(x, y), and thus of the ORC γ (x, y).

In the case p = q, as mentioned above, W1(x, y) becomes
trickier as an explicit expression does not exist. Instead, it is
given by

W1(x, y) = min
γi j

p∑
i=1

q∑
j=1

1

p
dG(xi, y j )γ

′
i j, (2.8)

where γ ′ ≡ [γ ′
i j] is the permutation matrix. We observe the

following: If we organize {dG(xi, y j )}p
i, j=1 ≡ {di j}p

i, j=1 into
a square matrix with corresponding entries, then the mini-
mum value of {di11 + di22 + · · · + dip p}p

i1 
=i2 
=···
=ip
corresponds

to the desired W1(x, y) above. Our strategy then is that from
the block encoding of an operator having the corresponding
geodesic distances dG between data points on the diagonal, via
a sequence of Lemmas B 3 and B 2, we build a block encoding
of an operator DP having {di11 + di22 + · · · + dip p}p

i1 
=i2 
=···
=ip

on the diagonal. To find such the minimum eigenvalue of
DP, we apply the recent result regarding finding minimum
eigenvalues [72,73] of a matrix. Since the operator DP is
diagonal, then its minimum eigenvalue is also the minimum
value among its diagonal entries. As such, we can find the
desired W1(x, y). Before describing such algorithms in greater
detail, we summarize the main results in the following the-
orem, showing how our quantum algorithm is advantageous
over the classical one.

Theorem 1. Provided the raw distances d (xi, x j ) between
a pair (xi, x j ) among N data points.

(1) When G is a tree, W1(x, y) can be estimated with accu-
racy ε using a quantum circuit of complexity

O
(

1

ε
log(N ) log2

(
1

ε

)
κ log2

(κ

ε

)
+ 1

ε
log(pq)

)
.
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(2) When p = q, W1(x, y) can be estimated with accuracy
ε using a quantum circuit of complexity

O
((

log(N ) log2

(
1

ε

)
κ log2

(κ

ε

)
+ log(p log p)

)

× 1

γ
p log

( p

ε

)(
1

ε

)
log2 1

ε

)
,

where in the above, κ = mini, j,q,k{ dG(xi,x j )
dG(xk ,xq ) }, and γ is a ran-

domized factor that could be of O(1) in the best case and of
O(exp(−p)) in the worst case.

The complexity of classical algorithms for the case G be-
ing a tree and for the case p = q is, respectively, O(p + q)
and O(p3). However, these complexities do not include the
time required to compute the geodesic distances from the
raw distances d (xi, x j ) between a pair (xi, x j ) among N data
points. Based on Ref. [74], the time complexity for producing
geodesic distances from the raw distances is O(N3). So, the
total classical complexity for estimating ORC is O(N3 + p +
q) (for graph G being a tree) and O(N3 + p3) (for p = q),
respectively. Compared to the quantum complexities above,
there is exponential speedup in the total number of points N
in both cases. Regarding p, q (for the first case where G is
a tree), which controls the size of local neighborhood of two
points x, y of interest, there is still exponential speedup in the
first case (when G is a tree). However, in the second case, the
degree of speedup depends on the factor γ . As γ could be of
O(1) in the best case and of O(exp(−p)) in the worst case, the
best possible quantum speedup is polynomial. We remark one
thing that as p (and q) controls the size of local neighborhood
of x (and y), in principle, it can be chosen to be O(1). Thus, the
scaling on p is O(1) in all cases, and therefore, our quantum
algorithm can guarantee to provide significant speedup with
respect to N—the number of data points, which is typically
large in reality.

III. QUANTUM ALGORITHM

Before describing our main quantum algorithm, we provide
some preliminaries. Our subsequent proposal shall be utilizing
the block-encoding and quantum singular value transforma-
tion (QSVT) framework [75]. This framework was built on
the qubitization and quantum signal processing technique
[76,77]. In particular, it was shown in Ref. [75] that the block-
encoding/QSVT framework can unify many known quantum
algorithms, thus providing a universal language for this area,
motivating many subsequent refinements [72,73,78]. A key
component of the block-encoding/QSVT framework is the
unitary block encoding of some operator. Specifically, a uni-
tary U is said to be an exact block encoding of a matrix A
(with operator norm ||A|| � 1) if A = (〈0| ⊗ I)U (I ⊗ |0〉). If
(〈0| ⊗ I)U (I ⊗ |0〉) = Ã and ||Ã − A|| � ε, then U is said
to be an ε-approximated block encoding of A. Given two
unitaries U1,U2 that block encode A1, A2, then there is an effi-
cient procedure that can construct the block encoding of many
operators, including linear combination of A1, A2, product of
A1, A2, tensor product A1 ⊗ A2, etc. A fundamental result of
the QSVT [75] is that, given a unitary U that block encodes
A, then the unitary block encoding of f (A) can be constructed
efficiently, where f (·) is some computable function. We note

that a more complete summary of block encoding and related
recipes can be found in Appendix B.

Our quantum algorithm, described below, is a continuation
of the proposal initiated in Ref. [60], where the Gaussian
curvature was considered. An important ingredient to our
subsequent discussion is the following Lemma:

Lemma 1 (Appendixes C and D of Ref. [60]). Provided
the raw distances d (xi, x j ) between a pair (xi, x j ) among N
data points, then the ε-approximated block encoding of the
operator

1

α

N∑
i, j=1

|i − 1〉 〈i − 1| ⊗ d4
G(xi, x j ) | j − 1〉 〈 j − 1| (3.1)

can be obtained by a quantum circuit of depth

O
(

log(N ) log2

(
1

ε

))
, (3.2)

where α ∈ O(1) is a constant that generally depends on the
dataset.

Moreover, we point out the following result of Refs. [78],
[75]:

Lemma 2 (Positive power exponent [75,78]). Given a block
encoding of a positive matrix M/γ such that

I

κM
� M

γ
� I,

and let c ∈ (0, 1), then we can implement an ε-approximated
block encoding of (M/γ )c/2 in time complexity
O(κMTM log2( κM

ε
)), where TM is the complexity to obtain

the block encoding of M/γ .
A direct application of Lemma 1 and the above Lemma

(with c = 1
4 ) allows us to obtain the following Lemma:

Lemma 3. The ε-approximated block encoding of the op-
erator

1

α1/4

N∑
i, j=1

|i − 1〉 〈i − 1| ⊗ dG(xi, x j ) | j − 1〉 〈 j − 1| (3.3)

can be obtained using a quantum circuit of depth

O
(

log(N ) log2

(
1

ε

)
κ log2 κ

ε

)
, (3.4)

where κ is the condition number of the operator in Eq. 3.1,

which can be seen to be κ = maxi, j,q,k{ d4
G(xi,x j )

d4
G(xk ,xq )

}.
We have mentioned in the previous section that the closed-

form solution to Eq. 2.3 generally does not exist. Therefore,
in the following, we consider case by case and outline the
corresponding quantum algorithm.

A. The case when G is a tree

For simplicity, we begin with the case when G is a tree,
for which a closed-form solution does exist. Treelike struc-
tures often emerge in sparse or locally hierarchical graphs, for
example, through filtering procedures such as minimum span-
ning tree constructions [79] or information filtering of dense
correlation networks [80]. More intuitively, sparse graphs are
typically locally treelike in high-dimensional or large-scale
settings.
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As mentioned, the solution to Eq. 2.3 in this case is given
by

W1(x, y) = 1

p

p∑
i=1

dG(xi, x) + dG(x, y) + 1

q

q∑
j=1

dG(y, y j ).

(3.5)

In Sec. II, we have used the notation Nx \ {y} ≡
{x1, x2, . . . , xp} to denote the set of neighbor points of x.
Lemma 1 uses xi to denote the ith data point in the given
dataset. To make things more appropriate, without loss of
generalization, we promote the following index interchange
xi ↔ xi. For simplicity, the set Nx \ {y} ≡ {x1, x2, . . . , xp} is
then labeled as

{x1, x2, . . . , xp} ≡ {x1, x2, . . . , xp}. (3.6)

In a similar manner, the set Ny \ {x} = {y1, y2, . . . , yq} is la-
beled as

{y1, y2, . . . , yq} ≡ {xp+1, xp+2, . . . , xp+q}. (3.7)

In this convention, the indexes of xi, yi (for 1 � i � p) are
i, p + i, respectively. In particular, we set x to have index
ix and y to have index iy. To estimate W1(x, y), we assume
that the indexes of x and y are classically known, as well
as the neighbors of x and y, which are {i1, i2, . . . , ip} and
{ j1, j2, . . . , jq}, respectively. Denote the index of x by ix; we

note that the block-encoded operator

D ≡ 1

α1/4

N∑
i=1

N∑
j=1

|i − 1〉 〈i − 1| ⊗ dG(xi, x j ) | j − 1〉 〈 j − 1|

can be decomposed as

1

α1/4

∑
xi,x j /∈Nx\y

|i − 1〉 〈i − 1| ⊗ dG(xi, x j ) | j − 1〉 〈 j − 1|

+ 1

α1/4

∑
xi∈Nx\y

|ix − 1〉 〈ix − 1| ⊗ dG(x, xi ) |i − 1〉 〈i − 1| .

(3.8)

Let Ud denote the unitary block encoding of the above
operator. Provided the classical knowledge of indices
{1, 2, 3, . . . , p} and also of x, the following state can be pre-
pared using a depth-1 circuit:

|φ〉 = 1√
p + 1

|ix − 1〉 ⊗
p∑

i=1

|i − 1〉 , (3.9)

using a quantum circuit of depth O(log p) and O(1) ancilla,
based on the state preparation method [81,82]. If we take
the unitary Ud and apply it to the state |0〉 |φ〉, according to
Definition B 1, we obtain the state

Ud |0〉 |φ〉 = |0〉
⎛
⎝ 1

α1/4

∑
xi,x j 
=Nx\y

|i − 1〉 〈i − 1| ⊗ dG(xi, x j ) | j − 1〉 〈 j − 1|

+ 1

α1/4

∑
xi∈Nx\y

|ix − 1〉 〈ix − 1| ⊗ dG(x, xi ) |i − 1〉 〈i − 1|
⎞
⎠ 1√

p + 1

p∑
i=1

|ix − 1〉 |i − 1〉 + |Garbage〉 , (3.10)

where |Garbage〉 is orthogonal to the first part. It can be seen that the above state is equivalent to

1

α1/4
√

p + 1
|0〉

p∑
i=1

dG(x, xi ) |ix − 1〉 |i − 1〉 + |Garbage〉 . (3.11)

Next, we consider the overlaps between the above state and |0〉 |φ〉 again:

〈0| 〈φ|
(

1

α1/4
√

p + 1
|0〉

p∑
i=1

dG(x, xi ) |ix − 1〉 |i − 1〉 + |Garbage〉
)

=
(

1√
p + 1

p∑
i=1

〈ix − 1| 〈i − 1|
)(

1

α1/4
√

p + 1
|0〉

p∑
i=1

dG(x, xi ) |ix − 1〉 |i − 1〉 + |Garbage〉
)

= 1

α1/4(p + 1)

p∑
i=1

dG(x, xi ) = 1

α1/4(p + 1)

p∑
i=1

dG(x, xi ). (3.12)

These overlaps can be estimated via standard meth-
ods, such as the Hadamard test, SWAP test, or am-
plitude estimation. The value of the desired quantity
1
p

∑p
i=1 dG(xi, x) can be derived from the above estima-

tion accordingly, e.g., by multiplying 1
α1/4(p+1)

∑p
i=1 dG(x, xi )

with α1/4(p+1)
p .

Repeating the above procedure but interchanging x ↔
y, p ↔ q, and {x1, x2, . . . , xp} ↔ {y1, y2, . . . , yq} can allow
us to estimate the summation 1

q

∑q
j=1 dG(y, y j ). The value

dG(x, y) is, in fact, a special case of the above estimation,
as we just need to set a fixed value of index x, y. Instead
of preparing |φ〉 as above, we just need to prepare the state
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|ix − 1〉 |iy − 1〉 and execute the same procedure. From the
value of W1(x, y) and also dG(x, y), the estimation of the
Ollivier-Ricci curvature is straightforward as κ (x, y) = 1 −
W1(x,y)
dG(x,y) .

Complexity. To analyze the total quantum circuit depth for
this part, we summarize the above procedure in the following
steps.

Step 1. Obtain the ε-approximated unitary block encoding
Ud of

1

α1/4

N∑
i=1

N∑
j=1

|i − 1〉 〈i − 1| ⊗ dG(xi, x j ) | j − 1〉 〈 j − 1|

(3.13)

via Lemma 3, which involves a quantum circuit of depth

O
(

log(N ) log2

(
1

ε

)
κ log2 κ

ε

)
. (3.14)

Step 2. The state |φ〉 (and hence |0〉 |φ〉) can be prepared
using a circuit of depth O(log p). Therefore, the quantum
circuit depth that prepares the state Ud |0〉 |φ〉 is

O
(

log(N ) log2

(
1

ε

)
κ log2

(κ

ε

)
+ log p

)
. (3.15)

Step 3. The overlap estimation with a precision ε incurs a
total complexity

O
(

1

ε
log(N ) log2

(
1

ε

)
κ log2

(κ

ε

)
+ 1

ε
log p

)
. (3.16)

For completeness, we recall that κ = mini, j,q,k{ dG(xi,x j )
dG(xk ,xq ) }.

Step 4. Finally, repeating the above step with the in-
terchange x ↔ y, p ↔ q, {x1, x2, . . . , xp} ↔ {y1, y2, . . . , yq}
leads to the same complexity as above, but with p replaced
by q:

O
(

1

ε
log(N ) log2

(
1

ε

)
κ log2

(κ

ε

)
+ 1

ε
log q

)
. (3.17)

Hence, the total complexity is

O
(

1

ε
log(N ) log2

(
1

ε

)
κ log2

(κ

ε

)
+ 1

ε
log(pq)

)
. (3.18)

B. The case when p = q

The case p = q, corresponding to identical neighborhood
construction and hence shared local connectivity structure,
arises naturally in settings where neighborhood measures
are defined from a point cloud using a common kernel or
sampling rule (e.g., k-regular graph [83]). This case is consid-
erably harder than in the previous case, as we have discussed
in Sec. II. Although the Hungarian algorithm [71] can solve
this case exactly in polynomial time, below we shall attempt
to derive a quantum algorithm running in linear time, at the
cost of achieving the approximation. We first recall that the
reasoning of Ref. [71] results in the matrix γ ≡ [γi j]p×p being
a permutation matrix multiplied by a factor of 1

p . Given that
the Earth Mover (1-Wasserstein) distance W1(x, y) is defined

as

W1(x, y) = min
γi j

p∑
i=1

q∑
j=1

1

p
dG(xi, y j )γ

′
i j, (3.19)

where γ ′ ≡ [γ ′
i j] is the permutation matrix. Then, we or-

ganize {dG(xi, y j )}p
i, j=1 as a p × p matrix, and define dG ≡

[dG(xi, y j )]
p
i, j=1 ≡ [di j]

p
i, j=1 be the p × p matrix with entries

being the geodesic distances as indicated. The minimization
problem can then be translated into the following problem:

For each column index i, find an element j so that its
summation

∑p
i=1 dπ (i),i is minimized. In other words, we need

to find the minimum value of{
di11 + di22 + · · · + dip p

}p

i1 
=i2 
=...
=ip

How do we compute the above sum and minimize over all
possible permutations? Our algorithm is built on the following
observation. Suppose, for now, that p = 3. Then, we have

dG =
⎛
⎝d11 d12 d13

d21 d22 d23

d31 d32 d33

⎞
⎠. (3.20)

Consider the following 9 × 9 diagonal matrix:

DG = diag(d11, d21, d31, d12, d22, d32, d31, d32, d33). (3.21)

We define three blocks D1, D2, D3 as follows:

D1 = diag(d11, d21, d31),

D2 = diag(d12, d22, d32),

D3 = diag(d13, d23, d33). (3.22)

Next, we consider the top-left corner submatrix of dimension
9 × 9, denoted by [·]9×9 of

[D1 ⊗ I9]9×9

= diag(d11, d11, d11, d11, d11, d11, d11, d11, d11),

[I3 ⊗ D2 ⊗ I3]9×9

= diag(d12, d12, d12, d22, d22, d22, d32, d32, d32),

[I9 ⊗ D3]9×9

= diag(d13, d23, d33, d13, d23, d33, d13, d23, d33). (3.23)

Their summation is as follows (again, we pay attention to the
top-left corner of dimension 9 × 9):

[D1 ⊗ I9 + I3 ⊗ D2 ⊗ I3 + I9 ⊗ D3]9×9

= diag(d11 + d12 + d13, d11 + d12 + d23, d11 + d12 + d33,

d11 + d22 + d13, d11 + d22 + d23, d11 + d22 + d33,

d11 + d32 + d13, d11 + d32 + d23, d11 + d32 + d33).
(3.24)

We recall that the above operator is the top-left corner sub-
matrix of D1 ⊗ I9 + I3 ⊗ D2 ⊗ I3 + I9 ⊗ D3 with dimension
9 × 9. If we pay attention to the next block submatrix of the
same dimension 9 × 9, e.g., the submatrix whose row and
column indices run from 9 −→ 18 of matrix D1 ⊗ I9 + I3 ⊗
D2 ⊗ I3 + I9 ⊗ D3, then the structure is same as above, but
the entry d11 is replaced by d12. In a similar manner, the next
submatrix of dimension 9 × 9, or the submatrix whose row
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and column indexes run from 18 −→ 27 of D1 ⊗ I9 + I3 ⊗
D2 ⊗ I3 + I9 ⊗ D3, has the diagonal entries being similar as
above, but d11 is replaced with d13. What we can conclude
from this observation is that

The matrix D1 ⊗ I9 + I3 ⊗ D2 ⊗ I3 + I9 ⊗ D3 has the
entries

{(di1 + d j2 + dk3)}3
i, j,k=1

in the diagonal.
By generalizing the above procedure to arbitrary value of

p, we then have the following property, stated as a Lemma for
subsequent reference:

Lemma 4. Let dG(xi, y j ) be the geodesic distances between
the points xi and y j from the given dataset. Define dG ≡
[dG(xi, y j )]

p
i, j=1 ≡ [di j]

p
i, j=1 as the corresponding geodesic

distance matrix of those points belonging to the neighbor of
two points x, y of consideration.

Let DG be the matrix of dimension p × p defined as
DG ≡ ∑p

i, j=1 d ji |i〉 〈i| ⊗ | j〉 〈 j|, which contains the geodesic
distances on the diagonal. Define p block submatrices as
Di = ⊕p

j=1 d ji | j〉 〈 j| for i = 1, 2, . . . , p. Then, it holds that

DP ≡ D1 ⊗ I⊗p−1
p + Ip ⊗ D2 ⊗ I⊗p−2

p + · · · + I⊗p−1
p ⊗ Dp

is diagonal and contains {di11 + di22 + · · · + dip p}p
i1,i2,...,ip=1 in

the diagonal.
However, we need to restrict to the cases where the in-

dices ik’s are all different. Namely, for the case (p = q) the
objective reduces to finding the minimum of {∑p

i=1 dπ (i),i}p
i=1.

The permutation requires that only a subset of {di11 + di22 +
· · · + dip p}p

i1,i2,...,ip=1 is of interest. In order to filter out those
elements that correspond to the permutation of the indices,
we shall construct a projector 	 [ see Eq. (3.26)] that achieves
this goal. Let us first point out the following property. Within
the matrix DP, which has size pp × pp, the entry having value
di11 + di22 + · · · + dip p would have the location index (along
the diagonal) as

k = (i1 − 1)pp−1 + (i2 − 1)pp−2 + · · · + ip. (3.25)

Because the summation
∑p

i=1 dπ (i),i = only contains the per-
mutation for all i, it implies that the indices i1, i2, . . . , ip in the
summation di11 + di22 + · · · + dip p must be different (no pair
of indices having the same value). So, among all the diagonal
entries, only those entries with the index k = (i1 − 1)pp−1 +
(i2 − 1)pp−2 + · · · + ip with i1 
= i2 
= · · · 
= ip are of interest.
To obtain these elements, we consider the projector

	 =
∑

k:i1 
=i2 
=···
=ip

|k〉 〈k| , (3.26)

whose construction is shown below right above Lemma
C 5. The product of this projector with DP contains those
{∑p

i=1 dπ (i),i}p
i=1 of interest.

Our problem then is to find the minimum diagonal entry of
the matrix 	DP. This is trivially equivalent to the minimum
(nonzero) eigenvalue of the matrix. However, before proceed-
ing with the eigenvalue solver, we describe a procedure for
constructing the block encoding of DG, as well as that of
DP,	DP.

Block encoding of DG. First, from Lemma 3, we have the
block encoding of

1

α1/4

N∑
i=1

N∑
j=1

|i − 1〉 〈i − 1| ⊗ dG(xi, x j ) | j − 1〉 〈 j − 1| ,

(3.27)

which contains the geodesic distances between every pair of
points in the given data. Our goal now is to first obtain the
(block encoding of) operator DG that appears in the above
Lemma, which only includes certain data points of inter-
est, before finding the minimum of D1 ⊗ I⊗p

p + Ip ⊗ D2 ⊗
I⊗p−1

p + · · · + I⊗p
p ⊗ Dp.

In the previous section, we have defined the classical
indices {x1, x2, . . . , xp} and {xp+1, xp+2, . . . , xp+q} of the
neighbors of x and y, respectively. Now we define the permu-
tation operator Up of dimension N2 × N2 that acts as follows:

Up |i〉 | j〉 ↔ |i〉 | j − p〉 ,

arbitrary for the remaining basis. (3.28)

An arbitrary permutation of a given dimension can be con-
structed with polylogarithmic resources [84,85]. That being
said, the unitary Up can be constructed using a quantum circuit
of depth O(log(N log N )). However, we note that we are only
limiting ourselves to the space spanned by those neighbors of
x and y (with the corresponding indexes {1, 2, 3, . . . , p, p +
1, p + 2, . . . , p + p}), which is effectively of dimension p2.
Thus, the unitary Up can be effectively realized with a circuit
of depth O(log(p log p)).

Given the unitary Up, according to Definition B 1, it block
encodes itself. Then, we use Lemma B 1 to construct the block
encoding of

Up
1

α1/4

N∑
i=1

N∑
j=1

|i − 1〉 〈i − 1|

× ⊗dG(xi, x j ) | j − 1〉 〈 j − 1|U †
p

= 1

α1/4

p∑
i, j=1

dG(xi, y j ) |i − 1〉 〈i − 1|

× ⊗ | j − 1〉 〈 j − 1| + (· · · )

= 1

α1/4

p∑
i, j=1

di j |i − 1〉 〈i − 1| ⊗ | j − 1〉 〈 j − 1| + (· · · ),

(3.29)

where (· · · ) refers to the unwanted part (which contains the
distance between other pairs), and we only pay attention to
the top-left submatrix of size p × p.

Next, we define the SWAP operator that performs the
swapping between two subsystems of dimension p, e.g.,
|i − 1〉 〈i − 1| ↔ | j − 1〉 〈 j − 1|. This operator can be real-
ized with a circuit of depth O(log p) [84] (in fact, they are
a specific kind of permutation). We then use Lemma B 1 to
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construct the block encoding of

SWAP × 1

α1/4

p∑
i=1

p∑
j=1

di j |i − 1〉 〈i − 1|

× ⊗ | j − 1〉 〈 j − 1| SWAP†

= 1

α1/4

p∑
i=1

p∑
j=1

di j | j − 1〉 〈 j − 1| ⊗ |i − 1〉 〈i − 1| .

(3.30)

Up to the scaling factor α1/4, the above operator contains the
geodesic distances {di j ≡ dG(xi, y j )} on the diagonal. Defin-
ing the above operator multiplied by α1/4 as DG, therefore, we
have obtained the block encoding of DG/α1/4.

Block encoding of DP. We now discuss how to construct
the block encoding of DP ≡ D1 ⊗ I⊗p

p + Ip ⊗ D2 ⊗ I⊗p−1
p +

· · · + I⊗p
p ⊗ Dp. First, we note that DG = ∑p

i=1 |i〉 〈i| ⊗ Di.
Next, we define p different permutations U1, . . . ,Up that act
as follows: For any i = 1, 2, . . . , p,

Ui |i〉 ↔ |0〉 (3.31)

and the remaining bases are permuted arbitrarily (for all i).
Based on Refs. [84,85], these unitaries can be constructed
using circuits of depth O(log(p log p)). Next, for each i, we

use Ui that block encodes itself, and Lemma B 1 to construct
the block encoding of

Ui
DG

α1/4
U †

i = Ui

∑p
i=1 |i〉 〈i| ⊗ Di

α1/4
U †

i (3.32)

= 1

α1/4
|0〉 〈0| ⊗ Di + (· · · ), (3.33)

where (· · · ) refers to the unwanted part. It can be seen that,
from Definition B 1, the above operator is exactly the block
encoding of 1

α1/4 Di. Repeating the same procedure for differ-
ent permutations Ui’s, we obtain the block encoding of all

1
α1/4 Di for i = 1, 2, . . . , p.

The remaining task for constructing DP is straightforward
as follows. As the block encoding for the identity matrix of
arbitrary dimension can be constructed easily (see Definition
B 1), we can employ Lemma B 2 to construct the block encod-
ing of the following operators:

1

α1/4
D1⊗ I⊗p−1

p ,
1

α1/4
Ip⊗ D2⊗ I⊗p−2

p , . . . ,
1

α1/4
I⊗p−1

p ⊗Dp.

(3.34)

Then, we use Lemma B 3 to construct the block encoding of
their linear combination,

1

p

(
1

α1/4
D1 ⊗ I⊗p−1

p + 1

α1/4
Ip ⊗ D2 ⊗ I⊗p−2

p + · · · + 1

α1/4
I⊗p−1

p ⊗ Dp

)
(3.35)

= 1

pα1/4

(
D1 ⊗ I⊗p−1

p + Ip ⊗ D2 ⊗ I⊗p−2
p + · · · + I⊗p−1

p ⊗ Dp
) = 1

pα1/4
DP. (3.36)

Block encoding of 	. Next, we show how to obtain
the block encoding of the projector 	 in Eq. (3.26)
that allows us to restrict the indices to the permutations
only, as remarked earlier. We first consider the state

1√
p!

∑
k:i1 
=i2 
=...
=ip

|k〉, which can be prepared using any
of the state preparation methods in Refs. [82,86–88]. These
methods generally have circuit complexity O(log(p!)).
However, the method in Ref. [82] would require O(p!)
ancilla qubit; meanwhile, the methods in Refs. [86,87]
require O(1) ancilla qubits; see, e.g., Theorem 1 of Ref.
[86]. In practice, the value of p = O(1); therefore, practically
either of these methods can be used. However, we prefer
the methods in Ref. [86,87] as it require less ancilla qubits.
Given the preparation of such a state, then we append the
ancilla initialized in |0〉⊗ log pp

, and use cnot gates to transform
1√
p!

∑
k:i1 
=i2 
=···
=ip

|k〉 |0〉⊗ log pp
to 1√

p!

∑
k:i1 
=i2 
=···
=ip

|k〉 |k〉.
Tracing out either of these register yields the normalized
projector 1

p!	, which can be block encoded via the following
Lemma:

Lemma 5. (Block encoding of density matrix; see, e.g.,
Ref. [75]). Let ρ = TrA |�〉 〈�|, where ρ ∈ HB and |�〉 ∈
HA ⊗ HB. Given a unitary U that prepares |�〉 from |0〉A ⊗
|0〉B, there exists a highly efficient procedure that constructs
an exact unitary block encoding of ρ using U and U † once
each.

Block encoding of 	DP. From the block encoding of 1
p!	

and of 1
pα1/4 DP, we can use Lemma B 1 to construct the block

encoding of 1
p!pα1/4 	DP.

Finding the Earth Mover distance. Earlier, we have
mentioned that the operator 	DP contains the summations
{∑p

i=1 dπ (i),i}p
i=1 of interest along the diagonal. It can be seen

that for a diagonal matrix, the minimum entry along the diago-
nal is also the minimum eigenvalue. Therefore, our challenge
now is to find the minimum eigenvalue of this block-encoded
operator 1

(p+1)!α1/4 	DP, which contains the desired minimum
value of the Earth Mover distance W1(x, y) (up to a scaling).
To this end, we point out the following result of Refs. [72,73],
which is based on the classical power method for finding the
largest eigenvalues/eigenvectors:

Lemma 6. Let A ∈ Rn×n be a Hermitian matrix of operator
norm ||A||operator � 1. Let UA be the block encoding of A with
circuit complexity TA. Then, its largest eigenvalue ψmax can be
estimated up to an additive error ε using a quantum circuit of
depth

O
(

TA

(
1


γε

)
log

(n

ε

)
log

(
1

ε

))
,

where 
 is the gap between the largest and the second largest
eigenvalue. γ is defined as | 〈ψ0, ψmax〉 |, where |ψmax〉 is the
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eigenstate corresponding to the largest eigenvalue, and |ψ0〉 is
some randomly initialized state.

While the above lemma aims at finding the largest eigen-
values/eigenvectors, it can be adapted to deal with the
minimum ones by considering the matrix A′ to be the inverse
of A or the pseudoinverse of A if A is singular. In either case,
the maximum nonzero eigenvalue of A′ is equal to 1

ψmin
. An

estimation of the largest eigenvalue of A′ can thus be used to
infer the minimum eigenvalue ψmin of A. The block encoding
of A−1

κA
(where κA is the condition number of A) can be obtained

from A by using matrix inversion technique of Ref. [30],
or QSVT with a proper polynomial approximation to A−1;
e.g., see Corollary 67 in Ref. [75] and the discussion below
the corollary. As the inversion incurs a circuit complexity
by O(κA log 1

ε
), so the total complexity for using the above

lemma to find the minimum eigenvalue of A is

O
(

TAκA

(
1


γε

)
log

(n

ε

)
log2

(
1

ε

))
.

The application of the above discussion to our context is
straightforward to estimate

min
1

p!pα1/4

{
p∑

i=1

dπ (i),i

}p

i=1

≡ W1(x, y)

p!α1/4
, (3.37)

from which the value of W1(x, y) can be inferred by multiply-
ing such estimation with p!α1/4.

Complexity. To analyze the complexity, we recapitulate the
algorithm above as follows:

Step 1. Obtain the block encoding of

1

α1/4

N∑
i, j=1

|i − 1〉 〈i − 1| ⊗ dG(xi, x j ) | j − 1〉 〈 j − 1| (3.38)

via Lemma 3, which involves a quantum circuit of depth

O
(

log(N ) log2

(
1

ε

)
κ log2 κ

ε

)
. (3.39)

Step 2. From the block encoding of the above operator,
construct the block encoding of

1

α1/4

p∑
m,k=1

dmk |m − 1〉 〈m − 1| ⊗ |k − 1〉 〈k − 1| + (· · · ),

which uses further a permutation operator and a SWAP operator
of dimension p × p, with circuit depth O(log(p log p)). So,
the total complexity is

O
(

log(N ) log2

(
1

ε

)
κ log2 κ

ε
+ log(p log p)

)
. (3.40)

Step 3. Use permutation operator of dimension p × p again
to construct the block encoding of Di

α1/4 for all i = 1, 2, . . . , p.
The total complexity at this point is

O
(

log(N ) log2

(
1

ε

)
κ log2 κ

ε
+ log(p log p)

)
. (3.41)

Step 4. Use Lemma B 3 to construct the block encoding of

A ≡
(
D1 ⊗ I⊗p−1

p + Ip ⊗ D2 ⊗ I⊗p−2
p + · · · + I⊗p−1

p ⊗ Dp
)

pα1/4
,

which incurs a total quantum circuit depth

O
(

p log(N ) log2

(
1

ε

)
κ log2 κ

ε
+ p log(p log p)

)
. (3.42)

Step 5. Use the modified version of Lemma 6, with A being
defined as above to find the minimum eigenvalue, which can
be used to infer the desired value W1(x, y) (up to the scaling
p!α1/4), resulting in the overall complexity:

O
((

log(N ) log2

(
1

ε

)
κ log2

(κ

ε

)
+ log(p log p)

)
p log

( p

ε

)

×
(

1


γε

)
log2 1

ε

)
, (3.43)

where in this case 
 is defined as the gap between the smallest
and the second smallest eigenvalue of the operator A, and we
recall that κ = mini, j,q,k{ dG(xi,x j )

dG(xk ,xq ) }.
Discussion. As indicated above, the complexity depends on

a parameter γ , which is defined as | 〈ψ0, ψmin〉 |, where |ψ0〉
is the initially randomized vector and |ψmin〉 is the eigenstate
corresponding to the minimum eigenvalue of A above. As it
involves a randomization, the value of γ also behaves prob-
abilistically. If we are lucky to have large overlaps, then γ

is of O(1). Otherwise, in the worst-case scenario, γ can be
exponentially small as the dimension of matrix, and thus the
complexity could scale as O(pp), which is exponential in p.
Therefore, in order for our method to maintain its efficiency,
the value of p should be small, of order O(1). This can be
achieved by choosing a small neighborhood around x and y.

Earlier, we have noted that our definition of Earth Mover
distance does not include the points x, y, and that adding
these points (according to Refs. [63,64]) would not change
the procedure as well as the complexity of our algorithm.

IV. CONCLUSION

In this work, we have constructed a quantum algorithm for
estimating the Ollivier-Ricci curvature in two specific classes
of problems, an important quantity with practical applications.
Our work incorporated a wide range of methods, including
optimal transport theory (specifically its discrete version),
linear programming, and, notably, the block-encoding/QSVT
framework introduced in Ref. [75]. By leveraging the recent
result in Ref. [60], we are able to obtain the block encoding
of an operator that contains the geodesic distances between
data points as diagonal entries. From such a (block-encoded)
operator, we showed that a series of QSVT techniques can
be applied appropriately, resulting in the estimation of the
Earth Mover (1-Wasserstein) distance W1(x, y) for two classes
of the problem: (1) when G forms a tree and (2) the case
p = q; i.e., number of the respective neighbors of two points
on an edge (x, y) is the same. Estimating the Ollivier-Ricci
curvature in these cases can be straightforwardly done by
quantum methods. We then provide an analysis showing that
our quantum algorithm admits logarithmic running time in
the number of data points, and also the (local) size of the
neighborhood of interest. Thus, our quantum algorithm offers
an exponential speedup compared to the classical algorithm.
Our result has strongly highlighted the potential of quantum
computation for geometrical data analysis, adding another
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example to our previous attempt [60]. What other problems
in which our technique can be proved useful is thus of high
interest. For example, the arbitrary case of the Ollivier-Ricci
curvature remains open and is left for future exploration.
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APPENDIX A: CALCULATING ORC

Here, we show the concrete steps required to estimate the
ORC associated with edge (x, y) of the graph in Fig. 1. The
geodesic distances between pairs of relevant points for this
calculation are

dG(x1, y1) = 1, dG(x1, y2) = 3, dG(x1, y3) = 3 dG(x1, y4) = 2,

dG(x2, y1) = 2, dG(x2, y2) = 3, dG(x2, y3) = 3 dG(x2, y4) = 3,

dG(x3, y1) = 3, dG(x3, y2) = 2, dG(x3, y3) = 2 dG(x3, y4) = 3. (A1)

We need to find the non-negative 3 × 4 = 12 values {γi j}3,4
i=1, j=1 that minimize the following linear combination:

W ({γi j}) = dG(x1, y1)γ11 + dG(x1, y2)γ12 + dG(x1, y3)γ13 + dG(x1, y4)γ14

+ dG(x2, y1)γ21 + dG(x2, y2)γ22 + dG(x2, y3)γ23 + dG(x2, y4)γ24

+ dG(x3, y1)γ31 + dG(x3, y2)γ32 + dG(x2, y3)γ33 + dG(x3, y4)γ34

= γ11 + 3γ12 + 3γ13 + 2γ14 + 2γ21 + 3γ22 + 3γ23 + 3γ24 + 3γ31 + 2γ32 + 2γ33 + 3γ34, (A2)

subjected to the constraints

γ11 + γ12 + γ13 + γ14 = γ21 + γ22 + γ23 + γ24

= γ31 + γ32 + γ33 + γ34 = 1/3 (A3)

and

γ11 + γ21 + γ31 = γ12 + γ22 + γ32

= γ13 + γ23 + γ33

= γ14 + γ24 + γ34 = 1/4. (A4)

The minimum value of W can be found to be 25/12, located
at

γ11 = 1/4 , γ14 = 1/12 , γ23 = 1/6 ,

γ24 = 1/6 , γ32 = 1/4 , γ33 = 1/12 ,

and other γ values are 0. From this result, we can use Eq. (2.3)
to estimate the Earth Mover distance

W1(x, y) = min
{γi j}

W ({γi j}) = 25/12.

The geodesic distance between point x and point y is of unit
length, i.e., dG(x, y) = 1; therefore we can obtain the esti-
mated ORC value from Eq. (2.2):

γ (x, y) = 1 − W1(x, y)

dG(x, y)
= 1 − 25/12

1
= −13

12
. (A5)

APPENDIX B: BLOCK ENCODING AND QUANTUM
SINGULAR VALUE TRANSFORMATION

We briefly summarize the essential quantum tools used in
our algorithm. For conciseness, we highlight only the main re-
sults and omit technical details, which are thoroughly covered
in Ref. [75]. An identical summary is also presented in Ref.
[89].

Definition B1 (Block-encoding unitary; see, e.g., Refs. [75–77]).
Let A be a Hermitian matrix of size N × N with operator
norm ‖A‖ < 1. A unitary matrix U is said to be an exact block
encoding of A if

U =
(

A ∗
∗ ∗

)
, (B1)

where the top-left block of U corresponds to A. Equivalently,
one can write

U = |0〉 〈0| ⊗ A + (· · · ), (B2)

where |0〉 denotes an ancillary state used for block encoding
and (· · · ) represents the remaining components orthogonal to
|0〉 〈0| ⊗ A. If instead U satisfies

U = |0〉 〈0| ⊗ Ã + (· · · ), (B3)

for some Ã such that ‖Ã − A‖ � ε, then U is called an ε-
approximate block encoding of A. Furthermore, the action of
U on a state |0〉 |φ〉 is given by

U |0〉 |φ〉 = |0〉 A |φ〉 + |Garbage〉 , (B4)
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where |Garbage〉 is a state orthogonal to |0〉 A |φ〉. The circuit
complexity (e.g., depth) of U is referred to as the complexity
of block encoding A.

Based on Definition B 1, several properties, though imme-
diate, are of particular importance and are listed below.

Remark B1 (Properties of block-encoding unitary). The
block-encoding framework has the following immediate
consequences:

(1) Any unitary U is trivially an exact block encoding of
itself.

(2) If U is a block encoding of A, then so is Im ⊗ U for
any m � 1.

(3) The identity matrix Im can be trivially block encoded,
for example, by σz ⊗ Im.

Given a set of block-encoded operators, various arithmetic
operations can be done with them. Here, we simply intro-
duce some key operations that are especially relevant to our
algorithm, focusing on how they are implemented and their
time complexity, without going into proofs. For more detailed
explanations, see Refs. [75,90].

Lemma B1 (Informal, product of block-encoded operators;
see, e.g., Ref. [75]). Given unitary block encodings of
two matrices A1 and A2, with respective implementation
complexities T1 and T2, there exists an efficient procedure for
constructing a unitary block encoding of the product A1A2

with complexity T1 + T2.
Lemma B2 (Informal, tensor product of block-encoded

operators; see, e.g., (Theorem 1 of Ref. [90]). Given
unitary block encodings {Ui}m

i=1 of multiple operators
{Mi}m

i=1 (assumed to be exact), there exists a procedure
that constructs a unitary block encoding of

⊗m
i=1 Mi using a

single application of each Ui and O(1) swap gates.
Lemma B3 (Informal, linear combination of block-encoded

operators; see, e.g., (Theorem 52 of Ref. [75]). Given the
unitary block encoding of multiple operators {Ai}m

i=1. Then,
there is a procedure that produces a unitary block encoding
operator of

∑m
i=1 ±(Ai/m) in time complexity O(m), e.g.,

using the block encoding of each operator Ai a single time.
Lemma B4 (Informal, scaling multiplication of block-

encoded operators). Given a block encoding of some matrix
A, as in Definition B 1, the block encoding of A/p where
p > 1 can be prepared with an extra O(1) cost.

Lemma B5 (Matrix inversion; see, e.g., Refs. [30,75]).
Given a block encoding of some matrix A with operator norm
||A|| � 1 and block-encoding complexity TA, then there is a
quantum circuit producing an ε-approximated block encoding
of A−1/κ , where κ is the conditional number of A. The
complexity of this quantum circuit is O(κTA log(1/ε)).

APPENDIX C: PROOF OF LEMMA 1

Here we directly quote the proof of Lemma 1, which was
worked out in Ref. [60]. An identical proof can be found in
the same work.

Provided the raw distance {d (xi, x j )} among data points,
the kernel matrix K is defined as

Ki j = exp

(
−d (xi, x j )2

σ 2

)
, (C1)

where σ is a chosen parameter.

1. Quantum algorithm for block encoding the kernel matrix K

We first mention the following technique introduced in Ref.
[91]:

Lemma C1. Let U (assumed to have depth Tx) be some
unitary of dimension >N × N that contains a vector x =∑N

i=1 xi |i − 1〉 as the first column. Then, there is a quantum
circuit of depth O(Tx + log(N)), which is a block encoding of
a matrix that contains

∑N
i=1 x2

i |i − 1〉 as the first column.
For completeness, we directly quote their proof as follows.
Proof. First, we consider the matrix of size N × N on the

top-left corner of U . Denote this matrix as Ax, and the first
column of this matrix is x. It can also be seen that Ux is
the block encoding of Ax. Then, we can use Lemma B 2 to
construct the block encoding of Ax ⊗ Ax. The first column of
this matrix is x ⊗ x, which is

x ⊗ x =
n∑

i=1

xi |i − 1〉 ⊗
n∑

i=1

xi |i − 1〉 (C2)

=
n∑

i, j=1

xix j |i − 1〉 | j − 1〉 (C3)

=
n∑

i=1

x2
i |i − 1〉 |i − 1〉 +

∑
i 
= j

xix j |i − 1〉 | j − 1〉 .

(C4)

Next, we use the permutation:
Lemma C2 (Refs. [84,85]). Let H be some N-dimensional

Hilbert space and {|0〉 , |1〉 , |2〉 , . . . , |N〉} are basis. Then,
for a known permutation of basis {|i − 1〉 ↔ | j〉}, there
exists a permutation unitary circuit Upermutation of depth
O(log(N log N )).

We achieve the following permutation:

|0〉 |0〉 ↔ |0〉 |0〉 , (C5)

|0〉 |1〉 ↔ |1〉 |1〉 , (C6)

... (C7)

|0〉 |n − 1〉 ↔ |n − 1〉 |n − 1〉 , (C8)

and the remaining basis permutation can be arbitrary. We use
such permutation unitary Upermute and Lemma B 1 to construct
the block encoding of Upermute(Ax ⊗ Ax ). The first column of
this matrix is

Upermute(x ⊗ x) = Upermute

n∑
i=1

x2
i |i − 1〉 |i − 1〉

+
∑
i 
= j

xix j |i − 1〉 | j − 1〉 (C9)

=
n∑

i=1

x2
i |0〉 |i − 1〉 + (· · · ), (C10)

where (· · · ) refers to the redundant part. The first part is∑n
i=1 x2

i |0〉 |i − 1〉. Therefore, if we restrict to the top-left
corner matrix of dimension n × n, then the first column is
exactly

∑n
i=1 x2

i |i − 1〉. �
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The above procedure can be modified to yield the following
more general lemma:

Lemma C3. Let U (assumed to have depth Tx) be some
unitary of dimension >N × N that contains a vector x =∑N

i=1 xi |i − 1〉 as the first column. For some p ∈ Z, there is a
quantum circuit of depth O(Tx + p log(N )), which is a block
encoding of a matrix that contains

∑N
i=1 xp

i |i − 1〉 as the first
column.

The proof of the above lemma, or the modification of the
procedure, is as follows. Earlier, we consider the state x ⊗ x
and then use permutation to move those entries {x2

i }N
i=1. Now

we simply need to consider the state x⊗p and consider the
following permutation:

|0〉⊗p−1 |0〉 ↔ |0〉⊗p , (C11)

|0〉⊗p−1 |1〉 ↔ |1〉⊗p , (C12)

... (C13)

|0〉⊗p−1 |n − 1〉 ↔ |n − 1〉⊗p , (C14)

with the rest of the basis state permuted arbitrarily. According
to Refs. [84,85], the above permutation can be obtained with
a circuit of complexity O(p log N ). �

Recall that the kernel matrix K is defined as

Ki j = exp

(
−d (xi, x j )2

σ 2

)
, (C15)

where d (xi, x j ) is the pairwise distance between two data
points xi, x j . To proceed, first we need the following recipe,
which shall be proved in Appendix C 3:

Lemma C4 (Efficient state preparation; Appendix C3).
An n-dimensional quantum state |�〉 with known entries
(assuming they are normalized to 1) can be prepared with
fidelity 1 − ε with a circuit of depth O( log n + log(1 − ε)),
using O(1) ancilla qubits.

The classical knowledge of pairwise distance di j ≡
d (xi, x j ) and the above lemma allow us to obtain the unitary
Ud that prepares the following state:

|φ〉 = 1

||D||
N∑

i, j=1

|i − 1〉 di j | j〉 , (C16)

where ||D|| =
√∑N

i, j=1 d2
i j . It is straightforward to see that the

first column of the unitary Ud is |φ〉. Our goal is to obtain the
state (encoded in some matrix) ∝

∑N
i, j=1 |i − 1〉 exp(− di j

σ 2 ) | j〉
from the unitary Ud . To achieve this, we first use Lemmas C 3
and C 1 to obtain the block encodings of matrices having the
first columns as

1

||D||p

N∑
i, j=1

|i − 1〉 d p
i j | j〉 ,

1

||D||p−1

N∑
i, j=1

|i − 1〉 d p−1
i j | j〉 , . . . ,

1

||D||
N∑

i, j=1

|i − 1〉 di j | j〉 .

(C17)

Next, we point out the following approximation from Ref.
[92]:

Proposition C1 (Ref. [92]). On any compact interval
[−a, a], we have that the Gaussian function exp(−x2) is
infinitely differentiable and analytic, and that

sup
x∈[−a,a]

| exp(−x2) − Pp(x)| � C exp(−αp), (C18)

where pn(x) is the Chebyshev polynomial, which satisfies the
following recurrence relation:

P0(x) = 1, P1(x) = x, (C19)

Pp+1(x) = 2xPp(x) − Pp−1(x). (C20)

Fact. The values of C and α in the above depend on the value
of a. For a = 1, then as analyzed in Ref. [92], C ≈ 0.1, α ≈
1.09, which are both O(1).

To apply the above result to our problem, we first need to
figure out the value of p, which is the degree of the polynomial
for approximation. By setting C exp(−αp) = ε, we have that

p = 1

α
log

(
C

ε

)
= O

(
log

1

ε

)
. (C21)

For convenience, let the polynomial Pp(x) = ∑p
k=1 αixk . We

then use the block encodings of matrices containing states
in Eq. (C17) and Lemma B 3 to construct the unitary block
encoding, denoted as UD, of a matrix, which has the following
vector as the first column:

1

α

N∑
i, j=1

|i − 1〉 Pp

(
di j

||D||
)

| j〉

≈ 1

α

N∑
i, j=1

|i − 1〉 exp

(
− d2

i j

||D||2
)

| j〉 , (C22)

where α =
√∑p

k=1 α2
i . We note that, if we choose σ = ||D||,

then the entry exp (− d2
i j

||D||2 ) is exactly the entry of kernel K
defined earlier. On the other hand, if we wish to choose
σ 
= ||D||, then we can slightly modify the above procedure as
follows. We use Lemma B 4 to transform the block-encoded
columns in Eq. (C17):

1

α||D||p

N∑
i, j=1

|i − 1〉 d p
i j | j〉 −→ 1

α||D||p

N∑
i, j=1

|i − 1〉 d p
i j

σ p
| j〉 ,

(C23)

1

α||D||d−1

N∑
i, j=1

|i − 1〉 d p−1
i j | j〉 −→ 1

α||D||p

×
N∑

i, j=1

|i − 1〉 d p−1
i j

σ p−1
| j〉 , (C24)

... (C25)

1

α||D||
N∑

i, j=1

|i − 1〉 di j | j〉 −→ 1

α||D||p

N∑
i, j=1

|i − 1〉 di j

σ
| j〉 .

(C26)
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Then, we use Lemma B 3 to construct the block encoding of a
matrix that has the following vector as the first column:

1

α||D||p

N∑
i, j=1

|i − 1〉 Pp

(
di j

σ

)
| j〉

≈ 1

α||D||p

N∑
i, j=1

|i − 1〉 exp

(
−d2

i j

σ 2

)
| j〉 . (C27)

To obtain the block encoding of K , we point out the following
result from Ref. [75]:

Lemma C5 (Block encoding density matrix [75]). Let ρ =
TrA |�〉 〈�|, where ρ ∈ HB, |�〉 ∈ HA ⊗ HB. Given unitary
U that generates |�〉 from |0〉A ⊗ |0〉B, then there exists
a highly efficient procedure that constructs an exact uni-
tary block encoding of ρ using U and U † a single time,
respectively.

Now we take the unitary UD and apply it to the state
|0〉 |0〉N2 (where |0〉N2 denotes the first computational basis
of an N2-dimensional Hilbert space); according to Definition
B 1, we have

UD |0〉 |0〉N2 = 1

α||D||p
|0〉

N∑
i, j=1

|i − 1〉 exp

(
− d2

i j

||σ ||2
)

| j〉

+
∑
k 
=0

|k〉 |Garbagek〉 . (C28)

By tracing out the third register, we obtain the density state

ρ = |0〉 〈0| ⊗ 1

α2||D||2p
K†K

+
∑
k 
=0

|k〉 〈k| ⊗ |Garbagek〉 〈Garbagek| . (C29)

The above density state is again a block encoding of ∝K†K ,
and can be block encoded via Lemma C 5.

2. Quantum algorithm for obtaining geodesic distances

We recall that the geodesic distance between two data
points xi, x j is approximated as

dG(xi, x j ) ≈
[

N∑
k=1

λ2t
k (ψik − ψ jk )2

]1/2

, (C30)

where |ψk〉i refers to the ith component of the kth eigenvector
|ψk〉 of K and λk is the corresponding eigenvalue of K . For
convenience, we set t = 1, so that the geodesic is further
simplified as

dG(xi, x j ) ≈
[

N∑
k=1

λ2
k (ψik − ψ jk )2

]1/2

. (C31)

We remark that from the previous section, we have the block
encoding of ∝K†K , which is also ∝

∑N
k=1 λ2

k |ψk〉 〈ψk|. To
proceed, we mention the following QSVT recipe:

Lemma C6 (Negative power exponent [75,78]). Given a
block encoding of a positive matrix M

γ
such that

I

κM
� M

γ
� I.

Then, we can implement an ε-approximated block encoding

of M−c/(2κc
M ) in complexity O(κMTM (1 + c) log2( γ κ1+c

M
ε

)),
where TM is the complexity to obtain the block encoding
of M.

We point out the following property:

|ψk〉i − |ψk〉 j = eT
i j |ψk〉 , (C32)

where ei j is the vector (of dimension N) that has entry 1 at
ith position, −1 at jth position, and 0 otherwise. Let Ei be the
matrix having jth row being ei j (for j 
= i), and for i = j, the
whole row is zero. Then, we have

Ei

N∑
k=1

λ2
k |ψk〉 〈ψk| Ei

=
N∑

k=1

λ2
k

⎛
⎜⎜⎝

|ψk〉i − |ψk〉1
|ψk〉i − |ψk〉2

· · ·
|ψk〉i − |ψk〉N

⎞
⎟⎟⎠

× ( |ψk〉i − |ψk〉1 , |ψk〉i − |ψk〉2 , . . . , |ψk〉i − |ψk〉N

)
.

(C33)

The geodesic distance between xi and x j is the jth diago-
nal entry of the above matrix. More generally, we consider
the matrices

∑N
i=1 |i − 1〉 〈i − 1| ⊗ Ei,

∑N
i=1 |i − 1〉 〈i − 1| ⊗∑N

k=1
1
λk

|ψk〉 〈ψk| and their product

(
N∑

i=1

|i − 1〉 〈i − 1| ⊗ Ei

)

×
(

N∑
i=1

|i − 1〉 〈i − 1| ⊗
N∑

k=1

λ2
k |ψk〉 〈ψk|

)

×
(

N∑
i=1

|i − 1〉 〈i − 1| ⊗ Ei

)
. (C34)

The (i × j)th diagonal entry of the above matrix is exactly the
geodesic distance dG(xi, x j ) between the points xi and x j .

From the block encoding of ∝
∑N

k=1 λ2
k |ψk〉 〈ψk| (as ob-

tained from above), to obtain the block encoding of Ei, we
need the following result from Ref. [91]:

Lemma C7. Suppose that A is a matrix of size N × N
with condition number κA, and that we are provided with
classical knowledge/description of entries of A. Then, the ε-
approximated block encoding of A

||A||F can be obtained with a

quantum circuit of complexity O(log N log2 κA
ε

) and a classi-
cal preprocesing of complexity O(log N ) (where ||A||F is the
Frobenius norm of A).

The application of the above lemma is straightforward to

obtain the block encoding of
∑N

i=1|i−1〉〈i−1|⊗Ei

||E ||F , where ||E ||F is
the Frobenius norm of the numerator. Using Lemma B 1, we
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can obtain the block encoding of∑N
i=1 |i − 1〉 〈i − 1| ⊗ Ei

||E ||F

×
(

N∑
i=1

|i − 1〉 〈i − 1| ⊗
N∑

k=1

λ2
k

α||D||p
|ψk〉 〈ψk|

)

×
∑N

i=1 |i − 1〉 〈i − 1| ⊗ Ei

||E ||F (C35)

=
N∑

i=1

|i − 1〉 〈i − 1| ⊗ (λ2
k )

α||D||p||E ||2F
Ei |λk〉 〈λk| Ei,

(C36)

which contains the square of geodesic distance (up to a scaling
of Frobenius norm ||E ||2F ) d2

G on the diagonal. Because each
row of matrix Ei has two nonzero entries being 1 and −1, so
the Frobenius norm ||Ei||F is

√
2N . The Frobenius norm of

E is
√

2N2 = √
2N . For a reason that would be clear later,

we only want to keep the diagonal entry. To “filter” out those
off-diagonal entries, we can use the following procedure:

Lemma C8. Let U be a unitary block encoding of some
matrix M of size n × n. Let TU be the circuit complexity of U ,
then the block encoding of

∑n
i=1

1
n M2

ii |i〉 〈i| can be obtained
with a circuit of depth O(TU + log n).

Proof. By applying U to the state |0〉 1√
n

∑n
i=1 |i − 1〉, we

obtain the following state:

1√
n

|0〉
n∑

i=1

|i − 1〉 Mi +
∑
k 
=0

|k〉 |Garbage〉 (C37)

= 1√
n

|0〉
n∑

i=1

N∑
j=1

Mi j |i − 1〉 | j − 1〉

+
∑
k 
=0

|k〉 |Garbage〉 , (C38)

where Mi is the ith column of M and Mi j its jth entry. Now we
append another ancilla initialized in |0〉⊗ log n, and use the cnot
gates to obtain the following state:

1√
n

|0〉
n∑

i=1

n∑
j=1

Mi j |i − 1〉 | j − 1〉 +
∑
k 
=0

|k〉 |Garbage〉 ,

(C39)

where the |Garbage〉 contains a slight abuse of notation. If we
trace out the ancilla, we obtain the following density state:

|0〉 〈0| ⊗ 1

n

n∑
i=1

(Mii )
2 |i − 1〉 〈i − 1| + ρGarbage. (C40)

The above density state can be block encoded via Lemma C 5,
and in fact, the above density state is also the block encoding
of 1

n

∑n
i=1(Mii )2 |i − 1〉 〈i − 1|, which contains the diagonal

entries only. �
The application of the above lemma to our case is

straightforward. Denote the operator in Eq. (C36) as M,
and its unitary block encoding is U . Then, using the
above lemma enables us to obtain the block encoding of

1
N2

∑N2

p=1(Mpp)2 |p − 1〉 〈p − 1|. We note that the diagonal en-
tries of the matrix M are the geodesic distances (divided by the
Frobenius norm ||E ||F ), i.e.,

1

N2

N2∑
p=1

(Epp)2 |p − 1〉 〈p − 1|

= 1

α||D||p||E ||4F N2

N∑
i, j=1

|i − 1〉 〈i − 1|

× ⊗d4
G(xi, x j ) | j − 1〉 〈 j − 1| , (C41)

where, in the above, we have decomposed |p〉 = |i〉 | j〉.
Let Upj denote the N-dimensional permutation unitary

such that

|0〉 ↔ |i − 1〉 (C42)

and the remaining basis permuted arbitrarily. This unitary can
be constructed via Lemma C 2 with a depth O(log N ). We
then use Lemma B 2 to obtain the unitary Upj ⊗ IN , and then
Lemma B 1 to construct the block encoding of

(
Upj ⊗ IN

) × 1

α||D||p||E ||2F N2
|i − 1〉 〈i − 1|

× ⊗ d2
G(xi, x j ) | j − 1〉 〈 j − 1| (C43)

= 1

α||D||p||E ||2F N2

N∑
j=1

|0〉 〈0| ⊗ d4
G(xi, x j ) | j − 1〉

× 〈 j − 1| + 1

α||D||p||E ||2F N2

N∑
i, j=2

|i − 1〉

× 〈i − 1| ⊗ d4
G(xi, x j ) | j − 1〉 〈 j − 1| , (C44)

which is also the block encoding of the operator:

1

α||D||p||E ||4F N2

N∑
j=1

d4
G(xi, x j ) | j − 1〉 〈 j − 1| , (C45)

which essentially contains ∝ d4
G(xi, x j ) on the diagonal.

3. Proof of Lemma C 4

State preparation has been proposed in a variety of works
[82,86,87,93,94]. Although the method in Ref. [82] is univer-
sal and can prepare an exact state, the number of ancilla qubits
is proportional to the number of nonzero entries. Therefore, it
is only effective, in terms of both depth and space, when the
target state is sparse.

Here, we build on the method proposed in Ref. [86],
which is more qubit-efficient while achieving the same depth
(asymptotically) compared to Ref. [82]. To proceed, we first
recapitulate their main result:

Lemma C9 (Theorem 1 in Ref. [86]). Let f : [0, 1] −→
R+ be a positive integrable function in L2([0, 1]) and η =
supx∈[0,1] |∂2

x log f 2(x)|. Define | f 〉 = ∑n
i=1 f ( i

n ) |i〉. Then, it
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is possible to prepare a state |ψ f 〉 such that || |ψ f 〉 − | f 〉 ||2 �
ε using a quantum circuit of gate complexity 2k0(ε) − 1, where

k0(ε) = max

{⌈
−1

2
log2

(
4− log n − 96

η2
log(1 − ε)

)⌉
, 2

}
.

(C46)

As proved in Ref. [86], the value of k0(ε) is asymptotically
independent of n. Recall that in our case, we need to prepare
a state of the form |φ〉 = ∑n

i=1 ai |i〉 (assuming normalization
condition). For convenience in applying the above result, we
assume that all ai’s are positive for now, and we will extend to
the negative case later. We consider the R2 plane, and promote
each amplitude ai to a point having the following coordinates:
( i

n , ai ). Then, we connect consecutive points by a line, which
results in a piecewise-linear function f on R2. Existing works
[95–97] have shown how to approximate piecewise-linear
functions by polynomials or smooth functions. In princi-
ple, any of these can be used to replace or approximate
f . Because f ( i

n ) = ai, which is positive and square inte-
grable, we can apply the above lemma with this choice of
function f .

Now we extend the above procedure to the case
where |φ〉 contains negative amplitudes. We first break
the amplitudes {ai}n

i=1 into positive and negative parts, de-
noted as {ai}+, {ai}−, respectively. Then, we consider the

decomposition:

|φ〉 =
∑

i,ai∈{ai}+
ai |i〉 +

∑
i,ai∈{ai}−

ai |i〉 (C47)

= |φ〉+ + |φ〉− . (C48)

The first part |φ〉+ contains positive amplitudes, so the proce-
dure from the previous paragraph can be used to construct the
unitary U+ that prepares |φ〉+. The second part |φ〉− contains
negative amplitudes, so the state − |φ〉− contains positive
amplitudes. As such, we can use the procedure earlier to
construct the unitary U− that prepares the state − |φ〉−. Next,
we can use the linear combination of unitaries, or Lemma B 3,
to construct the block encoding of 1

2 (U+ − U−). Taking this
block encoding and applying it to the state |0〉 |0〉n, according
to Defintion B 1, we obtain the state

1
2 |0〉 (|φ〉+ − (− |φ〉−)) + |Garbage〉

= 1
2 (|φ〉+ + |φ〉−) + |Garbage〉 , (C49)

where |Garbage〉 is some unwanted state. Performing mea-
surement on the ancilla and postselecting on |0〉, we obtain
the desired state |φ〉+ + |φ〉− = |φ〉.

Besides, we remark that in Refs. [86,87], the authors also
proposed variational strategies for state preparation, which
use a quantum circuit of logarithmical complexity (in terms
of both qubits and depth). In principle, any of these can be
applied to our case.
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