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Simulation of thermal-relaxation noise for quantum error correction
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Stabilizer-based simulation of quantum error-correcting codes typically relies on the Pauli-twirling approxi-
mation (PTA) to render non-Clifford noise classically tractable, but PTA can distort the behavior of physically
relevant channels such as thermal relaxation. Physically accurate noise simulation is needed to train decoders
and understand the noise suppression capabilities of quantum error-correcting codes. In this work, we develop
an exact stabilizer model without variance overhead for qubit thermal-relaxation noise when T2 � T1. We
show that the combined amplitude damping and dephasing channel admits a fully positive Clifford and reset
decomposition that enables efficiency in this regime. For T2 > T1, the resulting decomposition is negative,
but the same technique serves to reduce the overhead versus independent channels. We further introduce an
approximated error channel with reset for the T2 > T1 regime that removes the negativity of the decomposition
while achieving higher channel fidelity to the true thermal relaxation than PTA and extend our construction
to finite-temperature relaxation. We apply the exact combined model to investigate large surface codes and
bivariate bicycle codes on superconducting platforms with realistic thermal-relaxation error. The differing
logical performances across code states further indicate that noise-model-informed decoders will be essential
for accurately capturing thermal-noise structure in future fault-tolerant architectures.
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I. INTRODUCTION

Careful suppression and managing of noise and decoher-
ence are essential for reliable quantum computation, making
quantum error correction (QEC) a central focus toward
building large-scale fault-tolerant quantum computers [1–3].
Recently, substantial progress has been achieved in both
the theoretical design and experimental implementation of
QEC across multiple physical platforms, including supercon-
ducting circuits [4–7], trapped ions [8,9], and neutral atoms
[10–13]. Advances in code constructions, such as surface
codes [14–16], color codes [17–19], and quantum low-density
parity check (QLDPC) codes [20–22], have enabled exper-
imental demonstrations of multiround error correction and
logical qubit surpassing the breakeven point and showing
below-threshold performance. A central challenge that per-
sists, however, is the accurate characterization of logical-level
behavior under realistic noise. Thermal noise is especially
pervasive throughout all quantum computers, yet has thus far
only been captured by approximation or exponential exact
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simulation, as the relaxation channel is beyond the constraints
of the Gottesman-Knill theorem [23].

Reliable evaluation of code performance, threshold estima-
tion, and decoder benchmarking all depend on understanding
how physical noise models propagate through the error-
correction process. To better access candidate QEC codes
and architectures operating in realistic experimental environ-
ments, we need efficient simulation tools that can incorporate
more realistic noise models and scale to thousands of physical
qubits.

Conventional full-state noise simulation approaches, such
as state-vector (SV) and density-matrix (DM) methods, rep-
resent arbitrary quantum processes by explicitly evolving the
quantum states. The universality allows them to capture any
completely positive trace-preserving (CPTP) map acting on
the system, but at the cost of exponential scaling with n
number of qubits [O(2n) and O(4n) for SV and DM, re-
spectively]. This makes them intractable for moderate-sized
QEC codes. Previous efforts investigated the QEC code perfor-
mance under realistic noise using DM simulations; however,
they are limited to small code distances and rely on more
simplifications and approximations, such as reusing the syn-
drome qubits in the simulation, which potentially violates the
temporal order of syndrome measurements in experimental
implementations [24,25]. These challenges make the stabi-
lizer simulation framework necessary for simulating QEC code
performance, at the cost of exactness [26].

The stabilizer formalism allows Clifford circuits to be
simulated in O(n2) time and memory by evolving a
tableau that tracks stabilizer transformation under Clifford
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operations [27]. This efficiency makes it widely adopted in
most QEC simulation tools, such as Stim [28], and enables
exploration of mid- to large-scale QEC code patches in the near
fault-tolerant quantum computing (FTQC) regime. However,
the efficiency of stabilizer simulation relies on the restric-
tion that the operations are within the Clifford group, with
noise channels that are expressed as stochastic Pauli chan-
nels. In practice, non-Clifford physical error channels, such
as coherent errors [29,30] and thermal errors [25,31], cannot
be directly simulated in stabilizer simulators. Instead, the
Pauli-twirling approximation (PTA) is commonly employed
to replace a general CPTP map by its depolarized Pauli
channels [32–34]. Although efficiently simulable, previous
studies on small codes have shown that PTA can underesti-
mate performance, producing logical error rates (LERs) that
are several times larger than true values [24,35].

A more accurate yet still Clifford-compatible approach is
the quasiprobabilistic decomposition (QPD) of a non-Clifford
channel into a linear combination of Clifford channels [36].
By sampling from a rescaled non-negative probability dis-
tribution and making a weight adjustment, one can exactly
reproduce the original channel statistics with only Clifford
simulators. However, negativity in the probabilistic distri-
bution results in an exponential sampling cost; i.e., the
estimator variance will grow exponentially with the num-
ber of non-Clifford error channels [36,37]. To model qubits’
thermal-relaxation errors in the QEC circuits, the cost will
grow with circuit depth and number of qubits. Multiple works
have formalized this cost for QPD and more general noise
in terms of channel robustness [38,39]. Consequently, while
QPD yields unbiased results, it can introduce exponential
sampling cost to offset variance, hindering its implemen-
tation for efficiently simulating realistic error models for
large-scale QEC code performances. Moreover, QPD often
requires explicit stabilizer-state reset operations in some sam-
pling branches of the error channel, which are not directly
compatible with Pauli-frame tracking for stochastic Pauli
error channels used in state-of-the-art QEC simulation [28].
Recent work on more sophisticated frame representations
beyond Pauli frames is promising to reduce the per-sample
cost [40]. However, a tool developed to permit more sophis-
ticated frames will still suffer from the exponential variance
underlying QPD.

In this paper, we focus on the qubit thermal-relaxation
error channel, which is one of the most commonly seen non-
Clifford error sources in experiments. We show that combin-
ing the amplitude damping (T1) and dephasing (T2) channels
into a unified relaxation channel significantly reduces the
QPD sampling overhead required for exact Clifford-based
simulation. Specifically, we find that when T2 � T1, a regime
typical for superconducting qubits and several solid-state
qubit platforms [6,41], the thermal-relaxation channel admits
a fully positive decomposition into Clifford channels. In the
regime T2 > T1, we demonstrate that the resulting decompo-
sition is still less costly to sample than treating amplitude and
phase damping separately. We further introduce a reset-based
approximation that can preserve complete positivity of the
decomposition, while achieving substantially higher channel
fidelity than the PTA model. We incorporate these construc-
tions into a message passing interface (MPI)-accelerated and

graphics processing unit (GPU)-capable stabilizer simulator
and evaluate the logical performance of both surface codes
and bivariate bicycle (BB) codes under realistic thermal-
relaxation noise, beyond the scope of previous works that
only focus on realistic noise performance on surface code
only or other small QEC codes [29,35,42–46]. Our simu-
lations show that PTA can misestimate logical error rates
by several factors, either overestimating or underestimating,
depending on code distance and logical basis, whereas the
composite and reset-based treatments accurately capture the
directional bias of relaxation. We also observe that logical
error rates depend on the encoded logical state, suggesting that
bias-aware, noise-informed decoding strategies are needed for
future fault-tolerant architectures.

Our paper is organized as follows. Section II reviews the
theoretical foundations of thermal-relaxation error models,
including their Kraus representations, the connection to relax-
ation dynamics induced by a thermal bath, the Pauli-twirling
approximation, and the exact quasiprobabilistic decomposi-
tion of amplitude-damping processes. We then present our
treatment of the thermal-relaxation channel, identify the pa-
rameter regimes in which it admits exact Clifford-compatible
simulation, and introduce an improved approximation in
regimes where this exactness does not hold. Section III applies
the resulting error model to evaluate the performance of the
surface code and the BB code on superconducting-qubit plat-
forms. We provide further discussion in Sec. IV and conclude
in Sec. V.

II. THEORETICAL MODELING OF
THERMAL-RELAXATION ERRORS

Thermal relaxation is a fundamental and widely encoun-
tered noise mechanism in quantum computing. Because the
exact thermal-relaxation channel is inherently non-Pauli and
cannot be represented as a stochastic Pauli channel, ap-
proximations are required to incorporate it into the current
stabilizer-based QEC simulation toolchain.

In this section, we review the main theoretical treatment
of thermal-relaxation and introduce the model adopted in this
work. Section II A provides a brief review of the thermal-
relaxation channel. Section II B reviews the Pauli-twirling
approximation and its application to thermal relaxation, high-
lighting its limitations. Section II C reviews prior study on
QPD and its application to the amplitude-damping channel. In
Sec. II D, we extend the QPD to general thermal-relaxation er-
ror channels, identifying the efficiency gain when combining
the transverse and longitudinal relaxation processes and treat-
ing them jointly. We then provide an improved approximation
of the thermal relaxation in the relevant parameter regime with
better accuracy, which is well suited for stabilizer-based QEC

simulations.

A. Thermal relaxation error channels

Quantum computing systems are inevitably coupled to
their environment, which causes qubits to thermalize toward
the bath environment. Thermal relaxation can lead to energy
loss, causing qubits to relax from the excited state to the
ground state and lose the coherence between the computa-
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tional states. The relaxation effects are characterized by the
qubit energy relaxation time T1 and the decoherence time T2.

To model the effect of thermal noise on the quantum sys-
tems, the relaxation dynamics can be described by a master
equation and integrated for a time period τ . For a single qubit
interacting with a thermal bath, the master equation is

∂tρ = γ (〈nb〉 + 1)D[|0〉〈1|](ρ) + γ 〈nb〉D[|1〉〈0|](ρ)

+ γφ

2
D[σz](ρ), (1)

where relaxation rate γ is determined by the qubit-bath cou-
pling, 〈nb〉 is the thermal occupation of the bath at temperature
Tb, given by 〈nb〉 = 1/(eh̄ω/kbTb − 1), and γφ characterizes
the extra dephasing effect on the qubit. The dissipator in
Eq. (1) is

D[Â](ρ) = − 1
2 (Â†Âρ + ρÂ†Â − 2ÂρÂ†), (2)

for any jump operator Â and system density operator ρ

[47,48].
When the qubit couples to a zero-temperature bath (〈nb〉 =

0) for a time τ , the density operator evolves to

ρ(τ ) =
(

1 − ρ11e−τ/T1 ρ01e−τ/T2

ρ10e−τ/T2 ρ11e−τ/T1

)
, (3)

where ρi, j = 〈i|ρ(t = 0)| j〉, T1 = 1/γ , and T2 = 1/(γ /2 +
γφ ). As the dephasing between the states |0〉 and |1〉 comes
from two sources, the energy relaxation and pure dephasing
effects, the decoherence time satisfies

1

T2
= 1

2T1
+ 1

Tφ

, (4)

where Tφ = 1/γφ is the pure dephasing time. From Eq. (4),
the qubit dephasing time T2 is bounded by 2T1.

The thermal-relaxation process can be equivalently de-
scribed by Kraus operators [49]. When there is no pure
dephasing, T2 = 2T1, the process reduces to the amplitude-
damping channel as Ead(ρ) = E0ρE†

0 + E1ρE†
1 , with

Ead,0 =
(

1 0
0

√
1 − pγ

)
, Ead,1 =

(
0

√
pγ

0 0

)
, (5)

where the channel is characterized by a “relaxation probabil-
ity” pγ [49]. Comparing with the density operator evolution
in Eq. (3), the relaxation probability is

pγ (τ ) = 1 − e−τ/T1 . (6)

In the presence of pure dephasing, i.e., when T2 < 2T1, the
additional dephasing noise can be modeled as an additional
stochastic Pauli-Z error with probability pφ , represented in
Kraus operators as

Epd(ρ) = (1 − pφ )ρ + pφZρZ. (7)

The full thermal-relaxation process is

Epd[Ead(ρ)]
def= (Epd ◦ Ead)(ρ). (8)

Matching Eq. (3) yields the additional Pauli-Z error
probability,

pφ = 1
2

[
1 − e

−τ
(

1
T2

− 1
2T1

)]
= 1

2 (1 − e−τ/Tφ ). (9)

At finite bath temperature, the bath thermal occupation
〈nb〉 �= 0, with the value of 〈nb〉 determined by the bath
temperature Tb. Similarly, we can integrate the full master
equation (1) to solve the dynamics of the qubit. Specifically,
when τ → ∞, the population in the excited state is

p1 = 〈nb〉
1 + 2〈nb〉 = 1

1 + eh̄ω0/kbTb
. (10)

The qubit’s total decay rate to the equilibrium state defines
the qubit’s T1 time as 1/T1 = γ (2〈nb〉 + 1), while the dephas-
ing rate defines the decoherence time T2 as 1/T2 = γ (〈nb〉 +
1/2) + γφ .

When there is no pure dephasing (γφ = 0), the finite-
temperature thermal-relaxation process can be described by
a generalized amplitude-damping channel as [49]

Egad(ρ) =
4∑

i=1

Egad,iρE†
gad,i, (11)

with the Kraus operators

Egad,0,1 =
√

1 − p1Ead,0,1, (12)

Egad,2 = √
p1

(√
1 − p′

γ 0
0 1

)
, (13)

Egad,3 = √
p1

(
0 0√
p′

γ 0

)
, (14)

where pγ defined in Ead,0,1 becomes

pγ = p′
γ = 1 − e−γ τ (2〈nb〉+1) = 1 − e−τ/T1 , (15)

p1 is the population of |1〉 state when τ → ∞ as given in
Eq. (10).

When there is additional dephasing (γφ �= 0), the thermal-
relaxation process can be modeled as Epd ◦ Egad, where the
Pauli-Z error probability pφ is given in Eq. (9).

B. Pauli twirling and Pauli-twirling approximation
to quantum channels

Twirling is a technique used to symmetrize the effect of
a noise channel by randomly applying a unitary operation
from a chosen symmetry group G and its inverse. This process
effectively averages the noise channel over the group G, which
is widely used for both characterizing and mitigating noise
in quantum systems [25,50]. Depending on the chosen G,
various twirling methods arise, such as unitary twirling [51],
Clifford twirling [52], and Pauli twirling [25]. Among these,
Pauli twirling is one of the most popular choices due to its
relative simplicity in implementation and analysis.

Pauli twirling involves averaging the channel over the n-
qubit Pauli group Pn, which transforms the original arbitrary
noise channel into stochastic Pauli channels. Approximating
the original channel by its Pauli-twirled version is known
as the Pauli-twirling approximation. For the original channel
E , the channel after Pauli twirling is

Epta(ρ) =
∑
σi∈Pn

σiE (σiρσi )σi, (16)

where Pn is the n-qubit Pauli group and σi are the Pauli oper-
ators. We use the fact that the Pauli operators are unitary and
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FIG. 1. The effect of the thermal-relaxation error channel and
the channel after PTA. (a) The Bloch sphere after applying the
thermal-relaxation channel and the channel after PTA on a single
qubit. We notice that the distortion on the Pauli-X and Y directions
is nicely captured by PTA channel, while the directional relaxation
along the Pauli-Z axis is not. The gray-shaded sphere shows the
unit Bloch sphere. (b) The trace distance difference (	D) between
the two channels. We focus on the states whose Bloch vectors lie
along the red great circle in panel (a). Parameters if not specified:
τ/T1 = 1.0, T2/T1 = 1.5, thermal temperature Tb = 0.

Hermitian. Notice that a quantum channel can be equivalently
described by its χ matrix as

E (ρ) =
∑
i, j

χi, jσiρσ j . (17)

It is shown that the χ matrix of the PTA channel is diagonal,

Ept(ρ) =
∑

i,i

χi,iσiρσi, (18)

i.e., Pauli twirling removes all the off-diagonal elements in the
original χ matrix and retains only the diagonal coefficients.

The PTA replaces an arbitrary quantum channel with an
incoherent mixture of Pauli error channels. It is widely used
in analyzing the effects of complex noise models in quantum
algorithms and quantum error correction, because the result-
ing channel is efficiently simulable using stabilizer simulators
for large-scale physical qubits in QEC codes [24,25,35].

Although the PTA provides a way to efficiently investigate
the effect of complex noise, the twirled channel may induce
significant bias to the true noise channel. Considering the
thermal-relaxation error channel in Sec. II A as an example,
when the thermal temperature is zero, the channel after the
PTA is

Eth,pta(ρ) =
(

1 −
∑

i

pi

)
ρ +

∑
i

piσiρσi, (19)

where the sum runs over {x, y, z} and the error probabilities
are

px = py = pγ

4
, pz = 1

2
− pγ

4
− (1 − 2pφ )

√
1 − pγ

2
,

(20)

where pγ and pφ are defined in Eqs. (6) and (9), respectively
[25]. Figure 1 compares the action of the true thermal-
relaxation error channel and its PTA counterpart on the Bloch

sphere. The contraction along the X -Y plane is well captured,
but the PTA fails to reproduce the directional relaxation along
the Z axis.

As the PTA does not accurately capture the full structure
of thermal relaxation, Fig. 1(a) illustrates that it can either
overestimate or underestimate the true error depending on
the input state. Consider two extreme input states, |0〉 and
|1〉. At zero temperature, thermal relaxation leaves state |0〉
unchanged, while the PTA introduces a nonzero error prob-
ability, leading to overestimating the error. Conversely, as
thermal relaxation drives state |1〉 to state |0〉, the PTA channel
underestimates the error for state |1〉. To quantify this effect,
we compute the trace distance between the noisy states pro-
duced by the PTA channel and the noiseless state, and then
compare it against the corresponding trace distance under the
true thermal-relaxation channel:

	D ≡ D
(
ρ, Epta

th [ρ]
) − D(ρ, Eth[ρ]), (21)

where D denotes the trace distance operation. We evaluate
this trace distance difference for the pure states |ψ (θ )〉 =
cos(θ/2) |0〉 + sin(θ/2) |1〉, whose Bloch vectors lie on the
great circle with y = 0 [red curve in Fig. 1(a)]. Figure 1(b)
shows the resulting trace distance differences. When θ <

π/3 (closer to |0〉), the PTA channel overestimates the error,
whereas for θ > π/3 (closer to |1〉), the PTA channel un-
derestimates the error. These observations motivate the need
for more accurate representations of error channels than those
provided by the PTA.

C. Quasiprobabilistic decomposition to Clifford channels

Reference [36] proposed a method to decompose an arbi-
trary quantum channel into a composition of Clifford and reset
to stabilizer state operations. This approach begins by solv-
ing the Pauli-transfer matrix [53,54] of the quantum channel,
and then solving for a decomposition into Clifford and reset
operations element by element. As a concrete example, the
amplitude-damping channel in Eq. (5) can be decomposed as

Ead =q(ad)
+ I + q(ad)

− Z + pγR|0〉, (22)

where I and Z are identity and Pauli-Z channels, respectively,
and R|0〉 is the channel corresponding to reset to state |0〉. The
quasiprobabilities are

q(ad)
± = 1 − pγ ± √

1 − pγ

2
. (23)

This decomposition enables Monte Carlo simulation of T1 re-
laxation in QEC codes within the stabilizer-based framework.

From Gottesman-Knill theorem [27], it is unlikely that
any arbitrary quantum channel can be classically simulated
in an efficient manner. The cost of the above method is
that probabilistic decomposition does not necessarily yield
a completely positive distribution. Equation (22) shows the
coefficient of the Pauli-Z channel to be always negative,
meaning the decomposition yields a quasiprobabilistic (QP)
distribution instead.

Although the resulting QP distribution is not a true proba-
bility distribution, it can still be sampled to estimate statistical
expectations of any target observable, at the expense of in-
creased sampling variance. For a random variable x, the
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FIG. 2. (a) Sampling cost to offset estimator variance ∝ �2nc if all gates of a code have a uniform time cost, i.e., � is the same for every
type of gate. Vertical lines denote approximately the current time cost of measurement and two-qubit gates in relation to T1 coherence on
IBM devices. In reality, the time cost will fall in between measurement (M) and two-qubit gates, depending on the relative amount of those
gates for each code. Overhead assumes d rounds of syndrome extraction with a distance d code. (b) Approximate quasiprobability sampling
cost per-memory experiment. As opposed to panel (a), � here is calculated for each gate time, for the number of each gate type in each
code, representing the actual simulation. Measurement is approximated to take T1/100, while two-qubit gates take T1/1000. The uncombined
quasiprobability variance overhead is independent of T2 as the probability decomposition for T2 is always positive.

expectation value of a function f (x) on a QP distribution
q(x) is

〈 f 〉q =
∑

x

q(x) f (x). (24)

To sample from this QP distribution, a true probability distri-
bution is defined as

p(x) = |q(x)|/�, � =
∑

x

|q(x)|, (25)

where � measures the negativity of the QP distribution. The
expectation value can then be rewritten as

〈 f 〉q =
∑

x

� sgn[q(x)]p(x) f (x)q, (26)

which can be sampled using Monte Carlo methods, resulting
in an unbiased estimator for 〈 f 〉.

However, when sampling the QP distribution using Monte
Carlo methods, the variance of the estimator will grow with
the negativity of the QP distribution [36,55,56], which re-
quires more Monte Carlo shots to achieve a target precision.
For the amplitude-damping channel, the negativity is con-
trolled by the ratio τ/T1. When there are multiple quantum
channels in a quantum circuit that need to be decomposed
independently, the total negativity causes the variance to
multiply across each quantum channel,

�total =
nc∏

i=1

�i, (27)

where �i represents the negativity of each QP distribution
and nc is the total number of decomposed channels. Conse-
quently, the sampling cost must grow exponentially with both
the number of qubits and the number of amplitude-damping
error channels (the depth of the quantum circuit), to offset
the variance introduced by the unbiased estimator. Figure 2

shows the total variance of the uncombined QP distributions
when simulating different QEC codes and counting for all the
amplitude-damping error channels on each of the operations.
In Fig. 2(a), we observe that as the gate time increases (larger
error rates in each amplitude-damping channel), the sampling
overhead grows rapidly with the error strength. Furthermore,
in Fig. 2(b), we show the total variance as a function of the
number of total qubits in each code experiment. It is clear
that the sampling overhead can make numerical simulation
of large-distance codes impractical when trying to determine
logical error performance.

D. QPD on the thermal relaxation channel

With the understanding that non-Clifford channels can be
decomposed into stabilizer channels using QPD, and the cost
to do so, it is natural to seek ways to reduce the negativity
by minimizing � from the QP distribution or the number of
channels nc.

As thermal relaxation is among the most common error
mechanisms in experimental platforms, our goal is to find
a low-overhead Clifford-based representation for thermal-
relaxation error channels. Observing the decomposition of the
amplitude-damping error channel in Eq. (22), the negativity
is contributed from the Pauli-Z operation branch. However,
thermal relaxation typically includes additional dephasing
γφ �= 0, which itself can naturally be modeled as a Pauli-Z
error channel (see Sec. II A). This suggests that, by creating an
affine combination of the amplitude damping and dephasing
error channels, the overall negativity of the thermal-relaxation
channel can be significantly reduced, yielding an efficient
simulation method.

1. Zero-temperature thermal relaxation

We first consider the QPD of the thermal-relaxation error
channels at temperature zero, i.e., Eth = Epd ◦ Ead. The QPD
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of the thermal channel can be derived from Eqs. (22) and (7)
as

Eth,0 = q(th,0)
+ I + q(th,0)

− Z + pγR|0〉, (28)

where the quasiprobabilities are

q(th,0)
± = 1 − pγ ± (1 − 2pφ )

√
1 − pγ

2

= [
e−γ τ ± e−(γ /2+γφ )τ ]/2

= [
e−τ/T1 ± e−τ/T2

]/
2. (29)

From Eq. (29), the decomposed identity channel from the
thermal channel always has positive probabilities, while the
Pauli-Z channel can have positive or negative quasiprobability,
depending on the relative strength of the pure dephasing and
energy relaxation process. Specifically, when T2 � T1, qZ �
0, implying that the combined thermal-relaxation channel
admits a fully positive decomposition in this regime, remov-
ing all QPD sampling overhead. Combining the amplitude
damping with the dephasing, therefore, enables an exponential
advantage over decomposing them separately.

Importantly, this parameter regime is not only of theoreti-
cal interests, however, it is typical of many current quantum
platforms, including superconducting and semiconductor spin
qubits. In these systems, the environmental dephasing typi-
cally limits the coherence of the qubits, such that the T2 time
is comparable to T1 [57,58]. Thus, many practically relevant
quantum devices naturally fall into this “sweet spot” where the
decomposition results in a fully positive distribution, costing
no extra sampling overhead. Specifically, in the limiting case
T1 = T2, the thermal-relaxation channel further simplifies to a
pure stochastic reset process.

When T1 < T2, the decomposition is no longer completely
positive, but the affine combination can still be simulated
exactly by sampling over the quasiprobabilities. In this case,
combining phase decoherence with the amplitude damping
helps to lower the overhead, as seen in Fig. 3. Once T2 co-
herence is at the relaxation limit, i.e., there is effectively no
pure phase decoherence, the composite method converges to
the standalone relaxation stabilizer decomposition found in
Ref. [36]. This is consistent with the findings in Ref. [55],
where combining Pauli-X error channels with coherent errors
can reduce the sampling overhead.

Beyond exactly sampling from the QP distribution, in the
T2 � T1 regime, one may approximate the thermal-relaxation
channels by the reset error channel, trading accuracy for
efficiency by maintaining the complete positivity of the dis-
tribution. Specifically, we consider the quantum channel at
absolute zero

Ereset = q(th,0)
+ I + (1 − q(th,0)

+ )R|0〉, (30)

which matches the exact QPD thermal-relaxation channel in
Eq. (28) when T2 = T1. When T2 > T1, this reset channel
neglects the negative term q(th, 0)

− , and the reset probability is
rescaled.

To better quantify the accuracy of this channel, we com-
pute the process fidelity to the exact thermal-relaxation error
channel by

FE = F ((Eth,0 ⊗ I )[ρme], (E ⊗ I )[ρme]), (31)

FIG. 3. Sampling overhead for the quasiprobability relaxation
channel on a single qubit, decomposed using Eq. (28). The overhead
is measured by the negativity of the quasiprobabilistic distribution,
which is captured by �. When T2/T1 � 1, the QP distribution is com-
pletely positive, while T2/T1 = 2, there is no additional dephasing,
the overhead is the same as the QP distribution of an amplitude-
damping channel.

where ρme is a maximally entangled state defined on two
copies of the Hilbert space that the quantum channels E and
Eth,0 act on [59]. In our case, the maximally entangled state is
a Greenberger–Horne–Zeilinger (GHZ) state |00〉 + |11〉. We
compare it with the Pauli-twirled thermal-relaxation channel.
Figure 4 shows the channel fidelity gain of Ereset with respect
to the Pauli-twirled channel Eth,pta in Eq. (19). We focus on
the regime where no exact positive QPD exists, 2 � T2/T1 >

1. In the experimentally relevant regimes, the reset channel
Ereset shows constantly better channel fidelity to the exact
thermal-relaxation channel. We notice that the difference be-
tween the two error channels decreases as τ/T1 decreases.

FIG. 4. We compare the channel fidelity of the reset error and
the Pauli-twirled thermal channel to the exact thermal channel at
zero temperature. We plot the difference of the channel fidelity
	F = Freset − Fpta. In this regime, the reset channel can always give
a better channel fidelity to the exact thermal-relaxation error channel
compared to the Pauli-twirled error channel.

023134-6



SIMULATION OF THERMAL-RELAXATION NOISE FOR … PHYSICAL REVIEW RESEARCH 8, 023134 (2026)

This is because as we reduce the ratio τ/T1, the error prob-
ability decreases, which makes both the PTA and the reset
channel closer to the identity channel, thus reducing the dis-
tance between the two channels. However, the reset channel
Ereset always has better channel fidelity to the exact thermal-
relaxation channel. As the thermal-relaxation error becomes
increasingly pronounced, the advantage of the reset channel
becomes more significant. We attribute this to the fact that the
reset error channel can efficiently capture the directional bias
of the thermal-relaxation error channel in the low-dephasing
regime while the PTA channel fails (see Fig. 1).

2. Finite-temperature thermal relaxation

We now extend the decomposition to the thermal-
relaxation channel at nonzero temperature. We start from the
general amplitude-damping channels, whose Kraus operators
are given in Eqs. (12)–(14). As the Kraus operators Egad,0,1

only differ from the amplitude-damping Kraus operators by
only a constant scaling factor, this partial channel can be de-
composed similarly as in Eq. (22). The branches that describe
the thermal excitation Egad,2,3 can be viewed as an amplitude-
damping channel conjugated by Pauli-X, i.e.,

Egad = (1 − p1)Ead[pγ ] + p1X ◦ Ead[p′
γ ] ◦ X , (32)

where X is the quantum channel for the Pauli-X, and pγ

and p′
γ are given in Eq. (15). Thus, the QPD of the general

amplitude-damping channel becomes

Egad = q(gad)
+ I + q(gad)

− Z + (1 − p1)pγR|0〉 + p1 pγR|1〉,

(33)

where the quasiprobabilities are

q(gad)
± = (1 − p1)q(ad)

± [pγ ] + p1q(ad)
± [pγ ] = q(ad)

± . (34)

Including the dephasing effect into consideration, the full
finite-temperature thermal-relaxation channel becomes

Eth = q(th)
+ I + q(th)

− Z + (1 − p1)pγR|0〉 + p1 pγR|1〉, (35)

where the quasiprobabilities are

q(th)
± = q(th,0)

± [pγ ], (36)

q(th, 0)
± is given in Eq. (29), and the thermal relaxation and ex-

citation probability pγ are defined in Eq. (15). We notice that
compared to the zero-temperature thermal-relaxation channel,
the negativity of the distribution remains the same as the zero-
temperature thermal channel with the same pγ , indicating that
higher temperatures do not increase or decrease the sampling
cost. In the high-temperature limit where kbTb � h̄ω, 〈nb〉 �
1, making the probability of the excited state p1 ∼ 1/2. In this
regime, the thermal relaxation tends to thermalize toward the
maximally mixed state (|0〉〈0| + |1〉〈1|)/2 and the directional
feature is lost. The thermal-relaxation channel can be exactly
represented by the PTA. However, for experimentally relevant
thermal bath temperature kbTb < h̄ω, the reset error channel
can still be a good approximation to the thermal-relaxation
error channel,

Ereset = q(th)
+ I + (1 − q(th)

+ )(1 − p1)R|0〉 + (1 − q(th)
+ )p1R|1〉.

(37)

FIG. 5. The channel fidelity gain of the reset-based Clifford
channel to the PTA channel to approximate a finite-temperature
thermal-relaxation channel. We set T2 = 1.5T1. We sweep the excited
state population up to p1 = 0.1. To give a more intuitive under-
standing of experimental relevance, we compute the corresponding
thermal temperature assuming the qubit frequency is 5 GHz, which
is labeled on the right.

In Fig. 5, we plot the channel-fidelity improvement of
the reset-based model relative to the PTA channel with finite
temperature. We focus on the regime p1 � 0.1, correspond-
ing to kbTb/h̄ω ∼ 0.45. For a 5 GHz superconducting qubit,
this corresponds to a bath temperature of approximately Tb ∼
109 mK. We take T2/T1 = 1.5 as an example. Across this
regime, the reset model consistently achieves higher channel
fidelity to the finite-temperature thermal-relaxation channel
than the PTA channel. As the thermal temperature increases,
however, the advantage of the reset model gradually dimin-
ishes, consistent with the analysis above. We provide further
analysis by directly simulating a small Steane code in Ap-
pendix B, connecting the improved fidelity of the reset-only
model to an improved approximation of logical error rate
under the actual noise channel.

III. NUMERICAL ANALYSIS OF QUANTUM MEMORIES
UNDER THERMAL ERROR

Superconducting qubits are both well established and
a promising avenue for scaled quantum computers [60].
Practical developments in multiple QEC directions on super-
conducting qubits have been made, including planar codes and
quantum low-density parity check codes [6,7,61]. The rotated
surface code [14] and bicycle-bivariate QLDPC [21] are two
particularly promising code variants toward fault tolerance.
Rotated surface code offers an efficient planar layout with
well-understood operators, while BB code offers a very high
encoding rate with minimal layers of connectivity to support
the sparsity necessary for QLDPC. Understanding the code per-
formance under realistic noises, especially thermal relaxation,
can greatly help to optimize the code design and support the
experimental realization.

Prior studies have investigated small to medium sur-
face code performance under thermal relaxation with PTA
[34,35]. For distance-3, comparisons with the exact thermal
relaxation using density-matrix simulation were also per-
formed [24,35,42]. PTA in these simulations was found to
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TABLE I. Median coherence times (T1 and T2) of IBM Heron
QPUs [62]. Superconducting qubits are one example where T1 tends
to exceed T2, although coherence times can vary significantly on
current devices.

Device T1 (µs) T2 (µs) T1/T2

Boston 275.27 338.82 0.81
Fez 142.41 98.43 1.45
Kingston 261.36 131.93 1.98
Marrakesh 185.77 104.16 1.78
Pittsburgh 300 324.17 0.93
Torino 183.67 131.48 1.40
Average 242.75 188.165 1.29

have a 2–10× overestimation of error depending on the code
and error parameters. Even distance-3 codes are difficult to
fit within the density-matrix simulation. For previous studies,
syndrome qubits were reused to “truncate” the code, which
does not preserve the time order that physical surface codes
are measured in. Surface codes larger than distance-3 have
too many data qubits for exponential methods with or without
truncation to be practical.

On the side of QLDPC codes, the noise performance of the
BB code is thus-far under investigated. BB codes with the best
encoding rate are out of reach for density-matrix simulation.
To our knowledge, the BB code logical error rate simulation
has only been performed using uniform depolarizing errors to
fit existing stabilizer simulators. BB codes beyond [18, 4, 4]
are targeted for fault tolerance and high encoding rates, but
are far too large for simulating thermal noise with exponential
methods. By using the decomposition model discussed in
Sec. II D to simulate T1 and T2 errors with stabilizer sampling,
we are able to explore targeted QLDPC codes and preserve
syndrome qubit layouts with both accuracy and efficiency.

It happens that transmon qubit technology tends to fall
within T1 ≈ T2, and thus can be simulated under composite
stabilizer decomposition with good efficiency and accuracy.
Table I provides coherence times at the time of writing for
the current generation Heron processors, which vary with cal-
ibrations and individual operations. Current transmon-based
hardware has T 2 ∼ T 1 with fluctuations. To perform very
precise qubit-by-qubit noise simulation, the combined ther-
mal noise channel can be applied to most qubits where T1 �
T2. Outlier qubits can then be well approximated using the
reset channel in Sec. II D or simulated exactly by quasiprob-
ability sampling the reduced-cost combined channel. The
reduced-cost channel results from some pure phase decoher-
ence reducing the negativity in Eq. (35). In the reduced-cost
case, the total simulation overhead is the product of the re-
spective reduced negativity (reduced �) for each qubit where
T1 < T2. In our numerical investigation of the surface and BB

codes, we assume T1 = T2 for simplicity. So long as T1 � T2,
the combined decomposition method has both exactness and
good efficiency.

In the rest of this section, we adopt the thermal-relaxation
error model developed in Sec. II D and integrate it into our
highly efficient Clifford simulator. Section III A introduces the
simulator and experimental settings. The surface code and BB

code logical performances are reported in Secs. III B and III C,
respectively.

A. Clifford simulator

To perform these simulations, we use a stabilizer simulator
[63] with MPI and GPU support for many-shot simulation
and large-code speedup. Like other state-of-the-art simu-
lators, including Stim [28], our simulator is derived from
the stabilizer and destabilizer tableaus introduced in CHP:
CNOT-Hadamard-phase simulator [26]. Thermal relaxation
and decoherence errors are modeled as probabilistic gates
injected into the circuit during significant timesteps and idles.
Every error gate performs its own Monte Carlo roll via ran-
dom number generation to choose between potential Clifford
or reset operations based on the stabilizer decomposition
probability distribution. For T1 � T2, the thermal relaxation
can be exactly decomposed into a probability distribution,
inducing no sampling overhead. When T1 < T2, the negativity
in the QP distribution can be handled in two ways: (1) the QP
distribution can be sampled exactly with a smaller exponential
number of shots by renormalizing the QP distribution to the
corresponding probability distribution shown as in Eq. (26),
or (2) the thermal-relaxation channel can be approximated by
the reset channel introduced in Eq. (30), and sample it using
Monte Carlo methods when the sampling cost is a concern.

Our framework provides a few standout differences for
QEC simulations versus Stim [28]: (1) Stim is optimized
for distributing single-thread CPU performance; however,
large stabilizer tableaus can be greatly sped up with GPU
parallelization, and (2) the Pauli frame tracking that under-
lies Stim’s fast sampling in noisy simulations cannot admit
probabilistic reset operations, limiting it to Pauli-twirled ap-
proximations only. For the numerical simulations here, we
distribute shots with MPI across CPU threads to probe lower
error rates. Our CPU simulator provides better performance
versus GPU in the tens to low hundreds of qubit range that
single logical-qubit memories will use [63].

B. Rotated surface code

Rotated surface code fits the design constraints of local
connectivity for planar superconducting hardware architec-
ture while saturating the Bravyi-Poulin-Terhal bound in two
dimensions [64]. It uses fewer resources than the planar
surface code, and supports universal logical operations via
state injection and lattice surgery [65]. To understand how
a rotated surface code would perform as memory under ex-
act thermal relaxation, we apply the thermal-relaxation error
channels before measurement operations. This is because the
measurements are typically much slower on superconducting
devices than one and two-qubit gates, and it is the most heav-
ily affected by the thermal-relaxation errors. We specifically
focus on thermal channels under PTA and the exact channel
with the error model discussed in Sec. II A. This application
of noise focuses on the incoherent effects of relaxation and
decoherence, complementing recent work on better modeling
for coherent gate noise [55].

In Fig. 6, we investigate rotated surface code memories,
with particular interest in larger distance codes to understand
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FIG. 6. Rotated surface code |0〉L [panel (a)] and |+〉L [panel (b)] memory experiments (rounds = distance) decoded using minimum
weight perfect matching, 107 shots per data point. We only track the thermal-relaxation errors during the syndrome qubit measurement, whose
time (τ ) is scaled by the device T1. We calculate the LER (per experiment) of the surface code with the exact thermal-relaxation error channel
(solid lines) and the channel under PTA (dashed lines). Error bars show a 95% confidence interval for the number of logical errors given 10
million shots.

how performance scales under our exact model. We simulate
the logical performance of surface code with distance d = 3,
5, 7, and 11. In each memory experiment, we run d rounds
of syndrome checks and use the minimum-weight-perfect-
matching (MWPM) decoder to decode the syndromes and
solve for the logical error rates. The LERs under thermal re-
laxation when the code block is in logical |0〉L [Fig. 6(a)] and
logical |+〉L state [Fig. 6(b)] are computed. Since measure-
ment dominates the idling time in superconducting systems,
thermal errors are injected on all qubits while they await
measurement extraction on syndrome qubits. We observe that
PTA channels often predict the code performance reasonably
with a constant offset, consistent with the previous study [24].
However, with access to low error rate and large-distance
regimes, we find scaling is not perfect. When the logical state
is |0〉L, the PTA channel underestimates the LER, while in the
state |+〉L, the PTA overestimates.

By undergoing a nonuniform channel like thermal relax-
ation, codes will perform differently based on the logical state
stored. On hardware, classical Pauli frame tracking and other
runtime techniques will be used to minimize unnecessary
physical Pauli operations and make the quantum computation
as effective as possible. The rotated surface code experiments
shown in Fig. 6 act differently with the same damping models,
as the data qubits initialized in Z and X can accumulate errors
for many rounds of syndrome measurement without being re-
set. In low-distance Z-memory experiments, where the overall
error probability is low, random bit flips on the data qubit
are more easily decoded since our MWPM decoder cannot
account for the state precession toward |0〉 in its priors. With

the data qubits initialized in a |+〉 state for X memory, decoder
performance is more consistent with error rate and distance.
In this case, noise bias from damping is only one component
of undetected logical errors in data qubits. Probabilistic phase
flips that arise from pure phase decoherence can be accounted
for in MWPM priors such that the LER from PTA and stabi-
lizer decomposition channels match.

In Fig. 7, we plot the average excitation of the surface
code block when the code block is in logical states |0〉L, |1〉L,
and |+〉L. We noticed that the excited state population of the
logical |0〉L and |+〉L states differs only slightly, indicating
that their LER differences are driven primarily by the MWPM
decoder’s response to the noise bias, rather than by the small
differences in excited state population. A distance d rotated
surface code requires a minimum of d qubits to support a
logical operator, meaning a logical |1〉L state memory can be
constructed such that the typical excited state population is
very close to the logical |0〉L state. In testing LER curves for
both error models in the |1〉L state are nearly identical to the
curves in the |0〉L state (see Appendix A). The difference in
scaling between memory states in Fig. 6 suggests that noise
bias-aware decoding will be necessary in codes that can be
solved with generalizations of MWPM.

C. Bivariate bicycle code

Bivariate bicycle code is a high encoding rate QLDPC

scheme with minimal overlapping connection layers, help-
ful for superconducting architectures. BB code is not yet
known to support universal quantum operations on its own;
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FIG. 7. Excited state population of the rotated surface code block
when the code is in logical |0〉L , |1〉L , or |+〉L state. We include
both the data and syndrome qubits after the logical state preparation
circuit for each logical state. By not postselecting any syndrome
check outcomes, all the possible realizations of the same logical state
are effectively being averaged. The generation circuits are shown in
Appendix C. Each point uses 10 million samples.

however, as a memory, it is capable of suppressing logical
errors very effectively with small improvements in physical
error rate, creating an efficient fault-tolerant universal archi-
tecture via lattice surgery with other codes [20,66]. Previous
studies developing and introducing these codes have primar-
ily used uniform depolarizing errors [21] for simplicity and
simulation performance.

Sparsely connected codes like BB code cannot be decoded
with the same minimum weight matching graph method com-
monly employed for surface code and other locally connected
codes. Instead, the state-of-the-art decoding algorithm for BB

codes is belief propagation (BP), which propagates informed
messages along the edges of the parity check Tanner graph
[67]. BP decoding is often followed by ordered statistics
decoding (OSD) refinement, which refines the BP output by
flipping the least reliable bits and checking candidate error
patterns at a combinatorial time cost [68]. In our study, we use
BP-OSD with up to 1000 BP iterations and 10 OSD iterations
as a common baseline decoder to compare the composite
thermal-relaxation error model against the PTA.

In Fig. 8, we investigate the impact of the thermal-
relaxation error on the high-encoding-rate BB code memories.
Similar to the surface code experiments, we perform d
rounds of syndrome extraction for distance d codes. Thermal-
relaxation errors are injected before each measurement round
to all the qubits. The resulting syndromes are processed us-
ing the BP-OSD decoder [69,70] to numerically compute the
LER. The PTA thermal-relaxation channel shown in Fig. 8
serves as a baseline for real thermalization performance, while
previous studies use uniform depolarizing errors without a
direct connection to noise. The decomposed channel shows an
offset from PTA, with approximately 1.5–2× lower error rate
relative to PTA, consistent with the trends observed in surface
code experiments.

In BB codes, different logical qubits can share subsets
of data qubits, determined by the generating polynomials

FIG. 8. The LER (per experiment) of bicycle bivariate code
memory experiments (rounds = distance) decoded with BP-OSD
decoder. During each round of syndrome extraction, measurement
resets are preceded and followed by thermal-relaxation channels,
with measurement duration τ . LERs obtained using the exact thermal
relaxation are shown as solid lines, while those using the PTA chan-
nels are plotted as dashed lines. Error bars show a 95% confidence
interval given 5 million samples.

of the code. This code structure disperses errors across the
physical qubits, reducing the likelihood that a small number
of localized faults produce a logical failure, but at the cost
of increased connectivity and a more demanding decoding
procedure that benefits from numerical refinement.

For the purpose of error modeling, we find that this dis-
bursement aggregates to a nearly constant offset between the
LER of the PTA channel and the exact thermal-relaxation er-
ror channel, similar to what was found in earlier low-distance
surface code studies. OSD refinement can further smooth out
logical error behavior by correcting unreliable bits, e.g., a
qubit that has decayed and no longer has the expected be-
havior in future parity checks. Additionally, when comparing
the LER of the BB code with that of the surface code under
realistic thermal-relaxation noise, we observe that the BB code
can achieve comparable or even lower logical error rates while
encoding substantially more logical qubits, highlighting the
advantages provided by its high encoding rate.

IV. DISCUSSION

This work demonstrates that combining amplitude damp-
ing and dephasing into a unified thermal-relaxation channel
can substantially reduce or even eliminate the QP sampling
overhead required for exact simulation of non-Clifford noises.
This finding opens several interesting avenues for further
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research in both theoretical understanding and large-scale
simulation of realistic quantum error-correcting codes.

A natural extension of this work is to incorporate nonuni-
form, qubit-wise thermal noise models into the stabilizer
simulation framework for better characterizing the hardware
performance in QEC code implementations. Real devices ex-
hibit spatial and temporal varying coherence properties. An
efficient stabilizer simulator that can incorporate hardware-
specific, qubit-wise T1 and T2 values from device calibration
data and apply distinct thermal-relaxation errors to each qubit
would enable substantially more accurate predictions of the
QEC code performance, especially the logical error rates.

Our findings also connect to the broader questions of the
robustness and magic of the quantum channels. Recent work
by Howard et al., building on the robustness of the quan-
tum channels [71,72], showed that compositing coherent error
channels and Pauli error channels can reduce the channel
robustness and the overhead for simulation, which our work
is consistent with Ref. [55]. This opens up a question: What
other useful channels, previously thought of as too sophisti-
cated for stabilizer simulation, can this technique be applied
to? While we focus on relaxation and decoherence for this
work, there are other physical processes that continuously
affect qubit operation and can potentially be efficiently sim-
ulated by combining with other operations. This requires
a systematic framework for identifying and optimizing the
combinations to expand the capability of classical simulators.
Furthermore, it is possible that commonly reused non-Clifford
gate blocks, which contain a lot of magic can be combined
in such a way that makes a minimally negative non-Clifford
channel. If these channels can be combined with little neg-
ativity, there could be shortcuts in algorithm design, or at
least a rethink of the most critical advantages that quantum
computing brings us.

On the applications side, the approximate thermal-
relaxation models developed here, such as the reset-based
approximation, may also prove valuable for decoder design,
training, and calibration. Recent development of machine-
learning-based decoders shows great advantages in decoding
speed and scalability to larger systems [73,74]. Using PTA
or reset channels as pretraining models could help adapt
decoders to the biased noise channels from the thermal re-
laxation and to hardware realities. Such noise modeling may
improve logical performance in thermal-noise regimes.

From a theoretical perspective, the connection between
channel-level metrics (e.g., channel fidelity, state distance)
and logical-level properties (e.g., error threshold, bias sen-
sitivity, or error suppression rate) remains incompletely
understood. Establishing quantitative relationships between
microscopic channel structure and macroscopic fault-tolerant
behavior would provide a principled foundation for noise-
tailored code design and decoder optimization.

Recent ongoing efforts in rare event simulation may also be
helpful in combination with more accurate error modeling to
investigate fault-tolerant designs. Higher-distance codes pre-
sented in Figs. 6 and 8 require tens of millions or more shots
to encounter a logical error, even given the relaxation and
measurement times of only current superconducting qubits,
which are still improving. Many-shot fast stabilizer simula-
tion and distribution via Sinter and Stim [28] have played a

significant role in enabling works up to this point. However,
for large fault-tolerant operations including lattice surgery
between logical qubits, works in recruiting parallelization for
single-shot speedup [63] and circuit-level rare event simula-
tion [75] are promising for the viability of future quantum
error-correction work.

V. CONCLUSION

In this work, we developed a stabilizer-compatible method
for efficiently simulating the thermal-relaxation error chan-
nels by combining amplitude damping and dephasing into
a unified channel. We showed that in the experimentally
relevant regimes T2 � T1, this composite error channel ad-
mits a completely positive Clifford decomposition with
no quasiprobability sampling overhead. This decomposition
enabled efficient and scalable simulation of realistic thermal-
relaxation processes within the stabilizer frameworks for QEC

study and beyond.
Using this approach, we integrate the thermal-relaxation

error channels into our GPU-accelerated stabilizer simula-
tor and perform large-scale simulations of QEC codes to
understand their logical performance under realistic noise
conditions. We focused on superconducting qubit platforms
where the qubits’ T1 and T2 times fall within the sweet spot
of the Clifford decomposition. We investigated the logical
performance of the two most promising QEC codes in super-
conducting platforms, i.e., surface codes and the BB code, and
compared their noisy performance with the channels under
PTA. Across memory experiments for both code examples,
we observe that PTA can misestimate logical error rates by
2–10× in either direction, depending on code distance and
code type. We also observed that the rate of error suppression
with exact thermal relaxation could depend on the logical
states of the code block, which we attribute to the decoder
given the closeness in excited state population.

In the regime where T2 > T1, we further introduced a reset-
based approximation to the thermal-relaxation error channel.
In this regime, we have shown that this reset approximation
can consistently outperform the PTA while maintaining the
complete positivity of the decomposition and compatibility
with the stabilizer simulation framework. This model provides
a practical route for realistic noise simulations without the cost
of the full sampling overhead of QPD.

These results establish a practical route for incorporat-
ing physically realistic thermal-relaxation noise into fast
stabilizer-based simulation frameworks. Approximations that
preserve Clifford compatibility while more accurately cap-
turing the intrinsic bias and directional structure of thermal-
relaxation noise can play an important role in designing and
assessing quantum error-correction codes for fault-tolerant
quantum computing.
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FIG. 9. The logical error rate of the surface code memory exper-
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states (hollow markers).

FIG. 10. Decoded Steane code memory comparing the exact
Kraus channel to the reset approximation introduced in Sect. II D
and Pauli-twirling approximation discussed in Sec. II B. Direct sim-
ulation of a small example allows us to connect the better channel
fidelity shown in Fig. 4 to a closer approximation of code perfor-
mance under the true noise channel. Each state vector point uses
2000 samples, while the stabilizer-compatible methods are sampled
with 10 000 shots each. The bottleneck of this analysis is state vector
sampling.

FIG. 11. Logical state preparation circuit for state |0〉L .
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APPENDIX A: LER OF SURFACE CODE LOGICAL
|0〉L AND |1〉L STATES

In Fig. 9, we show the comparison of the LERs of the
surface code memory experiments when the code is in state
|1〉L and |0〉L. We observe that the performance of the logical
|1〉L state is nearly identical to the logical |0〉L state under both
noise methods.

APPENDIX B: CONNECTING IMPROVED CHANNEL
FIDELITY TO CLOSER LER APPROXIMATIONS

In Sec. II D, we introduce a reset-only decomposition ap-
proximation that has better channel fidelity to true relaxation
versus Pauli-twirling approximation. This approximation is
relevant when T2 < T1 � 2T2, i.e., where there are not enough
decoherence errors to make the combined distribution entirely
positive. Although this regime is not efficiently simulable as
discussed in Sec. II C, for very small codes, exact methods are
possible to determine baseline performance.

As a concrete example to connect the channel fidelity im-
provement to closer LER approximations, we simulate a three

round Steane code memory decoded with Chromobius [77],
using three different methods of sampling. First, we simulate
the exact Kraus channel in Eq. (5) using state vector simula-
tion. Then, we simulate the reset approximation in Eq. (30)
and PTA in Eq. (20). We then calculate the logical error
rate of the final logical observable after each error modeling
method. Error injection in Fig. 10 is performed the same way
as in Figs. 6 and 8, that is, applying the relaxation channel
around measurement blocks. However, relaxation in Fig. 10 is
simulated at the limit T1 = 2T2. At this worst-case scenario,
the combined QPD would provide no advantage as there is no
pure dephasing to reduce the negativity in Eq. (35).

APPENDIX C: CODE BLOCK OCCUPATION CIRCUIT

In Fig. 11, we provide the circuit we use to compute the
average occupation of the surface code block when the logical
state is |0〉L. We initially prepare all the physical qubits in
state |0〉 and then perform one round of syndrome checks. At
the end of the circuit, Pauli-Z measurements are performed
on all the qubits, including the data and syndrome qubits, to
compute the average excitation probability. We do not perform
postselection on the outcomes of the syndrome qubits, and
hence it is an average of all the possible physical realizations
of the logical state |0〉L. The other two logical states, |+〉L and
|1〉L, are prepared similarly.
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