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Compilation optimizes quantum algorithms’ performances on real-world quantum computers. To date, it
is performed via classical optimization strategies. We introduce a class of quantum algorithms to perform
compilation via quantum computers, paving the way for a quantum advantage in compilation. We demonstrate
the effectiveness of this approach via quantum and simulated annealing-based compilation: We successfully
compile a Trotterized Hamiltonian simulation with up to 64 qubits and 64 time steps and a quantum Fourier
transform with up to 40 qubits and 771 time steps. We show that, for a translationally invariant circuit, the
compilation results in a fidelity gain that grows extensively in the size of the input circuit, outperforming any

local or quasilocal compilation approach.
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I. INTRODUCTION

Executing a quantum algorithm on a real-world quantum
computer with limited resources and efficiency necessitates
a compilation process. The compilation generates a circuit
implementation of the algorithm that minimizes errors or
run-time when executed on the specific hardware, e.g., using
the native gate set [1-3]. However, even simple compilation
instances have been proven NP-complete through reduction
to SAT [4], requiring approximated solutions. Numerous clas-
sical approaches have been proposed to heuristically address
the compilation of quantum algorithms, both with a hardware-
agnostic approach [5-20] and taking into account various
platform-dependent error sources [3,21-25].

Assuming that the development of quantum computers
will follow the trajectory of classical computing, they will
eventually achieve the scalability and precision necessary
to compile quantum algorithms, just as classical comput-
ers successfully compile classical algorithms [26]. To date,
there is no strategy to compile quantum circuits with quan-
tum computers. Motivated by the computational advantage
demonstrated by quantum algorithms in solving some combi-
natorial optimization instances [27-29], we propose a general
paradigm for designing quantum compilers, i.e., quantum
algorithms executed on quantum devices to compile other
quantum algorithms, laying the groundwork for a potential
quantum speedup in the compilation of quantum circuits.
We frame the circuit compilation problem as a ground-state
search of a many-body infidelity Hamiltonian H; diagonal
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in the computational basis. This Hamiltonian accounts for
the errors affecting the circuit execution on the hardware—
optimization task—and enforces constraints that ensure the
circuit is composed entirely by native gates—compilation
task. To this aim, each quantum circuit is encoded into a state
of the computational basis of a lattice of qudits, as shown in
Fig. 1. The ground state of Ay encodes an optimal equivalent
quantum circuit, representing the best arrangement of qubits
and gates to minimize infidelities while producing the same
quantum computation. This encoding enables the exploitation
of different quantum algorithms to search for the ground state,
i.e., quantum annealing (QA) [30-35], optimal control (OC)
[36—42], and quantum approximate optimization algorithm
(QAOA) [43-47].

Different from standard optimization, the search space is
crucially constrained to the set of many-body states repre-
senting equivalent circuits, i.e., circuits that implement the
same unitary operator. To enforce this constraint during the
quantum optimization, we evolve the state only through
Hamiltonians that transform circuits by replacing small sub-
circuits with equivalent ones [see Figs. 1(a) and 1(b)]. We first
focus on QA and validate the QA-based quantum compiler
by classically simulating the compilation of the circuit in
Fig. 1(c) via tensor networks (TNs) [48-54]. As it should
be, the final probability of sampling the global optimal cir-
cuit increases monotonically with the annealing time (Fig. 2).
To address larger circuits, we implement simulated anneal-
ing (SA)-based compilation, assuming its performance as
a lower bound to QA. We compile quantum circuits run-
ning on a two-dimensional quantum processing unit (QPU)
with parametric gates and long-range crosstalk with up to
64 qubits. The gain obtained by this compilation process
scales extensively, demonstrating that this approach fully
exploits the many-body nature of the compilation prob-
lem: The compilation of the global circuit is more efficient

Published by the American Physical Society


https://orcid.org/0000-0001-8219-5806
https://orcid.org/0000-0001-7658-3546
https://orcid.org/0000-0002-3215-3453
https://orcid.org/0000-0002-3806-2034
https://orcid.org/0000-0002-8882-2169
https://ror.org/00240q980
https://ror.org/00z34yn88
https://ror.org/032000t02
https://crossmark.crossref.org/dialog/?doi=10.1103/hcz4-nv2y&domain=pdf&date_stamp=2025-09-22
https://doi.org/10.1103/hcz4-nv2y
https://creativecommons.org/licenses/by/4.0/

DAVIDE RATTACASO et al.

PHYSICAL REVIEW RESEARCH 7, 033268 (2025)

(a) (b)

ai O/

—_— s TS~
OPERATOR:

(L)
S CZp

EQUIVALENCE:
move Hadamard

Optimal circuit Cz:

Uncompiled input circuit Cx: = min, lcircuit
LS

linput

cz czl{E}— q0
CZ HfCZ} ql
CZ H q2

A

FIG. 1. Many-body mapping of the compilation problem. The
quantum circuit in panel (a) is mapped to the state of a lattice of
qudits (spheres) in panel (b). Each internal state of a qudit represents
a possible gate, e.g., Hadamard, CZ control, CZ target, or a fictitious
idle gate. The local state of the qudit at site (¢, g) represents the
gate acting at the time step ¢ on the qubit g. The transformations
(green dashed box) replacing equivalent subcircuits are embedded in
operators that update the states of adjacent qudits. Panel (c) sketches
the circuit compilation executed as a ground-state search via quan-
tum annealing, simulated annealing, optimal control, or QAOA. Both
global optimal and suboptimal circuits can be generated. The Circuit
C, is the compiled version of Circuit C; (see main text).

than what is obtained via combining quasilocal compiled
circuits.

Beyond circuit compilation, the methods introduced in this
work open up the possibility of quantum optimization of
equational theories [55]. These formal systems automate the
exploration of semantically equivalent symbolic expressions.
Relying exclusively on the replacement of subexpressions,
they serve as a fundamental component of symbolic algebra
algorithms.
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FIG. 2. Quantum annealing-based compiler. Expectation value
of the infidelity improvement Iy = 1 — Ioy/Jinpu as a function of the
annealing time (left y axis). Probability P; of obtaining an equiv-
alent globally optimal circuit (right y axis). The input circuit and
the optimal circuit are depicted in Fig. 1(c). The optimal infidelity
improvement refers to the optimal output circuit.

II. METHODS

In this section, we show how the circuit compilation
problem can be approached using quantum optimization tech-
niques. In Sec. I A, we define a hardware-aware classical
cost function that maps each candidate circuit to the expected
infidelity incurred when executing it on the target hardware.
In Sec. IIB, we describe how to encode quantum circuits
as states of a many-qudit system. Section IIC introduces a
Hamiltonian encoding of the infidelity cost function, while
Sec. IID presents a Hermitian operator representation of the
circuit equivalence rules. Finally, in Sec. II E, we demonstrate
how the dynamics generated by the equivalence operators
can be used to drive a quantum optimization process that
minimizes the infidelity without altering the unitary operation
implemented by the circuit.

A. Infidelity cost function

The objective is to find a circuit C that implements a target
quantum algorithm while minimizing a given cost function,
i.e., the infidelity, denoted as 1(C). Each circuit C represents
a sequence of instructions (G, , g) that specify the gate G
applied at the time step ¢ to the qubit g. We assume that
the successful executions of different gates are independent
events, implying that the total success probability of the circuit
is the product of the individual gate fidelities [3]. Aiming
to compile large quantum circuits, we also expect gate in-
fidelities to be small, i < 1. Upon these assumptions, one
can maximize the circuit fidelity by minimizing the sum of
the infidelities affecting the native gates. Specifically, the infi-
delity induced by the execution of the gate G on the qubit ¢ is
approximated by the sum of the infidelity ig of the gate when
executed alone, and the crosstalk contributions xg(||lg — ¢'||)
accounting for the additional infidelity that affect each couple
of qubits ¢ and ¢’ involved in the simultaneous application of
crosstalking gates. We also need to consider an infidelity izg10
for idle qubits, e.g., due to dephasing or decay. Under these
assumptions, in Appendix A we show that the total infidelity
of C is given by

I(C) = Z

(G,1,q)eC

i+ Y xllg—41)

q'|G(1,4")=G

+ Z i1dle; (D

Idle(t,q)

where ig, x¢(|lg — ¢'|), and i1q1 depend on the target hard-
ware and are fixed parameters for the compiler.

B. Encoding quantum circuits in quantum states

The number of candidate circuits to minimize infidelity
grows exponentially with the number of qubits Ny and the
number of time steps Ny required to implement the target
algorithm. We map each quantum circuit C to a quantum
state |C). For any QPU with physical qubits arranged on an
n-dimensional lattice, we encode circuits in the states of the
computational basis within a (1 + n)-dimensional lattice of
qudits. The first coordinate ¢ denotes the time step, while
the other coordinates define a vector q that indicates the
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position of the qubit in the n-dimensional QPU lattice. As
shown in Fig. 1(b), each lattice site (¢, q) is then associ-
ated with a d-dimensional local configuration space {|G)| G €
{Idle, Gy, ..., Gy}}, where each state represents a gate exe-
cuted at time step ¢ on qubit . The |Id1le) state indicates that
qubit q is idle. Circuits composed of less than Ny time steps
are encoded in computational basis states with some entirely
idle time steps |Idle),; ® - -- ® |Idle), n,. These idle time
steps are assumed to be skipped during circuit execution. The
space spanned by the computational basis representing all
possible circuits is then the Hilbert space H = (C%)NexNr

C. The infidelity Hamiltonian

We define the infidelity Hamiltonian H that associates with
each circuit state |C) the infidelity I(C) = (C|H;|C). To this
aim, we introduce the operator g}, , that creates the gate G at
the lattice site (¢, g), whose vacuum state is the Id1le gate, and
acts trivially on the other sites:

gt E ® 1L, o ® |G); 4(idlef; 4. ()
1L qI#q

Any n-qubit gate is created (annihilated) by the action of n
creation (annihilation) operators. Then, H; yields

ZIGth+ Z ZXG(Q Q)thth

1,9.6' q'#q

— Noirare Y X) Tdle, . 3)
t o q

where G, , := gj ¢8t.q has the role of the number operator at
the lattice site (¢, g) for the gate G. The parameters ig, Xg,
and i1q1 encode sources of infidelity specific to the target
hardware. The first term in Eq. (3) is a single-body operator
encoding the infidelity of each gate when executed alone,
including the infidelity of idle qubits. This term also enables
the suppression of non-native gates that may be present in the
input circuit by assigning them a high fictitious infidelity. The
second term, a two-body interaction, estimates the contribu-
tion of crosstalk. The last term is necessary to minimize the
circuit depth by enforcing parallel gate execution. It maxi-
mizes the number of completely idle time steps, which can
then be skipped during the execution of the circuit. More gen-
erally, we can encode various classical functions of the circuit
into the Hamiltonian A, such as depth or energy consumption.
These will remain important metrics even in the fault-tolerant
era.

D. Circuit equivalences as Hermitian operators

We leverage quantum optimization to target the equiv-
alent circuit that minimizes the expectation value of Hj
while implementing the same unitary operator. We define a
subcircuit as any block of adjacent gates in the lattice of
qudits. Starting from the original input circuit, we explore
equivalent circuits by applying a set of invertible transforma-
tion rules € := {T = (CI", <> C%)} that replace a subcircuit
Cin with an equivalent one C2% acting on the same qubits
and time steps. For example, they can include transforma-
tions that swap the execution times of commuting gates or

transformations that replace non-native gates with a combina-
tion of native gates. The transformation rules used hereafter
are reported in Appendix G. Despite their validity, which can
be verified through the unitary representation of the involved
subcircuits, these rules are not known to form a complete
equational theory; i.e., they may not be able to generate all
possible equivalent circuits. Finite and complete sets of rewrit-
ing rules have recently been established [56,57]. Any finite
set of rewriting rules can be incorporated into our paradigm.
We create (annihilate) subcircuits by acting with clusters of
gate creation (annihilation) operators and label them via the
first time step and qubit (¢, ¢) they are acting on. The creation
operator for a subcircuit C b at (7, ) is then

_ () st
= Qe “

t'.q

—
C?ub(ta C])

where 0 <t' < Nj, 0< ¢ < NS, and N# and NS are the
number of time steps and qubits included in the subcircuit
C4,. GA"9 is the gate executed at time ¢ and qubit g in C2
Finally, a transformation rule 7 =
to the operator

sub*

(Cn, <> C%) corresponds

7= Z ng,;(r q) ;ub(z,q)+H.c. 5)
t<Nr—NP,
q<Ng—Nj

that replaces any subcircuit CI, with C%, and vice versa.
Here, we assume that transformations act uniformly on the

entire lattice.

E. Compiling via quantum optimization

The optimally compiled circuit can now be singled out
on a quantum computer by leveraging ground-state search
algorithms such as QA, QAOA, and OC. In the following,
we focus on QA-based quantum compilation. The lattice of
qudits is initialized in the separable state representing the
input circuit. We first prepare a superposition of equivalent
circuits by driving the adiabatic transition from the ground
state of the single-site Hamiltonian Hy, i.e., the input circuit,
to the ground state of the driving Hamiltonian Hy = Y ree T.
Finally, from the superposition state, we obtain the optimally
compiled circuit as the ground state of the infidelity Hamil-
tonian H; by slowly turning off the driving Hamiltonian. The
QA scheme reads

o (1- %)ﬁo + %de if0<r <3, (6)
) =
2-I)H+ (X2 -1DH, ifi<r<r.

We stress that the dynamics induced by H(¢) is, by con-
struction, constrained within the set of equivalent circuits.
Indeed, the driving Hamiltonian H,(¢) never couples states
corresponding to nonequivalent circuits. Consequently, H (t)
is block diagonal, with each block acting exclusively on
the subspace spanned by a family of equivalent circuits.
Since H(¢) is a combination of local and sparse Hermitian
operators, it can be efficiently simulated with a universal
quantum computer [58,59] (see Appendix B for details on the
implementation).
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III. NUMERICAL RESULTS

This section presents a numerical validation of our com-
pilation framework. In Sec. III A, we simulate quantum
annealing-based compilation using tensor network tech-
niques, showing that the probability of sampling optimal
equivalent circuits increases with the annealing time. In Sec.
IIIB, we apply a simulated annealing version of the pro-
posed algorithm to tackle larger compilation instances. Our
results reveal the presence of local minima in the cost land-
scape and further motivate the use of quantum optimization
techniques.

A. Quantum annealing

To validate this protocol in a simple setting, we con-
sider a device consisting of a chain of four qubits with
nearest-neighbor connectivity and the set of native gates {H,
CZ, SWAP}. The one-dimensional input circuit is depicted in
Fig. 1(c) and includes six time steps. The optimization prob-
lem is encoded in an 8 x 4 qudit lattice: the two additional
steps at the beginning and the end of the computation are
included to allow for swap operations. This allows for an
automated search of the optimal qubit labeling. The specific
gate infidelities and the local equivalence rules defining the
driving Hamiltonian are listed in Appendix G, along with all
details about the examples illustrated hereafter.

To transform the original input circuit into the compiled
circuit shown in Fig. 1(c), the adiabatic dynamics generated
by the operators 7 and H; combine many quantum state
transitions encoding diverse circuit transformations. Specifi-
cally, the dynamics (i) reschedules the execution time of the
different gates, (ii) creates and destroys pairs of CZ and H
gates that are equivalent to the identity, (iii) synthesizes SWAP
gates from equivalent subcircuits composed of many CZ and H
gates, and (iv) moves the SWAP gates to the first and last time
steps. This last mechanism is enforced by a penalty term in
the infidelity Hamiltonian, which assigns high infidelities to
non-SWAP gates and zero infidelity to SWAP gates appearing
in the first and last time steps of the circuit. Indeed, once the
SWAP gates are moved to the external time slices, they do not
need to be executed but can be interpreted as a reordering
of the quantum wires of the circuit, as in Fig. 1(c). This
SWAP-based reordering then optimally associates the quantum
memory addresses with the physical qubits of the machine.

We simulate the QA dynamics via a TN emulator [60—62].
We exploit the reflection symmetries of the problem to rep-
resent the system as a one-dimensional lattice of eight qudits
with local dimension 10 interacting via up to four-body terms
(see Appendix C for details). In Fig. 2, we analyze the per-
formance of the QA-based compilation. On the left y axis,
we show the infidelity improvement It = 1 — (Zopt/Jinput)s
where oy is the infidelity of the compiled circuit and Liypy
is the infidelity of the input circuit. As expected, I} increases
with the annealing time t. On the right y axis, we plot the
probability Pg of sampling the global optimal circuit at the end
of the annealing process. This probability increases monotoni-
cally with the annealing time, reaching 3% at T &~ 2000. Thus,
for T > 500, it is sufficient to repeat the computation O(100)
times to obtain the optimal solution.
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FIG. 3. Infidelity improvement for the QFT circuit compiled
with SA. Infidelity improvement Iy = 1 — (Iop/finpu:) as a function
of the number of steps Ny in the Markov chain over the circuit
volume Ny Nr. In the different panels, circuits with different numbers
of qubits Ny € {10, 20, 30, 40}. We compare the infidelity improve-
ment based on the cost function /(C) with the infidelity improvement
based on the noisy circuit simulation.

B. Simulated annealing

Being limited by the computational complexity of emulat-
ing quantum dynamics on a classical computer, we exploit SA
as an alternative strategy [63]. The search for a ground state of
the infidelity Hamiltonian is performed with a Markov chain
Monte Carlo (MCMC) method [63], where the update rules
are the equivalence transformations in &.

1. Quantum Fourier transform

First, we consider the quantum Fourier transform (QFT)
[64] implemented on a quantum computer consisting of a
one-dimensional qubit lattice with nearest-neighbor interac-
tions, and a gate set composed of H, RZ(2w /2"), CZ, and
SWAP gates. We assume that the main sources of errors come
from SWAP gates and crosstalk. Figure 3 shows that SA-based
compilation succeeds in reducing the expected infidelity by
65%, and compares the infidelity cost function 7(C) with the
infidelity affecting the execution of uncompiled and compiled
circuits on a noisy machine. The latter is simulated through
the noisy circuit emulator Quantum Matcha TEA [65]. This
comparison validates the correctness of I(C) as an estimate
for the expected experimental infidelity, thus confirming that
real noisy quantum computations can benefit from the pro-
posed compilation method.

2. Two-dimensional Trotterized Hamiltonian simulation

As a second large-scale example, we compile a Trotterized
Hamiltonian simulation (THS) circuit [58]. THS algorithms
enable the simulation of Hamiltonian evolution on digital
quantum computers, providing an exponential advantage over
classical simulation methods for sufficiently entangled sys-
tems [66]. We compile a prototypical circuit that simulates
the action of a suitable Hamiltonian with nearest-neighbor
interactions on a two-dimensional spin lattice. The circuit is
illustrated in Appendix D. The target quantum device also
consists of a two-dimensional lattice with nearest-neighbor
connectivity and parametric gates RZ(6;), RX(6,), and CP(63).
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FIG. 4. Infidelity improvement for the Trotterized Hamiltonian
simulation circuit compiled with simulated annealing. (a) Infidelity
improvement Iy = 1 — (Iop/Linpu) as a function of the number of
steps Ng in the Markov chain over the circuit volume NoNy. We
consider circuits with Ny = 64 time steps and different numbers of
qubits Ny. (b) Infidelity improvement for the largest number of steps
of the Markov chain as a function of the number of qubits Ny, for
different numbers of time steps Nr. Results are averaged over five
executions of the SA.

Parametric gates are represented in the qudit lattice encoding
by discretizing the parameters 6;, and assigning a different qu-
dit state to each possible discretized gate. The main sources of
infidelity are decoherence affecting idle qubits and crosstalk
between pairs of entangling gates, which decay as ||q — q'|~°
mimicking the behavior of a Rydberg atom quantum com-
puter [23]. In Fig. 4, we depict the infidelity improvement for
different circuit sizes and different numbers of steps in the
MCMC. We observe that the improvement /; at the end of
the compilation process increases with the size of the input
circuit. For example, I; reaches about 15% for a 16-qubit
circuit, while it reaches about 25% for a 64-qubit circuit. This
extensive improvement can be understood by recalling that
the global optimal circuit is encoded in the ground state of a
translationally invariant many-body Hamiltonian. The ground
state of such a system cannot be approximated by the product
of the ground states of its subsystems, which is indeed a local
minima. Similarly, the improvement achievable by compiling
a quantum circuit is greater than that obtained by compiling
its individual subcircuits separately. Since quantum annealing
can outperform simulated annealing in escaping local minima
[27,28,67], these findings provide additional motivation for
the approach proposed in this work.

IV. CONCLUSIONS

We have introduced a general paradigm for compiling
quantum algorithms with quantum computers. Our approach
is demonstrated with quantum annealing but straightforwardly
extends to various techniques, including QAOA and optimal
control [68]. We focused on optimizing equivalent circuits
that implement the same unitary operator. However, as we
show in Appendix F, the proposed paradigm also enables
the compilation of algorithms that can be implemented by
diverse unitary evolutions. For instance, quantum state prepa-
ration can be achieved by many different unitary evolutions,

allowing for enlarging the circuit optimization space and
potentially decreasing the optimal infidelity. Further, the pre-
sented class of compilers can provide automatic support for
random circuit compilation, e.g., as needed for error mitiga-
tion [69].

Compiling a circuit requires a memory footprint that grows
with the number of instructions, meaning that the compilation
process demands more memory resources than the target al-
gorithm itself. This challenge is inherent to the compilation
problem and is not unique to the quantum setting. It also
arises in the classical case, though it is now largely hidden by
the extensive and multilevel memory architectures of modern
classical devices. Hence, the compilation process will benefit
from the addition of storage qubits to the QPU with multiple
memory levels as in classical computers [70,71]. Meanwhile,
small parts of quantum algorithms, e.g., a logical qubit in
error correcting codes, can be compiled on a larger quantum
machine already in the NISQ era. The compilation of larger
circuits can already benefit from this many-body approach via
simulated annealing.

Finally, the compilation paradigm demonstrated here opens
a path to studying quantum algorithms as many-body systems,
potentially uncovering phenomena like phase transitions and
topological features within the space of quantum circuits.
Similar phenomena have been previously demonstrated in
the control parameter landscape of optimal control theory
[72-75].

ACKNOWLEDGMENTS

We acknowledge financial support from Horizon Europe
programme HORIZON-CL4-2021-DIGITAL-EMERGING-
01-30 via Project No. 101070144 (EuRyQa), the Euro-
pean Union via H2020, the QuantERA projects Quan-
tHEP, T-NISQ, and QTFLAG, the Italian Ministry of
University and Research (MUR) via PRIN2022 project
TANQU, Fondazione CARIPARO, the INFN project QUAN-
TUM, the Horizon 2020 research and innovation program
(Quantum Flagship—PASQuanS2), the European Union—
NextGenerationEU Project No. CN00000013—Italian Re-
search Center on HPC, Big Data and Quantum Computing,
the Department of Excellence Grant No. 2023-2027 Quantum
Frontiers, from the German Federal Ministry of Education
and Research (BMBF) via the funding program quan-
tum technologies—from basic research to market—project
QRydDemo, and the World Class Research Infrastructure—
Quantum Computing and Simulation Center (QCSC) of
Padova University. We acknowledge computational resources
by the Cloud Veneto, as well as computation time on Cineca’s
Leonardo machine.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [76,77].

APPENDIX A: INFIDELITY FUNCTION DERIVATION

In this Appendix, we derive the infidelity function I(C)
defined in Eq. (1). We assume that the probability P(C) that
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the circuit C returns the right output state can be written as

PC)=[]F@.

GeC

(AD)

where F(G) is the fidelity of any gate G in the circuit. This
fidelity is eventually influenced by the parallel execution of
other gates. We also associate a fidelity with idle qubits to
encode, for example, the effects of decoherence. To maxi-
mize the success probability P(C), we minimize the infidelity
function

I(C) := —1log(P(C)) = — Y _1og(F (G)).
GeC
We introduce the gate infidelity /(G) := 1 — F(G). For any
machine capable of executing large circuits with accept-
able fidelity, we can assume /(G) < 1. This implies that
log(F(G)) = log(1 — I1(G)) =~ —I(G). Replacing this approx-
imation in Eq. (A2), we obtain

1(C) = ZI(G).

GeC

(A2)

(A3)

Finally, we write the infidelity /(G) as the sum of ig, i.e., the
infidelity of the gate when executed alone, and x¢(|lg — ¢’||),
accounting for the crosstalks. We also define the infidelity
term irq10 for idle qubits. Replacing these equivalences in the
last equation, we obtain that the infidelity function is

1C)=>|ic+ >

GeC 4.4'|G(t,q)=G(t,q")

xe(lg —4'ID) (A4)

APPENDIX B: COMPARATIVE RESOURCE ANALYSIS

In this Appendix, we compare the resources needed for
the execution of the quantum algorithm with the resources re-
quired for the implementation of classical circuit compilation
methods.

A fair comparison with classical strategies should take into
account two main factors: (1) the computational effort needed
to simulate one step of the time evolution, e.g., via Trotter-
ized adiabatic evolution or QAOA, and (2) the number of
optimization steps needed to reach a sufficiently low expected
infidelity.

The Hamiltonians involved at each time step of the evolu-
tion are the infidelity Hamiltonian, the driving Hamiltonian,
and the initial parent Hamiltonian. These Hamiltonians are,
respectively, expressed as sums of N; x V, Np x V,and Np X
V operators of the form o] - - - o) {a; - - - 4|, where V is the
volume of the circuit, N; is the number of terms per site in
the infidelity Hamiltonian, Np is the number of rewrite rules,
Np = 1 is the number of local fields used to prepare the initial
state, and [ is the size of a rule or a local term in the infidelity
Hamiltonian.

The operators involved in a time step of QAOA or Trotter-
ized adiabatic evolution are written as

W = e*i9lﬂti~~0¢,’)<a1--~m\' (B1)

These operators can be implemented using X gates and multi-
controlled not gates to flip an ancilla qubit when the state
locally matches |« --- ), followed by the application of

O(l) single-qubit gates controlled by the ancilla to transform
lay -+ -oy) into e o] ---a)), and finally followed by the
uncomputation of the ancilla.

Multicontrolled gates can be executed efficiently on univer-
sal quantum computers using a linear number of elementary
gates and ancilla qubits [78], or they may be implemented
natively on hardware platforms such as Rydberg atom arrays
and superconducting circuits [79].

Thus, implementing each W operator requires O(l) ele-
mentary gates, and a single time step of the evolution involves
a total number of elementary quantum operations that scales
as O(l-V).

On the classical side, the implementation of circuit com-
pilation algorithms typically requires the application of
equivalence rules to a data structure representing the circuit
and the evaluation of the infidelity cost function. The classical
computational effort required to perform these operations also
increases linearly with the number of strings needed to de-
scribe the infidelity cost function, i.e., the number of operators
in the infidelity Hamiltonian, and with the number of rules.
Applying a transformation rule to the circuit and evaluating a
cost function term are both operations whose classical cost is
linear in the size of the rule or term. Finally, let us note that
a similar cost is required to reduce operations on characters
to Boolean logic on the classical side, and operations on
qudits to standard quantum circuit operations on the quantum
side. Thus, the cost of both classical and quantum operations
involved in each optimization step is O(/ - V), and the com-
parison of computational efforts reduces to a comparison of
the number of steps needed to reach a satisfactory solution.

The number of time steps (in the quantum case) and the
number of classical optimization iterations (in the classical
case) needed to reach a good solution depend on the specific
problem instance. This is a general feature of all quantum
optimization heuristics. Demonstrating individual instances
with a clear quantum speedup is a separate and high-impact
challenge [27-29], which lies beyond the scope of this work.
In this regard, our proposed compilation method—Ilike all
heuristic quantum optimization algorithms—is not designed
to consistently outperform classical approaches on all in-
stances, but rather to show a polynomial speedup in specific
cases, such as when the cost function features tall, narrow
energy barriers [67] or a flat low-energy landscape [29].

APPENDIX C: DETAILS OF QUANTUM ANNEALING
FOR EXAMPLE 1

In the main text, we simulate the annealing-based quan-
tum compilation of the input circuit in Fig. 1(c). Circuits
are encoded as states of an 8 x 4 qudit lattice representing
the time ¢ and the qubit g as (¢, q). We have a local di-
mension of d = 5 to represent the idle state Idle, H gates,
range one CZ gates, and range one SWAP gates, along with a
fictitious gate BUSY that designates the target adjacent qubit
g + 1 for both CZ and SWAP. The allowed gates can be ex-
ecuted, respectively, with infidelities iy = 0.5 x 1072, igy =
1.0 x 107>, and igypp = 1.5 x 107>, while idle gates are af-
fected by an infidelity irg;o = 0.5 x 107>, The first and last
time steps are reserved for swapping area, and are associated
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with 0 infidelity for SWAP and Idle gates, and with infidelity
5.0 x 107 for any configuration containing different gates.

With this encoding, we need to simulate the evolution
in a Hilbert space whose dimension is 5%, equivalent to a
75-qubit system. To reduce the computational complexity of
the problem, we restrict the search to the space of circuits
that are symmetric under the inversion of the qubit axis. This
implies building symmetric four-qubit equivalence rules and
generating the driving Hamiltonian from these transforma-
tions, which are listed in Appendix G 1.

Analogously, we symmetrize the infidelity Hamiltonian,
while the initial Hamiltonian inherits its symmetry from the
initial state. In this setting, for each time coordinate of the two-
dimensional lattice, the time-evolved system state is spanned
by the following ten states:

(1) |Idle ® Idle ® Idle ® Idle),

(2) |H® Idle ® Idle Q H),

(3) |Idle ® H® H® Idle),

4) HRHQH®H),

(5) |Idle ® CZ ® BUSY ® Idle),

(6) |H® CZ ® BUSY ® H),

(7) |Idle ® SWAP ® BUSY ® Idle),

(8) |H® SWAP ® BUSY ® H),

(9) |CZ ® BUSY ® CZ ® BUSY),

(10) |SWAP ® BUSY ® SWAP ® BUSY).

Note that the CZ and SWAP gates are symmetric. In this way,
we can represent the annealing dynamics as the evolution of
a linear system of eight qudits with a local dimension of 10,
equivalent to a log,(10%) ~ 27-qubit system. The simulation
time and computational complexity are driven by the sheer
number of multiqubit terms that encode the different rules;
the representation of the Hamiltonian is exact and contains no
truncation. To simulate the quantum evolution, we model the
system state using a matrix product state (MPS) and evolve
it through a time-dependent variational principle (TDVP) by
Quantum TEA Leaves [48,60], along with the collapsed rep-
resentation. The effectiveness of MPS in modeling adiabatic
ground-state search has been previously analyzed in Ref. [80].

We utilize MPS with bond dimensions x € 32, 64, 128
and divide the time evolution into Ng time steps with du-
ration 8, = t/Ns, where t is the annealing time and Ny €
1000, 2000, 4000. In Fig. 5, we depict the discrepancy be-
tween the simulations with bond dimensions x € {32, 64}
against the simulations with bond dimension xy = 128. For
7 < 2000, the relative error is smaller than 10~2.

As a further convergence test, we perform sampling on
the computational basis [62] of the annealed states, and we
check whether each sampled circuit is equivalent to the in-
put circuit, i.e., represents the same unitary operator as the
input circuit. Thus, we estimate the ratio between the sam-
pled probability of obtaining an equivalent circuit, Pequiy, and
the total sampled probability P. The equivalence of each
sampled circuit with the input circuit is verified by checking
that Ugom Uc,,. 1 up to a phase factor, where Ug,,,, and
Uc,, are the unitary operators representing the input and op-
timized circuits, respectively. Since the explored dynamics is
constrained to the space of equivalent circuits, we expect that
1 — (Pequiv/Piot) ~ 0 until numerical errors due to the finite
number of time steps or a small bond dimension of the MPS
start accumulating. We verify the behavior of 1 — (Peguiv/Piot)
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FIG. 5. Infidelity energy convergence for different bond dimen-
sions. We plot the relative difference between the infidelity energy
evolution evaluated with bond dimensions x € {32, 64} against bond
dimension x = 128 as a function of the annealing time 7. The num-
ber of time steps is Ny = 4000.

in Fig. 6. In Fig. 6(a), we explore different numbers of steps,
and in Fig. 6(b) we explore different bond dimensions. We
observe that a number of steps Nsg > 4000 and bond di-
mensions y > 64 are sufficient to achieve 1 — (Pequiv/Piot) <
1078, which is negligible compared to the magnitude of our
main figure of merit, i.e., the probability of sampling the
optimal circuit illustrated in Fig. 2 of the main text.

To explain the relatively small bond dimension, note
that the investigated dynamics only explores quantum su-
perpositions of states representing circuits equivalent to the
initial one. We consider a bipartition of the system into two

—E .
Lo
- y
3 0| o
= 10 o . o
= ——t . = 1000
2 1078 F R vV 1
S N S - ¥+2000
| -2f S Wk | 4000
— :‘
10—16 !. L 1 1 L
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- P R SR S O S
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IETC] N i ootk * 128
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10716 ? PR T [ SR SR SR S N 1 PR |
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FIG. 6. Probability of not measuring an equivalent circuit after
the quantum annealing-based compilation, as simulated via MPS-
TDVP. We analyze 1 — (Pequiv/Pot), Where Py, is the sampled
probability of measuring an equivalent circuit and P is the total
sampled probability, as a function of the annealing time 7. In Panel
(a), we fix the bond dimension x = 64 and we consider different
numbers of steps Ns. In Panel (b), we fix the number of steps
Ns = 4000 and we consider different bond dimensions .
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FIG. 7. Fundamental building block of the Trotterized Hamiltonian simulation circuit compiled in the second example. The circuit involves
a periodic arrangement of quantum gates acting on a two-dimensional spin lattice. The fundamental building block of this circuit is a seven time
steps subcircuit operating on four adjacent qubits positioned at sites (2i, 2i + 1) x (2, 2j + 1) within the spin lattice, where 0 < i < ry and
0 < j < ry. This building block is iteratively applied over each series of seven-time-step from 8k to 8k + 6, where 0 < k < rr. Additionally,
CP(7r) gates are applied to qubit pairs located at sites (2i + 1, j) and (2i 4 2, j) at the time steps 8k + 7. These gates connect the different
subcircuits and allow for spreading entanglement among different regions of the lattice.

regions A and B, such that the time-evolved state is |Y (¢)) =
> Mij()let) ® |ef), where |ef') and |ef), respectively, form
a computational basis for the regions A and B. The number
of non-null elements of the matrix M;;(¢) is upper bounded
by the number Neq of equivalent circuits. The rank of M;;(t),
which corresponds to the number of non-null singular values
in the Schmidt decomposition, coincides with the number of
linearly independent rows (or columns), and cannot be greater
than the number of non-null elements. This constraint limits
the bond dimension of the system to be upper bounded by the
number of equivalent circuits, even for long-time evolution.
Tensor networks enable us to passively exploit this feature of
the investigated evolution for simulation purposes.

APPENDIX D: DETAILS OF SIMULATED ANNEALING
FOR EXAMPLE II

In the second and third examples of the main text, we ex-
ploit SA to compile circuits. Beginning with the unoptimized
circuit, we employ the Metropolis-Hastings algorithm to sam-
ple from the thermal states of the infidelity Hamiltonian. Here,
our proposed moves for the Markov chain are restricted solely
to a set of local moves that replace equivalent subcircuits.
The temperature of the Gibbs state is gradually reduced in an
effort to approach states at low temperatures, corresponding
to the ground states of the infidelity Hamiltonian, and thereby
representing the global optimal circuits. In both examples, we
utilize the following temperature schedule:

T \KN
Ti = Thax ( Tmm ) ,

max

(D)

where k ranges from O to the total number of steps of the
Markov chain N. By increasing the total number of time steps,
we effectively slow down the annealing process, resulting in
an improvement of the Markov chain’s ability to escape from
local minima and sample from low-temperature states.

In the second example of the main text, we focus on opti-
mizing a circuit designed for the Trotterized simulation of a
two-dimensional many-body Hamiltonian. This Hamiltonian
is assumed to be time independent and translation invariant.
The corresponding Trotterized Hamiltonian simulation circuit
is represented by a state within a (1 + 2)-dimensional lattice
of qudits. This state is invariant under translations of two sites
along both qubit axis directions and under translations of eight

sites along the time-step direction. The construction details of
this circuit are illustrated in Fig. 7. We conduct optimization
procedures for Trotterized Hamiltonian simulation circuits for
a QPU of 4 x 4 and 8 x 8 qubits. We explore various circuit
depths, each representing an increasing duration of the simu-
lated Hamiltonian evolution.

The circuit is compiled to be optimally implemented on a
quantum device consisting of a two-dimensional lattice with
nearest-neighbor connectivity. We assume that the parametric
gates RZ(0), RX(0), and CP(0) can be executed with infidelity
values of iy = igx = 2 x 107 and icp = 5 x 1072, respec-
tively. Idle qubits are subject to decoherence, resulting in an
infidelity of izq;e = 1 x 107 at each time step. Additionally,
the simultaneous execution of a couple of CP gates introduces
an infidelity contribution xcp = 2 x 1073/||qg — ¢'||® for each
pair of involved qubits, where ||g — ¢’|| represents the lattice
distance between the qubits on the device. Such small infideli-
ties are needed to achieve satisfactory fidelity in implementing
the target circuit. The local transformation rules generating the
Markov chain for the SA are listed in Appendix G 2.

APPENDIX E: DETAILS OF THE QFT FOR EXAMPLE III

In the third example of the main text, we compile a
QFT implemented on a quantum computer featuring a one-
dimensional qubit lattice with nearest-neighbor interactions.
This device allows for the execution of H, RZ(2x /2"), CZ,
and SWAP gates with the following infidelities: iy = 1 x 1077,
iRZ < 1x 1077, icz =2x 1077, and iSWAP =20 x 1077. The
infidelity affecting idle qubits is negligible. However, when
simultaneously executing a pair of CZ gates, an infidelity
contribution x¢z = 1 x 1077/||qg — ¢'||® arises for each pair of
involved qubits at sites ¢ and ¢’ as crosstalk. Hence, for a
couple of parallel CZ gates, four crosstalk terms are taken into
account. The input circuit representing the QFT is depicted in
Fig. 8 for a system of 3 qubits, while we compile the QFT
circuit for systems comprising 10, 20, 30, and 40 qubits.

Notably, to prevent the proliferation of idle gates within
the circuit, which can lead to Markov chains with extensive
mixing time, we introduce a fictitious lock gate automatically
positioned in the large idle regions of the input circuit. This
lock gate serves as a placeholder, effectively replacing multi-
ple idle gates. Its introduction into the circuit does not alter
the cost function, but it confines the regions of the lattice
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FIG. 8. Unoptimized three-qubit implementation of the QFT based on the gates iy, irz, icz, and igyap. We allow the implementation of SWAP
gates with a relatively high infidelity, but without the crosstalk error affecting the parallel execution of CZ gates.

where transitions of the Markov chain can occur, reducing
the number of steps needed for the optimization. The local
transformation rules generating the Markov chain for the SA
are listed in Appendix G 3.

To prove that the infidelity function I(C) optimized in the
annealing procedure reflects the actual fidelity of the quantum
algorithm when executed on a noisy machine, we simulate the
QFT circuit with noisy gates. The simulation is carried out
by Quantum Matcha TEA [65], a tensor network emulator for
quantum circuits, specifically using the MPS ansatz. To sim-
ulate the noise, we employ the quantum trajectories method
[81]: we run the circuit for n,; independent times, averaging
the observables over randomly distributed unitary evolutions.
We adopt a simplified error model for the gates, since we are
not focused on the physical representation of the noise at this
stage, but only in its magnitude in this work. Given an m-qubit
gate G, we first represent it as a parametric gate G(G) and then
add Gaussian noise to the phase:

G— GO +u), u~NO,o0), (E1)

where N (0, 0) is a normal distribution with mean 0 and
standard deviation o. The gates are specifically handled in the
following way:

(1) We decompose the H gate into

b4
H— xay(E + u) (E2)
_[cos(6/2) —sin(6/2)
Ry(6) = (sin(e 12)  cos(0/2) (E3)
where X is the Not gate.
(2) We perturb the RZ and CP gates as follows:
RZ(0) — RZ(6 +u), CP(0)— CP(6 + u). (E4)

(3) We decompose the SWAP gate into a circuit of H and CZ
gates. We then perturb CZ as CZ — CP(w + u).

(4) We represent the crosstalk as a four-qubits controlled-
phase gate, which is close to the identity, i.e., CCCP(0 + u).

The standard deviation is chosen for each gate such that its
averaged infidelity /3 is

M
~ 1 Y~
1G)=1-—— |G Gily) > = 1077, E5
G) M;uw i)l (ES)
where M = 1000, |y;) is a randonl state of m qubits, and 5,-
represents a random sample from G. The infidelity of the sin-

gle gate is later adjusted by the error weight of the specific gate

for that specific simulation. In Fig. 9, we report the assessment
of the error magnitude as a function of the standard deviation
of the Gaussian random parameters.

Once this setup is defined, we can test the infidelity of a
noisy quantum circuit C, encoded by the corresponding ran-
dom unitary U, versus the unitary U representing a noiseless
execution of the circuit. We obtain the infidelity of the circuit
I"™(C) as an average OVer ny,; = 100 trajectories:

Niraj

1 ~
> USilUT Tl

traj =,

Isim(C) =1—

(E6)

where |¢;) are random separable states and 17, are random
samples from U. The maximum bond dimension used in the
simulation is xm.x = 128.

We stress that we select the QFT for this test since it can
be efficiently simulated classically with tensor networks [82].
However, the simulation is not trivial due to the presence of
the four-qubit interactions generated by the crosstalk. Thus,
it is important to certify that the infidelity we show in Fig. 3
is generated by the noisy gates and not by a tensor network
truncation. By monitoring the truncation that happens in each
step, i.e., in the application of each gate, it is possible to
provide a lower bound on the fidelity of the state due to
the finite bond dimension xy = 128. Based on the state after
(i — 1) multiqubit gates, we apply the ith multiqubit gate

P | | | iﬁ Eii
2 :
s °F &
P S— rﬁ.i:i_ ________
% f &‘Ei‘ ‘@-H -¥-SWAP |
< 10F ii ~#-RZ A XTALK }
S 10-9 _i;i -l-CZ ——Target _
0 10I—3 ' 10—

Standard deviation of the Gaussian o

FIG. 9. Infidelity of noisy gates with random Gaussian parame-
ters. Infidelity of the gate I for different standard deviations of the
Gaussian distribution o. We highlight with the green dashed line the
target infidelity of 1077,
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FIG. 10. Infidelity from tensor network truncation error vs infi-
delity from noisy gates. The ratio between the infidelity coming from
the tensor network truncation Iyps and the infidelity coming from
the noisy gates I, as a function of the number of qubits. The ratio
increases monotonically with the number of qubits, but it is always
smaller than 10~2 for the system sizes considered here.

and obtain |y ) without truncation. Then, we apply our
truncation scheme and obtain |y//,.). Recall that one-qubit
gates do not imply additional approximation errors; therefore,
the fidelity of the ith multiqubit is

2
X 2 Xexact

EZ |<wéxact||1//tirunc>|2= Z)‘i =|1- Z )"2 s (E7)

a=1 a=x+I

where A, are the singular values of the Schmidt decompo-
sition of the state for the bond where the ith two-qubit gate
was applied, ordered by increasing magnitude, x; is the bond
dimension of the MPS state, and )exac: 1S the bond dimension
needed to exactly represent the state. The infidelity of the
tensor network Iyps after application of the ith multiqubit gate
is lower bounded as follows [83]:

j-1
Ivps <1 — HF,'- (E8)
i=1
Thus, we use this metric to ensure that the corrections due
to the tensor network truncation are negligible with respect
to the errors coming from the noise. In Fig. 10, we show
the ratio between the infidelity of the tensor network and
the total infidelity of the simulation as defined in Eq. (3).
The infidelity Iyips generated by the tensor network truncation
is always more than two orders of magnitude smaller than
the infidelity generated by the noise. The point for n = 10
qubits is not shown in Fig. 10, since the simulation is exact
for this number of qubits. We can thus state that the results
we show in Fig. 3 are not influenced by the finite bond
dimension.

APPENDIX F: COMPILING MORE GENERAL
ALGORITHMS

In the main text, we exclusively consider the compilation
of quantum algorithms identifiable by a unique unitary opera-
tor, such as the quantum Fourier transform. However, several
algorithms diverge from this framework. Examples include

quantum state preparation and circuits involving ancillary
qubits. For instance, the equivalence of two state-preparation
algorithms hinges on their ability to prepare the same target
state from a computational basis state, irrespective of their
impact on other basis states. Similarly, if two circuits involve
ancillary qubits, their equivalence depends solely on the out-
put of nonancillary qubits.

Here, we showcase the versatility of our approach by
extending it to encompass these diverse quantum algorithm
classes. The proposed approach is based on extending the
equivalence transformations in £ to extend the generated
equivalence classes of circuits.

First, let us consider state preparation algorithms. The
objective is to prepare a target state |ir;) starting from
a state of the computational basis |{). When optimizing
an input circuit that synthesizes the unitary operator U to
achieve U |vy) = Y1), it is also essential to explore cir-
cuits that synthesize a distinct unitary U’ # U while still
satisfying U’|yo) = |v1). Let us illustrate this with an exam-
ple involving the compilation of a quantum circuit designed
to generate the Greenberger-Horne-Zeilinger state |i¢)) =
(1/+/2)(J0---0) 4|1 ---1)) from the computational basis
state [p) = |0---0). During the compilation of the input
circuit, we can add or remove Z gates at the initial time step
without altering the resulting evolution, as these gates only
introduce a global phase to the initial state. Similarly, we can
freely add or remove pairs of Z gates executed in parallel at the
final time step without impacting the final state of the circuit.
Thus, we expand the previously introduced transformations
set £ with additional transformations Eijy.sym acting only on the
first time steps of the circuit. These transformations create or
annihilate subcircuits whose action does not change the input
state. Similarly, we can introduce transformations Eyi.sym act-
ing on the last time steps in cases where the target state |y ) is
known. These transformations create or annihilate subcircuits
whose action leaves the target output state unchanged. By
incorporating both input and output transformations in an
extended set of transformation generators, we substantially
expand the space of equivalent circuits. The generated circuits
perform quantum state preparation through unitary transfor-
mations, expressed as U’ = [, ; Si[r';]TU Sii1, where S1 and SU}
represent unitary operators that preserve the input and target
states, respectively.

When optimizing a quantum algorithm involving ancillary
qubits that are not measured at the computation’s conclusion,
like measurement-free error correction [84,85], we can en-
large the space of equivalent circuits even further. In this case,
the set of transformation generators is expanded to include
the subset Equr.anc. These transformations create and annihilate
arbitrary gates only in a region of the lattice corresponding
to the last time steps and the ancillary qubits. This extension
generates quantum circuits that affect computational qubits
similarly while altering the final state of ancillary qubits.
We can also accommodate more complicated scenarios. For
example, let us consider the case in which ancillary gates are
prepared in a fixed state. In this situation, we can expand
the set of generators to create or remove state-preserving
subcircuits at the initial time steps, specifically targeting the
ancillary qubits.
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In general, expanding the set of generators to accommodate
a less restrictive definition of circuit equivalence enables ac-
cess to circuits that can be implemented with lower infidelity.
We will explore this perspective in future work.

APPENDIX G: TRANSFORMATION RULES

Here, we enumerate all the transformation rules that gen-
erate the quantum and simulated annealing for the examples
outlined in the main text. These rules are specific to the quan-
tum hardware on which the circuit needs to be implemented.
They encode the relationship between the native gates of the
machine and those composing the input uncompiled circuit.

The complexity of the driving Hamiltonian in quantum
annealing, in terms of the number of interactions and their
range, depends on the equivalence rules and is reflected in
the difficulty of simulating the quantum annealing dynamics
using tensor networks. The number of interactions in the
Hamiltonian, each corresponding to an equivalence rule ap-
plied to a region of the circuit, increases linearly with both
the number of equivalence rules and the volume of the com-
piled circuit. Each of these interactions is an m-body operator,
where m represents the volume of the subcircuits defining the
equivalence rule.

1. Example I

We consider the following local circuit equivalences to
construct the driving Hamiltonian Hy for QA-based compi-
lation of the circuit in Fig. 1(c):

. _
(HH Idle Idle HH]
, (EHIael _ {TaeHH]
- {uH{1dlel — {1dleHu}
Tdie]{Tale
, S _
Idle HIdle
, HHE] _ AIdlef{Tdle|-
- {uHEE  {1dleHIdle}
[Idlef{cz|- _ cCz[{Idle]
B

Idle Idle
o Idle} - Idle

- J1d1e
-{1d1e

-{Idle

*EH
Hia
| T
—
Ho
(0]
§
&[]
0]

8. =
[Tate{Tamel
| P [t} (Tae
" JczHezl T d1a1eH1dle
i
Idle HIdle
Il m
Idle
B _
Pl loully ulyi

The G gates can be replaced with any arbitrary gate allowed
by the considered architecture, such as the H, CZ, and SWAP
gates, or by an Idle qubit. This replacement must avoid any
configuration that violates the qubit inversion symmetry.

2. Example II

The local transformation rules generating the Markov
chain for the SA-based compilation of THS are

1. RZ(0) - =

2. {RZ(0)}- =

3. {rz(0)Hrz(0) | = {rz(0) HRrz(0)

4. {Rz(0) HR2(0) | = {Rr2(0 — A)HR2(0' + A) |
5 RX(0) | =

6. 4RX(0) | =

7. drx(0)Hrx(0) | = {rx(¢) HRrx(0)

8. {Rx(0) HRx(0) | = rx(0 — A)HRx(0' + A) |
9. {Rx(0) Hrz(m) | = - Rz(m) HRX(-0) |

10. {rz(0) Hrx(m) | = {&x(r) Hr2(-0)|-

11.
+r2(0) Hrx(0) Hr2(0") | = - Rx(y) HR2(y) HRX(+") |
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where (0,60',0") < (v, y’, y”) are two different Euler rep-
resentations of the same rigid body rotations. The correspon-
dence is generated by the Euler transformations between the

reference frames x —z —xand z — x — z.
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where angles are modulo 27, as this reflects the periodicity
of the involved gates up to a global phase factor, and A €

(£, +7/2, £ /4, +7/8).

3. Example III

The local transformation rules generating the Markov

chain for the SA-based compilation of QFT are
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