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We establish an analytical criterion for dynamical thermalization within harmonic systems, applicable to
both classical and quantum models. Specifically, we prove that thermalization of various observables—such
as particle energies in physically relevant random quadratic Hamiltonians—is typical for large systems (N > 1)
with initial conditions drawn from the microcanonical distribution. Moreover, we show that thermalization can

also arise from nontypical initial conditions, where only a finite fraction of the normal modes is excited. A
different choice of initial conditions, such as all the initial energy localized in a single particle, instead leads to
energy equipartition without thermalization. Since the models we consider are integrable, our findings provide a
general dynamical basis for an approach to thermalization that bypasses chaos and ergodicity, focusing instead
on the physical requirement that thermodynamic observables depend on a large number of normal modes, and
they build a bridge between the classical and quantum theories of thermalization.

DOI: 10.1103/h9fj-ylgm

Introduction. There is unanimous consensus that statistical
mechanics (SM) captures in a precise way the behavior of
macroscopic observables in both classical (CM) and quantum
(QM) mechanics [1-4]. However, there is no complete agree-
ment on the underlying reasons for this success. For instance,
whether or not chaos in the system dynamics and ergodicity
are necessary ingredients for thermalization in CM is still a
matter of debate [5—12]. Thermalization in QM is usually
explained through the eigenstate thermalization hypothesis
(ETH) [13-17], which has not been proven analytically for
general interacting quantum systems, or through typicality
[18-26], i.e., the concept that thermalization is overwhelm-
ingly likely to occur for most configurations or states, given a
sufficiently large number of degrees of freedom.

Integrable systems [27] are not expected to thermalize,
and their equilibration can be understood through generalized
Gibbs ensembles [28-31], which can be combined with the
ETH in the quantum case; see, e.g., [32-38] (see also [39]
for a different open system perspective). In CM we can ad-
dress their thermalization, despite the lack of ergodicity, by
following the lines of the seminal works of Khinchin [40],
and then Mazur and van der Linden [41], based on the idea
that the very basic ingredients of SM are the large number of
degrees of freedom and the global nature of the observables,
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regardless of the presence of chaos [8]. This approach is
further connected to the central limit theorem for the sum of
trigonometric functions [42]. The dynamical variables [43]
that can display thermalization must be functions of many
independent degrees of freedom, while the conserved quan-
tities of the system are not. These concepts have influenced
some studies of SM for specific integrable systems of classical
harmonic oscillators [44-46], as well as numerical analyses
for the linear chain [47,48] and the Toda model [49].

Inspired by these ideas, in this Letter we focus on ther-
malization in both classical and quantum harmonic systems
of N particles, which are a paradigmatic example of separable
(and classically integrable) models whose motion is described
by a collection of free normal modes. Our approach is rooted
in the system dynamics, as we address the time average of
observables O defined as

O, = 1/ ds O(s), (1)
t Jo

where in the quantum case O(s) corresponds to the mean value
of the observable on the system state at time s. If the long-time
limit O, for almost all initial conditions, is equal to the en-
semble average of O over the microcanonical ensemble [1,2],
which we define as (O), then we say that O thermalizes (in
QM the time average is not always required; see, e.g., [S0]).
In CM, the time variance of microscopic observables—
such as single-particle energies—does not vanish. The time
variance of macroscopic observables, in contrast, is expected
to vanish after the thermalization time [3,4]. In QM, also
the time fluctuations of microscopic observables vanish if
the system is large, provided the latter satisfies the ETH
[16]. In this work, whenever we refer to “thermalization” or
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“equilibration” we also check that the above prescriptions for
the time variance hold.

The observables we are interested in are the energies of
some modes of the system, which are functions of many
normal modes. As we deal with harmonic systems, we ob-
tain the same expression for the long-time average of these
energies in both CM and QM. We prove that the conditions
for their thermalization are overwhelmingly likely to occur
for N > 1 assuming we draw the initial conditions from the
microcanonical distribution. In other words, we establish that
thermalization is fypical in both classical and quantum large
harmonic systems. Interestingly, we prove that thermaliza-
tion still occurs even if the initial conditions are not typical,
specifically when only a fraction N* of the normal modes
is initially excited, provided N* > 1. Different initial con-
ditions, such as initial excitations uniformly distributed over
the normal modes, irrespective of their energies, also lead to
energy equipartition for large N. However, in these cases, the
equipartition value may not correspond to the one predicted
by the microcanonical ensemble average.

Our results provide a solid analytical foundation for
Khinchin’s approach to thermalization, grounded in the sys-
tem dynamics. To the best of our knowledge, this is the first
time these ideas have been extended to the quantum regime,
demonstrating their applicability to both classical and quan-
tum systems in a comparable manner. Moreover, our findings
illustrate in a clear and rigorous way how thermalization
and energy equipartition are very general concepts, even in
physical models where chaos does not play any role, such as
harmonic systems, assuming we deal with a large number of
degrees of freedom and avoid pathological initial conditions.

Model. Any Hamiltonian of an N-particle harmonic system
can be diagonalized on the basis of the normal modes and
written as (all the summations go from 1 to N)

H = Za)koiok. (2)
k

wy are the eigenfrequencies of the normal modes. For sim-
plicity, we assume @y > 0, and that the normal modes are
nondegenerate: there is no j # k such that w; = wy. This is
a standard assumption, for instance, in the theory of quantum
thermalization [16,51] and is usually justified by (even tiny)
disorder in many-body systems. We point out that the incom-
mensurability of the frequencies, which may be used to prove
that the motion of harmonic oscillators is ergodic [52], is not a
requirement of our model. o, and o} are symbols in a notation
that is agnostic with respect to CM or QM. Specifically, in
CM, oy = z, 0}’; = ZZ, where zx = (wrqx + ipr)/~/ 2w and
7z = (wrqx — ipr)/~/2wy are the complex canonical variables
of the normal modes [53]. In QM, oy = a, 0} = az, where
az and g, are the standard bosonic or fermionic ladder oper-
ators. Crucially, in both CM and QM the evolution of these
quantities is given by ok (t) = e~ 0,(0), 0} (1) = €' 0} (0).

Harmonic systems are separable [5], i.e., H can be divided
into the sum of N constants of motion: H = ), E;. The full
state of this system will never thermalize, as energy cannot be
exchanged between the normal modes. Our goal, however, is
to focus on dynamical variables that are a function of many
normal modes.

Randomly rotated modes. We first consider a rotation of the
normal modes:

6;=) Cpor. & =) Cioi (3)
k k

Cjx is a generic orthogonal or unitary matrix. The Hamiltonian
written in the basis of rotated modes is not separable anymore:

H=YE"+ Y pwoior. )
k

Kk kK

with B = pudox and pe = Y ; CjCy ;. Intuitively,
energy can be exchanged between the rotated modes, so we
are interested in studying the thermalization of the energies
E™ in the regime N >> 1. We consider their long-time aver-
age and obtain

t) . o t 2 2
O == Ef =Y "1CiIPpo; Y |CiilPwp. (5
J J

where the initial populations are defined as po ; = |z;(0)|?
for CM and pg ; = Tr[a;a_jpo] for QM. For the derivations
of all the results in the main text, we refer the reader to the
Supplemental Material [54]. Next, we analyze three different
scenarios for the initial conditions of the normal modes.

Case 1: Initial conditions from the microcanonical distri-
bution. If we now assume that (i) the initial populations are
extracted according to the microcanonical distribution (both
in CM and QM) and (ii) the rotation matrix Cj; is drawn
uniformly over the sphere, it can be shown that thermalization
is typical. First one easily notices that [54]

<0]((rot)) — (E}irot)) , (6)

where (-) denotes a microcanonical average. On the left-hand
side, this average is taken over the initial conditions, while on
the right-hand side it refers to the standard ensemble average
of EIE“") . This result alone, however, is not enough: we also
have to check that the fluctuations around the microcanonical
average over the initial conditions vanish for large N, i.e.,
that thermalization is reached for almost any initial set of
populations drawn from the microcanonical ensemble. To un-
derstand why this check is necessary, notice that the energies
of the normal modes are, trivially, thermalized on average
when the initial conditions are drawn from the microcanonical
distribution. However, fluctuations around this average do not
vanish for large N, so the fraction of initial conditions leading
to nonthermalized normal modes remains finite, and thermal-
ization is therefore nontypical.
The fluctuations are captured by

O(rot) 2y E-(rot) 2
O - EF "

(B

Within our assumptions, the rows of C can be thought of as the
vectors of an orthonormal basis in RY [55], which for large
N are uniformly distributed over the sphere [56]. Using their
probability distribution [54], we can compute the moments of
the random elements |Cy; |>. We obtain

Ef[ex] — 0 for N> 1 ®)
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FIG. 1. Numerical results for the energy of randomly rotated modes, with random eigenfrequencies w; sampled uniformly over [1, 10].
(a) Distribution of 0,(("“) over k for a single realization of C [Eq. (5)]. The initial conditions are chosen in such a way that the first N* modes
have the same energy, while the others are not excited. This is equivalent to the restricted classical microcanonical distribution discussed in
[54]. The dashed lines are the theoretical predictions given by Eq. (10). (b) Same as (a), but only 10 normal modes are excited in the initial
state independently of N. (c) ner [Eq. (11)] as a function of N for the two kinds of initial conditions depicted in (a) and (b) averaged over 50
different realizations of C (error bars = 1 std. dev.). Data points are joined by a line for visual guidance only.

and

Varled 6 for N s 1 )

————— — Ofor ,

(Efe])?
where E[-] and Var [-] refer, respectively, to the mean value
and variance over “disorder,” i.e., different realizations of the
random rotation matrix. In other words, for almost any set of
modes obtained through the random rotation C, the fluctua-
tions € of the quantity 0,(:‘“) vanish in the large-N limit, hence
the result.

Moreover,

E[(E5)] = @ (po)ay- (10)

with (po)ay = Z8 (@™ ")y for CM and (po)ay = 3, 1/IN(1 +
eP@i)] for, respectively, fermions and bosons in QM (B is
the inverse temperature in the microcanonical ensemble [54]).
We have also introduced the total energy Ei = Y j @jPo.j»
Wy = Zj w;/N, and (0™ ")y = Z,‘ 1/(Nwj). Equation (10)
is independent of k, i.e., the energy of the rotated modes
is equipartitioned. However, note that the energy stored in
the rotated modes at infinite time may not be equal to Eyy,
as some may be trapped in the interaction part of Eq. (4).
Note that, while QSM does not predict energy equipartition of
the normal modes at low temperatures [1], Eq. (10) predicts
equipartition for the rotated modes also in QM, as py in
Eq. (4) does not depend on k for N > 1.

Case 2: Only a fraction of the normal modes is initally
excited. Interestingly, it can be shown that Egs. (6), (9), and
(10) hold true even if we consider microcanonical averages
over a finite subset 1 << N* < N of the normal modes, show-
ing that the initial conditions do not have to be typical on the
full space of configurations [54]. We validate the latter result
through numerical simulations shown in Fig. 1, which refer to
classical systems. We consider rotations through some com-
plex random unitary C. We plot the final distribution of O
over k for different N in Figs. 1(a) and 1(b), and we compare
them with Eq. (10), respectively, when we initially excite a
fraction N* = N/10 of normal modes with populations given
by the (restricted) classical microcanonical average, and for a
scenario in which only the first 10 normal modes are excited
independently of N. In (a) we observe that the fluctuations
around the mean value vanish for large N and equipartition

emerges. In (b) we are violating the condition N* >> 1, so the
fluctuations do not vanish. This behavior can be captured by
the normalized effective number of degrees of freedom [49]:

exp (— urInu
—l ZA’; In i) an

with u, = O/ " j Oi.mt). The energy is equipartitioned if
nege = 1. Figure 1(c) shows that nege — 1 for N > 1 only if a
fraction N* >> 1 of the normal modes is initially excited.

Case 3: Roughly equal initial populations. Let us now
discuss a case in which the populations are not drawn from the
microcanonical ensemble, but they satisfy a different notion
of “typicality.” In particular, we assume that all populations
are initially excited with a similar magnitude. In other words,
if we introduce the average population p,, = Y jpo.j/N, we
assume po, j/pay = O(1) for all j. This is a common initial
condition describing, for instance, a situation in which only
one single rotated mode is initially excited. Indeed, if we
initially excite only the ath rotated mode with some energy
Ey, Z7(0)Z;(0) = E¢d;o0; (and analogously for QM), from
Eq. (3) we obtain |7;(0)|> = Ey|Cie |, which does not depend
on k for large N.

Moreover, let us also assume that the magnitude of the
eigenfrequencies is comparable, i.e., ;/w,y = O(1) for all
Jj- Then, it can be shown that for N > 1 the energies of the
rotated modes are typically equipartitioned for both CM and
QM. However, the equipartition value does not correspond
to the microcanonical one, unless all the eigenfrequencies
become identical for large N.

In other words, when the initial populations of the normal
modes are comparable, we typically observe equilibration
towards energy equipartition without thermalization. In this
scenario, thermalization cannot occur unless the system dy-
namics exhibit nonintegrability. This is because these initial
conditions constitute a measure-zero (although physically rel-
evant) subset in the microcanonical ensemble for N > 1. This
scenario describes initial states where the observables we are
studying deviate more significantly from equilibrium com-
pared to those sampled from the microcanonical distribution.
Further discussions and details on this topic can be found in
Appendix A (see also [54]).
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Finally, we have verified that the time fluctuations of £,""
do not vanish in CM, while they do disappear for fermions
and hard-core bosons in QM, provided N > 1 and for all sets
of initial conditions discussed above. Moreover, time fluctua-
tions correctly vanish also for classical systems if we consider
a macroscopic observable, e.g., the sum of several E,imt). More
details can be found in Appendix B.

Application to Hamiltonians with delocalized eigenvectors.
Let us now analyze a different set of physically motivated
observables. We consider the Hamiltonian

H= Z M 550, (12)
k=1

withMj =M ,fj. My is the self-energy of the “local mode” 6y
of the kth particle, while M is the interparticle interaction.
Equation (12) can describe many different physical systems
of interest, such as a collection of interacting harmonic oscil-
lators or an ensemble of superconducting qubits [57] coupled
in a structured way (e.g., in the topology of a quantum com-
puter [58]), or interacting with a spin bath [59]. H can be
diagonalized through a rotation C, which is the matrix of the
normalized eigenvectors of M, and written in the basis of the
normal modes as in Eq. (2), whose relation with the local
modes is still given by Eq. (3). We again assume that the
eigenfrequencies of the normal modes are nondegenerate.

We are interested in the long-time average of the energy of
each local particle £\° = My.5o;, as this quantity may be
easily accessible in an experiment [54]:

0]((100) = E"’]EIOC)OO — M](k Z |ij|2P0,j- (13)
J

Po,; are the initial conditions, as previously defined.

Let us now assume that the eigenvectors of the matrix M
get delocalized for large N [60], that is, we can effectively
think of them as uniformly distributed over the unit sphere
up to fluctuations vanishing with N. Then, the rows of C are
distributed uniformly over the sphere, and we can calculate
the moments of |Cy j|2 [54]. Different classes of physically
relevant random matrices have been proven to have delocal-
ized eigenvectors for large N, such as the GOE and GUE
ensembles [60,61], the Rosenzweig-Porter model [62,63],
symmetric and Hermitian matrices [64,65], and more [66,67].
So, it is conjectured that eigenvector delocalization is a typical
property of random matrices for large N [68].

Then, using My, = Zj Gk, OSOC) can be easily trans-

formed into the expression for O in Eq. (5), and it can

be shown that the thermalization of 0,((100) is also typical for
initial conditions drawn uniformly from the microcanonical
distribution: Eq. (9) still holds [54]. Similar results can be
found also in the case of a single initially excited local mode,
assuming all the self-energies are equal for large N. We refer
the interested readers to the discussion in Appendix C.
Finally, we remark that a similar reasoning applies to the
analogous case of quadratic Hamiltonians of the form H =
> p§/2 + ik Vjkq;qx. wWhich is of great relevance for CM
[44,45]. For further details, we refer to [54], where we also
prove that the eigenvectors of the linear chain [46,48] get delo-
calized for N > 1. This holds independently of the boundary
conditions of the chain, and it is true for both classical and

quantum modes. At the same time, our results do not hold
anymore for Hamiltonians with localized eigenvectors, such
as lattices with disorder inducing Anderson-like localization.

Conclusions. In this Letter, we have shown that thermal-
ization and energy equipartition are overwhelmingly likely to
occur for the energies of almost any set of modes in both clas-
sical and quantum harmonic systems with a sufficiently large
number of degrees of freedom and nonpathological initial
conditions. These modes include those derived from random
rotations of the normal modes and local modes of quadratic
random Hamiltonians, which describe several paradigmatic
models in both classical and quantum mechanics. We have
considered two different notions of “typical” initial condi-
tions. The first involves “populations” of the normal modes
(or of a subset thereof) drawn from the microcanonical dis-
tribution, representing a scenario where the total energy of
the system is fixed before being distributed among the nor-
mal modes. The second notion involves populations drawn
from a peaked distribution, representing, for example, a sce-
nario where only a single rotated mode is initially excited.
In the first scenario, thermalization and energy equiparti-
tion are typical [see Egs. (6), (9), and (10)]. In the second
case, energy equipartition is typical at a value that may
differ from that predicted by the microcanonical average
(see Appendix A).

Our results, supported by various numerical simulations,
offer robust analytical evidence for a conceptualization of
thermalization based solely on the large number of degrees
of freedom and typical initial conditions. Additionally, we
have shown for the first time that this concept holds true
for both classical and quantum mechanics fundamentally
due to the same reasons. Our findings may thus provide an
alternative way to understand thermalization, with signifi-
cant implications, for instance, for the quantum-to-classical
transition in statistical mechanics. For example, one may
view the general concepts and ideas behind the ETH as
exhibiting a similar spirit to Khinchin’s approach to thermal-
ization [69], which we have consolidated and demonstrated
for a broad class of classical and quantum models. Then,
a natural and promising direction for future work would be
to investigate the connections between our framework and
various results on the emergence of the ETH at different
levels and with different implications in integrable systems
[33,37,38,70-72]. This may provide a more unified under-
standing of thermalization across the classical and quantum
domains, which have traditionally been treated through very
distinct approaches. Moreover, it would be interesting to
connect our results with other recent works that address ther-
malization in integrable systems relevant to current quantum
technologies [39,59,73].
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Appendix A: Initial conditions with roughly equal popu-
lations. Given py =}, po,j/N, we assume po, ;/pay = O(1)
for all j. Moreover, w;/w,, = O(1) forall j. Then, for N > 1,
we obtain [54]

E[0{*] = wwpaull + O(1/N)]. (A1)

The above expression does not depend on %, i.e., the energy is
on average equipartitioned among the rotated modes. Further-
more, we find Var [0,(:01)] = O(w?,p2,/N), which immediately
implies

Var [0"] 1
W:O(—)—)OforN—)oo,
k

N
proving that energy equipartition is typical. It is also possible
to show that

(A2)

E[O,Emt)] — % for N — oo (A3)
for typical initial conditions [54]. We have introduced the total
energy in the system Eyo = ) ;@jpo,;j-

We now compare Eq. (A1) with the corresponding value
obtained for initial conditions drawn from the classical micro-
canonical distribution, Eq. (10). Using Eq. (A3), for CM their
difference can be written as

E
%(wav(w")av —1).

Therefore, in CM the two values coincide only if w,, =~
1/ (@™ ay, i.e., the distribution of the eigenfrequencies must
be peaked, with relative fluctuations vanishing for large N.

The key difference between the microcanonical distribu-
tion and the “roughly equal” initial conditions py ; lies in the
weighting factor 1/w;. Suppose the eigenfrequencies are uni-
formly distributed over the interval [1, 2]. Setting po ; = po
independently of j neglects the factor 1/w;, which is nonethe-
less within the standard microcanonical fluctuations of the jth
mode population [54]. However, this choice of pg ; for all the
modes systematically biases the initial conditions relative to
the microcanonical distribution: modes with higher frequen-
cies (w; = 1.5) will, on average, be more populated than in
the microcanonical ensemble, while lower-frequency modes
will be underpopulated. This is why this choice represents a
zero-measure subset of the microcanonical ensemble in the
limit N > 1.

Appendix B: Time fluctuations

1. Microscopic observables. In this subsection, we study
the time variance of the energies of each rotated mode. We
make the additional assumption that there are no gap degen-
eracies in the spectrum of the eigenfrequencies, which is usual
in the context of the ETH [16,72]. Using the definition in
Eq. (4), for CM we observe [54]

7 (rot)\ 2
(Ek ) o) g
Therefore, the time fluctuations do not vanish in the classical
regime.

(A4)

2(EfV_ )7 for N—oo.  (BI)

N
—— 10

20
—— 50
—— 100
—— 200
—— 500
—— 1000

10° 102 10* 106 108
t

FIG. 2. Ay from Eq. (B3) as a function of time, with K =
(N/2,..., N) for different values of N. The initial energy is con-
centrated in the first rotated mode. The eigenfrequencies are sampled
uniformly from [1, 3]. The gray dotted line depicts the theoretical
prediction for the equilibration value derived from Eq. (A3).

In contrast, for fermions and hard-core bosons in QM we
obtain [54]

~ 2
( E[Erot))
for large N. As a consequence, the time fluctuations vanish in
the quantum case for N > 1.
2. Macroscopic observables. As a macroscopic observ-
able, we consider any quantity that can be written as a sum
of single-particle energies of the rotated modes, or single-

particle occupation number of the rotated modes [76]. Let us
introduce the observable

Ay = ZEIfrO[)’

keK

< (BF_ )11 + 0(1/N)] (B2)

o]

(B3)

where K is a set containing N* rotated modes, which for large
N is a finite fraction of all the modes: N* > 1if N > 1. Then,
for both CM and QM it can be shown that [54]

A2, = Ay 1+ O00/N] for N*>1. (B4

Time fluctuations of macroscopic observables thus correctly
vanish in the thermodynamic limit. Note that we would obtain
the same results if we replaced E,Em[) with the occupation
number &; 0 in Eq. (B3).

To test this prediction numerically, we study A, as the sum
of the energies from mode k = N/2 to k =N (N* = N/2).
We consider a scenario where only the first rotated mode
is initially excited, thus Ay (0) = 0, and we study A (¢) for
different N. Its time evolution is plotted in Fig. 2. Ay () grows
in time until approaching the equilibration value, and time
fluctuations are clearly suppressed for larger N. If, instead, we
drew the initial conditions from the microcanonical ensemble,
Ay (0) would be closer to the thermalization value, and fluc-
tuations around it would vanish for N > 1.

This observation is consistent with Khinchin’s original idea
in classical SM, where thermalization arises solely from the
choice of observable and the structure of the microcanonical
ensemble, independently of time evolution. If an observable
meets the requirements for thermalization, it will thermalize
for most initial conditions (with probability approaching 1
in the microcanonical ensemble) at any time. The notion of
typicality in QM is also based on similar ideas [12]. For
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FIG. 3. Numerical results for the energy of the local particles of a random H in Eq. (12). We initially excite a single local mode (k = 1)
in a Fermi-Pasta-Ulam-Tsingou (FPUT) fashion [74,75], so that the py ; are (roughly) randomly distributed among the normal modes. (a)
Distribution of 0! over k for a single realization of M and with M ~ N(0, 0.1), My ~ N (1, N~"). (b) Same as (a) but with My, ~
N(1,0.2). (¢) neg [Eq. (11)] as a function of N in the two scenarios depicted in (a) and (b) averaged over 50 different realizations of M (error
bars = 1 std. dev.). Data points are joined by a line for visual guidance only.

technical details on the connection between Khinchin’s results
and our findings, see [54].

Appendix C: Energy equipartition for a random quadratic
Hamiltonian. In this Appendix, we study the long-time av-
erage of the observables E~,£1°C) introduced in Eq. (13) for a
random quadratic Hamiltonian given by Eq. (12). Note that if
My = M, for all k (“identical particles,” e.g., a collection of
resonators with equal frequency [57]) and, crucially, |C jk|2 ~
1/N, energy is equipartitioned among the particles.

Instead of drawing the initial conditions from the micro-
canonical ensemble, we now assume a peaked distribution of
the populations, i.e., po,j/pay = O(1) with psy = 3, po,j/N.
We obtain [54]

E[OSOC)] = E[Mi] pav, 1)
ar [01(<10C)] = piv |:Var [Myi] + 0<%)
(E[Mu])?
! O(T)] (€2)

Next, we assume E[M;,] = M, for all k, and the fluctuations
around the mean value vanish for large N, i.e., Var [My] =

1/N® with o > 0. This means that the particles must be iden-
tical for N — oo. Note that, since we assume that all the
w; are of the same order, this is consistent with delocalized
eigenvectors for large N, as My, = Zj |ij|2a)j. Then,

Var [0%] 1
—220(7>_>0 for N — oo,
(E[0X]) N

that is, energy is equipartitioned among the particles.

We numerically illustrate the emergence of equipartition
in the latter scenario by first generating a random matrix
with elements drawn according to M ~ N (1,N~!) and
M, ~ N (0, 0.1). Then, we study the same problem but with
M ~ N(1,0.2). The results are depicted, respectively, in
Figs. 3(a) and 3(b): only in the first case do we obtain energy
equipartition for N > 1, as also captured by the behavior
of negr shown in Fig. 3(c). Note that, while M may have
negative eigenvalues, we can set them positive by shifting M
through 81 with § = O(W ) [77]. We have also verified that
the equipartition emerges for the non-Wigner matrix MM,
which is positive-semidefinite by construction and displays
eigenvector delocalization for large N.
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