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We investigate the different degrees of freedom underlying far-from-equilibrium scaling behavior in a rel-
ativistic, single-component O(1) scalar field theory in two and three spatial dimensions. In such a strongly
correlated many-body system, identifying the respective roles of nonlinear wave excitations and defect dynamics
is a prerequisite for understanding the universal character of time evolution far from equilibrium and thus the
different possible universality classes of nonthermal fixed points. Using unequal-time two-point correlation
functions, we extract information about the dominant infrared excitations and study their connections to the
turbulent dynamics of topological defects created in the system. In three dimensions, the primary excitations
are identified as kelvon quasiparticles, which are quantized Kelvin waves propagating along vortex lines, while
in two dimensions, vortices are point defects, and the infrared dynamics is dominated by bound-state-like
excitations similar to Kelvin waves. In both cases, the kelvon excitations are found to be characterized by distinct
time-evolving dispersion relations, subject to the coarsening dynamics close to the respective nonthermal fixed
point and, thus, to the decay of superfluid turbulence in the system. Our results underline the role of topological
defects and their influence on the universal dynamics of strongly correlated systems near nonthermal fixed points,

complementing the analysis of large-N models in O(N) systems.

DOLI: 10.1103/h4hn-r6kp

I. INTRODUCTION

The concept of universality is a powerful framework for
understanding complex many-body systems. Near equilib-
rium, it provides a way to associate phase transitions with
universality classes based on a small set of system parameters,
highlighting how vastly different systems can exhibit similar
dynamical critical behavior [1]. Beyond this, universality can
also emerge far from equilibrium. Fluid turbulence represents
one of the first scaling phenomena systematically discussed in
physics [2]. Quantum coherence allows far-from-equilibrium
scaling to emerge in low-energy as well as relativistic systems,
in particular in the form of superfluid or quantum turbulence
[3-14] and different types of wave turbulence [15-22], stud-
ied in both theory and experiment. Turbulence is commonly
considered in an open-system setting, where driving and dis-
sipation give rise to a stationary cascade that exhibits spatial
scale invariance within an inertial range of energy scales.

Universal dynamics far from equilibrium can also occur
in closed systems exhibiting self-similar scaling in space and
time. Such universality has been studied in analogy to (near-
)Jequilibrium scaling, in connection with nonthermal fixed
points [23-31], which give rise to nonequilibrium attractor
solutions. This far-from-equilibrium universality has been
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experimentally observed in ultracold atomic gases in differ-
ent dimensions and trapping geometries [9-12,21,22,32-46].
Many phenomena and properties of universal scaling dy-
namics have been theoretically predicted and studied in
very different systems, ranging from ultracold gases over
heavy-ion collisions to the early universe [23-30,47-108];
for overviews, cf. Refs. [109-113]. This includes studies of
(wave) turbulence, as well as coarsening and phase-ordering
kinetics [114-116]. The vast range of phenomena raises the
question of what the relevant physics behind the apparent
universality is, which universality classes exist, and whether
these classes can be divided into subclasses.

The study of far-from-equilibrium universality in isolated
systems has primarily focused on the properties of the time-
dependent momentum distribution function f (¢, p), which de-
scribes the occupancy of momentum modes over time. These
functions reveal self-similar scaling behavior near nonther-
mal fixed points, characterized by universal scaling exponents
that are largely independent of the systems’ parameters or
initial conditions. Relativistic scalar field theories with O(N)
symmetry, for example, exhibit universal dynamics at low mo-
menta according to f(t, p) =t “f,(t  p), with the exponents
a =dpf and B = 1/2 [28]. The scaling function f; is consis-
tent across different values of N, whether in relativistic or non-
relativistic models, and the underlying physics is connected
to the self-similar transport of particle numbers toward lower
momenta and the growth of a quasicondensate in the long-
wavelength modes below a characteristic scale pir(t) ~ t 7.

Large-N kinetic theories provide a successful description
of this scaling dynamics and the exponents, which can be
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traced to weak elastic collisions of Goldstone quasiparti-
cles with free dispersion and momentum-dependent effective
quartic coupling [23-25,28-30,60,81,106,108,117,118], rep-
resenting the excitations of the phase-angle differences of the
different components [31,81]. For small values of N, however,
where the excitations of the total field amplitude become
relevant, the precise description of the universality remains
unsatisfactory, and alternative mechanisms, such as coarsen-
ing dynamics of topological defects, are anticipated to play
a significant role [11,26,27,42,52,54,59,74,76,86,87,98,119—
121]. Recent studies indicate that for systems with a small
number of field components, distinct initial conditions may
lead to different scaling exponents [42,74,97,103], where dis-
tinctly subdiffusive scaling, f < 1/2, has been associated
with specific defect-driven dynamics, e.g., 8 = 1/5 for vor-
tices in two spatial dimensions [11,74,88,102].

For the relativistic O(N)-symmetric nonlinear Klein-
Gordon vector models in both two and three spatial di-
mensions, a number of different, N-dependent topological
defects are expected to contribute to the dynamics in the
infrared [61,76,102], which includes vortex defects in O(1).
The topological connection between the O(1) and the nonrel-
ativistic U(1) theory, and hence, the existence and definition
of vortices in the relativistic O(1) model originates from an
emerging mass gap. Therefore, at low energies, the field and
its canonical conjugate are mapped to the real and imaginary
parts of the complex U(1) field. However, for O(N) theories in
three (spatial) dimensions, including the case O(1), the self-
similar scaling evolution of the distribution function has been
consistent with that of large-N descriptions and in agreement
with nonrelativistic U(N)-symmetric nonlinear Schrédinger
models [25,28-31,61,81,122]. This has been corroborated by
observing the scaling behavior of f(z, p) based on classical-
statistical (truncated-Wigner) real-time lattice simulations.
Nonetheless, unequal-time correlation functions, which also
give information about the nonequilibrium excitation spec-
trum, have revealed markedly different dominant excitation
peaks for N = 1,2 compared to N > 3, where the large-N
excitation indeed dominates [31].

Here, we study the underlying mechanisms of the self-
similar infrared transport for the relativistic single-component
O(1l) theory in two and three spatial dimensions using
unequal-time two-point correlation functions. By providing
information on both occupancies and dispersion relations,
the latter observables allow us to distinguish the different
excitations contributing to the scaling and also to ascertain
which excitation is dominant. Based on numerical simulations
in three spatial dimensions, the dominant excitation in such
correlators at large N has been identified as the one with the
(complex) quasiparticle dispersion [31,123] that agrees with
the kinetic theory picture. An excitation similar to the large-N
excitation has also been found for the relativistic N = 2 case
at low momenta [31], whereas it is absent for N = 1. On
the other hand, a very specific, so-called “transport peak”
has been identified for both nonrelativistic U(1) and in the
nonrelativistic limit of relativistic O(1) models [31,122], with
the same momentum and time dependence of the dispersion
relation, as well as damping rate, while being distinct from
the large-N excitation. This peak appears to be present for
the cases of O(2) and O(3) as well; however, it distinctly

dominates only the N = 1 theory [31]. The origin of this trans-
port peak has not been understood yet and is not predicted
by any current kinetic or low-energy effective description of
nonthermal fixed points.

In anticipation of its potential connection to topological
defects, in this work, we also extract and analyze the vortex
dynamics for the O(1) theory in both two and three di-
mensions using topological defect data extracted from lattice
configurations. In the context of nonthermal fixed points, two-
dimensional relativistic theories have not been extensively
studied yet [54,76,120]. However, they do provide an interest-
ing toy model since, intuitively speaking, topological effects
are more important in lower dimensions and for lower N. By
carefully investigating the transport peak, we find a direct
connection between the self-similar infrared transport near
the nonthermal fixed point and vortex line defects in three
dimensions in terms of Kelvin waves [124—127], which arise
as quantized excitations on vortices present in scalar theories,
and which are well investigated in the context of vortex dy-
namics and quantum turbulence [17,19,20,128-136]. In two
dimensions, we observe a similar transport peak, where the
underlying physics is connected to the two-dimensional ana-
logues of Kelvin waves, which arise as vortex-displacement
excitations [137-139]. While the general picture of nonlinear
wave propagation in the strongly correlated regime near a
nonthermal fixed point still applies for both small and large
values of N, with the present study, we distinctly identify
the relevant degrees of freedom in these theories, highlighting
the importance of topological defects for a single-component
scalar field theory.

The paper is organized as follows: Section II describes
the lattice simulations and the different types of two-point
correlation functions investigated. Section III provides an
overview of the relevant degrees of freedom based on ap-
plicable low-energy effective theories of relativistic scalar
fields. It discusses the expected N-dependence from both the
quasiparticle picture and the possible topological defects. In
Sec. IV, we present our main findings from real-time lat-
tice simulations. We first compare the self-similar scaling
from the (equal-time) distribution function to that of vortex-
antivortex annihilation-driven coarsening dynamics and then
draw parallels to the relevant excitations found in unequal-
time correlation functions. We analyze the dispersion relation
of these excitations to clearly pinpoint their nature. In Sec. V,
we present our conclusions.

II. MODEL AND OBSERVABLES

We consider a single-component relativistic scalar field
theory with field variable ¢ (¢, x), in d = 2 and d = 3 spatial
dimensions with classical action

2

(]! Mg Ry
S[¢]—jx[za“¢alt¢ R4 4!¢], (M)

where [, = [dr [ d’x, summation over repeated indices is
implied, m is the bare mass, and A is the coupling con-
stant. In the weak-coupling regime A < 1 considered in this
work, the quantum dynamics can be accurately mapped onto
classical-statistical field theory (truncated-Wigner approxima-
tion) for highly occupied systems at not too late times [140].

033220-2



KELVIN WAVES IN NONEQUILIBRIUM UNIVERSAL ...

PHYSICAL REVIEW RESEARCH 7, 033220 (2025)

In classical-statistical simulations, one samples the fields over
initial conditions,

¢(0,p) = (0, p)/pc(p),
7(0,p) = vpf(0, p)(p), @

where p = |p|, with independent random numbers drawn
from a Gaussian distribution that satisfy (c(p)(c(q))*)a =
Vép.q, and similarly for & Our initial condition sets high
occupations for the infrared modes,

ft=0,p)= ”f@(Q ) 3)

up to a characteristic momentum scale Q, which is the
physical scale governing the dynamics. Subsequently, each
realization is evolved according to the classical equations of
motion,

dp(t,x) = n(t, x),
dr(t,x) = d;9;0(t, X) — m*p(t, x) — %qs(r, X9’ @

In the numerical approach, we discretize ¢(¢, x) and 7 (¢, X)
on a spatial lattice with spacing a,, volume V = (N;as)?,
and time step a, = 0.05a,. In d =2 dimensions, we use
Ny, =2048, a;,=0.10"", m/Q =2, and ng =80. Ind =3
dimensions, we use N, = 256, a, =0.807!, m/Q = 0.25,
and no = 100, unless stated otherwise. We use a fourth-order
accurate finite-difference scheme for the second-order spatial
derivatives as described in Ref. [8]. The time evolution is
performed using a leapfrog algorithm in propagating Eq. (4),
which conserves the energy density and where the fields ¢ and
7 are half a time step apart. We furthermore impose periodic
boundary conditions for the spatial lattice.

Any dependence on the coupling constant drops out after
the classical equations of motion and the initial conditions
are rescaled according to ¢ — A'2¢ and w — A!'/?m. This
property stems from the underlying classical limit 7 — O
or, equivalently, the weak-coupling limit A — O while Af
remains unchanged. The figures shown in the following sec-
tions all assume quantities in units of Q.

To study the excitation spectrum, we will compute two
different unequal-time two-point correlation functions: the
spectral function p(#', ¢, p) and the statistical correlation func-
tion F(¢',t, p). The latter can be defined as the expectation
value of an anticommutator of fields, which can be calculated
in the classical-statistical framework as the classical expecta-
tion value of the corresponding product of fields,

1
F(t',t,p) = V(d)(t’, p)o*(t, p))a- ()
Based on this, we can also define the distribution function as

f&,p)=VF, t,p)da,F1' 1, p)li (6)

at equal times ¢’ = ¢.

For the computation of the spectral function, the linear-
response approach of Ref. [31] similar to Refs. [122,141]
is employed. This involves perturbing the system, at time ¢,
as ¢ — ¢ + 8¢ with a source term j(z, x) = jO(x)8(t —t'),
drawn from a random Gaussian distribution that satis-
fies (jo(p)(jo(q))*>j = Vépq. The perturbation §¢ is time

evolved according to the linearized equations of motion
9/8¢ = 8 and

/ 2 )‘2 -0 /
8ﬁn=8ﬁﬁ¢—<m-+6¢>&¢—150—t) (7

The retarded component of the spectral function follows from
linear-response theory as

1
0" —t)p(t',t,p) = V(<5¢(l’, PaG'®));.  (®)

Apart from the occupancy of excitations in the system, the cor-
relators F and p also contain information about the frequency
dependence of excitations, including the dispersion relations
and damping rates of all of the relevant excitation species in
the system. We consider these unequal-time correlation func-
tions in momentum space and perform the Fourier transforms
with respect to relative time At =¢" —t” as

F(t,w,p) = / dAt M F(t' 1", p), )
pot,w,p) = —i/dAt o' 1", p), (10)

where ¢t = (t' +1")/2 is the (central) time. In practice, we
evaluate the correlations at #” = ¢. This approximation can be
justified provided the correlations do not change significantly
over times of the order of their oscillation periods along the
relative time Af, which is fulfilled during the self-similar
scaling dynamics [122]. Therefore, in our simulations, we
compute the Fourier transforms while holding ¢ fixed, as

Al

F(t,o,p)~ 2/ dAt cos(wAt) h(At) F(t + At,t, p),
0

(11)

Atmax

pt,w,p) ~ 2/ dAt sin(wAt) h(At) p(t + At, t, p),
0

(12)

typically using Afmax =~ 300 for spectral functions and
Atmax ~ 500 for the statistical function. We have checked that
the results are not sensitive to the exact value of Afp.x. We
also employ a Hann window function,

T At
, 13
A[max) ( )

and zero padding to smoothen the resulting curves, and
have checked that these do not alter the form of the
displayed peaks. Expectation values of observables are ob-
tained by averaging over the field trajectories that are
solutions to the classical equations of motion. The re-
sults shown in the following use correlation functions
averaged over 100 realizations in two and 40 realizations
in three dimensions. Real-time classical-statistical simula-
tions have been extensively used to study the dynamics
of isolated systems in corresponding regimes of applicabil-
ity for similar initial conditions [23,26,27,31,52,59,61,67—
69,74,76,83,86,87,93,96,98,102-104,118,120,142—-144].

1
h(At) = 5(1 + cos
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III. EXCITATIONS AND DEFECTS IN O(1) THEORY

In this section, we discuss the different quasiparticle and
topological defect contributions that we expect to be relevant
for O(1) scalar field theory.

A. Low-energy effective theories of scalar fields

Relativistic O(N) scalar field theories are known to display
nonrelativistic effects at low momenta in the presence of a
mass gap. For the initial conditions considered here, such a
mass gap |p| < M with effective mass M emerges even when
the underlying theory is originally massless [28], giving rise
to nonrelativistic dynamics in the infrared. Hence, a single-
component field theory O(1) can be described by an emergent
U(1) theory. This mapping can be made more rigorous by
introducing nonrelativistic degrees of freedom emerging from
the underlying relativistic ones:

¥ =M o, b +i/ o, 7]/V2, (14)

with w, = +/M? — V2 [76,145]. The emergent dynamics is
governed by the Gross-Pitaevskii equation (GPE),

VZ
10,¢(,x) = —Wl/f(l,x)+g|1ﬁ(f,X)|2W(f,X), (15)

thus describing the real-time dynamics of a single-component
Bose gas. While it is a well-known mapping, Ref. [76]
considered it for the case of overoccupied isolated systems
corroborated by numerical simulations in two dimensions,
with initial conditions very similar to what is being considered
here.

In contrast, for a nonrelativistic N-component Bose gas,
a low-energy effective theory (EFT) was considered in
Ref. [81], describing interacting Goldstone modes of the
total and relative phase excitations. There are N equations of
motion for the U(N) theory, which give rise to N —1
Goldstone modes [146] with quadratic dispersion wg(p)
(relative phase excitations), and a Bogoliubov mode (total
phase) with dispersion wg(p),

2

wG(p)=§—m, c=1,...,.N—1,
P> (P
wp(p) = \/E (% + 2gpo), (16)

where po is the condensate density in the zero-mode. In
Ref. [31], these dispersions were generalized to the relativistic
case of O(N) models by computing the dispersions of possible
excitations using classical field equations of motion. This
gives rise to the gapless modes

wG,rel(p)z P2+M2—M, a7
B rel(P) = \/p2 +2M(M + gpo — \/ P* + (M + gpo)?),
(18)

where gpy imprints the magnitude of the (local) condensate
and is related to the effective mass M. These dispersion
relations are provided as relative excitations on top of the local
condensate that is the solution of the classical equation of

motion. Therefore, they can be directly compared to the
dispersions (16) of the nonrelativistic theories. However,
we emphasize that in the relativistic case, one computes
correlations of the scalar field ¢ instead of v and, before
comparing to the stated dispersions, one has to remove the
rotation frequency £M in the frequency spectrum [31] that
also emerges in the exponent of Eq. (14). We will take this
into account in all the figures below by plotting w — M.

We note that in the large-N limit, the Bogoliubov mode
is suppressed in the infrared. In this limit, large-N kinetic
theories [28-30] that dominantly describe the scattering of
quasiparticles with a quadratic dispersion agree with the
low-energy effective theory considered in Ref. [81]. For the
single-component scalar field theory, the EFT considers only
Bogoliubov modes and no quadratic excitations. However,
the extraction of the excitation spectrum in U(1) and O(1)
theories in Refs. [31,122] reveals the existence of a dominant
“transport peak” or “non-Lorentzian peak™ at low momenta,
in addition to the Bogoliubov modes, that drives the dynam-
ics. This raises the question of what kind of quasiparticles
are present in a single-component scalar field theory and, in
particular, what the dominant degree of freedom is that none
of the existing EFTs or kinetic theories are able to capture.

B. Topological defects in O(1) scalar field theory

Approaching from a different perspective, an important
consideration is the potential existence of topological defects
in our systems. This could be especially significant for the
N =1 case, since the lower N is, the more constrained
the topology of the underlying vacuum manifold becomes,
making it more likely to support nontrivial topological
structures [147].

Due to the effective conservation of particle number in
the infrared regime, which also occurs in the presence of a
mass gap in the relativistic theories considered here, an inverse
self-similar particle transport develops. This gradually trans-
fers particles to low-momentum modes, ultimately building a
condensate at zero momentum. However, causality imposes
a limit on the rate at which information and correlations
can propagate, preventing the instantaneous formation of a
uniform condensate. Therefore, the condensate initially lacks
long-range order, which it will gradually develop through
ordering dynamics [114]. This dynamics may include topo-
logical defects depending on the number of field components
N [61], and for a single component, N = 1, there are stable
vortex defects. In this particular case, the formation of vortices
and antivortices, and their annihilation process is of impor-
tance, since this allows for the growth of larger structures.

One way to identify these defects in our simulations would
be performing the canonical transformation (14) on the rel-
ativistic degrees of freedom ¢ and m to obtain the complex
¥ (t, x). Then, positions on the real-space lattice where de-
pressions in the density of |1/ (¢, x)|?> occur along with a phase
change of approximately +2x in arg[y (¢, x)] would corre-
spond to vortices and antivortices, respectively [76]. However,
we find that it is also possible to obtain topological defects
directly from the relativistic degrees of freedom ¢ and 7
without transforming into v, and also without applying any
cooling effects in the simulations. For a relativistic theory with
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FIG. 1. Left: Phase angle of the complex quantity 6 = ¢ + im defined from the relativistic degrees of freedom. Vortices/antivortices occur
at a phase change 27, as magnified by the middle insets. Right: Vortex defects also show up as distinct minima in the local energy density
on the lattice. We show coarse-grained plots to minimize the influence of lattice artifacts. Lengths are shown in units of Q7! [cf. Eq. (3)]. The
healing length & = p;' = [2gpoM]~"/?, which gives the scale of the diameter of the vortex cores, is & ~ 0.830™".

a sufficiently large mass gap, defects also show up as minima
in energy density fluctuations [102], which coincide with a
427 winding in the relativistic phase angle defined by

0(r,x) = arg[o(t, x) +im (1, x)], (19

as shown in Fig. 1 for the two-dimensional case. We have
cross-checked that the number and positions of (anti)vortices
coincide in these two observables, the relativistic 6 (¢, x), and
the nonrelativistic arg[v (¢, x)]. Such phase singularities in the
nonrelativistic arg[y (¢, x)] have been specifically matched
with depressions in the complex field ¥ in Refs. [74,76],
and their time evolution has been tracked in the context
of vortex-antivortex annihilation events and the resulting
coarsening of the domains. In this work, we will obtain
results from purely relativistic quantities, namely, the fields
¢(t,x) and 7 (¢, x) entering 0(¢, X).

Technically, one could first identify the minima in the
energy density and check for a corresponding phase winding
in 6(t,x). In practice, however, nearly all the 27 phase
windings coincide with a minimum in the energy density, such
that simply checking only one of these observables gives an
accurate picture of the total vortex density. Similarly, for the
three-dimensional case, vortex lines are revealed by looking
for depressions in the energy density fluctuations, as seen
in Fig. 2 for different times. Since vortex configurations are
solutions to the classical equation of motion, they can arise
during the dynamics. However, it is worth mentioning that
even though these vortices are not explicitly part of the initial
conditions under consideration, our box initial condition (3)
provides the right environment for vortices to emerge. This
can be seen in Fig. 3, where the initial field configurations
¢(t = 0,x) and 7w (¢t = 0, x) are shown in position space. The
“scrambled” look results from small domains that are char-
acterized by sharp boundaries between low and high values
of ¢ and 7 due to the step function in the distribution at the
characteristic momentum Q. As already illustrated in Fig. 1,

such sharp boundaries are ideal for phase singularities in
6(t = 0, x), which is a feature of vortices.

It is also important to note that using a smoother cutoff
for the initial momentum space distribution instead of a
step function, like a hyperbolic tangent function or a Gaussian
function, did not reduce the number of vortex defects initially
formed in the system, which we explicitly checked. As long
as one has a relatively steep increase in occupation number
in momentum space near some characteristic momentum,
this initially scrambled picture will emerge in position space,
and vortices will always form very quickly in the dynamics.
In this sense, it is not possible not to have or to remove
these defect configurations. For the case of N = 1 (and also
N = 2, 3 but not higher N), they are stable configurations on
topological grounds [61,102].

C. Excitations on vortices

Another type of contribution yet to be considered is that
the vortex defects themselves can support excitations, which
appear as quasiparticles during the dynamics. For instance,
phonons can be produced from vortex-antivortex annihilation
processes [148,149], which are expected to yield a linear
dispersion relation at low momenta. Beyond this, individual
vortex lines in three dimensions and vortex cores in two di-
mensions can be excited in a way that can be characterized
as quasiparticles, which are distinct from the phonons arising
from vortex annihilation. In anticipation of our findings, we
briefly summarize the properties of such kelvon quasiparticles.

In three-dimensional systems, vortex defects are extended
objects and may be viewed as vortex lines, along which
helical excitations can propagate as waves. These are known
as Kelvin waves [124] and were originally described in the
context of classical hydrodynamics. In the realm of quan-
tum fluids, Kelvin waves arise as helical perturbations of
quantized vortex lines, with the circulation being discretized
as a direct consequence of the quantum mechanical phase
winding around the vortex core [125,127,150,151]. These
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FIG. 2. Tangles of vortex lines on a three-dimensional lattice shown at three different times and extracted from the low-energy depressions
of the energy density fluctuations. Due to reconnections of vortex rings, leading to both larger and smaller rings and subsequent shrinking and
dissolution of the smallest rings on the noisy background, the overall vortex line length decreases, corresponding to a coarsening process in
the energy density. Lengths are shown in units of Q~!. The healing length is &, = pghl = [2gpoM] > ~ 1.67Q7".

excitations play a crucial role in the dynamics of quantum
turbulence, mediating energy transfer from larger to smaller
scales [17,19,20,128-136], as Kelvin waves at a similar scale
interact, exciting smaller scale Kelvin waves, ultimately dis-
sipated by phonon emission [128,129,131]. At larger scales,
vortex reconnection is thought to dominate energy transfer
[152], and such reconnection events excite Kelvin waves
at scales close to the intervortex distance. Lord Kelvin ob-
tained, for the small-amplitude wave excitations of a thin
columnar vortex with a hollow core, with wave number p
along the vortex line and azimuthal quantum number n = 1,
the dispersions [124]

K
. 1+ 1+rcp O(rcp)
27y K (rep)

wi(p) = . Q0

where r. is the vortex core radius, I' = fcv - dr the vortex
circulation, with fluid velocity v and C some closed path

-1

~== — T
2000 0 1000 2000

0 1000
T T

FIG. 3. Initial spatial configurations of the fields ¢(#,r) and
7 (tp, r) in d = 2 dimensions, r = (x, y), normalized to have values
between —1 and 1. The “scrambled” pattern, containing many small
domains, allows for numerous phase singularities in arg[¢ + i ],
which we identify as (anti)vortex defects. These domains then be-
come larger, as throughout the coarsening process vortices annihilate
with antivortices resulting in the growth of structures. The healing
length is &, &~ 0.83 Q! in the units shown.

around the core, and K are modified Bessel functions of order
j. The low-momentum approximation of the dispersion @~
has the form
_ rp? 2
wg (p) ~ ——[ln (—) - J/:|» (pre <D, (2D
4 Dre
where y & 0.577216... is the Euler-Mascheroni constant.
The Kelvin-wave dispersion (21) also applies to vortices
in a superfluid [127] with integer winding number w € Z
and circulation I' = wh/m quantized in integer multiples of
the Planck constant 4 over particle mass. The much larger
ot (p—0)=T/(x rcz) is related to the Magnus force and the
mass inside the core [153,154].

The dynamics of quantized vortices and their Kelvin-wave
excitations with dispersion (20) is well captured by the GPE
(15) [138,155-158]. As it is explicitly visible in the approx-
imate expression (21), the p-dependence of the dispersion
(20) is nearly quadratic at low momenta. Around pr, = 1,
it is close to linear in p, while at higher momenta, it bends
to a lower power than linear. Such a momentum dependence
serves as a unique signature of Kelvin waves that is unlikely
to be attributed to any other excitation with only linear or
quadratic dispersions. Previous GPE studies of Kelvin waves
mostly focused on weak wave turbulence, and a direct connec-
tion has not been made with nonthermal fixed points to date,
where strong turbulence, including vortex tangles, dominates
the infrared region.

At first sight, Kelvin waves cannot occur in two di-
mensions, where vortices lack a linear extension along the
core and are localized objects with circular symmetry. Sim-
ilar quasiparticles, however, emerge even in two dimensions
[139,159], especially if the vortices are not pointlike, but have
a finite core size, which is precisely our case, as seen in the
right panel of Fig. 1 depicting the energy density. As a result,
the boundary of the vortex supports bound-state-like oscilla-
tions, which, in the azimuthal direction, are quantized in the
same way as kelvons in three dimensions, looked at in a single
fixed plane perpendicular to the vortex core. The lowest such
azimuthal excitation corresponds to a circularly varying dis-
placement of the center of the vortex. As a result, the density
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FIG. 4. Distribution function f(z, p), cf. Eq. (6), for a single-component scalar field theory in (a) two and (b) three dimensions, shown at
five different evolution times ¢, where quantities are shown in units of Q, i.e., time in units of Q~! and momentum in units of Q. The inset shows
the functions rescaled according to Eq. (22), with 8 = 0.25 and o« = 0.5 in two dimensions, and 8 = 0.5 and & = 1.5 in three dimensions. We
also show approximate power law fits p~* in both cases. In panel (a), simulations were run on a 20482 lattice, while in panel (b) the lattice size
was 5123, The momentum scales ps, = +/2gpoM corresponding to the healing length & = p;h' are p;, ~ 120 ind =2 and p; ~ 0.6Q in

d=3.

is also modified in its radial dependence relative to the rotating
position of the vortex, and in the large-volume limit, a con-
tinuum of kelvon states emerges, which can be distinguished
again by a wave number p parameterizing the radial depen-
dence as well as the dispersion of the kelvon. Therefore, an
analogy can be drawn between a Kelvin wave extended along
a vortex line in three dimensions and a “Kelvin wave” repre-
senting, at lowest order, a circularly rotating displacement of
the vortex position. We will also refer to these quasiparticles
in two dimensions as kelvons, for which a dispersion with
the same scaling (21) as in three dimensions has been found
[139,159]. Wavelike motion along vortex boundaries has also
been discussed in the context of Kelvin waves in finite-size,
quasi-two-dimensional systems as realized in a trapping po-
tential strongly confined in the third dimension [138,139].

IV. RESULTS: UNIVERSAL SCALING DYNAMICS

A. Self-similar evolution of the momentum spectrum

The O(1) theory (1) in d = 2 spatial dimensions provides
a particularly intriguing and valuable framework for the study
of relevant degrees of freedom for our initial conditions. Com-
parable simulations in d =3 for the massive O(1) theory
[31,61] have revealed the momentum distribution function (6)
that evolves self-similarly according to

ft,p)=t*£t"p),

with universal scaling exponents « and g8 and scaling func-
tion fi(p). The distribution function takes the approximate
form

(22)

N(t) )K/2
PR +p?)

where the characteristic momentum scale pig marks the tran-
sition between a plateau in the infrared and power-law falloff
p~“. For p — 0, the function develops a plateau or increases
with a power law much smaller than «.

ft,p)= < (23)

According to Eq. (22), the characteristic scale decreases in
time as pir(¢) ~ t~#, while the overall normalization scales
as N(t) ~ t>@/<=P)_If particle number and thus the integral
f d? pf(t, p) is conserved in time, in d dimensions, the re-
lation o = d 8 must hold. Semiclassical simulations gave the
universal scaling exponents § &~ 0.5 and @ &~ 1.5 ~ d 8, and
Kk ~ 4.51ind = 3 dimensions [28,61].

This self-similar scaling is confirmed by our results in
Fig. 4(b), where we show the evolution of f(¢, p) ind = 3 di-
mensions for different times as a function of momentum. One
finds that the characteristic self-similar dynamics in Eq. (22)
that builds up a condensate, i.e., a macroscopic occupation of
the low-p modes, requires the stated values for « and 8 to
obtain a time-insensitive scaling function f; as visible in the
inset. This form consists of a nearly constant part at the lowest
momenta p < pr and the power-law decrease p™* at higher
momenta p > pr within the infrared momentum range below

the inverse healing length p < pg, = /2800M.

B. Coarsening dynamics

Based on the spectral and statistical functions, the above
excitation dynamics for single-component scalar fields was
found to be markedly different from what is observed and
expected in the large-N limit [31], where we have an ana-
Iytic understanding of these exponents [28—30]. On the other
hand, the exponent 8 ~ 0.5 is known to apply in quali-
tatively very different situations. As an alternative to the
self-similar transport of free Goldstone quasiparticle excita-
tions to lower momenta, which dominates the large-N limit
[30,81], it could also result from diffusion-type coarsening
dynamics of the spatial field configuration, e.g., as induced by
mutual annihilation of vortices and antivortices excited in the
system [74].

Yet, in two-dimensional O(1) simulations, the equal-time
distribution function has only been found to scale with
B ~0.25 a=0.J5, and « ~ 4 [76]. The temporal scaling
exponents « and B are confirmed by our results in Fig. 4(a),
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where we show the evolution of f(¢, p) for a two-dimensional
system in the main panel and its self-similar scaling in the in-
set using the stated exponents. We find the power-law decrease
of the distribution function to be closer to ~p~3* for the rela-
tively short momentum interval shown, and we do not exclude
the previously observed value of k. Despite scanning through
a wide range of initial conditions, these results remained un-
changed. In particular, we were unable to find a stable § =~ 0.5
scaling regime in d = 2. In contrast, for N > 1, we have
easily recovered the diffusion-type scaling with g =~ 0.5 and
a =dpf =~ 1.0. A closely related scaling exponent to the d =
2 case of O(1) theory, B ~ 0.2 has been found in simula-
tions of a nonrelativistic Bose gas in two dimensions upon
imprinting vortices into the initial field configuration [74],
also confirmed experimentally [11]. This scaling behavior is
phenomenologically understood as due to three-body colli-
sions of bound vortex-antivortex pairs with nearby vortices
or antivortices. Any such collision allows for an exchange
of vortices after which the newly formed vortex-antivortex
pair can be more strongly bound and thus potentially un-
dergo fast subsequent vortex-antivortex annihilation [74].
Hence, pair annihilation is dominated by the three-body
collision rate, which gives rise to the strongly subdiffusive
exponent 8 &~ (0.2 « 0.5. This stands in contrast to isolated
vortex-antivortex annihilation due to background fluctuations,
which is governed by a diffusion-type scaling with § ~ 0.5
[11,74,78,91]. The relevance of three-body collisions was
likewise identified in Ref. [76] for the O(1) model in two
dimensions without imprinting vortices.

In both Refs. [74,76], the average vortex density was found
to decay as a power law, n, ~ =€ with& =~ 041 ~ 28, which
reflects that the decreasing infrared scale pr(t) ~ t—# corre-
sponds to a growing characteristic length scale, which can be
associated with the mean interdefect distance £, ~ pI_R1 ~ B,
Hence, it is useful to define the exponent

§=2pL, (24)

which thus characterizes the growth of the average free
volume between vortex defects in d = 2 dimensions. Assum-
ing that the self-similar scaling of the distribution function,
Eq. (22), is related to the coarsening of topological defects,
one has that g = 8.

An interesting question therefore is to what extent the spa-
tiotemporal scaling of f (¢, p) and the momentum power-law
falloff is, in general, driven by coarsening, or whether the
two scaling phenomena are independent. After all, the value
of the exponent « and thus the steepness of the distribution
determines whether and how particles can be transported to-
ward the infrared and eventually allow condensation in the
p = 0 mode. The buildup of such a transport process necessar-
ily involves some underlying coarsening due to causality, as
explained in Sec. II. As indicated by the numerical simulations
in Ref. [81], different processes driven by either, e.g., topolog-
ical defects or compressible sound excitations can dominate
the overall scaling evolution.

Hence, before moving on to investigating the excitation
spectrum from unequal-time correlation functions, we exam-
ine the dynamics of vortices in two dimensions and vortex
lines in three dimensions explicitly and extract the respec-
tive B exponents from the spatial field configurations. As
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FIG. 5. Vortex (line) density shown as a function of time, in
d =2 and d = 3 dimensions for O(1) scalar fields. The decay re-
veals a power law N, ~ t~¢ with £ &~ 0.45 in two dimensions, and
& ~ 0.91 in three dimensions.

mentioned in Sec. III, (anti)vortex defects are identified by
a £2m phase winding in 6(¢, x), which coincide with a de-
pression in the energy density on the lattice. Based on this, we
have extracted the total vortex (line) density in two and three
dimensions, which we show as functions of time in Fig. 5. For
additional details on the data analysis and the extraction of
these quantities, see Appendix A.

This vortex density reveals a power law ~t—% with
& =~ 0.45 or B ~ 0.23 for the O(1) model in two dimensions,
which is consistent with the 8 ~ 0.25 self-similar scaling of
the equal-time distribution function f [160]. In three dimen-
sions, we find & &~ 0.91. It represents the decrease of the
total vortex line length per unit volume, which corresponds
to a dilution of the vortex rings and tangles as ~£,% ~ t =2/
[71,161], where £, is the scale measuring the mean distance
between vortex lines. Hence, also in d = 3, one has & = 28,
and the decrease of the vortex line density implies fp ~
0.46 ~ B. While these numbers look convincing, a clearer
link to the relevant quasiparticle excitations in f would be
desirable. To make such a connection, in the next subsection
we discuss the extraction of the frequency and momentum
dependence of the correlation functions that are closely re-
lated to the distribution function (6) but additionally encode
the systems’ excitation spectra.

C. Unequal-time correlation functions

A slow self-similar scaling dynamics of the equal-time dis-
tribution function f(¢, p) with 8 ~ 0.25 for the O(1) theory
has only been found in two dimensions. Therefore, this pro-
vides an interesting study case to investigate the unequal-time
correlation functions in both two and three dimensions, focus-
ing on understanding the differences in scaling exponents and
also on the potential connections to the dynamics arising from
topological defects.

For both the two- and three-dimensional theories, the sta-
tistical function F is dominated by a single peak at low
momenta in the infrared, which is accurately captured by the
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FIG. 6. Fourier transform, Eq. (9), of the (a) unequal-time statistical function, F (¢, w, p), and the (b) spectral function p(¢, w, p) at different
central times # and momenta p in d = 2 dimensions. They show the dominant transport peak in the vicinity of « — M = 0 in F (¢, w, p), with
both branches of the Bogoliubov quasiparticle peak emerging to the left and right as larger momenta are considered. The spectral function
is dominated by the Bogoliubov peak at all momenta. The curves are shown as functions of @ — M, with zero-momentum mass gap M, and

momenta and frequency in units of Q.

(non-Lorentzian) hyperbolic secant function [162],

A t, - ta
Feto.p) ~ ZAKED) [zw

]. (25)
2 y(p) 2 y(p)

Here, Ak is the peak amplitude, yx is the decay width of the
peak, and wk is the corresponding dispersion relation, which
can be extracted by employing Eq. (25) as a fit function.
Example data extracted from numerical simulations for
F(t, w, p) and p(t, w, p) are shown in Fig. 6 for two dimen-
sions, as functions of frequency w — M relative to the “mass”
gap of the dispersion, w(p = 0) = M, for different times ¢ and
different momenta p. To obtain a clearer picture, it is useful
to depict the statistical function F (¢, w, p) in the frequency-
momentum plane, as shown in Fig. 7, in both two (left) and
three (right) dimensions, evaluated at time ¢ = 1000. As al-
ready denoted on these figures and explained in the following
section, the Fi peak is identified with Kelvin waves and their
quantized excitations, kelvons, in three dimensions, as well as
the analogous kelvon quasiparticles in two dimensions. From
both representations, we can also see that at higher momenta,
a second peak appears, which has been identified before as
a Bogoliubov peak [31]. This Bogoliubov peak is more easily
accessible from the spectral function p(¢, w, p), which is what
we have used at p = 0 to determine the effective mass gap M.
The peak can be fitted by approximate Lorentzians of the form

2AL(Py+(t, p)
[0 — w(p)]* + y4(t, p)?

_ 2A (-, p)
[© + o(p))> 4+ y-(t, p)*’

pt, w, p) =~

(26)

which capture the positive and negative branches of the
Bogoliubov excitation. Moreover, its dispersion can be accu-
rately fitted by using the relativistic generalization (18) of the
Bogoliubov dispersion [31], which is shown in Fig. 8.

The two-dimensional Fx looks qualitatively very similar
to the three-dimensional one, although our curves are noisier
as statistical convergence needs considerably more simulation
runs to average over in lower dimensions. Nevertheless, we
are still able to accurately extract the peak properties in two
dimensions from the available data.

We note that in general, each of the excitations in F' should
have a counterpart in p. For the Bogoliubov peak, we confirm
this for the two-dimensional theory in Fig. 6 and refer to
Ref. [31] for a confirmation in d = 3. In contrast, the iden-
tification of the Fx peak given by Eq. (25) in p is challenging
due to the peak’s relative suppression in comparison to the
Bogoliubov excitations. For d = 3, the existence of such a
peak in p was demonstrated in Ref. [31] by carefully ana-
lyzing high-statistics data. For d = 2, our level of statistics is
insufficient to give a clear statement about its existence in p.

D. Kelvon dispersion relations

One of the most important aspects of distinguishing dif-
ferent kinds of quasiparticles and degrees of freedom is
understanding their dispersion relation(s). To this end, we
have extracted the positions of the different peaks at multiple
times. As for the fit forms in the statistical function, up to
p < 0.17, we have used Eq. (25), after which a two-peak fit is
performed with one additional peak from Eq. (26) that takes
the Bogoliubov excitation into account in order to improve the
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FIG. 7. Frequency-momentum resolved representation of the statistical two-point correlator F (t = 1000, w, p) in (a) two and (b) three
dimensions, normalized by the occupation number f(z, p). Momenta and frequencies are shown in units of Q. Note that the momentum scales
D, = ~/28poM corresponding to the healing length &, = pghl are p;, ~1.2Qind =2and p;, ~#0.6Qind = 3.

accuracy of the fits. Figure 9 shows the momentum-dependent
position wk (p) for the dominant infrared peak in (a) two and
(b) three dimensions.

In three dimensions, the dispersion relation of this peak has
been extracted before and was considered to be approximately
linear [31,122]. However, upon closer inspection, one can see
that it is, in fact, quadratic at low momenta and linear at
higher momenta, which is characteristic for kelvons [158].
Reanalyzing the dispersion relation from Ref. [31], we find
an excellent fit with the Kelvin-wave dispersions as shown in
Fig. 9(b). We fitted the long-wavelength limit of Eq. (20) with
the additional zero-momentum shift proposed in Ref. [156],

rp?
@(po+p)=wo+——1In
4

>, lrepl <1, (27)
[repl

where w is the frequency of the kelvon with the smallest
momentum py — O relative to the mass gap M extracted
from Bogoliubov excitations, I' is the (here positive) vortex

p = e
05 t = 1000 r

t = 2000
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0.6 1 -
E‘ == WBog,rel fit /
=044 o
3 e
e
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FIG. 8. The dispersion relation extracted from the Bogoliubov
peak in the two-dimensional spectral function. The fit corresponds to
the relativistic generalization of the Bogoliubov dispersion (18) and
follows a linear, then quadratic, and finally again linear evolution.
The healing-length momentum scale is p;, ~ 1.2 Q.

circulation, and 7, is the vortex core radius. These quantities
show a time dependence, which represents characteristics of
the scaling dynamics not extracted previously. We find an in-
creasing vortex core radius r,, which reflects that in the course
of the infrared transport, the number of coherent excitations
at momenta on the order of the inverse healing length [163],
pe =& '~120ind=2 and ps ~0.6Q in d =3, de-
creases in time. This increase in the core radius as r.(¢) ~ t#
is corroborated by the findings of Ref. [71], where the to-
tal volume enclosed by the vortex cores in decaying Vinen
turbulence in a superfluid in d = 3 dimensions was found
to settle to a constant at large times, while the vortex line
density decays as t~!. The gap wy, in d = 3, is found to be
negative and its modulus to decrease as |wo(¢)| ~ t~2#, as can
be observed in Fig. 9(b). This decrease is consistent with the
expectation that wg corresponds to the energy of the Kelvin
mode with the lowest wave number along the vortex lines,
which should decrease as p%)(t) ~ t28 for vortex rings with
diameter increasing as £,(t) ~ t#. As a result, the dispersions
are found to obey the self-similar scaling relation

wk (1, p) =M =t as(t" p), (28)
with exponent 8 ~ 0.5 and z = 2 [31], as also visible in the
inset. Here, z = 2 reflects the dynamical scaling dimension
of the Kelvin-wave dispersion relation. At later times, we fit
the dispersion (27) across a progressively smaller momentum
range, as shown by the dashed lines in Fig. 9(b). This is
necessary because the dispersion gradually starts to flatten at
higher momenta, as clearly visible at¢ = 4000, deviating from
the expected form and making the fit increasingly unreliable.
As a result, the extracted parameters become less meaningful
in this regime. A more detailed discussion of this behavior can
be found in Appendix B.

For two dimensions, we show the dispersion relation at
different times in Fig. 9(a). We find that it can be equally
well fitted by both the kelvon and linear Bogoliubov disper-
sions, which we discuss more quantitatively in Appendix C
by investigating the residuals for both d = 2, 3 and both fits.
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FIG. 9. Time-dependent dispersion relations wk (p) of the infrared transport peak for a single-component scalar field theory: (a) In two
dimensions, wk (p) approximately follow straight lines. (b) In three dimensions, the curves are accurately fitted by the Kelvin-wave dispersion
relation (27). Here, we show only three curves to make it visually clear how the data are captured by the fit. The insets show the rescaled
dispersions. In two dimensions, we used 8 = 0.25 and z = 2, while in three dimensions 8 = 0.5 and z = 2.

The dispersion obeys the self-similar scaling form (28) as
in d = 3, but with exponents 8 ~ 0.25 and again z ~ 2; cf.
inset of Fig. 9(a). As already discussed earlier in Sec. III,
Kelvin waves along the vortex core are not possible in two
dimensions. However, as long as one has a finite vortex core,
kelvonlike quasiparticles can emerge and be parameterized,
besides an azimuthal quantum number, by wave number p.
While the dispersion relation in Fig. 9(a) can be fitted equally
well by both a linear curve and the kelvon dispersion (27),
indicating the presence of phonons and/or kelvons, it looks
qualitatively very similar to the dispersion in Fig. 9(b) that is
more accurately described by the kelvon fit in d = 3 dimen-
sions. With this in mind, we suggest that the dominant infrared
peak in two dimensions also originates from kelvons. Apart
from this, we also observe Bogoliubov phonons, which are
excitations on top of the condensate and have larger dispersion
values (18). Therefore, the dominant Bogoliubov peak can be
generally found to the right of the kelvon peak in Fig. 6.

One of the prominent differences between two and three
dimensions is that the peaks are considerably broader in two
dimensions, as observed from the frequency-momentum re-
solved statistical function F (¢, w, p) in Fig. 7. A similar effect
occurs in non-Abelian gauge plasmas where the excitation
spectrum in two dimensions exhibits a broad non-Lorentzian
peak that remains broad even at late times [164], while
the quasiparticle peak in three-dimensional plasmas becomes
narrower with time [141]. In general, fluctuations are more
significant in lower dimensions because of the reduced spatial
volume available to average them out. This leads to more
prominent noise and dissipation effects, which can then fur-
ther broaden the peaks.

Additionally, the broadening in two dimensions might
also reflect the stronger coupling between the different
modes—kelvons and phonons from vortex interactions—due
to the reduced dimensionality, where interactions and en-
ergy exchange between excitations are more pronounced.
This interplay could obscure the distinction between differ-
ent quasiparticle contributions, making it more challenging
to isolate specific dispersion features as compared with the

three-dimensional case. While in three dimensions, a distinct
quadratic bending at the lowest momenta can be observed
in Fig. 7(b), extracting F (¢, wmax, p) as shown in Fig. 9(b)
clarifies that, indeed, the dispersion is accurately described by
a Kelvin-wave dispersion. Moreover, this three-dimensional
representation also shows a striking similarity to the “space-
time resolved mass spectrum” in Ref. [158], which used GPE
simulations to study Kelvin and (Bogoliubov) sound waves.

Curiously, kelvons seem to dominate the dynamics of the
infrared peak in F' (¢, w, p), and we do not find any significant
contribution from phonons arising, e.g., from vortex-ring an-
nihilation. In two dimensions, this is likely the case as well,
but the broader peaks make it more difficult to distinguish
their contributions with certainty, leaving open the possibility
that phonons may still play a role. How phonon generation
occurs in vortex decay in two-dimensional superfluids is still
a matter of active research, with different n-body processes
put forward for the mechanisms [74,78,165-167]. We note
that in our case, the process in two dimensions seems to be
dominated by three-body collisions, where a vortex-antivortex
pair and a lone vortex/antivortex are needed, as described in
Sec. IV B and Refs. [74,76].

We conclude that while the topological defects them-
selves do not directly show up in the excitation spectra of
F and p, excitations that arise on top of these defects do.
Kelvons, quantized excitations of Kelvin waves, seem to be
the dominant degree of freedom in the infrared regime of a
three-dimensional single-component scalar field theory, while
in two dimensions, kelvons, and potentially phonons that arise
from the relaxation process of vortex-antivortex annihilation
processes, play a similar role.

We finally remark that, despite the smooth dependence of
the dispersions on momentum, as seen in Figs. 7-9, as well
as the correspondingly smooth occupation number spectra
shown in Fig. 4, which are dominated by the kelvon transport
peak at low momenta, cf. Fig. 6, the different Kelvon modes
generically contribute to the overall field pattern in an inco-
herent manner. Hence, the macroscopic occupations at low
momenta give rise to a kind of quasicondensate, with similar
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FIG. 10. Self-similar evolution of the spectral function p in
d =2 showing the Bogoliubov peak (both positive and negative
frequency branches) for constant slices of t#p with 8~ 0.25 at
p=0.21,0.15,0.13, 0.11, for the respective times from ¢ = 1000
to ¢t = 8000.

occupancies spread over a wide range of momenta, but rather
random relative phases between the modes; cf. Ref. [81] for
the case of sound modes. This is reminiscent of quasiconden-
sates in one- and two-dimensional superfluids in equilibrium,
at zero and nonzero temperatures, and gives rise to the chaotic
displacement excitations of the vortices seen in Fig. 2.

E. Self-similar scaling and decay width

In Ref. [31], it was shown that the transport/kelvon
peak in both F(¢, w, p) and p(¢, w, p) exhibits self-similar
scaling in the three-dimensional O(1) theory. Similarly, in
Ref. [122], self-similar scaling was demonstrated for the
three-dimensional U(1) theory for the same peak in F (¢, w, p)
with the exponents § &~ 1/2 and z = 2, and for the Bogoli-
ubov peak in p(¢, , p), with the same § and z ~ 1.

A natural question is whether we find scaling in F and p
for both peaks in the two-dimensional O(1) system. Let us
start with the Bogoliubov peak. It is more easily accessed
from the spectral function, as the kelvon peak in p seems to be
weak. The spectral function is shown in Fig. 10 ford =2 as a
function of frequency at different times and momenta whose
combination ¢ # p is kept fixed. The right panel demonstrates
that it follows the self-similar scaling ansatz

p(t, o, p) = tPp (P (w — M), P p), (29)

with n &~ 0. While z ~ 1, as expected for phonons, we find
B =~ 0.25, just like for the kelvon peak, while 8 = 0.5 in con-
stant slices of ¢ p failed to reproduce self-similarity. These
findings suggest that there might be an intrinsic connection
between the Bogoliubov phonons and the kelvon peak.

In contrast to the Bogoliubov peak, we have found no ev-
idence of a consistent self-similar scaling solution for the Fx
peak of the two-dimensional O(1) theory. This is unexpected
because the left panel of Fig. 9 displays self-similar scaling
for the dispersion relation wg(p). The problem lies rather in
the decay width that scales appropriately in three dimensions
but fails to scale in two dimensions.

The decay width of the kelvon peak as extracted from F
using the fit form (25) is shown in Fig. 11 for two (left panel)
and three (right) dimensions as a function of momentum at
different times. In three dimensions, the decay width was
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FIG. 11. Time-dependent decay width of the kelvon peak for a
single-component scalar field theory in two (left) and three (right)
dimensions.

found to be time-independent for low momenta and to have
a quadratic form ~p? [31], as we confirm in the right panel.
In contrast, as shown in the left panel, it depends on time in a
nontrivial way in two dimensions. One finds a relatively large
plateau, i.e., an approximately constant decay channel, in ad-
dition to a momentum-dependent decay width that decreases
with time. This evolution spoils a simple scaling ansatz in
F(t, w, p).

We finally note that in both d =2 and d = 3 dimensions
there is a finite decay width even at zero momentum. However,
it is worth noting that in d = 2, this offset seems to dominate
yk(p) over a vast momentum region, while in d = 3, the
decay width is dominated by a quadratic form ~p? already
at low momenta, facilitating the self-similar scaling solution
found in Refs. [31,122].

V. DISCUSSION

We have investigated the universal nonequilibrium
dynamics of single-component relativistic scalar field theories
ind = 2, 3 dimensions. Our results reveal a direct connection
between the dominant excitations in the infrared regime
of nonthermal fixed points and topological defects through
Kelvin waves in three dimensions, and the analogous kelvon
quasiparticles in two dimensions.

In three dimensions, the dominant excitation has a dis-
persion relation with an excellent fit by the Kelvin-wave
dispersion from Eq. (20), while a similar dominant excitation
in two dimensions has a dispersion, which can be similarly
well fitted by either a linear or a kelvon momentum depen-
dence. Both dispersion relations are time-dependent, which
can indirectly result from the underlying vortex-antivortex
annihilation processes and thus the temporal buildup of more
kelvon excitations, leading to an effective increase of the
vortex core size.

A striking difference between two and three dimen-
sions lies in the decay width of these excitations. In three
dimensions, the kelvon peak exhibits a well-defined, time-
independent width at low momenta, while in two dimensions,
the peak is significantly broader, and the decay width does
not scale in a simple manner in time. This suggests that the
interactions between kelvons, phonons, and vortices in two di-
mensions are more intricate, potentially due to stronger mode
coupling and increased dissipation. The inability to cleanly
separate phononic contributions from kelvonlike excitations
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in the spectral function in two dimensions raises further ques-
tions about the interplay between different degrees of freedom
in driving the infrared transport.

Regarding the role of vortex coarsening in the observed
scaling behavior, the decay of the vortex (line) density follows
a power-law scaling in both two and three dimensions, with
exponents consistent with those of the scaling evolution of
the momentum-dependent distribution function. This supports
the interpretation that self-similar transport in these systems is
closely tied to vortex dynamics.

The strong-wave-turbulence picture of the infrared dynam-
ics of nonthermal fixed points is consistent with our results.
However, the underlying degrees of freedom for the N = 1
component scalar field theory are notably distinct from what
is included in large-N theories, which are Goldstone quasipar-
ticles with quadratic dispersion.

Overall, our results complement existing large-N ap-
proaches and shed light on the origins of universal scaling
behavior and the importance of vortex and coarsening dy-
namics in single-component scalar field systems in the
context of nonthermal fixed points. By combining a detailed
analysis of the topological defects with the underlying ex-
citation spectrum and its dynamical properties, our work
paves the way toward a more comprehensive understand-
ing of universal scaling behavior in O(N) scalar models. In
particular, this approach can also be applied to other low-
N component systems to obtain a consistent picture of the
contributing quasiparticle excitations relevant for nonther-
mal universal scaling phenomena. The results obtained here
also mark an essential step in constructing a low-energy
effective theory for the N =1 system, which needs to be
built using the relevant degrees of freedom identified in
this work.
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APPENDIX A: VORTEX (LINE) DENSITY
DETECTION ALGORITHM

Vortex defects are characterized by phase singularities in
arg(¢ + imr), where a sharp minimum in the energy density
also occurs on the lattice. In two dimensions, we compute the
vortex density by counting the total number of (anti)vortices
in the phase arg(¢ + im), and divide this by the (constant)
area of the system. First, the input fields ¢ and 7 are block-
wise averaged over every set of 8 x 8 lattice points to reduce
lattice artefacts. In two dimensions, this process reduces the
original 20487 lattice to a coarser 256> grid. For each point
in the phase-angle lattice, the algorithm then computes the
phase differences around a closed loop. This loop consists of
eight neighboring points (excluding the edges of the lattice)
arranged in a clockwise sequence, forming a square path
centered around the point of interest. The phase differences
between consecutive points in the loop are calculated by sub-
tracting the phase angle at one point from the phase angle at
the next point along the loop. Eventually, these differences are
summed up and if the total phase change around the loop is
approximately 2, the point is identified as a vortex, and sim-
ilarly, an antivortex is detected for a phase change of around
—2m. This procedure is designed to avoid mistakenly identify-
ing points as defects where the phase fluctuates between =+,
as such fluctuations do not result in a uniform phase winding
around the point, and therefore do not indicate the presence of
a vortex core. Moreover, to avoid duplicate detections, which
may still arise due to artefacts, the code enforces a minimum
distance between detected vortices and antivortices. After a
parameter scan, this minimum distance was chosen as five
lattice points. This procedure is then repeated for each point
on the 20482 lattice.

However, phase singularities in a three-dimensional lattice
are more challenging to compute, and doing the computa-
tion in the two-dimensional planes, plane by plane, could
be misleading. Therefore, we extract the vortex line density
[161] from the energy density profiles, e.g., the ones shown in
Fig. 2. We first blockwise average over every 6 x 6 x 6 lattice
points to reduce the original 3683 lattice to a coarser grid. At
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FIG. 12. The Kelvin-wave dispersion from Fig. 9(b), with the
shaded area showing the width of the peaks in Fx (¢, w, p).
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FIG. 13. Comparison of linear and kelvon fits for the dispersion relation of the dominant infrared excitation in (a) d =2 and (b) d = 3
dimensions, including the corresponding residuals. In d = 2, it is challenging to determine which model provides a better fit. However, in
d = 3, the residuals strongly indicate that the kelvon fit captures the data more accurately.

this point, the energy density becomes quite uniform, and the
vortex tangles in Fig. 2 are revealed by taking the points that
are at 60%—70% of the mean energy value on the lattice. We
then compute the number of points that belong to vortex lines
and divide it by the total number of points in the lattice, giving
us the density of vortex lines.

APPENDIX B: FLATTENING OF THE KELVON
DISPERSION CURVES

As mentioned in the main text, the Kelvin-wave disper-
sion (27) is fitted to the extracted dispersion relations over
a progressively smaller momentum range at later times in
three dimensions, since the fit becomes less reliable due

to the flattening of the dispersion curves at higher mo-
menta. This flattening is not part of the kelvon dispersion;
therefore, to reliably extract the fit parameters, we have to
exclude this from the fit region. While the exact origin of
this effect remains unclear, it is likely influenced by lim-
itations in our data extraction procedure. In the statistical
function F (¢, w, p), at later times, and for higher momenta,
the kelvon peak becomes weaker as the Bogoliubov peak
starts to dominate. This makes the extraction of the posi-
tion of the maximum of the peak challenging, which is the
quantity that yields wg. Even though we start using a two-
peak fit form after p > 0.17, which includes both the kelvon
(25) and the Bogoliubov peaks (26) in the fit function, the
peak position of Eq. (25) becomes less certain. We also
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illustrate this by including the width yx from Fig. 11 as a
shaded region around wg in Fig. 12. While, naturally, the
peak amplitude diminishes away from wg, as also visible
in Fig. 7, the increasing breadth of the peak indicates the
growing uncertainty in the maximum position with increasing
momentum.

APPENDIX C: ANALYZING THE FITS
TO DISPERSION RELATION DATA

The comparison of linear and kelvon fits for the disper-
sion relation in d = 2 and d = 3 dimensions reveals specific
differences, as shown in Fig. 13. In d = 3, the kelvon fit
clearly captures both the expected p?> behavior at low p and
the bending of the data at higher p. This is reflected in the
residuals, which are evenly distributed around zero for the

kelvon fit, indicating that it accurately describes the data
across the entire range. In contrast, the linear fit exhibits
systematic deviations, as it fails to account for the p? scaling
at low p and the curvature at higher p, leading to structured
residuals.

In d = 2, however, the data are significantly more scat-
tered, making it difficult to determine a clear preference
between the two models. Both fits result in residuals that ap-
pear evenly distributed around zero, suggesting that the noise
in the data obscures any systematic deviations. Consequently,
while the kelvon fit is strongly favored in d = 3, the ambiguity
in d = 2 prevents a definitive conclusion about which model
captures the underlying dispersion relation better. However,
since Fig. 7 shows that in d = 2, 3 dimensions, the behavior is
qualitatively the same, it is strongly suspected that kelvonlike
excitations also exist in d = 2 dimensions.
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