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Multiscale excitations in the diluted two-dimensional S = 1/2 Heisenberg antiferromagnet
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We study the excitation spectrum of the S = 1/2 Heisenberg model on the randomly diluted square lattice by
stochastic analytic continuation of imaginary-time correlations obtained by quantum Monte Carlo simulations
in the low-temperature limit. Focusing on relatively low dilution fractions, p = 1/16 and p = 1/8, the dynamic
structure factor S(q, ω) exhibits a strongly damped magnon peak with anomalous dispersion near q = (0, 0) and
(π, π ), a nondispersive low-energy peak from localized excitations, and a second peak within the continuum
connecting these two features. A magnon with anomalous logarithmic dispersion, close to our result, was
predicted in spin wave and T -matrix theory [Chernyshev et al., Phys. Rev. B 65, 104407 (2002)], with the
quasiparticle description breaking down at the low localization energy. However, no intermediate mode was
predicted. Analyzing spectral functions in real space for individual vacancy realizations by energy tomography,
we find that these excitations are concentrated on a subset of the spins adjacent to vacancies, with fewer spins
involved as the energy is lowered. We argue that the low-energy excitations are those of a sparse random network
of effective moments at a fraction of the vacancies, leading to a damped diffusive-like behavior with localization
at the lowest energies (the localized mode). In the case of the magnon, there is a shift in the real-space spectral
weight distribution, from the spins away from vacancies at high energy to those adjacent to vacancies at lower
energy. We also analyze the Anderson quantum rotor excitation at ω ∝ N−1 (with N = L2 the system size),
which in the clean system is visible in S(q, ω) only at q = (π, π ) but spreads through the entire Brillouin zone
due to the lack of translational invariance when p > 0. Beyond weight close to q = (0, 0) and (π, π ), which we
explain by local sublattice imbalance within a classical dimer-monomer model, there is also intricate structure
arising from correlated singlet fluctuations, which we demonstrate by enhancing said fluctuations with four-spin
couplings in the Hamiltonian. The features in momentum space reflect spatially nonuniform breaking of the spin
rotation symmetry and should be experimentally observable with elastic neutron scattering on layered quantum
antiferromagnets doped with nonmagnetic impurities. All the ω > 0 excitations should be observable by inelastic
neutron scattering. Technically, our work demonstrates that surprisingly complex spectral information can be
obtained from quantum Monte Carlo data, despite the “ill-posed” numerical analytic continuation problem.

DOI: 10.1103/h4dh-bjmq

I. INTRODUCTION

Quantum systems with quenched disorder often exhibit
rich behaviors that cannot be realized in uniform systems.
Experimentally, some amount of disorder is always present,
and it is also often possible to control the amount of dis-
order, thus enabling systematic studies of disorder induced
phenomena. An understanding of weak disorder effects may
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be necessary to correctly interpret experiments intended to
probe the physics of uniform systems [1,2], while in other
cases new phases of matter can be induced by strong or weak
disorder [3,4]. One of the simplest examples from the area
of quantum magnetism is two-dimensional (2D) Heisenberg
antiferromagnets doped with nonmagnetic impurities (e.g., re-
placing Cu by Zn in copper oxides), which exhibit interesting
phenomena in experiments [5–10] that have inspired extensive
analytical [11–22] and computational [21,23–34] research on
diluted S = 1/2 Heisenberg models with nearest neighbor
interactions JSi · S j . Many works have focused on systems
at and close to the classical percolation point (up to which
the system remains long-range ordered [25]), where interplay
of geometrical and quantum fluctuations lead to unusual low-
energy excitations [31–34]. An important aspect here is the
local sublattice imbalance caused by random dilution of a
bipartite lattice. It was recently argued [35] based on classical
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dimer-monomer models (which can explain some aspects of
the excitations at the percolation point [31,32]) that sublat-
tice imbalance may possibly lead to profound changes in the
excitations of the Néel state even at low dilution. A classical
critical point of the dimer-monomer model was demonstrated
where the size of isolated regions of confined monomers di-
verges, thus leading to monomer percolation. This new type of
percolation point may strictly be located at zero dilution in 2D,
with an associated length scale that diverges as the dilution
fraction p → 0. In three dimensions (3D), the percolation of
monomer regions likely takes place at a nonzero value of p.

The intriguing possibility of the monomer percolation phe-
nomenon having a counterpart in the antiferromagnet is one of
the motivations of our study presented here, along with previ-
ous detailed, but so far untested predictions from spin-wave
and T-matrix theory [13,14,18,19]. Focusing on the ground
state, we carry out extensive quantum Monte Carlo (QMC)
studies of the 2D Heisenberg model at ultralow temperatures
in systems with relatively low dilution fractions, p = 1/16
and 1/8. We compute imaginary-time correlation functions
and perform analytic continuation to the real-frequency (ω)
and momentum (q) resolved dynamic structure factor S(q, ω),
using the stochastic analytic continuation (SAC) [36] method.
In addition to studying the q and ω dependence of the disorder
averaged S(q, ω) for system sizes N = L2 with L up to 64, we
also investigate the real-space distribution S(r, ω) of spectral
weight in individual vacancy realizations. Tomographic anal-
ysis of S(r, ω) in different energy windows provides direct
insights into the nature of different types of excitations.

Our numerical calculations, in synergy with previous ana-
lytical results, lead to an intriguing picture of the excitations
of the diluted antiferromagnet, which apart from its direct ex-
perimental relevance also presents a key paradigmatic “strong
disorder” problem in quantum many-body theory (as elab-
orated in Ref. [19]). Unbiased numerical calculations of
dynamic spectral functions pose formidable challenges in
their own right. We have achieved unprecedented resolution
of the dynamic structure factor at multiple energy scales,
identifying five different spectral attributes in S(q, ω) that can
be assigned to specific types of excitations. The observed
behaviors are intricate and multifaceted. As a preview and
orientation for the reader, we here first briefly summarize the
different excitation modes uncovered by our study, aided by
an example of S(q, ω) displayed in Fig. 1.

Figure 1 is based on calculations that will be discussed in
detail later on but here serves to illustrate the different excita-
tions identified through a variety of probes in both momentum
and real space. For all q, a very sharp peak is present at ωrot ∝
1/L2 that originates from the lowest Anderson quantum rotor
mode [37–39] related to the breaking of the spin-rotation
symmetry in the Néel state when L → ∞. There is another
dispersionless peak that shifts down in energy with increasing
L but remains at ωloc > 0. It predominantly arises from a very
small number of excited spins adjacent to vacancies. This
localized mode is followed by a broad and only weakly dis-
persing peak that we identify as a band of damped excitations,
likewise involving mainly spins next to vacancies but a much
larger subset as compared to the localized excitations. While
our study does not provide a definite conclusion, it is possible
that these excitations are diffusive-like and smoothly connect
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FIG. 1. Example of a disorder averaged dynamic structure factor,
obtained for a system with L = 64 at dilution fraction p = 1/8. The
momentum here is q = 2π (3, 3)/L but the overall peak structure is
typical for a wide range of q. The marked spectral features arise from
excitations identified as: (1) quantum rotor states with energy scaling
as ωrot ∝ L−2, (2) localized excitations with the peak energy ωloc

decreasing with L but remaining at ωloc > 0, (3) a weakly dispersive
diffusive-like mode proposed here to arise from a random network
of spins adjacent to vacancies, (4) damped magnon with anomalous
dispersion close to q = (0, 0) and (π, π ), and (5) a multimagnon
continuum with a tail extending up to ω ≈ 5.

to the localized mode, in the sense of a diffusion constant
that approaches zero at the localization energy. A band of
damped magnons follows at higher energy, with the character
of the magnons changing from the lowest (always above the
diffusive peak) to highest energy. At the lower energies, the
dispersion is anomalous (close to logarithmic [19]) and in real
space the spectral weight in the corresponding energy window
is large on all the spins next to vacancies. At high energy,
with q close to the magnetic zone boundary (on which also the
magnons in the uniform system have the highest energy), there
is much less spectral weight on those spins and more within
the uniform bulk patches between the vacancies. Finally, the
magnon peak is always followed by a very large multimagnon
tail that extends far above the ω cutoff in Fig. 1.

In the reminder of this Introduction, we briefly review the
previous analytical results in Sec. I A, and in Sec. I B we
present more details on our results, their interpretations and
how they compare with the previous predictions. We outline
the rest of the paper in Sec. I C.

A. Previously predicted excitations

According to the most sophisticated spin-wave and T -
matrix analysis [19], the excitation spectrum should indeed
exhibit a multiscale structure, with strongly damped spin
waves renormalized down in energy by the disorder at low
energy, close to q = (0, 0) and (π, π ). There is a dispersion-
less mode at a very low p dependent energy, ωloc ∼ e−π/4p,
reflecting a localization length of order l ∼ eπ/4p from the im-
purity scattering of the spin waves becoming dominant at long
wavelengths. On approaching the energy ωloc from above,
the assumption of the spin waves propagating in a disorder
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averaged medium also becomes invalid, and the dynamics
is then completely incoherent, with no well defined quasi
particle. The resulting excitations were instead described as
diffusive. Our results partially confirm this picture but also
demonstrate an even richer excitation spectrum with an addi-
tional peak related to the diffusive-like modes, marked (3) in
Fig. 1, before the excitations become fully localized at ωloc.

The available theoretical predictions are detailed [19], with
the anomalous dispersion at small p and momenta close to
(0, 0) and (π, π ) given in units of J by

ωano(k) = c0k[1 + 2p ln(k)/π ], (1)

where k is the momentum relative to one of the above two
q points, c0 is the spin-wave velocity of the clean system,
and the lattice constant is set to unity. This dispersion relation
should break down at the momenta where ωano(k) approaches
the localization energy ωloc, which is the minimum excitation
energy for all q. The localized states produce a sharp peak
in S(q, ω), and an essentially featureless spectral function
was predicted between it and the magnon peak when the two
excitations are individually discernible. The two peaks were
found to merge, ωano(k) → ωloc, when the magnons localize.

The anomalous magnon is also significantly damped, with
the peak in S(q, ω) having a width of order pk. Further, the
anomalous dispersion should only apply at energies below
ω ≈ J , and a separate band of excitations, similar to the spin
waves in the undiluted system, remains for q close to the mag-
netic zone boundary (where ωq ≈ 2J). In some parts of the
Brillouin zone (BZ), this mode coexists with the anomalous
magnons at lower energy. The exact nature of the cross-over
or coexistence between the two types of magnons is not clear,
because crucial interactions when the spin waves resonate
with the local impurity modes were not taken into account
in the T -matrix approach.

Technically, the calculation leading to these predictions
[19] is based on mutually noninteracting spin waves (linear
spin-wave theory) within which the single-vacancy sys-
tem is first solved exactly. The multivacancy system is
then treated perturbatively within the T -matrix formalism,
summing all diagrams involving single-impurity scattering.
Disorder averaging is carried out before evaluating S(q, ω),
which effectively implies that the excitations are those of an
impurity-averaged bulk medium.

B. Computational results and their interpretation

The predictions outlined above should be valid at low
dilution and low energy; specifically, when single-impurity
scattering dominates. However, it is a priori not clear whether
collective impurity effects washed out by the approximations
may possibly leave out some excitations or create artificial
features, as indeed demonstrated by our numerical results
previewed in Fig. 1 and summarized in some more detail next.
Our numerical approach is complementary to the theory, in the
sense that it is well suited for accessing excitations at small
to moderate length scales and there are no approximations
beyond the limitations of numerical analytic continuation
(which we will argue to be minor here). Because of prac-
tical restrictions in the system size in QMC simulations at
extremely low temperatures (realizing the ground state), here

N = L2 spins with L � 64, we cannot reach momenta in
the very close neighborhood of (0, 0) and (π, π ). We nev-
ertheless identify long-wavelength features similar to those
predicted, though not always with full quantitative agreement.
As already mentioned, we also demonstrate some qualitative
discrepancies between theory and numerics.

We observe the dispersionless localized mode and extrap-
olate its energy to the thermodynamic limit for p = 1/8. The
result, ωloc ≈ 0.1, would require the factor A of the predicted
peak energy ωloc = Ae−π/4p derived in Ref. [19] (to which we
refer for explanations) to be as large as 50, but the form may
only strictly apply for much smaller p. At p = 1/16, we are
not able to distinguish our extrapolated value of ωloc from 0
within numerical uncertainties. At higher energy we observe
the magnon peak, with dispersion relation close to ω0(q) of
the clean 2D Heisenberg model for q at and close to the zone
boundary, then dropping sharply in a way closely matching
Eq. (1) when approaching (0, 0) and (π, π ).

The dispersion of the high-energy magnons on the zone
boundary includes the characteristic drop relative to low-order
spin-wave theory at q = (π, 0) [40,41] also in the diluted sys-
tems. This (π, 0) anomaly in the clean 2D Heisenberg model
has been identified as a precursor to spinon deconfinement
[42–44]. Thus, our results indicate that this precursor survives
also in the diluted system, which we explore further by adding
the same four-spin interaction to the Heisenberg Hamiltonian
as in Ref. [43].

In the spin-wave theory the magnon in the diluted system is
split into two branches at energies close to J [13,19], but here
we always find a single peak in this energy range. The double
peak may reflect an inability of the analytic theory to fully
take into account interactions between the spin waves and
the impurity modes [19]. Low-order spin-wave theory in gen-
eral also cannot quantitatively describe high-energy magnons
and multimagnon continua, which in the uniform system is
most apparent in the (π, 0) anomaly, which in addition to the
energy suppression also involves a significant multimagnon
continuum at higher energy [41,43]. In the diluted systems
we find an even more prominent continuum, extending up to
ω ∼ 5J over much of the BZ. Apart from the multimagnon
tail, the magnon peak is always very broad, in qualitative
agreement with the prediction of the width being proportional
to pk at small k.

In contrast to the spin-wave theory, as exemplified by
the peak marked (3) in Fig. 1, we find a weakly dispersive
and relatively broad peak in S(q, ω) at energies between the
magnon and the localized mode marked (1)—at about 20%
of the magnon energy close to the zone boundary and smaller
relative suppression close to q = (0, 0) and (π, π ). The peak
emerges systematically with increasing system size in the en-
ergy range where the analytic calculation [19] only produced a
rather flat continuum. We gain further insights into the nature
of this new peak as well as the localized mode below it by in-
vestigating the real-space (r) resolved local dynamic structure
factor S(r, ω) for individual vacancy realizations. By conduct-
ing tomography of such functions in ω space, i.e., separating
contributions from different energy windows, we can clearly
see that the second low-energy mode is concentrated on some
of the spins adjacent to the vacancies. These spins should
interact with each other through the bulk medium, with an
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effective coupling that necessarily must be much weaker than
the bare Heisenberg coupling J , thus qualitatively explaining
the reduced energy scale as compared to the magnon. Based
on our real-space insights, we conjecture that the excitations
are those of a random network of a subset of the spins adja-
cent to vacancies. Because of the smoothly evolving spectral
weight distribution in real space as the energy approaches the
localization energy, it is likely that the peaks (2) and (3) in
Fig. 1 both arise from the random spin network, with full
localization taking place only at the lowest energies, peak
(2), and with diffusive-like behavior at higher energy up to
peak (3). This connection may in principle arise with a dif-
fusion constant approaching zero at the localization energy.
As mentioned above, the previous T -matrix calculations also
[19] produced significant spectral weight above the localized
mode, but not a second peak below the magnon.

The magnons at the zone boundary occupy mainly the
uniform patches of space between the vacancies. At the di-
lution fractions p considered here, the patches can typically
accommodate several wave lengths at the highest energies,
explaining the closeness of their (peak) energy to ω0(q) of
the uniform system, though the damping is very significant.
At longer wave lengths, where the magnon drops below ω0(q)
and is approximately equal to ωano(k) in Eq. (1) with a slightly
renormalized velocity, the tomography informs us that both
the spins at and between the vacancies are involved in the
excitations, now with all the spins adjacent to vacancies carry-
ing elevated spectral weight and the other spins having almost
uniform but lower weight.

Thus, starting from the high energy magnons with energy
close to ω0, the excitations mainly affect the spins within
the patches between vacancies. Spectral weight is gradually
transferred to all the spins at distance one lattice spacing
from the vacancies as the magnons drop to the anomalous
energy ωano. When the energy is further reduced toward the
diffusive-like mode, the spectral weight away from the vacan-
cies is further depleted and also removed from many of the
spins neighboring vacancies, leaving a rather small subset of
spins that carry large spectral weight. There is a sharp further
reduction in the number of participant spins when the energy
drops toward ωloc.

All the above excitations should be observable by inelastic
neutron scattering experiments in 2D quantum antiferromag-
nets doped with nonmagnetic impurities, e.g., cuprate oxides
with Cu substituted by Zn or Mg. A potentially even better
starting point may be Cu(DCOO)2 · 4D2O, if it also can be
successfully doped with Zn of Mg—we are not aware of any
attempts so far. The pristine system is currently regarded as
the best realization of the 2D Heisenberg model, with the
measured inelastic neutron scattering cross section being in
very close agreement with that of the model [42,43].

In addition to all the ω > 0 excitations, in the finite sys-
tems studied here, the spin-rotation symmetry is not broken
and collective excitations are expected at energy scaling as
1/N—the Anderson tower of quantum rotor states that be-
come degenerate in the thermodynamic limit and facilitate the
broken symmetry [37–39]. These excitations are not included
in spin wave and related calculations starting from a state with
broken symmetry, but they are important as a probe of the
nature of the ground state. In the case of a pristine lattice, the

rotor states exist at wave-vectors q = (0, 0) (even total spin S
modes) and (π, π ) (odd S modes), but only the S = 1 state
at (π, π ) contributes to S(q, ω). In the diluted system, where
translational symmetry is broken, the weight of the rotor state
in S(q, ω) spreads out over momentum space in a way reflect-
ing specific large-scale inhomogeneities in the zero-energy
fluctuations of the Néel order. We find an interesting structure
of the q dependent rotor weight that should be experimentally
visible in elastic neutron scattering through broadening of the
magnetic (π, π ) Bragg peak and spectral weight moving to
other parts of the BZ, including a broad maximum forming
around (0, 0).

Peaks of rotor weight close to q = (0, 0) and (π, π ) can be
qualitatively explained by a classical dimer-monomer model,
which was previously used to study effects of local sublat-
tice imbalance in S = 1/2 Heisenberg antiferromagnets at
the percolation point [32,33,45,46], and also in other fractal
clusters [45,46]. Beyond the two peaks in the BZ, there are
other weak variations of the rotor weight as a function of
q that are not explained by classical sublattice imbalance.
We will show that a minimum at q = (π/2, π/2) originates
from a tendency of resonating dimer singlets to form local
columnar correlations, as a precursor to a long-range ordered
valence-bond solid state existing in an extended model space.
We find support for this scenario by including a four-spin
interaction Q in the Hamiltonian (the J-Q model [47]), which
further depletes the rotor modes close to q = (π/2, π/2) as a
consequence of correlated singlet fluctuations—the precursor
to spinon deconfinement.

A recent comprehensive mathematical and computational
study of the dimer-monomer model at low dilution found a
novel type of monomer percolation phenomenon in the limit
of low dilution [35]. It was proposed, without details, that
some aspects of the low-energy excitations of the diluted
Heisenberg model could reflect this percolation point pc, es-
pecially in 3D systems where pc > 0 but perhaps also in
2D, where pc = 0. Though, as mentioned above, in the rotor
excitation we find signatures of sublattice imbalance as mod-
eled by the dimer-monomer model, a possible relationship
between monomer percolation and the p → 0 delocalization
predicted in the T -matrix theory is less clear. We do find
compelling evidence from our tomographic approach of the
localized excitations also being tied to spins in the monomer
rich regions. We will discuss how the length scale l ∝ eπ/4p in
the spin wave theory [19] may be compatible with power law
divergence of a monomer correlation length in the effective
dimer-monomer description [35].

C. Outline

The rest of the paper is organized as follows: In Sec. II
we introduce the quantum spin models and also the classical
dimer-monomer model that we use to qualitatively understand
some of our results for the rotor excitations. We also provide
tests of the SAC method by studying small systems that are
amenable to exact Lanczos diagonalization. In Sec. III we
present our results for the disorder averaged q dependent and
local dynamic structure factor, and also for the real-space
resolved spectral function of individual vacancy realizations.
In Sec. IV we further analyze the way the quantum rotor
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contributions spread out in the BZ by the disorder. In Sec. V
we present complementary results for the J-Q model that
are helpful for interpreting the rotor weight distribution. We
conclude in In Sec. VI with a brief summary and further
discussion of our results. Auxiliary results supporting our
conclusions are presented in three Appendices.

II. MODELS AND METHODS

A. Diluted quantum antiferromagnets

The S = 1/2 Heisenberg model diluted by static vacancies
is defined by the Hamiltonian

HJ = J
∑
〈i j〉

nin jSi · S j, (2)

where 〈i j〉 denotes nearest neighbors on the 2D square lattice
and ni = 1 and ni = 0 for spins and vacancies, respectively.
We set the exchange constant to J = 1 and define the dop-
ing fraction p = N0/N , where N0 is the number of randomly
distributed vacancies in the canonical ensemble and N = L2

is the number of lattice sites. The classical percolation point
above which there is no connected cluster of size ∝ N is
pc ≈ 0.407, and the system remains Néel ordered up to this
point (with the fractal percolating cluster being ordered) [25].
We here consider p 	 pc and mainly focus on the case of
N0/2 vacancies on each of the two sublattices. In Appendix
A we provide results showing no substantial differences for
systems without this restriction.

We will also discuss some aspects of a system with an
added four-spin interaction, which when strong leads to a
quantum phase transition from the Néel ground state to a
columnar valence-bond solid [47]. In the presence of vacan-
cies, this Q interaction is

HQ = −Q
∑
〈i jkl〉

nin jnknl

(
1

4
− Si · S j

)(
1

4
− Sk · Sl

)
, (3)

where 〈i jkl〉 corresponds to sites on a 2 × 2 plaquette with i j
and kl forming opposite edges (with both vertical and horizon-
tal orientation). The J-Q Hamiltonian is H = HJ + HQ and
we here use J + Q = 1 as the energy scale. In addition to the
Heisenberg model with Q = 0, we will consider Q/J = 1 and
Q/J = 2, where the system is still in the Néel state, far from
the transition point at Q/J ≈ 22, but already exhibits large
changes in the excitation spectrum (as found in the case of the
clean system in Ref. [43]). The purpose of Q > 0 here is to
amplify effects that we argue arise from local columnar dimer
fluctuations already at Q = 0.

B. Spectral functions

Our main aim here is to investigate the excitations of the
system through the dynamic spin structure factor S(q, ω),
where ω is the excitation energy in units of J = 1 for the
Heisenberg model and J + Q = 1 in the J-Q model. The
momentum (wave vector) is q = (qx, qy), with (qx, qy) =
2π (kx, ky)/L and kx, ky = 0, . . . , L − 1.

For any bosonic operator O, the spectral function at tem-
perature T = 0 can be written in the basis of eigenstates |n〉

and eigenvalues En of the Hamiltonian as

S(ω) = π
∑

n

|〈n|O|0〉|2δ(ω − En + E0). (4)

For the dynamic structure factor S(q, ω) of the spin-rotation
invariant Heisenberg model the operator can be taken as the
Fourier transform of the spin-z operator:

Oq = 1√
N

∑
r

e−iq·rSz
r , (5)

where r = (x, y) is the site coordinate with unit lattice con-
stant. This operator produces only S = 1 excitations when
acting on the S = 0 ground state of a clean L × L system
with even L. However, the diluted system can contain isolated
clusters with unequal occupation of the two sublattices, which
have ground states with S > 0. The excitations then can have
spin S + 1 or S − 1 relative to the ground state S. Our methods
automatically perform the proper spin rotational averaging for
ground states of any S. Since we are working at low dilution,
the spectral functions are completely dominated by one large
connected cluster.

While S(q, ω) can be computed for small systems us-
ing Lanczos exact diagonalization [48] (as we will also do),
for larger systems it is not possible to obtain exact results.
Here we compute the corresponding imaginary-time depen-
dent correlation functions using QMC simulations on large
lattices and perform numerical analytic continuation to real
frequency.

The imaginary-time correlation function is

G(q, τ ) = 〈O−q(τ )Oq(0)〉, (6)

where O(τ ) = eτH Oe−τH and its relationship to the dynamic
structure factor is

G(q, τ ) = 1

π

∫ ∞

0
S(q, ω)e−τω. (7)

It is customary to define S(q, ω) with the full spin operator
Sr instead of just the z component in Eq. (5), which we
accomplish here by multiplying our QMC computed G(q, τ )
by 3. In most cases the overall normalization will not be of
importance.

We perform the QMC calculations of G(q, τ ) with the
stochastic series expansion (SSE) method [39,49] at suffi-
ciently low T to converge to the ground state. For efficient
evaluation of correlations in imaginary time, we use the
method of exact “time slicing” [50] (see Ref. [51] for other ap-
proaches and the relationship to conventional path integrals),
with each slice of width �τ expanded to all contributing or-
ders. The space-time correlations can then be easily computed
with the states separated by the operators corresponding to a
multiple n of slices, whence τ ∈ {n�τ }. Since there are, as we
will see, excitations with energy scaling as L−2 and our goal
is to resolve these, we take the inverse temperature as high as
β = 4L2 for L � 64. Disorder averages are computed over at
least 1000 random vacancy samples.

C. Stochastic analytic continuation

We employ the SAC method [36] to invert Eq. (7) for
S(q, ω). We here briefly describe how we apply the method
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to the particular model discussed here and also provide test
comparing results for small systems with exact Lanczos
calculations.

For a set of imaginary times τi = 1, . . . , Nτ , an SSE sim-
ulation provides an unbiased statistical estimate Ḡi = Ḡ(τi )
of the correlation function, where here we suppress the mo-
mentum label q for simplicity and include it below only
when presenting results. Importantly, the statistical errors of
different data points i are correlated [52], which has to be
properly taken into account for the SAC method to be sta-
tistically sound. With the SSE data divided into bins indexed
by b = 1, 2, . . . , NB, the covariance matrix is given by

Ci j = 1

NB(NB − 1)

NB∑
b=1

(
Gb

i − Ḡi
)(

Gb
j − Ḡ j

)
, (8)

where Gb
i denotes the mean of the data in bin b and Ḡi is the

average over all b. The diagonal elements of the covariance
matrix C are the conventional variances (squares of the stan-
dard statistical errors), σ 2

i ≡ Cii.
With the expected presence of excitations at very low en-

ergy, we need correspondingly long imaginary times. It is then
neither feasible nor necessary to use a dense linear grid of τ

points, and we instead use a linear grid only for τ ∈ [0, 2]
at spacing �τ = 0.1, thereafter switching to values of the
form τ = an2�τ for τ > 2, with integer n and a chosen such
that 100-200 time points are typically computed. As discussed
further below, not all of these data points may be used as input
in the SAC, because of an error-determined cutoff imposed on
the maximum time and also because the set may be pruned to
ensure a stable covariance matrix.

Given a proposal for S(ω), a corresponding set of values
{Gi} can be computed by Eq. (7). The deviation of this set
from the SSE output set {Ḡi} is quantified in the standard way
by the “goodness-of-fit”

χ2 =
Nτ∑
i=1

Nτ∑
j=1

(Gi − Ḡi )[C
−1]i j (Gj − Ḡ j ), (9)

which after diagonalizing and transforming everything to the
basis of eigenvectors of the covariance matrix takes the con-
ventional uncorrelated form

χ2 =
Nτ∑
i=1

(Gi − Ḡi )
2/ε2

i , (10)

where ε2
i are the eigenvalues of C (i.e., εi are the standard

deviations of the independently fluctuating stochastic modes)
and the transformed Gi and Ḡi are implied.

In SAC, the spectral function is normally parametrized us-
ing a large number of δ functions located at frequencies ωi and
with positive semidefinite amplitudes ai. The parameter space
{ai, ωi} is treated as that of a statistical mechanics problem
with χ2 corresponding to the energy, sampling according to
the Boltzmann-like distribution,

P(S) ∝ exp

(
− χ2

2�

)
, (11)

at a fictitious temperature �. For � → 0, this procedure
reaches a minimum goodness-of-fit χ2

min > 0 (χ2
min = 0 being

possible only if negative amplitudes are allowed), which is
taken as a proxy for an effective number of degrees of freedom
Ndof of the fit, motivated by the fact that the expected value
of χ2

min (in a fit to a valid function) equals Ndof in the χ2

distribution. The temperature � is then adjusted so that

〈χ2(�)〉 = χ2
min + a

√
2χ2

min, (12)

where 2χ2
min acts as a proxy for the variance of χ2

min ac-
cording to the χ2 distribution. Here the factor a should be
of order 1 (normally we take a ≈ 0.25 ∼ 0.5), which corre-
sponds to a statistically good average fit, with 〈χ2〉 falling
within a standard deviation of the smallest goodness-of-fit
expected while avoiding overfitting for essentially the same
reason. This � criterion is discussed in detail in Ref. [36]
and was recently further motivated in Ref. [53]. The sampled
spectrum is collected in the form of a histogram with bin
width adjusted according to the energy scales appearing in the
spectrum.

The SAC method is equivalent to the conventional
maximum-entropy [52] method (MEM) under certain con-
ditions (essentially for a very large number of δ functions
and with the entropic weighting in the MEM adjusted so that
χ2

MEM = 〈χ2
SAC〉) [36], but effectively with a different form

of the entropy when sampling the spectrum in the space of
both amplitudes and frequencies of the δ functions (while the
conventionally used Shannon entropy in the MEM is realized
when sampling only the frequencies of equal-weight δ func-
tions) [36,54]. It has been shown that the fidelity of the method
is often (but now always [53]) better than the conventional
MEM when also the amplitudes are sampled [36] (a SAC
parametrization first suggested by Beach [55]), as we do in
all cases here.

For a connected spin cluster with equal number of sites
on the two sublattices, the ground state is a singlet and G(τ )
decays to zero as τ → ∞. However, systems randomly di-
luted with vacancies will inevitably contain some clusters with
unequal sublattice occupation; the most common case being a
single isolated spin, which also causes an opposite imbalance
in the remaining large cluster. Such imbalanced clusters lead
to ground-state degeneracies (finite total spin of the ground
state of odd-sized clusters, as already discussed above in
Sec. II B) and, accordingly, G(τ ) approaches a nonzero con-
stant for large τ . This behavior corresponds to a δ function
at ω = 0 in frequency space, which we omit by removing
the large-τ constant from G(τ ) before performing the analytic
continuation.

We illustrate this subtraction scheme for a 6 × 6 system in
Fig. 2, where there is a single isolated spin and the remaining
large cluster also has an odd number of spins. The correlation
function G(q, τ ) at q = (π/3, 0) is shown for τ up to β/2
in the inset, where the decay toward a nonzero constant is
clear. After subtracting this constant, the asymptotic decay
is exponential, Gq(τ ) ∝ e−τ�, where in this case the gap is
� = 0.3090. The SSE results agree with the exact G(τ ) for
all q, both before and after subtraction (with the same gap
for all q because of the lack of translation symmetry). The
ω = 0 contribution can be added to the spectrum after the an-
alytic continuation, but in most cases, at the dilution fractions
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FIG. 2. SSE computed imaginary-time correlation function at
q = (π/3, 0) for the 6 × 6 lattice in the inset, where there are five
vacancies on each sublattice (the sublattices being indicated by red
and blue, with spins and vacancies shown as solid and open circles,
respectively). One of the spins (the rightmost one on the second row
from the bottom) of the periodic lattice is isolated from the rest of the
system, which forms a connected cluster. Because of the ground-state
degeneracy of this system, G(q, τ ) does not decay to zero at large τ ,
as seen in the inset. After subtracting the large-τ constant, the decay
is exponential, as shown in the main figure, with the asymptotic
exponential decay reflecting the gap, here � = 0.309, of the large
connected cluster. The curves show the corresponding exact results
from Lanczos diagonalization.

considered here, it is very small and not clearly visible in the
graphs presented below.

Though the maximum imaginary time value, τ = β/2
[when taking into account that G(τ ) = G(β − τ ) for a
bosonic operator], is in principle as large as 2N in our calcula-
tions, G(τ ) is typically dominated by statistical noise at these
large time separations. In practice, we only use the τ points
at which the computed relative statistical error (conventional
standard deviation), after subtraction of the possible constant,
is less than 10%. This cutoff is reflected in data in the main
part of Fig. 2, where the largest τ value is about 22 even
though β/2 = 72, following our criterion β = 4N to ensure
sufficient convergence to the ground state. As L increases,
spectral features appear at lower energies and the largest τ

value increases accordingly. As an example, for L = 64 the
10% criterion for the relative statistical error can correspond
to time separations as large as τ ≈ 4000 and a total of Nτ ≈
70 elements in the SAC input set {G(τi )}.

It should be pointed out here that the statistical error in
G(τ ) has two sources: from the finite sampling in the SSE
simulation and from sample-to-sample fluctuations. The latter
are typically larger, and, therefore, our SSE runs are rather
short, which is possible because the equilibration and autocor-
relation times are short even for randomly diluted Heisenberg
systems [25]. We can then generate a large number of va-
cancy samples for each L and p. We have not investigated
the details of the error correlations from the two sources of
fluctuations, but all covariance effects are taken properly into
account collectively by the covariance matrix, which in our
SAC approach is diagonalized for use in Eq. (10).
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FIG. 3. Disorder averaged (2000 samples) S(q, ω) for a system
of size L = 6 diluted at p = 5/18. Results are shown at (a) q =
(π/3, 0), (b) q = (π, 0), and (c) q = (π, π ). The histograms rep-
resent the coresponding distribution of δ functions in the exact
expression Eq. (4) and the red curves are the results of the SAC
method applied to SSE data.

D. Tests on small systems

For small systems, e.g., the diluted 6 × 6 lattice consid-
ered in Fig. 2, the dynamic structure factor can be directly
computed in the form of Eq. (4) using Lanczos exact diag-
onalization. The number of contributing δ functions is then
small (at temperature T = 0 in our study) and cannot be well
approximated by any continuous function. A direct compar-
ison with results obtained with the SAC method, where an
essentially continuous average spectrum is produced, is then
typically not very meaningful. However, the locations and am-
plitudes of the δ functions depend significantly on the details
of the vacancy realization, and S(q, ω) averaged over a large
number of samples can therefore be well approximated by a
smooth continuum (which, as we will see, still can contain
very sharp peaks). We here use this approach to test the SAC
method.

Results for L = 6 obtained with both the Lanczos method
and SSE combined with SAC are displayed in Fig. 3 at
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three different momenta. The overall shapes of the Lanczos
spectra, represented as histograms with suitable bin width,
are remarkably well reproduced by the SAC method, except
for small-scale structure that cannot realistically be repro-
duced by any numerical analytic continuation method applied
to QMC data. In all cases, there is a sharp Gaussian like
low-energy peak followed by a broad profile with nontrivial
shape that depends on the momentum. For q = (π/3, 0) and
(π, 0) in Figs. 3(a) and 3(b), even the high-energy tails are
almost flawlessly reconstructed by the SAC, while the much
smaller second peak at q = (π, π ) in Fig. 3(c) cannot be
well replicated because of its low relative spectral weight.
The frequency resolution of peaks in analytic continuation of
QMC data generally is better at low frequency, but the ability
to resolve a specific detail also depends on its relative weight
and other features present.

Below we will demonstrate that the lower peak in Fig. 3
develops with increasing system size into a δ function at
energy ω ∝ 1/N , reflecting the lowest excitation in what is
known as the tower of Anderson quantum rotor states associ-
ated with the breaking of the O(3) symmetry of the Néel order
parameter [37–39]. This peak is very sharp and close to ω = 0
in Fig. 1, which is based on results for L = 64. In a translation-
ally invariant system, the S = 1 rotor excitation of the ground
state is present in S(q, ω) only at (π, π ). However, in a diluted
system, where the momentum is not conserved, it spreads out
over the entire BZ in a way reflecting inhomogeneity in the
ω = 0 long-range order. The energy of the rotor excitation
must then be independent of q, as indeed can be observed in
Fig. 3 (note the different scales on the ω axis for different q),
where at q = (π, π ) the rotor peak contains the majority of the
total spectral weight. We will show that the distribution of the
spectral weight of the rotor mode, in both momentum space
and real space, provides valuable information on the nature of
the disordered Néel state.

For a finite system with rotationally averaged Néel ordered
ground state (i.e., with the amplitude of the order parameter
formed but the symmetry not broken), the lowest δ function
in the exact spectrum represents the rotor excitation. We
can specifically confirm that the Gaussian like broadening
of the low-energy peaks in Fig. 3 reflects the sample-to-
sample fluctuations of the lowest peak in the exact spectra.
Figures 4(a) and 4(b) show the exact form Eq. (4) of S(q, ω)
for two vacancy samples. Here the amplitudes of the δ func-
tions correspond to the heights of the bars at the locations
ωn = En − E0. Separating the contributions from the lowest
δ function and all other spectral weight, we see in Fig. 4 that
the low-energy peak indeed arises exclusively from the lowest
excitation of each sample. In Sec. III we will demonstrate that
the width of the peak shrinks as the system size is increased
while its location scales toward ω = 0 in the way expected for
a rotor excitation.

The ground state of a cluster with equal number of spins on
both sublattices has total spin S = 0 and the gap to the rotor
states are of the form �S ∝ S(S + 1)/N . Only the S = 1 state
is visible in the dynamic spin structure factor because of the
selection rules for the spin operators. The clusters formed in
a diluted system typically have S > 0 ground states, however,
because of sublattice imbalance. In the example in Fig. 2, the
ground states of the large connected cluster and the isolated
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FIG. 4. Separation of low-energy peak and continuum. The exact
form of S(q, ω) at q = (π/3, 0) obtained with two different vacancy
realizations from the same set as in Fig. 3 is shown in panels (a) and
(b). The height of each bar corresponds to the squared matrix element
in Eq. (4). The location of the lowest δ function is indicated. The
distribution of the energy of the lowest peak over 2000 samples is
shown in red in panel (c), while the other contributions form the
distribution shown in blue. There is practically no overlap between
these two parts of the distribution. Here the data is the same as in
Fig. 3(a) but the bin width in the histogram is smaller.

spin both have spin S = 1/2, which implies that the ground
state of the entire system is degenerate, with S = 0 and S = 1.
For larger systems with many isolated spins, where the main
connected clusters can have ground-state spin S > 0, there can
be rotor states with both S + 1 and S − 1. They will typically
be very close to each other in energy, and we therefore still
expect a single narrow rotor peak in the disorder averaged
S(q, ω) at ω ∝ 1/N . The trivial δ-peak resulting from ground-
state degeneracy are always removed from the imaginary-time
correlation functions, as we explained above (Fig. 2).

Another potential complication for large systems is that
there can also be relatively large isolated clusters of many
spins in addition to the system spanning majority cluster. The
emergent rotor states of these smaller clusters will have rela-
tively high energy, and their contributions to S(q, ω) can then
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mix in with the other spectral features. However, at the low
dilution fractions we consider here, isolated clusters of size
larger than 1 are rare, and S(q, ω) is completely dominated
by the largest cluster. We will see in Sec. III that a very
clear separation forms with increasing system size between
the low-energy rotor peak and the features at higher energy,
even when those other features also move down in energy
(in particular the localization peak), because the rotor peak
narrows at the same time.

E. Dimer-monomer model

Even in a cluster with equal number of vacancies on the
two sublattices, effectively localized spin degrees of freedom
can emerge due to local sublattice imbalance, where bipartite
antiferromagnetic order in combination with local excess of
sites on one of the sublattices leads to an effective nonzero
total spin of an isolated region of the lattice. These effective
moments are often referred to as “dangling spins,” though
they can form at arbitrary locations of the lattice and are not
necessarily (though often) obviously related to spins with very
low coordination numbers; they are in many cases effectively
spread out over large regions of the lattice, with different
regions essentially isolated from each other. Regions with
sublattice imbalance exhibit elevated magnetic response.

The presence of regions with net moments is a key as-
pect of the diluted Heisenberg model. The formation of local
sublattice imbalance and the so induced magnetic properties
can often be surprisingly well modeled by a classical dimer-
monomer model [32,33,35,45,46]. In this simplified heuristic
description, each monomer represents an “unpaired” spin and
the dimers represent singlets formed by two nearest-neighbor
spins that reduce the background Néel order in which they
reside. The unpaired spins associated with the monomers are
regarded as fully aligned with the overall Néel order, with,
say, up and down orientation on sublattice A and B, respec-
tively. Regions with nonzero density of monomers therefore
correspond to increased Néel order and magnetic response.
The basic dimer-monomer model is purely entropic, i.e., all
configurations of dimers and monomers have equal weight
in the partition function and the configurations can be eas-
ily generated using Monte Carlo simulations. We will take
this approach here with a diluted dimer-monomer model to
explain some of the qualitative features of the distribution in
the BZ of the weight of the rotor state in S(q, ω), and also
to discuss the potential connection between regions of local
sublattice imbalance and localized excitations. For a given set
of static vacancies, we are interested in configurations with the
minimum number of monomers; those monomers will then
represent both local and global sublattice imbalance.

The monomers undergo stochastic (Monte Carlo) dynam-
ics along with the dimers, with the required ergodic updates
of the dimer-monomer configurations illustrated and further
explained in Fig. 5. During the equilibration stage of this pro-
cess, any pair of monomers occupying nearest-neighbor sites
is eliminated; thus replaced by a dimer. Once a steady state
with the minimal number of monomers remaining has been
achieved, the spatial monomer distribution is accumulated; for
details see Ref. [32]. In Fig. 6 we show one configuration from
such a simulation in which there are two monomers on each

⟹

⟺

⟺

⟹ ⟹ ⟹

(a)

(b)

(c)

FIG. 5. Updating processes of the dimer-monomer model, with
red (blue) circles representing sites of sublattice A (B). (a) Two
nearest-neighbor monomers are annihilated, leading to a dimer.
(b) Two different joint moves of a monomer and a dimer. Note that a
given monomer can only move within one sublattice. (c) Breaking a
dimer, then moving the two monomers until they can be annihilated
with other monomers as in (a). Starting from a configuration of
random dimers and monomers (where we place dimers first un-
til no longer possible, whence the remaining sites are assigned as
monomers), updates are performed and the number of monomers
gradually decreases by the process in panel (a). After a sufficiently
long time the minimum number of monomers has been reached and
the process continues for the purpose of collecting the spatial distri-
bution of the remaining monomers. The update in panel (c) is strictly
not needed for ergodicity but significantly speeds up the sampling
after the minimum number of monomers has been reached.

sublattice, with the sublattices associated with different spin-z
excess. Upon running the simulation, it is found that the “up”
monomers are restricted to a small region of the lattice (one
of them being completely isolated by surrounding vacancies),
while the “down” ones can occupy most of the lattice but
cannot reach the sites neighboring the monomers on the op-
posite sublattice, in which case they would be annihilated.

FIG. 6. A dimer-monomer configuration on a 16 × 16 lattice,
with vacancies indicated by open circles. Dimers connect nearest-
neighbor sites and monomers are indicated by arrows, with red
(up) and blue (down) corresponding to the A and B sublattices,
respectively.
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As already mentioned, in a quasiclassical heuristic picture
of the Néel state, the monomers are associated with spin up or
down according to the sublattice within which they reside, to
account for the spins in a perfect checkerboard pattern that are
not paired up (sublattice-balanced) with a nearest neighbor.
The dynamic (sampled) monomer distribution typically forms
isolated regions where the monomers can move according to
the updates in Fig. 5. These regions define local sublattice
imbalance and associated net magnetic moments. The dimer-
monomer model only concerns the spatial density distribution
ρr of these moments, while the background Néel order defines
the assignment of spin up or down to the monomers, i.e., net
moments ±ρr. More quantitatively, the spatially varying Néel
order parameter ms(
r) can be written as

ms(
r) = (−1)rx+ry [1/2 + d (ρr − 1)], (13)

so that ms(r) = 1/2 for a site with the maximum monomer
density, ρr = 1, and ms(r) = 1/2 − d for sites with no
monomers. Here d ∈ [0, 1/2] represents the suppression of
the order by quantum fluctuations, which should increase with
the dilution fraction p on account of the singlet formation
associated with the dimers.

In a more sophisticated treatment of a quantum state
expressed with dimer-monomer configurations, each dimer
connecting sites a and b could in principle be regarded as a
“Néel biased singlet,”

|
ab〉 = |↑a ↓b〉 + cab(|↑a ↓b〉 − |↓a ↑b〉), (14)

and each dimer-monomer configuration would then be a nor-
malized product state of |
ab〉 on all the dimers together with
the |↑a〉 and |↓b〉 states associated with the monomers. The
sampled dimer-monomer configurations then correspond to
the different terms of a superposition. In practice, however,
the basis is overcomplete, like the conventional valence-bond
basis, and state overlaps would have to be taken into account
in the sampling weights and matrix elements of observables.
The constant cab in Eq. (14) can be variationally optimized,
and the flexibility of the state could be further extended by
introducing longer-range dimers. Here we only compute ρr

using classical sampling within the standard dimer-monomer
model, which corresponds to neglecting the nonorthogonality
of the basis. Instead of discussing the sublattice magnetization
in the form (13), for simplicity we will just show results
for ρr.

An important measure of nonuniformity in the diluted sys-
tem is provided by the local spin susceptibility χr,

χr =
∫ β

0
dτ

〈
Sz

r (τ )Sz
r (0)

〉
, (15)

where the integral can be performed analytically without ap-
proximations within the SSE method [59]. Previous studies
of the 2D Heisenberg model at the percolation point and
on other fractal lattices [32,33,45,46] have demonstrated a
strong correlation between spatial nonuniformity of the low-
energy excitations and the monomer density. We provide a
similar example in the context of the 2D Heisenberg model
at low dilution in Fig. 7. Here we clearly observe enhanced
local magnetic response χr at the sites with high monomer
density, though there are also sites with vanishing monomer

FIG. 7. Visualization of effective magnetic moments formed due
to local sublattice imbalance in an L = 16 system at dilution frac-
tion p = 1/8. The dim circles not linked to other circles represent
vacancies. (a) The monomer density obtained by sampling dimers
and monomers according to the rules in Fig. 5. (b) The local spin
susceptibility, Eq. (15), of the spin-1/2 Heisenberg model, Eq. (2).

density but nevertheless large response. Note again that the
monomer density represents enhanced response relative to
a background value of the frozen Néel order in the regions
without monomers. An enhanced response due to locally iso-
lated moments is intuitively clear and demonstrated by our
results here and in the previous works cited above. Given
the simplicity of the dimer-monomer and the lack of rigorous
connections to the quantum magnet, it is not possible to write
down a precise relationship between ρr and χr.

In Sec. IV the purpose of studying the dimer-monomer
model will be in the context of the weight distribution of the
Anderson rotor excitation in the BZ, where we will similarly
find that some aspects of the nonuniform symmetry break-
ing can indeed be explained by local sublattice imbalance,
modeled by monomers, while there is also structure not cap-
tured by the clearly very simplistic classical description. The
monomer regions of the dimer-monomer model also provide
insights into the localized modes of the quantum system at
large length scale for low p. In Sec. III D we will indeed find
that the spectral weight in real space of the localized excita-
tions is concentrated primarily on some of the corresponding
monomer-rich sites. However, the quantitative match between
the classical and quantum models is not obvious, as we will
discuss further also in Sec. VI.
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FIG. 8. One quadrant of the BZ for a lattice of size L = 32.

In the uniform Heisenberg model there are gapless excitations at
(0, 0) and (π, π ), with linearly dispersing spin waves around these
points. Within linear spin-wave theory [37,38] the highest-energy
excitations are on the magnetic zone boundary (in the folded BZ
of the Néel state), indicated by the blue line, with the degeneracy
on this line broken in higher-order spin-wave theory [56–58] and in
nonperturbative treatments [40,41,43], where the maximum energy
is at (π/2, π/2). The red circles mark points neighboring the gapless
points and on the zone boundary, for which results for S(q, ω) are
shown in Fig. 9. Other results will be presented on lines connecting
the gapless points and the zone boundary.

III. DYNAMIC STRUCTURE FACTOR

In Sec. III A we present our results for S(q, ω) computed
on system sizes up to L = 64, averaged over 1000 disorder re-
alizations typically. In Sec. III B we discuss the local dynamic
structure factor S0(ω), i.e., the q averaged S(q, ω). In addition
to results for p = 1/16 and p = 1/8 that we mainly focus on,
in Sec. III C we consider the case of a single vacancy and two
far separated vacancies, comparing these with results for the
clean system. In Sec. III D we show results for the real-space
resolved spectral function S(r, ω) of the diluted systems in
different frequency windows (“tomography”), which allows
us to formulate a more complete picture of the nature of the
different types of excitations.

A. Multiscale excitation structure and momentum dependence

We will present results in the BZ of the uniform system,
depicted in Fig. 8 with special points marked and with some
basic facts on the spin waves of the uniform system reviewed
in the caption. Though the momentum is not conserved for
individual disorder realizations of the diluted system, the
translational symmetry is restored in correlation functions
upon disorder averaging, and S(q, ω) therefore is defined on
the same BZ. For some initial observations at high- and low-
energy points in the BZ, in Fig. 9 we show S(q, ω) for L =
64 at four representative momenta (those marked in Fig. 8),
comparing results for the two different vacancy fractions. In
all cases, the rotor mode at very low frequency, discussed
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FIG. 9. S(q, ω) for L = 64 at q points marked in Fig. 8. Re-
sults are shown in each panel for both p = 1/16 (black curves) and
p = 1/8 (red curves). The q points are: (a) q = (2π/L, 0) (i.e., long
wavelength), (b) q = (π/2, π/2) (on the zone boundary), (c) q =
(π − 2π/L, π − 2π/L) (close to the antiferromagnetic wave num-
ber), (d) q = (π, 0) (also on the zone boundary). Note that the ω

scale is the same for panels (a), (c), where there is no high-energy
spectral weight, and also for panels (b), (d), where weight extends
to high energy. Note that the very small peaks (the localized mode)
and flat continua above them in panels (b), (d) should in principle
be present also in panels (a), (c) but are masked by the damped spin
waves that extend down to the same energy scale.

in the case of a small system in Sec. II D, is apparent, and
there is a clear separation between this very narrow peak and
the other features of the spectrum. The rotor peak is clearly
much narrower than in Fig. 3, and we will show below that
it systematically narrows with increasing system size while
moving down toward ω = 0.

At the momenta closest to q = (0, 0) and (π, π ), shown in
Figs. 9(a) and 9(c), respectively, there is an asymmetric main
peak that moves down in frequency upon increasing p while
also broadening somewhat. On the magnetic zone boundary,
Figs. 9(b) and 9(d), the dominant peak is also slightly broader
for the larger p value, though less so in relation to the peak
energy. In addition to what is most naturally interpreted as a
highly damped magnon peak with a substantial multimagnon
tail (extending to ω ≈ 5J at the zone boundary), there is also
a substantial almost flat portion at low energies, ending at a
small peak that is clearly separated from the rotor peak. As we
will show below, the peak corresponds to the localized mode
discussed by Chernyshev et al. [19].

The dispersionless localization peak should also be present
in Figs. 9(a) and 9(c), but its relative weight is small and its
energy scale falls within the much larger main peak. At these
momenta, which correspond to long-wavelength uniform and
staggered fluctuations, separating the expected different fea-
tures of the spectrum above the low-energy rotor peak is not
possible within the resolution of our method. This state of
affairs also likely reflects the expectation that all the fea-
tures corresponding to localized excitations and propagating
modes should merge close to q = (0, 0) and (π, π ), reflecting
fully incoherent quantum dynamics [19]. All the different fea-
tures of the multiscale spectral functions can be most clearly
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observed at momenta away from the extreme points consid-
ered in Fig. 9, as already exemplified in Fig. 1.

The very substantial broadening of the dominant ω ≈ 2J
peaks in Figs. 9(b) and 9(d), for q close to the magnetic
zone boundary, is absent in the T -matrix studies [13,19],
where the interactions between the magnons and the local
impurity states were not accounted for. Some broadening was
observed in a numerical diagonalization study of the linear
spin-wave Hamiltonian on finite lattices with vacancies [20],
where, for each disorder realization, the interactions between
the spin waves and the impurities are fully accounted for at
the level of the spin-wave Hamiltonian, in contrast to the
further approximations made within the T -matrix approach
(which is formulated for the infinite system with a different
form of disorder averaging). The results of numerical spin-
wave theory still do not agree well with our SAC results. In
particular, the long tail up to ω/J ≈ 5 [beyond the ω scale
used in Figs. 9(b) and 9(d)] is missing, which indicates that it
arises from multimagnon excitations (which are naturally not
present within linear spin-wave theory) in the fully interacting
system.

To study the size dependence, in Fig. 10 we graph results
for p = 1/16 in log-log plots so that the low energy features
can be examined more clearly. Since the spectral functions
are accumulated in histograms with uniform bin width �ω, at
the very low energy scales, where ω approaches �ω, the low-
energy peak occupies only a small number of bins, causing the
peaks to appear less smooth. It is nevertheless apparent that
the lowest peak moves down rapidly as L increases, exactly as
would be expected for an Anderson quantum rotor mode of a
system with long-range Néel order.

Considering the log scale for ω in Fig. 10, the rotor peak
also narrows with increasing L, reflecting less fluctuations in
the lowest excitation (recall Fig. 3) as the magnitude of the
Néel order stabilizes. For fixed system size the peak is located
at the same energy at all momenta. As shown in Fig. 11, this
energy scales with the system size in the expected way as
1/N = 1/L2 for an Anderson quantum rotor state [37,60–62].

Returning to Fig. 10, the next low-energy feature above the
rotor peak, at ω ≈ 0.1 for L = 64, also moves down in fre-
quency with increasing system size while becoming more well
defined as a peak. Results at p = 1/16 for a different momen-
tum, q = (π/2, π/2) is shown in more detail on a linear scale
in Fig. 12. Here as well the size shift is roughly ∝ 1/N , but we
are not able to carry out a reliable extrapolation to infinite size.
Within estimated uncertainties, the peak location extrapolates
to zero, but most likely it tends to a very small nonzero ω

value. The predicted energy scale ωloc ∝ exp(−π/4p) of the
localized mode [19] would at p = 1/16 indeed be too small to
resolve using our S(q, ω) results for sizes up to L = 64. The
clear separation between the rotor peak and the emergence of a
second low-energy peak above it nevertheless lend support to
the second feature reflecting a specific type of excitation dif-
ferent from the quantum rotor below and magnon above. Note
that the energy of the damped magnon peak is at ω/J ≈ 2
for q on the zone-boundary, as in Figs. 10(b) and 10(c), and
also at q = (π/2, 0) in Fig. 12, it falls above the highest ω

graphed—we will analyze the spin wave energies in detail
further below. The emergence of a peak at very low energy
(but clearly above the rotor peak) throughout the BZ with no
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FIG. 10. Log-log plots of S(q, ω) for p = 1/16 at (a) q =
(π/4, 0), (b) q = (π/2, π/2), (c) q = (π, 0), (d) q = (π, π ). The
dominant broadened magnon peaks in panels (a)–(c), which converge
quickly with increasing L, are marked with arrows. In panel (d), at
the gapless (for L → ∞) ordering wave-vector, the rotor weight is
very large and there is no sign of a well defined single-magnon peak.

detectable dispersion suggest that it indeed reflects the pre-
dicted localized excitations of large spatial extent. In further
support of a dispersionless mode, in Sec. III B we will discuss
a much sharper peak in the local (q integrated) structure factor,
allowing for L → ∞ extrapolation of the localization energy
at p = 1/8.

Yet another important aspect of the results in Fig. 10 is that
the broad high-energy peak, which we will below identify as
the predicted [19] damped magnon with anomalous disper-
sion, converges rapidly with increasing system size, while the
tail below it, with an edge eventually forming the localization
peak, builds up gradually. The consistent evolution of the
spectral weight at low energy is natural in light of the exact
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FIG. 11. Energy of the lowest-energy peak in S(q, ω) at four
different momenta (from results such as those in Fig. 10) vs the
inverse lattice volume 1/N = 1/L2. The dilution fraction is p = 1/16
in panel (a) and p = 1/8 in panel (b). The energy being the same
at all momenta at fixed N and the asymptotic 1/N scaling confirm
the identification of the peak as the lowest Anderson quantum rotor
excitation.

form of the spectral function Eq. (4), where a higher density
of δ functions in regions of low but ultimately nonzero spectral
weight is expected with increasing L. An excitation associated
with a large length scale will also be fundamentally limited
by the inverse system length, leading to higher energy for
smaller L (as we have seen quantitatively in the case of the
quantum rotor state). In contrast, the fast convergence of the
broad magnon peak has a high density of discrete contribu-
tions already for relatively small system sizes and a further
increase in the number of these δ functions with L does not
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FIG. 12. Low-energy part of the dynamic structure factor at
q = (π/2, 0) and dilution fraction p = 1/16, shown for system sizes
L = 16, 32, and 64. The position of the size dependent localization
peak is marked by arrows.

affect the overall shape of the spectrum. Thus, the observed
convergent high-energy features and evolving low-energy tail
are consistent with expectations and unlikely artifacts of the
analytic continuation procedures.

Note that there is no apparent magnon peak at the q =
(π, π ) in Fig. 10(d). This is expected in light of the uniform
system having true spin wave excitations only at the momenta
away from (0, 0) and (π, π ), with the ground state being in the
former sector and the latter hosting the S = 1 rotor state that
becomes degenerate with the ground state when L → ∞. The
lowest spin waves are at q = (π − 2π/L, π ) and (2π/L, 0).
In the diluted system there can also be no propagating magnon
at (π, π ) and the large continuum (relative to its size at other
momenta) that builds up with increasing L should reflect large
matrix elements between Sz

q(0)|0〉 and the localized mode and
other incoherent excitations above it. Note again that the left
edge of the continuum, at ω ≈ 0.1 for L = 64, is very close in
energy for all momenta in Fig. 10, thus suggesting its origin
from dispersionless excitations.

In Fig. 13 we compare p = 0, 1/16, and 1/8 results for
S(q, ω) in our largest systems, L = 64. As in many plots in
Ref. [19], we here focus on q points on the diagonal (x, x)
line of the BZ. In the case of p = 0, we also compare results
of unrestricted SAC, discussed in Sec. II C, and a constrained
parametrization with a macroscopic δ peak imposed at the
lower edge in addition to the large number of “micro” δ

functions representing the continuum above it (i.e., with the
constraint that the continuum does not extend below the δ

edge). The relative weight A0 of the macroscopic δ function
is fixed in the SAC process while its location is also sam-
pled (though it fluctuates very little after the sampling has
equilibrated). A scan over A0 reveals its optimal amplitude
as quantified by 〈χ2〉. For technical details of SAC with the δ

edge parametrization we refer to Refs. [36,43].
At p = 0, the δ-edge parametrization separates the ex-

pected sharp magnon peak and the multimagnon continuum,
which is not possible with the broadening effects of the un-
restricted SAC, though the peak locations are nevertheless
almost the same. The broadening of the sharp peak with un-
restricted sampling reflects the ω dependent resolution (better
for smaller ω) imposed by the statistical errors of the QMC
data. The reason for the better resolution at lower energy
is simply because the contributions to G(q, τ ) from small
ω remain statistically significant up to larger τ , i.e., there
is more information on low-energy features in the available
QMC data.

The broadened peaks in Fig. 13(a) are also somewhat
asymmetric, reflecting the continuum above the magnon peak
that cannot always be well resolved as a separate part of the
spectrum unless the δ edge is imposed. A small secondary
maximum is still also present and often close in shape to
what is obtained with the δ-edge constraint, as seen in the
insets of Fig. 13(a). The spectral weight above the sharp
magnon peak is most naturally interpreted as a multimagnon
continuum [44]. However, for q in the neighborhood of (π, 0)
(which is not shown here), the main magnon peak is greatly
diminished and the continuum is more prominent, which is
interpreted as a precursor to spinon deconfinement. We refer
to previous works [40–43] for detailed discussions of the
excitations of the uniform system; we will still touch on its
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FIG. 13. L = 64 results for S(q, ω) with q on a diagonal of the BZ, qx = 2π (x, x)/L, x = 1, 3, 5, 7, from top to bottom panels. Results
for a pristine system (p = 0) are shown in column (a), while (b) and (c) are for p = 1/16 and p = 1/8, respectively. The red curves show
results of unconstrained SAC sampling, while the black curves in (a) include a macroscopic δ function (modeling a sharp quasiparticle peak)
with optimized weight and continuum only above the peak. The resulting multimagnon continua are shown in more detail in the insets. The
location of the peak in (a) is indicated by the dashed lines in (b) and (c). All the different peaks are marked in (c), the second panel from top,
as follows: (1) is the quantum rotor peak, (2) the localization peak, (3) the peak likely resulting from very weakly dispersing, almost diffusive
modes, and (4) the disorder-broadened magnon peak. Features (1) and (4) are present in all (b) and (c) panels, while features (2) and (3) are
visible to varying degree. Note that the rotor peak is very close to ω = 0 (as is clearer from the L = 64 results in Fig. 10).

dispersion relation further below when comparing with the
diluted system. The deconfinement process will be discussed
in Sec. V, where other interactions beyond the Heisenberg
exchange is are considered.

In Figs. 13(b) and 13(c) we observe the extremely sharp
quantum rotor excitation at the lowest energies. Its ∝ 1/N
energy is practically zero on the scale used (≈0.002 according
to Fig. 10). As already discussed, spectral weight below the
large broad peak extends to very low energy, with a gap
remaining to the rotor peak. We can identify the localization
peak using the interpretation of Ref. [19]. We now discuss
the features above this peak, starting from high energy. The
clearest illustration of the generic shape of the spectrum is
provided by Fig. 1, which is based in the data in the second
panel from the top in Fig. 13(c).

The dominant peaks are much broader than the resolution
limited magnons in Fig. 13(a) obtained with unrestricted SAC.
Thus, at least the high-energy features should not be affected
by the resolution of the method, given also that the QMC data
quality is similar for all p values. The ability of our method to
accurately resolve both high-energy and low-energy features
is also supported by the tests in Fig. 3, though in that small
system there is no structure between the rotor peak and the
rest of the spectrum—there are also no spurious features in

the SAC spectra—a fact which also can be taken as support
for the emergent features for the larger system being correct.

For all momenta in Figs. 13(b) and 13(c), the dominant
peak is shifted to lower frequency relative to the p = 0
magnon, with the relative shift larger for smaller q. The dis-
persion relations for p = 1/16 and p = 1/8 along a path in
the BZ are graphed in Fig. 14. Here we define the excitation
energy at p > 0 based on the peak maximum, while at p = 0
it is the location of the δ function edge shown in Fig. 13(a).
Similar p = 0 results were obtained in Ref. [43], but only for
system sizes up to L = 48. The size dependence at the q points
available for given L is rather weak except at (π, π ), where
there is no magnon and data are not shown in Fig. 14.

Despite the substantial broadening of the peaks for p > 0,
the energy at and around the zone boundary is very
close to that of the magnon at p = 0. It is particularly notewor-
thy that even the characteristic dip in energy at q = (π, 0) of
the clean system [40,41] remains at vacancy fraction as high
as p = 1/8. This dip can be related to fluctuations of local
singlets and was argued to be a precursor to the deconfined
quantum phase transition into a nonmagnetic valence-bond
solid state in an extended parameter space [43]. The dip can
be enhanced by adding an interaction that brings the system
closer to the phase transition, as we will also find here for
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FIG. 14. Dispersion relations along a standard path through the
BZ. The magnon peak location for system sizes L = 8, 16, 32, and 64
is shown for p = 1/16 in panel (a) and p = 1/8 in panel (b). Results
for the uniform L = 64 Heisenberg model are shown as a reference in
both cases. In panel (b), the location of the peak below the magnon,
i.e., the almost dispersionless diffusive-like excitation marked as (2)
in Fig. 13(c), is shown for L = 32 (golden symbols) and 64 (teal
symbols) at wavevectors where the feature is clearly discernible. At
p = 1/16, this peak is much less pronounced and it is not possible to
reliably extract its location.

the diluted systems in Sec. V. The presence of the “spinon
precursor” also for the diluted system is another indication
that the high-energy excitations are similar to those in the
uniform system, though with significant damping and more
multimagnon contributions to S(q, ω).

Naively, the robust high-energy excitation reflects unifor-
mity of the system on length scales less than the typical
separation between vacancies. The broadening reflects the
substantial damping effects of the disordered environment sur-
rounding uniform patches. When the energy drops well below
the p = 0 magnon, the peak also narrows significantly, as seen
in in Figs. 13(b) and 13(c), while a long thin high-energy tail
still remains. A broadening of order pk (with k the momentum
relative to either of the two low-energy points) was predicted
[19], and in Figs. 13(b) and 13(c) we indeed also observe
systematically reduced broadening as q approaches 0, though
the proportionality to p is not apparent in all cases.

The significant drop in magnon energy close to q = (0, 0)
and (π, π ) is further highlighted by Fig. 15, where the disper-
sion relations are shown relative to ω0(q) of the clean system
in linear spin wave theory. Here we also show the predicted
anomalous dispersion relation

ωano(k) = ck[1 − p(π/2 − 1) + ln(ck/4)/π ], (16)

which is Eq. (51) from Ref. [19] with the limit k → 0 taken
but the full p dependence kept—in Eq. (1) the limit p → 0
was also taken. However, the expression is still only expected
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FIG. 15. The L = 64 peak energies from Fig. 14 shown relative
to the dispersion relation ω0(q) in linear spin-wave theory (includ-
ing the estimated velocity renormalization factor 1.16 [43,63]). The
magnon energies at p = 0 and p > 0 are shown with red squares and
blue circles, respectively, and the energy of the diffusive-like random
network mode is shown with the teal hexagons. The blue curves
show the predicted anomalous magnon dispersion relation Eq. (16),
where in panels (a) and (b) we have set the spin-wave velocity to
c = 1.58 and c = 1.54, respectively, i.e., the renormalization factor
c/c0 = c/

√
2 ≈ 1.12 in panel (a) and 1.09 in panel (b), smaller than

c/c0 ≈ 1.16 at p = 0.

to be valid for small p and then the further simplified form in
Eq. (1) is also very similar.

Our results for p = 1/16 in Fig. 15(a) indeed match the
predicted form slightly better than those for p = 1/8 in
Fig. 15(b). To optimize the fits, we adapted the spin-wave
velocity for both p = 1/16 and p = 1/8. The optimal values,
listed in the caption of Fig. 15, are marginally larger than the
linear spin-wave value c0 = √

2J but smaller than the estimate
c ≈ 1.63 for p = 0 (renormalization factor 1.16) [43,63]. The
smaller velocities for p > 0 are natural in light of the smaller
mean couplings, though it is difficult to judge exactly what the
optimal c values are, given that the agreement with the theory
is never perfect. The agreement is in general slightly better
near (π, π ) than near (0, 0), which may be a consequence of
better QMC data in the former case.

The predicted anomalous form of the dispersion should be
valid only for q in the neighborhood of (0, 0) and (π, π ) and
must also eventually break down very close to these points,
reflecting the incoherent dynamics at the lowest energies,
where the magnon should merge with the localized excita-
tions. We have also tried to fit our results to the full form
Eq. (51) of Ref. [19], which avoids the continued increase
above the baseline spin-wave dispersion seen in Fig. 15.
However, the agreement with our data around q = (0, 0)
and (π, π ) is not further improved and the zone boundary
energy cannot be matched well (it is too low) when c is
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adapted to the anomalous dispersion; we do not show graphs
here.

The reasonable good match between the anomalous
magnon dispersion and our numerics over a substantial part
of the BZ provide strong support for the validity of both
approaches. However, the peak present in between the local-
ization and magnon peaks, most clearly visible in 13(c), was
not predicted by the T -matrix theory. As already mentioned
in Sec. I B, we believe that this peak reflects diffusive-like
excitations arising from randomly located effective moments
adjacent to vacancies. The peak and the associated weight
below it seem to connect smoothly to the localization peak,
suggesting that they both could be features of the random
spin network. Diffusive behavior was also mentioned as an
interpretation of the continuum below the magnon energy
produced in the T -matrix calculations [19].

In Fig. 14(b) and Fig. 15(b) we have also included the lo-
cation of the peak between the localization peak and magnon
at p = 1/8, where the peak is larger and appears more con-
sistently in our results than at p = 1/16 (as is apparent in
Fig. 13). Because of the very significant scatter, it is not
possible to make any strong statements about the dispersion,
however, other than it being weak or absent. There is also
some size dependence, as is apparent for L = 32 and 64 in
Fig. 14(b). As seen more clearly in Fig. 15(b), the results are
less noisy close to q = (0, 0) and appear to show a trend of
increasing energy for small q relative to the linearly dispersing
spin waves. We lack reliable data close to q = (π, π ), but the
existing points are at least also consistent with a maximum
there as well. Given that these are results relative to the linear
spin wave dispersion, the upturn may possibly indicate that the
weak dispersion of these low-energy excitations is effectively
sublinear before they, along with the main magnon peak,
merge with the localized excitations at ωloc. A small subset
of essentially randomly located spins adjacent to vacancies
that participate in the excitations in the energy window from
the localization peak to the magnon can be clearly observed
in the real-space dynamic structure factor S(r, ω), as will be
shown in Sec. III D. This finding motivates the proposal of
diffusive-like modes of a random spin network, leading to
a weakly dispersive peak in addition to the dispersionless
localization peak. To construct a meaningful effective random
network model of the subsystem would require knowledge of
the interactions mediated by the bulk medium.

It should be noted that, the number of disorder realiza-
tions used here (1000) is not sufficient to make the vacancy
distribution at p = 1/16 very uniform on average, and the
density fluctuations also translate to momentum space. While
the localization peak and the diffusive-like peak are consis-
tently observed at p = 1/8 in Fig. 13(c), as indicated by (2)
and (3) in the second panel from top, at p = 1/16 there is
often only a flat portion with a small maximum at its lower
edge, as exemplified by the results in Fig. 13(b). This apparent
problem in resolving the full structure of the random-network
mode is not necessarily just a reflection of limited frequency
resolution of the SAC method, but may very well be the true
behavior of S(q, ω) averaged over the finite set of vacancy
realizations used. For p = 1/8 the mean vacancy distribution
is naturally more uniform, and we can extract the energy of the
random network mode more reliably, though still with signif-

icant statistical fluctuations. The features also tend to become
clearer with increasing system size, as we will observe in
detail further below in the local spectral function, and L = 64
may not be quite large enough to produce clearly emergent
momentum resolved modes at p = 1/16.

To contrast these results with those of the T -matrix theory
[19], we note that disorder averaging is there carried out at
the level of the Green’s function before the latter is used to
generate the spectral function. No structure in S(q, ω) was
found in this calculation between the localization and magnon
peaks, in contrast to the intermediate peak observed here. The
localized excitations and continuum above it (including the
second peak) are associated with a very small number of spins
at vacancies (Sec. III D). Such specific sparse local degrees
of freedom may not be reflected when using the disorder
averaged Green’s function, and it is then possible that the
localized mode obtained with the T -matrix approach is not
exactly of the same nature as in the fully interacting spin
model considered here. The extrapolated localization energy
at p = 1/8, which we obtain below from the local dynamic
structure factor, is in fact significantly higher than the pre-
dicted value.

Another discrepancy between our results and the theory
is that a double-peaked S(q, ω) forms in the latter when the
magnon resonates with local impurity states at energy of order
J [13,19]. The interactions are not fully taken into account
by the T -matrix approach, and the zone boundary magnons
therefore appear essentially as a band of excitations different
from those with the anomalous dispersion at lower energy. A
double peak is also consistently seen in the numerical spin-
wave calculations in Ref. [20], even beyond the q range where
it appears in the T -matrix calculations. We always find just a
single peak, which suggests that, indeed, the neglected inter-
actions cause an artificial feature in the spin-wave calculation
of the spectral function. Regardless of the interpretation, we
now also have an unbiased quantitative characterization of the
high-energy part of S(q, ω), which was stated as an open issue
previously [19].

B. Local dynamic structure factor

Here we examine the local dynamic structure factor S0(ω),
where the operator in Eq. (4) is O = Sz

r and we take the
average over all lattice points r. This local quantity also is
equivalent to S(q, ω) averaged over all q, a fact which rep-
resents another opportunity to test the SAC approach: We
can either run the SAC for all momenta separately and then
average the resulting spectra over q, or we can average G(q, τ )
over q first, resulting in G0(τ ) (where now the subscript 0
refers to the distance-0 case, i.e., the on-site correlation func-
tion), which can be computed directly in real space (averaged
over locations) and analytically continued for S0(ω). The two
different ways of computing S0(ω) should in principle be
equivalent, but in practice, because of the noisy imaginary-
time data and imperfections of the analytic continuation,
the results will differ to some extent, thus providing some
measure of the reliability of the SAC approach. This kind of
test was previously applied with the MEM to study the local
dynamic response of the Heisenberg chain [64], and, more
recently, also with the SAC method in the case of the random
Heisenberg chain [65].
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FIG. 16. Local spectral function averaged over sites and disorder
realizations at p = 1/16 for system sizes (a) L = 8, (b) L = 16,
(c) L = 32, and (d) L = 64. The red curves correspond to momentum
summation before analytic continuation, i.e., applying SAC to the
local correlation function G0(τ ) averaged over all spins, while the
black curves were obtained by applying SAC to all G(q, τ ) and
averaging after. In panel (d), the different peaks are marked for
correspondence with Fig. 1 as follows: (1) is the quantum rotor peak,
(2) the localization peak, (3) the peak arising from the momentum
averaged weakly dispersing, diffusive-like modes, (4a) and (4b) from
the magnons, with (4a) likely a consequence of relatively large
spectral weight for the magnons close to (π, π ) and (4b) from the
high-energy magnons.

Figure 16 shows p = 1/16 results for system sizes L = 8,
16, 32, and 64. For the largest system we did not compute
G(q, τ ) for all q (only on high-symmetry lines for which
results were presented in Sec. III A). For the other systems,
the results of the two calculations agree very well on the
location and width of the quantum rotor peak, the low-energy
localization edge and peak above it, and also in the entire
frequency range of the main peak. For L = 16 and 32, the
results from averaging S(q, ω) exhibit wiggles that are likely
finite-size effects resulting from the peaks in the individual
q spectra, which are not sufficiently dense on the q grid for
small L (as was also found for the random Heisenberg chain
in Ref. [65]). It is not realistic to expect SAC applied to G0(τ )
to resolve these fine structures. Since such oscillations are just
a consequence of the finite momentum grid and not expected
in the thermodynamic limit, not resolving them may in a sense
correspond to faster convergence with L.

From now on we discuss only the method of applying SAC
to G0(τ ); the red curves in Fig. 16. It is interesting to see that
more structure gradually develops above the quantum rotor
peak as L increases. For L = 8, there are just two broadened
peaks above the already well isolated and narrow rotor peak,
while for L = 16 there is a hint of an intermediate peak
forming, which is more completely developed for L = 32 and
further grows in size for L = 64. For L = 64 there is another
small peak above the edge.

The four peaks that are clearly formed for L = 64 above
the obvious rotor peak are marked with arrows and labels in
Fig. 16 in a way corresponding to S(q, ω) in Fig. 1 for an
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FIG. 17. Local spectral function obtained from the site averaged
G0(ω) at p = 1/8 (blue) and p = 1/16 (red) for system sizes (a) L =
8, (b) L = 16, (c) L = 32, and (d) L = 64.

individual momentum. These features can all be understood
based on the picture of the excitations developed in Sec. III A.
The peak at the low-energy localization edge clearly becomes
sharper and diminishes in relative weight as L increases—a
rough extrapolation shows that the peak height remains finite
as L → ∞. The energy scale of the peak marked (3) is consis-
tent with the q averaged weakly dispersing diffusive-like peak,
as is apparent by comparing with Fig. 14(b), despite the large
scatter in the location of the lower peak and the results being
for p = 1/8 in that figure—we will see below that the location
of the peak is not much different for p = 1/8 for these system
sizes. The remaining features, marked (4a) and (4b) in Fig. 16,
must then be due to the magnons, with the small bump on the
left side of the main broad peak roughly consistent in its en-
ergy scale with contributions from q close to (π, π ), where the
spectral weight of the anomalously dispersing magnon peak
(Fig. 15) is large. The dominant peak marked (4b) contains
mainly the contributions from the high-energy magnons.

Figure 17 shows similar results at vacancy fraction p =
1/8, only for the case of analytical continuation of the local
function G0(τ ). We also include the p = 1/16 results from
Fig. 16 to compare the two cases. At p = 1/8 the spectral fea-
tures between the large magnon peak and the localization peak
become less clear with increasing L, which can be understood
as due to broadening of peaks with increasing p. Nevertheless,
for L = 64 we observe all the same features qualitatively at
both p values. In particular, the first sharp peak above the
rotor peak is consistent with the localization peak or edge
seen at very similar energy in Figs. 13(b) and 13(c), and the
maximum above the localization peak is consistent with the
overall energy scale of the random network mode according
to the results in Fig. 14(b).

The localization peak in S0(ω) is much sharper than the
corresponding momentum resolved peaks, e.g., in Figs. 13(b)
and 13(c). We have extracted the peak locations for the system
sizes used above, and also for L = 24 and 48. It is difficult to
establish an absolute statistical error on the peak location, and
instead we use the half width at the half maximum on the left
side of the S0(ω) peaks as an estimate of the uncertainty of
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FIG. 18. Inverse system size dependence of localization energies
determined using S0(ω) data such as those in Fig. 17 at p = 1/16 (red
squares) and p = 1/8 (blue circles). The error bars correspond to half
of the width at the half maximum on the left side of the S0(ω) peaks.
The fitted curve for p = 1/8 is of the form ωloc = a + be−cL with
free parameters a, b, c and including all system sizes. For p = 1/16
a linear fit with ωloc ∼ L−1 is shown.

the finite-size localization energy. The results for both dilution
fractions are graphed versus 1/L in Fig. 18.

We should expect the localization energy to increase with
p [19], but for each individual size the p = 1/16 energy is
actually above that for p = 1/8, as also seen in Fig. 17.
However, the results for p = 1/8 indicate a flattening-out for
the larger sizes, suggesting an eventual swapping of the order
of the peaks for larger L. Given that the localized excitations
should have a typical size, an exponential convergence of
the energy ωloc(L) versus the system size should be expected
asymptotically for sufficiently large L. For p = 1/8, the ob-
served flattening of the data for the largest system sizes in
Fig. 18 clearly demonstrates a nonzero energy in the ther-
modynamic limit, and an exponential form fits the data well
from the smallest to the largest system size (8 � L � 64).
This fit extrapolates to ωloc = 0.10 ± 0.01, which is about 50
times larger than the predicted [19] order of magnitude of
the localization energy, ωloc ∝ e−π/4p ≈ 0.0019. However, the
prefactor of the exponential was not determined, and the form
may strictly apply only at much smaller dilution fractions.

For p = 1/16, the results in Fig. 18 do not show any
tendency to an exponential flattening out, suggesting that the
system sizes L � 64 are still much smaller than the typical lo-
calization length. Given the prediction that ωloc ∝ l−1, where
l is the localization length [19], when the latter is limited by
the system size L we would expect the localization peak to
scale as ωloc(L) ∝ L−1. Indeed, this relationship is apparent
in Fig. 18, where we include a linear fit in L−1. The linear
form should eventually cross over to a small constant ωloc as
L → ∞, as it does for = 1/8. For p = 1/16 the asymptotic
value simply too small to determine based on the available
system sizes, which would be a natural conclusion also under
the assumption that ωloc = Ae−π/4p with A ≈ 50 from the
result for p = 1/8. This form with constant A would imply
ωloc ≈ 0.00017 for p = 1/16, far below the resolution of the
data in Fig. 18.

0 1 2 3 4 5
0.0

0.5

1.0

1.5

J

S(
r,

)

S(1, )

S(2, )

S(3, )

S(4, )

S(rm, )

clean

FIG. 19. Local spectral function at several short distances away
from a single vacancy in a system of size L = 32. The numbers
n = 1, 2, 3, 4 in the legends indicate the nth closest neighbor of the
vacancy and rm is the farthest separation on the L = 32 lattice. The
result for the clean system is also shown for comparison.

It should be noted that the sharp localization peak in S0(ω)
does not necessarily imply that the system is gapped. In fact,
the low-energy tail of the peak should be expected to extend
down to ω = 0 in the thermodynamic limit, reflecting the
existence of arbitrarily large local excitations despite there
being a typical size (predicted to be of the order l ∝ eπ/4p

[19]). The probability of excitations larger than the typical
scale will be exponentially small, and the spectral tail should
then be exponentially thin for ω → 0. Many thermodynamic
quantities at T < ωloc will in practice appear to exhibit gapped
behaviors.

C. Single vacancy

It is also useful to examine the local spectral function in the
case of a single vacancy, which we show in Fig. 19 for several
locations close to the vacancy along with results for the clean
system. The significant quantum rotor peak is seen clearly in
all cases. All the spectra look rather similar, expect at r = 1,
where we observe a large shift of the dominant peak to lower
ω and also a less sharp peak at lower energy. In all other cases,
we find a sharp peak at ω ≈ 0.5—it is the tallest at r = 2,
significantly suppressed at r = 3, and gradually approaches
the height in the clean system.

In linear spin-wave theory, the density of states for the
clean system exhibits a van Hove like singularity at the band
edge, due to the degeneracy of all states on the magnetic zone
boundary. This degeneracy is broken for the true magnon, as
seen here in Fig. 15. Moreover, there is a substantial contin-
uum above the main magnon peak. Thus, the singularity in the
density of states should be replaced by a broad peak, resulting
in the high-energy profile seen in Fig. 19 for both the clean
system and the single vacancy. The sharp peaks at ω ≈ 0.5
are caused by the large matrix elements at momenta close to
(π, π ), which are not included in the density of states calcu-
lated for both the clean system and the single vacancy, e.g., in
Ref. [12]. The impurity feature found there in the density of
states at distance r = 1 can still be roughly identified with the
shifted main peak in Fig. 19.
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Overall, comparing S0(ω) for a single vacancy with the
profiles at p = 1/16 and 1/8 in Fig. 17, the low energy fea-
tures bear little resemblance. The high-energy features are
similar, but with more weight in the tail above ω ≈ 4 at p > 0.
The static spin structure around a vacancy was previously
studied with QMC simulations [29]. It corresponds to the
frequency integrated local structure factor in Fig. 19 and does
not provide detailed information about the excitations.

D. Real-space tomographic imaging

To gain insights into the spatial distribution of the different
types of excitations at p > 0, we here study the real-space
resolved spectral function S(r, ω) for individual vacancy re-
alizations. In a tomographic procedure, we compute integrals
over energy windows

Dk (r) = N (1 − p)
∫ bk

ak
S(r, ω)dω∑

r

∫ bk

ak
S(r, ω)dω

, (17)

which represents the relative participation of each individual
spin in all the excitations with energy within the chosen win-
dows [ak, bk]. We have normalized the weight distribution in
Eq. (17) so that Dk (r) on average equals 1 on the sites with
spins.

From a real-space map we can also construct a participa-
tion ratio, defined as

Rk = 1

N (1 − p)

(∑
r Dk (r)

)2∑
r D2

k (r)
, (18)

where we have also normalized by the number of spins.
Then Rk = 1 if the spectral weight is evenly distributed on
all spins, and, in the opposite extreme, Rk = 1/N (1 − p) if
all the weight is concentrated in on a single spin. A similar
inverse participation ratio 1/R was computed versus ω in the
real-space spin wave diagonalization study in Ref. [20] and
also in the 2D Heisenberg model at the percolation point [32],
in the latter case not using an energy window but the local
susceptibility defined in Eq. (15).

Here we will use a large number of thin energy window
for a function R(ω) of an essentially continuous ω, while
maps Dk (r) will be shown for a few larger windows with
ω ∈ [ak, bk], which for given “slice” k is selected so that it is
dominated by one of the excitation types discussed previously.
The selection of appropriate windows is aided by the r average
S0(ω) of S(r, ω), which, for a sufficiently large system, we ex-
pect to contain similar structure as the disorder averaged local
dynamic structure factor graphed in Fig. 17. The participation
ratio also will be useful in this regard, as we will see. We here
consider a single L = 32 vacancy realization at p = 1/8 and
present similar results for p = 1/16 in Appendix B.

1. Participation ratio

Figure 20 shows both the average dynamic structure factor
S0(ω) and the participation ratio R(ω), with 20(a) showing
almost the full energy range ω ∈ [0, 4] and 20(b) focusing on
details in the low-energy part. The spectrum for this single
sample has a peak structure similar to the disorder average in
Fig. 17, though with differences in details as expected.
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FIG. 20. Local spectral function (red curves) and participation
ratio (blue curves) for an individual L = 32, p = 1/8 vacancy
realization. The results are shown on different energy scales in pan-
els (a) and (b). The frequency windows used to compute the integrals
Dk (shown in Fig. 21, where the vacancy locations can also be seen)
are also indicated.

The participation ratio shows an interesting structure, being
close to 1 in the very narrow energy range corresponding to
the rotor peak, reflecting the fact that most of the spins par-
ticipate in this excitation. On the left side of the localization
peak in S0(ω), there is a very low minimum in R(ω), showing
that there is a narrow energy range were only a few spins are
excited. The peak structure in R(ω) between the rotor peak
and the global minimum may not have much significance be-
cause the spectral weight there is very small. Moving further
into the localization peak, R(ω) grows sharply, then decreases
somewhat before increasing slowly in the ω region where the
spectral weight of the diffusive-like mode is concentrated. At
higher energy still, a maximum forms within the energy range
corresponding to the magnons, after which the behavior is
rather flat all the way to the far end of the tail of the spectrum.

Comparing the participation ratio R with 1/R computed in
the numerical spin wave calculation, the closest case to our
p = 1/8 is p = pc/2 ≈ 0.2 in Fig. 4(b) of Ref. [20], where
L = 36. Here also there is a tendency to a sharp drop in R at
a low energy scale compatible with the localization scale that
we find here. However, S(q, ω) at q = (0.4π, 0), graphed for
an L = 32 system in Fig. 8 of Ref. [20], does not show any
signs of a localization peak at any p. There is also no peak
corresponding to the diffusive-like mode.

2. Tomographic maps

Based on the results for both S0(ω) and R(ω), we have
selected energy windows k = 0, . . . , 5, for constructing color
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FIG. 21. Tomographic maps D1-D4 defined in Eq. (17) for an L = 32 system at p = 1/8. The frequency windows are shown in Fig. 20 and
the color maps correspond to the highest to lowest spectral weight for each case, as indicated. The dim circles represent vacancies. The mean
spectral weight on the spins in all maps is unity.

coded real space maps Dk (r). These windows are also in-
dicated in Fig. 20, and the resulting maps D1, . . . , D4 are
shown in Fig. 21. We will discuss the map D0 of the rotor
state in Sec. IV, and the high-energy window D5, which we
believe contains mainly multimagnon excitations, is discussed
in Appendix B.

It should be kept in mind that the tomographic maps in-
clude all the excitations within the chosen window, and so
informs us about the spins involved in forming an entire band
of excitations, not individual excitations. The maps are not
very sensitive to exactly how the energy windows are selected,
as long as they each correspond to a region dominated by one
of the excitations. Clearly these regions cannot be completely
separated from each other, except that of the rotor map D0,
because all excitation modes are subject to broadening and
we do not resolve the momentum structure here. Nevertheless,
we will see that reasonably clear pictures of the different
excitations emerge from the tomographic approach.

The map D1 should correspond to the localized mode,
while D2 should roughly capture the low-energy diffusive-like
mode. We will argue here that both of these features arise
from a random spin network. The maps D3 and D4 both
cover the magnons, with the subdivision chosen to separate
the contributions from the part of the BZ where the energy
is close to ω(q) of the clean system (Fig. 15), in D4, and
when the dispersion is anomalous, in D3. It should be noted

that the low-energy magnons will also to some extent reach
down to the random network excitations, since they are both
damped modes and should merge together somewhere close
to the localization energy.

The weight D1(r) of the localized excitations, shown in
Fig. 21(a), is concentrated on a rather small number of sites
adjacent to the vacancies (i.e., those with less than four
nearest neighbors), which explains the small participation
ratio in most of this window. Almost all of the sites with
large weight belong to monomer rich regions—the results of
the dimer-monomer simulation of this system are presented
in Appendix B. Thus, it appears that the localized states
are formed primarily by spins in regions of local sublattice
imbalance.

Moving to D2 in Fig. 21(b), a large fraction of the spectral
weight here is distributed on a subset of the spins next to
vacancies—but many more spins than in D1 and most of them
not belonging to monomer rich regions. Note also that some
spins that have very little spectral weight in D2 have much
larger weight in the localization map D1, and vice versa. An-
other interesting aspect of the spins with large spectral weight
in D1 is that most of them have only one neighbor, as seen
in Fig. 21(a). We have also computed separately the relative
spectral weight on the spins with a single neighbor, finding
a very sharp peak at the energy where the participation ratio
is very small in Fig. 20. This behavior is another indication of
the localized states being qualitatively different from the states

023283-20



MULTISCALE EXCITATIONS IN THE DILUTED … PHYSICAL REVIEW RESEARCH 7, 023283 (2025)

immediately above them. However, as already mentioned, the
D2 window should also be to some extent influenced by the
low-energy magnons, and it is possible that the weak, almost
uniform background spectral weight in this map arises primar-
ily from the magnons. Thus, the excitations may be even more
concentrated on the subset of spins with large D2 spectral
weight. Shifting the D2 window to lower energy, to reduce the
influence of the magnons, indeed leads to less weight on the
patches between vacancies. This behavior is also clear from
the behavior of R(ω) in Fig. 20(b) for ω ∈ [0.3, 0.6], where
R decreases (less spins participate) as the energy is lowered.
While the fully localized excitations corresponding to the D1

window does involve fewer spins than those seen in the D2

maps, the evolution clearly must be gradual, considering that
the localization peak is not isolated from above.

A natural scenario that would explain these behaviors is
that the localization peak (and an extremely weak tail that
likely extends below it to zero energy [19]) represents a
limiting behavior of excitations that gradually become more
localized as the energy is lowered; weakly dispersive damped
excitations that are more akin to diffusive, with a diffusion
constant vanishing as the localization peak is approached.
Most likely, the subsystem that is strongly involved in these
excitations consists predominantly of those spins that are ef-
fectively the least coupled to the bulk Néel order, because of
a small number of neighbors but also subtle details of their
environment. These more easily excitable spins should be
coupled to each other through effective interactions mediated
by the bulk degrees of freedom, which naturally leads to an
energy scale below the bare Heisenberg coupling J . Since the
full diluted Heisenberg model produces these features and the
tomographic maps D1 and D2 show that only a small subset of
spins is involved at these energies, it appears plausible that an
effective sparse random-network model of spins at vacancies,
with suitable interactions, should be able to produce highly
damped diffusive-like excitations that gradually involve fewer
spins and localize at the lowest energy scale. Most likely,
coupling of the spins to the global Néel order also has to be
taken into account by a weak external staggered field. Explicit
construction of an effective model is beyond the scope of the
present work, but we are planning future investigations along
these lines.

Before discussing the weight D3 in the following window,
it is more instructive to first look at D4, from the window in
Fig. 17 covering the upper end of the main peak in S0(ω)
and also the maximum in the participation ratio. This win-
dow should be dominated by the higher-energy magnons with
energy close to the zone-boundary spin waves of the clean
system, with only moderate contamination from multimagnon
states at even higher energy. We see in Fig. 21(d) that these
excitations generate spectral weight rather uniformly over
the patches between the vacancies, with typically much less
weight on the spins immediately adjacent to the vacancies.
This distribution supports our picture of high-energy spin
waves that can propagate over distances corresponding to
several wave lengths before being scattered by the vacan-
cies, though with very substantial damping. The contrast with
the spectral weight distribution D2 of the random network
excitations is striking and only partially captured by the par-
ticipation ratio.

Returning to the energy window between the random net-
work mode and the high-energy magnons, the map D3 in
Fig. 21(c) essentially interpolates between D2 and D4, with a
large concentration of spectral weight on all the spins adjacent
to vacancies, and essentially uniform smaller weight on other
spins. Thus, we conclude that the magnons, in the part of
the BZ where the dispersion is anomalous [relatively close
to q = (0, 0) and (π, π )] is affected by the fact that the spins
adjacent to impurities have lower mean coupling to the rest
of the system. It is also interesting to note that the spins with
highest spectral weight in D2 often have lower weight than
other spins adjacent to vacancies in D3. As already discussed,
the low-energy magnons also to some extent affect the D2

map, but the striking difference in spectral weight next to
vacancies shows that the excitations are different.

The high-energy magnons will of course also to some
extent affect the D3 map, and it is therefore likely that the low-
energy magnons are even more concentrated on the spins with
less than four neighbors than what is suggested by the D3 map.
Thus, an effective model involving only this subset of spins
may be applicable here, and possibly such an effective model,
if suitable interactions could be engineered, may reduce to the
previously discussed random network model (including only a
subset of the spins with less than four neighbors) at the lowest
energy scales.

To summarize what we learn from the real space maps—
those shown above and in Appendix B, as well as other cases
not shown here—from low to high energy the excitations
produce spectral weight as follows: The localized mode (D1)
involves the smallest number of spins, most of them adjacent
to vacancies and mostly also corresponding to sites with high
monomer density. The diffusive-like mode (D2) involves a
much larger subset of the spins adjacent to vacancies, most of
them not belonging to monomer regions. Both the localized
and diffusive-like modes may originate from a sparse random
network including some of the spins close to vacancies. The
low-energy magnons (D3) occupy also all the other nearest
neighbors of the vacancies and to some extent also uniformly
involve the spins in the patches between the vacancies—
perhaps less than indicated by D3, since it is to some extent
contaminated by the high-energy magnons. The high-energy
magnons (D4) largely avoid the spins closest to the vacancies.

IV. QUANTUM ROTOR EXCITATIONS

Here we discuss in more detail the remarkably sharp low-
energy peak that we identify as the signature of the lowest
state in the tower of Anderson quantum rotor excitations. In
a clean system, this state, which has total spin S = 1 for a
bipartite lattice with global sublattice balance, is exclusively
present in the dynamic structure factor at q = (π, π ). How-
ever, as we have seen, in the diluted system there is some
rotor weight present for all q �= (0, 0) due to the loss of trans-
lational symmetry in individual disorder realizations. S(q, ω)
is exactly zero at q = 0 as a consequence of the conserved
uniform magnetization.

A. Anderson rotor tower

Let us first briefly review the mechanism of the quan-
tum rotor tower [37], following the elementary derivation in
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Ref. [39]. In the Néel state, it is assumed that the spins on
sublattices A and B effectively form two large spins, SA and
SB, with spin quantum numbers SA = SB ∝ N/2, N being the
number of spins. Reduction of the Néel order by quantum fluc-
tuations can be taken into account by setting SA = SB < N/2,
but only the proportionality is important initially. Here we first
assume that the system (a large cluster of spins) is sublattice
balanced; otherwise, SA �= SB.

The lowest-order rotationally invariant interactions be-
tween these spins is

Heff = Jeff SA · SB = Jeff

2

(
S · S − S2

A − S2
B

)
, (19)

where S = SA + SB. Here the S = 0 ground state for Jeff > 0
corresponds the ordered Néel state and the S > 0 excited
states form the Anderson tower of rotor states, with the ter-
minology reflecting the similarity of the spectrum to that
of an actual quantum rotor. Furthermore, since the constant
−(S2

A + S2
B) ∝ N2, we must take Jeff ∝ 1/N for the ground-

state energy to be proportional to N . We can therefore write
the excitation energy as a function of the total spin S as

E (S) ∝ S(S + 1)

N
, (20)

where the constant of proportionality is the inverse of the
transverse uniform susceptibility of the Heisenberg system for
a complete match between the effective model and the true
eigenvalue spectrum of the model. This matching and numer-
ical tests for the clean 2D Heisenberg model are discussed
in detail in Ref. [39], but we will not need such a detailed
matching here.

The Sz
q operator used in the dynamic spin structure factor

can only excite the S = 1 rotor mode from the S = 0 ground
state. However, the unbalanced clusters typically present in
large diluted systems (even when global sublattice balance is
imposed) have S > 0 ground states, and the rotor excitations
then have spin S + 1 and S − 1, both of which have energy
scaling as 1/N . We confirmed this scaling of the disorder
averaged rotor contributions in Fig. 11.

Here our interest is in the way in which the rotor peak
at q = (π, π ) in the clean system is spread out over the BZ
in the diluted system. We find interesting features, some of
which can be explained by classical concepts related to sub-
lattice imbalance and others arising from specific quantum
fluctuations that we further explore in Sec. V with the J-Q
model. In Sec. IV B we first discuss the most basic aspect of
inhomogeneity at ω = 0 in the Néel state (which should not
be exactly the same as the nonuniformity measured by equal-
time correlations) and its rotor weight distribution within a
classical model, before presenting our results for the diluted
Heisenberg model in Sec. IV C. In Sec. IV D we show that
some features not captured by the classical rotor model can
be naturally explained by the diluted dimer-monomer model.
We discuss the distribution of the rotor weight in real space in
Sec. IV E.

B. Classical rotor model

The simplest way to model the distribution of the rotor
amplitude in the BZ is with a “classical rotor” model, i.e.,
treating the spins as classical O(3) vectors of length Sc in a

FIG. 22. Illustration of the classical rotor model for a system
with vacancies (circles). The spins (arrows) are oriented according
to their sublattice, forming a degenerate ground-state manifold under
global O(3) rotations.

Néel configuration, as illustrated in Fig. 22. The degeneracy
under rotations can here be interpreted as a zero mode, and the
ground states are regarded as eigenstates of the spin operator
used in the dynamic spin structure factor. Thus, S(q, ω) only
consists of a δ function at ω = 0. The amplitude of the δ func-
tion for given q is then also the total spectral weight, which
equals the static structure factor S(q), i.e., the Fourier trans-
form of the equal-time spin-spin correlation function (with the
appropriate normalization). Thus, we define the classical rotor
weight as

W 0
c (q) = π

N

∑
r,r′

e−iq·(r−r′ )〈Sc(r) · Sc(r′)〉, (21)

where Sc(r) · Sc(r′) ∈ {0,±S2
c }, depending on the sublattices

of r and r′ and the presence of vacancies [Sc(r) = 0]. The
factor π comes from its conventional inclusion in the spectral
function in Eq. (4). The average over vacancy realizations can
easily be computed analytically, with the result for L → ∞
being

W 0
c (q) =

{
πN (1 − p)2S2

c , for q = (π, π ),

π p(1 − p)S2
c , for q �= (π, π ),

(22)

Thus, not surprisingly, we find a divergence with the system
size at q = (π, π ) and a constant value for other q.

We can take some of the quantum effects into account
by renormalizing the classical spin length Sc to the actual
sublattice magnetization (per spin, not per lattice site) of the
diluted quantum model, which has previously been computed
versus p by SSE simulations [25]. A low-order fit valid for
small p gave

Sc ≈ 0.3072 − 0.134p − 0.51p2 (23)

in the thermodynamic limit. Finite-size effects lead to larger
values for smaller L [25], which we do not take into account
here but will observe in the results for the Heisenberg model.
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There is also a small size correction factor N/(N − 2) in the
q �= (π, π ) weight that we left out in Eq. (22).

With the proper normalized value of Sc, W 0
c (π, π ) is a

strict upper bound of the staggered (long-range) rotor weight
in the Heisenberg model in the thermodynamic limit, since
it represents the exact value of the full frequency integral of
the spectral function, not just its quantum rotor contribution
at ω ∝ 1/N . This bound can be expected to be very accu-
rate, because the quantum rotor weight almost exhausts the
divergent static structure factor at (π, π ), as can be seen for a
small system in Fig. 3(c). At other momenta, where our main
interest lays here, W 0

c (q) should just be taken as a zeroth-
order estimate. We would expect larger true rotor weights
typically, because the classical Néel state completely neglects
the spin fluctuations that give rise to nontrivial correlations for
q �= (π, π ) and govern the total spectral weight when used
in Eq. (22). The rotor weight is still of course only a small
fraction of the total spectral weight for q �= (π, π ), and just
substituting the correct spin correlation function of the diluted
Heisenberg model (computed with QMC) would not be of
much use here.

C. Rotor weight in the Heisenberg model

As we saw in Sec. III, the rotor peak for the larger system
sizes is well separated from the spectral weight at higher
energy. We can therefore define the rotor weight as the integral
over the sharp peak,

W 0
δ (q) =

〈∫ cut

0
S(q, ω)dω

〉
, (24)

where the cutoff energy is easily identifiable in our data.
Though not visible in the figures in Sec. III, there is some
very small spectral weight also between the rotor peak and the
localization peak or edge, since no completely sharp features
can appear with unrestricted sampling in SAC and there is
also likely an actual thin low-energy tail of the localization
peak. Therefore, a minimum exists that can be taken as the
cutoff ω value in the integral. The value of S(q, ω) at the
cutoff is typically orders of magnitude below the weight at the
localization edge, and the results of the integral in Eq. (24) is
insensitive to the details of how the cutoff is chosen.

In Fig. 23 we graph the resulting rotor weight along our
standard path in the BZ for different system sizes. Here we use
a log scale on the vertical axis to visualize both the divergent
weight exactly at q = (π, π ) and the distribution of L → ∞
convergent nonzero weight over the rest of the BZ. Overall,
for q �= (π, π ) we observe slowly decreasing rotor weight
with increasing L, with only minor differences in the results
for L = 32 and L = 64. Instead of the uniform weight in
the classical model for q �= (π, π ), we see accumulation of
weight close to both (π, π ) and (0, 0), with a minimum close
to (not exactly at) (π/2, π/2). In this region the weight falls
below the constant value predicted using the classical rotor
model, while at other momenta it is much higher.

In Fig. 24 we analyze the size dependence of the rotor
weight at selected momenta for both p = 1/16 and p = 1/8.
In some cases the size correction is very close to linear in
1/L, while at generic points a quadratic fit works well. At
(π, π ) we see the expected linear divergence in N , with the

(π/2,π/2) (π,0) (π,π) (π/2,π/2) (0,0) (π,0)
10

10

100

101

102

103

q

W
0 δ
(q

)

classical

L=8

L=16

L=32

L=64

FIG. 23. Distribution of quantum rotor weight at p = 1/16 along
a path in the BZ for different system sizes. Note that the L = 32 data
are almost covered by the L = 64 points. The horizontal line shows
the prediction Eq. (22) of the classical rotor model with the quantum
renormalized spin Sc = 0.297, i.e., the sublattice magnetization per
spin according to Eq. (23) [25]. The inset shows the rotor distribution
in the entire BZ, qx, qy ∈ [0, 2π ], for L = 64, with the large weight
at q = (π, π ) left out. The path in the main graph is marked with
lines in the BZ.

exact form very close to the prediction based on Eq. (22) when
the values of Sc corresponding to p = 1/16 and 1/8 are taken
according to Eq. (23). For the other q points, we do not have
any further insights in the size dependence expected, but it is
nevertheless clear from the results that the nonuniform rotor
weight distribution persists in the thermodynamic limit.

In the inset of Fig. 23 we show a heat map of the weight in
the entire BZ, where a broad minimum around (π/2, π/2)
(and the three other symmetrically located points) is also
apparent. Note again that there is no spectral weight at all at
(0, 0), and in the heat map we have also left out (π, π ) since
the rotor weight there is orders of magnitude larger than at
nearby points.
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FIG. 24. Size dependence of rotor weight in S(q, ω) at p =
1/16 and p = 1/8 for selected momenta: (a) q = (π/4, 0), (b) q =
(π/2, π/2), (c) q = (π, 0), and (d) q = (π, π ). In panels (a)–(c) the
curves are fitted second-order polynomials, while in panel (d) the
line corresponds to the predicted form Eq. (22) with the effective
spin given by Eq. (23).
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TABLE I. Number of realizations Rm with Nm monomers re-
maining in equilibrium in the dimer-monomer model with vacancy
fraction p = 1/16 when a total of 1000 vacancy realizations were
generated. Results are shown versus the system size, and in each case
the mean number of monomers is shown in the rightmost column.
The · · · column includes all Nm > 8.

L

Rm Nm
0 2 4 6 8 · · · Nm

32 983 17 0 0 0 0 0.034
40 957 38 5 0 0 0 0.096
48 830 120 33 11 5 1 0.49
64 336 246 172 112 60 74 3.182

When translated to real space, the rotor weight distribution
reflects a certain inhomogeneity in the breaking of the spin
rotational symmetry in the Néel state. It should be noted
here again that the equal-time spin-spin correlation function,
i.e., the static structure factor S(q), corresponds to the total
spectral weight for given q, but the rotor weight is only the
static, ω = 0 (when L → ∞), contribution. At q = (π, π ),
the equal-time and static structure factors are essentially the
same, as we discussed above and illustrated in Fig. 24(d).
There is also continuum spectral weigh above the rotor peak in
this case, as seen in Fig. 10(d), but its relative weight vanishes
as L → ∞. At other momenta, the continuum weight survives
as a finite fraction of the static structure factor. It should in
principle be possible to detect the q dependent rotor weight
experimentally using elastic neutron scattering, in particular
the broadened q = (π, π ) Bragg peak and the new peak at
q = (0, 0).

We will go through several steps of trying to understand the
origins of this ω = 0 spin texture, in the subsections below
and further in Sec. V; there with the aid of the J-Q model,
where the suppression of weight around (π/2, π/2) is ampli-
fied by the four-spin interaction Q.

D. Dimer-monomer model

We here explore the ability of the classical dimer-monomer
model to generate features of the rotor weight related to lo-
cal sublattice imbalance. We already showed an example of
enhanced local magnetic response matching regions of local
sublattice imbalance in the dimer model in Fig. 7, following
the approach first used to model the 2D Heisenberg model
when diluted close to the percolation point (pc ≈ 0.407) in
Ref. [32].

We consider configurations with the minimum number of
monomers for each random realization, sampled with the al-
gorithm explained in Fig. 5. To reduce statistical fluctuations
for small system sizes, we again use a canonical ensemble for
the vacancy fraction, i.e., for system size N = L2, the number
of vacancies is exactly pN . For small systems, the number of
remaining monomers is often zero, and we generate a large
number of configurations to obtain sensible averaged results.
Table I shows examples of the distribution of the number
of remaining monomers in system sizes up to L = 64. It is
only for system sizes larger than L = 64 that the expected

24 25 26 27
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m
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L

p=1/16

p=1/8

y ∝ L2

FIG. 25. Average monomer number vs system size for p = 1/16
(red squares) and p = 1/8 (blue circles). The dashed line shows
qualitatively the expected linear growth with the system volume.

mean number of monomers grows in proportion to the system
volume, as seen in Fig. 25.

Regarding the monomers as spins Sr = ±1/2 according
their sublattices, as in Fig. 6, we again perform a Fourier
transform similar to Eq. (21) in the classical rotor model,

F (q) = 1

N̄m

∣∣∣∣∣∣
∑

rm

Srm e−iq·rm

∣∣∣∣∣∣
2

, (25)

where rm are the positions of monomers.
The idea behind the dimer-monomer model in this context

is that the sublattice imbalance described by the monomers
enhance the staggered magnetic order relative to the renormal-
ized flat Néel background described by Sc in Eq. (23). Recall
that we used a value for the classical spin length Sc < 1/2 to
account for the quantum fluctuations that reduce the magni-
tude of the Néel order parameter. In principle, as discussed in
Sec. II E, the reduction of the Néel order in the diluted system
could be studied with a more complete quantum mechanical
description by a variational state based on fluctuating dimer
states built from Eq. (14) along with unpaired spins. In the
classical dimer-monomer model studied here, we only use the
monomers to describe regions with locally enhanced Néel or-
der, i.e., larger Sc, in (an unknown) proportion to the monomer
density. The so generated nonuniform Néel state will lead to
deviations from the zeroth-order predictions in Eq. (22). The
results for the dimer-monomer model will only represent these
differences. Thus, we define the additional weight of the rotor
state in momentum space as

W 0
dm(q) = 〈F (q)〉, (26)

with F (q) defined in Eq. (25) and averaged over large
number of dimer-monomer configurations for each vacancy
realization, and further averaged over several thousand va-
cancy relations for small L and about 1000 for the largest L
considered.

We show results for several system sizes at both p = 1/16
and p = 1/8 in Fig. 26. Here we observe two prominent
features that are absent in the classical rotor model: (i) weight
spreads out from the δ function at q = (π, π ) to form a
broadened peak, and (ii) a second peak has emerged at (0, 0),

023283-24



MULTISCALE EXCITATIONS IN THE DILUTED … PHYSICAL REVIEW RESEARCH 7, 023283 (2025)

(π,3π
/4) (π,π)

(3π
/4,

3π
/4)

0

1

2

3 L=32

L=48

L=64

L=128

(a) p=1/16

(π,3π
/4) (π,π)

(3π
/4,

3π
/4)

(b) p=1/8

(π/4,
π/4) (0,

0)

(π/4,
0)

0

1

2

3

W
0 d
m

(q
)

q

(c) p=1/16

(π/4,
π/4) (0,

0)

(π/4,
0)

q

(d) p=1/8

FIG. 26. Rotor weight distribution obtained with the dimer-
monomer model near q = (π, π ) and (0, 0). Further away from these
points the value does not change appreciably. Results for p = 1/16
are shown in panels (a) and (c), while panels (b) and (d) show
analogous results for p = 1/8.

which is somewhat broader than the (π, π ) peak. The value
exactly at (0, 0) is zero because of the imposed global sublat-
tice balance. These two peak features both agree qualitatively
with the results for the rotor weight in the Heisenberg model
in Fig. 23, and we can therefore conclude that they indeed
reflect the consequences of sublattice imbalance as modeled
by the dimer-model model. Importantly, however, the dimer-
monomer model does not produce any other structure in the
BZ beyond the two peaks; in particular, the differences be-
tween the zone-boundary points q = (π/2, π/2) and (π, 0)
in Fig. 23 are not reproduced within the classical dimer-
monomer model.

In attempts to explain this missing features, we have
also carried out simulations with dimer-dimer interactions
included, the motivation being that the Heisenberg model
already shows precursors to the formation of a columnar
valence-bond solid state, one manifestation of which is the
dip in magnon energy close to q = (π, 0) seen in Fig. 14 [43].
As shown in Appendix C, the results in Fig. 26 are rather
stable, however, and neither attractive nor repulsive columnar
dimer interactions can generate the sought effect. Thus, we
believe that the suppression of (π/2, π/2) weight (where the
minimum is actually not exactly at this q point) is a manifestly
quantum dynamical effect, which we explore in Sec. V with
the J-Q model.

E. Rotor weight in real space

We now return to the real-space distribution of spectral
weight discussed in Sec. III D, considering the window in-
cluding only the quantum rotor excitation in Eq. (17). We
here use the same L = 16 vacancy realization as in Fig. 7,
and in Appendix B we show supporting results for the L = 32

  0.22

  0.51

  0.80

FIG. 27. Rotor weight distribution D0(r) in real space in the same
L = 16 system as in Fig. 7, computed according to Eq. (17) in an
energy window similar to that indicated for an L = 32 system in
Fig. 20.

realization also used in Fig. 21. The r averaged spectral weight
S0(ω) of the L = 16 sample looks qualitatively similar to that
for the L = 32 sample in Fig. 20, and we define the energy
window D0(r) in the same manner so that it contains only the
rotor peak.

The real-space distribution D0, shown in Fig. 27, looks
very similar to the local susceptibility map in Fig. 7(a). This
can be explained by the well-known sum rule for the local
susceptibility (see, e.g., Ref. [32]),

χr = 2

π

∫ ∞

0

S(r, ω)

ω
dω, (27)

which implies that excitations at the lowest energies will
dominate, provided that they carry significant spectral weight.
A robust rotor peak indeed always exists at energy far below
the spectral weight in the continuum at higher energies. Thus,
the rotor weight should be expected to contribute significantly
to χr.

Given the close match between the results in Fig. 27 and
the monomer distribution in Fig. 7(b), we conclude that the
dimer-monomer model is a good indicator for the spatial dis-
tribution of the quantum rotor state, which is also of course the
prerequisite for using it to explain the rotor weight distribution
in q space above in Sec. IV D.

We show both the monomer and rotor weight distribution
for the same p = 1/8, L = 32 vacancy realization as in Fig. 21
in Appendix B, and also similar results for a case of p = 1/16.
Here again we find a strong correlation between monomer
sites and rotor weight, with the rotor weight also being large at
all other sites (as is also the case in the L = 16 case in Fig. 27),
as expected because all spins participate in the Néel ordering
and the monomer sites only reflect elevated ω = 0 ordering.
The localized excitations, corresponding to the energy win-
dow above the rotor peak, visualized in the map in Fig. 21(a),
also have strong overlap with some of the monomer sites, but
much lower spectral weight overall is distributed on the other
spins.
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FIG. 28. S(q, ω) computed with the J-Q model at Q/J = 0
(black curves), 1 (red), and 2 (blue) at representative q points for
p = 1/16, L = 32. (a) q = (2π/L, 0), (b) q = (π/2, π/2), (c) q =
(π − 2π/L, π − 2π/L), (d) q = (π, 0).

V. J-Q MODEL

As we have seen above, the difference in rotor weight
at q = (π, 0) and q = (π/2, π/2) cannot be accounted for
simply by sublattice imbalance as described by the classical
rotor model supplemented by the dimer-monomer model. This
deficit of the semiclassical description of the Néel state, with
suppression of the overall Néel order by quantum fluctuations
and local enhancement in regions of sublattice imbalance,
is not surprising in itself. However, the particular effect of
suppression of the rotor weight close to q = (π/2, π/2) may
be related to the same mechanism that increases the magnon
energy at this momentum while reducing it at (π, 0), as ob-
served both in the clean and diluted systems in Fig. 15.

This effect on the dispersion relation was shown to orig-
inate in quantum fluctuations related to incipient spinon
deconfinement close to q = (π, 0) [43], a conclusion reached
for the clean system by monitoring the effects the four-spin
interaction Q in the J-Q model defined in Eq. (3). It was found
that the magnon peak in S(q, ω) at q = (π, 0) vanishes or
becomes extremely small already when Q/J = 1, far below
the quantum phase transition into a valence-bond solid state
at Q/J ≈ 22 [47]. In contrast, the magnon peak remains ro-
bust at q = (π/2, π/2). Here we use the J-Q model for the
same purpose to investigate the effects of enhanced correlated
singlet fluctuations on the distribution of the rotor weight in
the BZ.

In Fig. 28 we show the dynamic structure factor at p =
1/16 in a system of size L = 32 at selected momenta, compar-
ing results for Q/J = 0, 1, and 2. In all cases except for q =
(π/2, π/2), the location of the most prominent peak is shifted
dramatically to lower energy when Q increases. A large quan-
tum rotor peak persists at Q > 0, as it should since the system
is still strongly Néel ordered at these values of Q. Much more
continuum spectral weight extends to low energies, ending at
a small peak far below the energy of the localization edge for
this system size at Q = 0 (Fig. 17). Thus, it appears that the
Q interaction further facilitates the formation of a low-energy
localization mode—perhaps in this case reflecting localized
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FIG. 29. Rotor weight distribution in the J-Q model with Q/J =
0 (black squares), 1 (red circles), and 2 (blue triangles), graphed
along the standard path in the BZ at vacancy fraction p = 1/16 in
panel (a) and p = 1/8 in panel (b).

spinons. In contrast to the other momenta, at q = (π/2, π/2)
in Fig. 28(b) the high-energy mode remains with significant
spectral weight and its energy increases, as in the clean system
[43].

In Fig. 29 the weight of the quantum rotor peak is graphed
along the standard path in the BZ for both p = 1/16 and p =
1/8 and for the same three values of Q/J as above. Here the
depletion of the weight close to (π/2, π/2) is obviously much
more dramatic at Q = 1 than at Q = 0, with not much fur-
ther change when increasing Q/J to 2. An interesting feature
here is that the suppression is actually stronger at the lower
vacancy fraction. This counter-intuitive result has its natural
explanation in our proposed mechanism: The precursor fluctu-
ations related to spinon deconfinement, i.e., correlated singlets
resonating in columnar patterns, which reflect the eventual
transition to the columnar dimerized state at large Q/J . At
the larger vacancy fraction, these extended fluctuations of the
bulk are to some extent already hindered by the presence
of the vacancies, which individually favor certain vortex-like
patterns (at least for large Q/J) [66] and collectively prohibit
the formation of a uniform pattern in the dimerized phase [67].

Our assertion that the Q-enhanced singlet fluctuations
are responsible for the suppression of rotor weight at q =
(π/2, π/2) is further supported by results for systems with
one and two vacancies, shown in Figs. 30 and 31, respectively.
Comparing results at Q/J = 0 and 1 for a small system,
L = 16, we again see completely different effects of the Q
interaction at q = (π, 0) and (π/2, π/2), with the magnon
peak pushed up in energy by Q in the latter case while the
spectral weight instead broadens out to lower energies in the
former case. The rotor weight increases slightly with Q at
q = (π, 0) but is diminished at q = (π/2, π/2). In most of
the cases, the rotor energy is higher when Q/J = 1, which
also explains the more significant broadening of the peak by
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FIG. 30. Dynamic structure factor in the L = 16 Heisenberg
model (Q = 0) and J-Q model (Q = 1), both with one vacancy and
shown for q = (π, 0) in panel (a) and q = (π/2, π/2) in panel (b).
The insets focus on the quantum rotor peaks, which in panel (a) have
weight W 0

δ ≈ 0.0011 at Q = 0 and W 0
δ ≈ 0.0015 at Q = 1. In

panel (b) W 0
δ ≈ 0.0008 at Q = 0, while at Q = 1 a much smaller

spectral weight is spread out between ω = 0 and ω ≈ 0.1 and does
not form a sharp peak.

the SAC. However, in the case of the single vacancy, the
(π/2, π/2) rotor weight in Fig. 30(b) is extremely small and
spread out over a wide range of low energies, which may just
be an effect of the weight being too small to resolve properly.

The main message of all these results for the J-Q model
is that the precursor fluctuations to spinon deconfinement in
the clean Heisenberg model and J-Q model with small Q
are also responsible for the depletion of the rotor weight at
q = (π/2, π/2) in the diluted system. This depletion, which
reflects a nonuniform spin texture at ω = 0 in the Néel state,
may possibly be experimentally detectable by elastic neutron
scattering in layered antiferromagnets doped by nonmagnetic
impurities [9], though the effect is rather weak in the Heisen-
berg model. The peak around q = (0, 0) may be easier to
detect but is not related to the spinon precursor.

VI. CONCLUSIONS AND DISCUSSION

A. Brief summary of main results

By studying the disorder averaged dynamic structure fac-
tor S(q, ω) using state-of-the-art QMC and SAC methods,
we have obtained a wealth of insights into the excitations
of the 2D Heisenberg model diluted with vacancies. In
total, we identified six different types of excitations forming
a multiscale structure factor. Some of our observations were
previously predicted in spin-wave theory with a T -matrix
approach for the vacancies. Specifically, localized excitation
at a low energy [19] and a high-energy magnon with dis-
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FIG. 31. Results as in Fig. 30 but for two vacancies at maximum
separation. The rotor weight in panel (a) is W 0

δ ≈ 0.0066 at Q = 0
and W 0

δ ≈ 0.0089 at Q = 1, while in panel (b) W 0
δ ≈ 0.0025 at Q =

0 and W 0
δ ≈ 0.0014 at Q = 1.

persion relation close to that in the clean system, crossing
over to an anomalous dispersion relation at lower energies
above the localization energy [13,19]. However, there are both
quantitative and qualitative discrepancies. We fond a second
previously missed peak between the localization peak and
the low-energy magnons, which we propose originates from
a subset of spins close to vacancies, whose excitations are
diffusive-like and gradually become localized with lowered
energy. We also investigated novel aspects of the quantum
rotor excitation associated with the formation of the long-
range Néel order in the thermodynamic limit. Finally, there
is a significant multimagnon continuum for all q, extending as
far as to ω ≈ 5 at the zone boundary.

The energy ωloc ∝ e−π/4p of the localized mode was ob-
tained in Ref. [19] at small dilution fractions p. At p = 1/8,
we were able to extrapolate the energy of the localization
mode to infinite system size, giving ωloc ≈ 0.1, which is about
50 times larger than the predicted energy scale. At p = 1/16,
the localization energy is too low for a meaningful extrapo-
lation with the system sizes available. However, in this case
we find that the localization peak shifts as ωloc ∝ L−1, which
is consistent with the prediction ωloc ∝ l−1, where l is the
localization length, when L 	 l .

As for the discrepancy at p = 1/8, it should be noted that
the prefactor of the exponential form of ωloc was not calcu-
lated analytically, and the form also perhaps applies only at
much smaller dilution fractions. It is also possible that the
localized excitation found here is not exactly of the same type
as in the analytical calculation, because of the approximations
made there.

The real-space resolved structure factor S(r, ω) proved to
be very useful in further characterizing the excitations by the
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manner in which individual spins participate in production of
spectral weight within different energy windows. In particular,
using this tomographic approach, we conclude that some of
the spins located at sites in the immediate vicinity (nearest
neighbors) of the vacancies form a subsystem—a random
network of interacting moments—that is mainly involved in
the diffusive-like excitations that gradually localize as the
energy is lowered. In contrast, the magnons generate almost
uniform spectral weight in the patches between vacancies,
with much less weight on the spins adjacent to vacancies at
high energy. At lower energy, where the dispersion relation
becomes anomalous, close to the predicted logarithmic form
[19], the spectral weight is larger on the spins adjacent to the
vacancies.

Because of these qualitative differences between low- and
high-energy magnons, we regard the spin waves as two dif-
ferent types of excitations within their respective energy
windows. As the energy is further lowered toward that of
the random network mode, the weight between the vacancies
diminishes, and also on the majority of the spins next to vacan-
cies, thus leaving behind the rather sparse random network of
spins with large spectral weight. This energy window is also to
some extent influenced by the tail of the low-energy magnons,
and the observed uniform weight within the patches may to
a large extent arise from these excitations, for which we find
further support in the fact that the participation ratio decreases
when ω is lowered.

The quantum rotor excitation is not included in spin-wave
calculations, where the O(3) symmetry of the Néel order
parameter is broken from the outset. In a finite system, the
symmetry is not broken and the tower of S > 0 states that
become degenerate in the thermodynamic limit (which can
combine to form the symmetry-broken state) is present in the
excitation spectrum. An important aspect of our work was
to investigate how the rotor weight in the dynamic structure
factor at ω ∝ N−1 spreads out in momentum space from q =
(π, π ), where it is located in the uniform system. We found
broadened peaks close to both (π, π ) and (0, 0), which can be
explained by local sublattice imbalance modeled by a simple
classical dimer-monomer model. Other structure, specifically
a depletion of spectral weight close to q = (π/2, π/2), can
be magnified by turning on the four spin interaction of the
J-Q model, thus suggesting signatures of incipient spinon
deconfinement at momenta close to q = (π, 0), similar to the
clean 2D Heisenberg model [43]. We also found an enhanced
tendency of localization in the J-Q model.

B. Contrasts with spin wave theory

Spin waves with anomalous dispersion had been predicted
early on [11,13,14], but it was only the work of Chernyshev
et al. [19] that resolved the way in which this mode merges
with localized state at low energy. Thus, very close to q =
(0, 0) and (π, π ), the use of a disorder averaged medium, in
which the spin waves propagate at higher energy, becomes in-
valid. However, the relationship between the anomalous spin
waves and essentially conventional magnons at higher energy
(in reality highly damped) remained unsettled, as the inter-
actions between the spin waves of the clean system and the
impurity modes (from the spins next to vacancies) at energy

ω ≈ J was not sufficiently included to obtain reliable spectral
functions at these energies. The high-energy mode then exists
as an apparently well defined separate excitation close to the
magnetic zone boundary. In some parts of the BZ (where the
magnon energy is of order J), they both exist as individual
excitations, producing two separate peaks in S(q, ω). In our
calculations, we always observe only one peak at these energy
scales. In the spin wave theory there is also no peak in the
(q, ω) regions where we identify the diffusive-like random-
network excitations.

Our calculations differ in a fundamental manner from the
T -matrix calculations, in that we perform the disorder average
of the dynamic correlation function (in imaginary time) and do
not assume that the excitations are formed in an already aver-
aged medium. As already mentioned above we demonstrated
that the excitations below the anomalous magnon actually
propagate only within a subset of the spins; a fraction of those
in the closest vicinity of (distance one lattice spacing from)
the vacancies. We conjecture that these spins form a random
network of moments coupled to each other by an effective
interaction much less than J , and that such a model (which we
have not constructed but outlined the ingredients for) may host
both diffusive-like and localized excitations. It is likely that
disorder averaging at the early stage in the T -matrix approach
modifies crucial aspects of the diffusive-like excitations from
the outset, even though accounting for the localization peak.
In particular, a featureless almost flat continuum was found
above the localization peak [19], while we find a second peak
below the anomalous spin wave mode. It is at present unclear
exactly what the nature is of the states forming this peak, but
a natural hypothesis is weakly dispersive but predominantly
diffusive-like excitations, which does not contradict the quali-
tative discussion in Ref. [19] of the excitations that eventually
become fully localized.

There is an alternative to the disorder averaged medium
with the T -matrix in spin wave theory: the linear spin wave
Hamiltonian can be diagonalized numerically in real space
for specific disorder realizations and then averaged [20]. This
approach is closer to our work in terms of the way the dis-
order averaging is carried out. However, it appears that the
linear spin wave Hamiltonian is not sufficient to describe the
different excitation modes accurately, as the dynamic struc-
ture factor at low dilution (computed for system size L = 32
[20]) is essentially a double peak below the zone boundary
energy [20], with neither signs of a lower-energy diffusive
mode (which in our calculation is far below the lower of the
two peaks in the spin wave calculation) nor a localization
peak at low energy. Overall, the profile for momenta close
to the zone boundary is much more broadened by disorder
than in the T -matrix approach, though still lacking the high-
energy (multimagnon) tails that we have found here. Thus,
we conclude that the interactions neglected within linear spin
wave theory (which also is the starting point of the T -matrix
calculations) are crucial in forming the true excitations of the
diluted Heisenberg model.

The lack in the numerical spin wave calculation of features
seen in the T -matrix calculation [19] is surprising, given that
the exact diagonalization of the linear spin wave Hamilto-
nian in principle contains all the processes of the T -matrix
approach, and also the multi-impurity scattering processes
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neglected there. Perhaps the spectral weight of the localization
feature only appears for larger system sizes within linear spin
wave theory, while in our fully interacting systems it appear
sooner (though the localization energy decreases as L−1 until
L exceeds the true localization length l). As mentioned, it is
also possible that the localization mode and states above it are
somewhat different within the T -matrix approach because of
the impurity averaged medium, which differs from our calcu-
lations here as well as the exact spin wave diagonalization in
Ref. [20].

C. Relevance of the dimer-monomer model

An important remaining question is how, or even if, the
2D monomer percolation transition at pc = 0 (at pc > 0 in
three dimensions) in the dimer-monomer model [35] is re-
lated to the localization mode of the Heisenberg model. On a
superficial level, if the monomer regions correspond to spins
involved in the localization process, then the size of these re-
gions diverges as p → 0 and the excitation energy approaches
0. The lowering of the localization mode in the T -matrix anal-
ysis is exponentially rapid as p is decreased, ωloc ∝ e−π/4p

[19], while the percolation phenomenon is associated with
critical behavior (with, e.g., an unusually large correlation
length exponent, ν ≈ 5 [35]). This difference is not necessar-
ily a contradiction, because more than one monomer region
may be involved in a low-energy excitation. The localization
length scale is therefore not necessarily that of a single domain
of spins, but may instead reflect a typical distance between far
separated groups of small numbers of spins.

From our real-space results in Sec. IV, it is clear that the
monomer regions correlate strongly with the spectral weight
distribution of the rotor mode. However, all the spins carry
substantial relative spectral weight of the rotor mode—which
is natural since the entire system is affected by the Néel
order and participate in the symmetry breaking. There is only
elevated weight on the monomer sites (and some other sites)
reflecting a real-space texture of the Néel state as observed at
zero frequency (corresponding to inelastic neutron scattering).
This texture is different from that manifested in the equal-
time spin correlation function, which corresponds to the entire
spectral weight integrated over frequency.

The monomer regions also correlate strongly with the lo-
calized excitations, as shown in Sec. III D and Appendix B,
but in this case there is significant spectral weight only on
some of the monomer rich sites, and almost no spectral weight
is carried by spins not belonging to monomer regions. Since
there are likely many large localized excitations in a given
sample and our tomographic approach only reflects their col-
lective impact on the spins, it is not possible to draw any
quantitative conclusions on the number of spins involved in
a single localized state. Our system sizes are also too small
to fully contain even one typical localized state (though at
p = 1/8 the L = 64 value of ωloc is already close to the
extrapolated value). Nevertheless, the fact that the monomer
sites are strongly matched with the low-energy states above
the quantum rotor suggests that the localized mode in some
way is dominated by a rather small number of weakly inter-
acting spins belonging to regions of sublattice imbalance.

More broadly, our real-space tomographic analysis overall
suggests that the excitations become gradually concentrated
on the spins immediately adjacent to the vacancies as the en-
ergy is lowered from the zone boundary energy. Some of these
spins become “deactivated” as the energy approaches that of
the low-energy spin waves, and finally the localized states
involves only a very small subset of those spins. Therefore, the
most likely interpretation of the length scale associated with
the localized mode is one characterizing the distance between
spins within that subset of effective moments in different parts
of the lattice, not the size of a single connected patch of a
large number of spins. Thus, the classical dimer-monomer
may contain the salient features of the localized mode, but
exactly how remains an open question.

A natural step in the future would be to construct an effec-
tive model containing only the spins adjacent to vacancies,
with suitable interactions between disconnected groups of
spins and also couplings to a global staggered field. Such
a model may possibly describe the anomalous magnons as
well as the diffusive-like excitations (where most of the spins
have been frozen out) and also the localized mode, though
our main goal with a very sparse effective model would be to
account for the cross-over from highly damped, almost diffu-
sive excitations to localized excitations at the lowest energies.
Effective models would not only be useful both for compu-
tational studies on larger length scales, but also in analytical
work to further elucidate the nature of the excitations.

Another potentially useful further development in effec-
tive descriptions beyond the classical dimer-monomer model
would be to study variational wave functions based on the
“Néel biased” singlets defined in Eq. (14). Such wave func-
tions can be simulated more easily than with full QMC
calculations of the Hamiltonian [68], though dynamical prop-
erties would still demand imaginary-time correlations and
numerical analytic continuation.

Since a monomer percolation transition at pc > 0 was pre-
dicted in three dimensions [35], it would be interesting to
repeat the kind of calculations we have reported here for the
3D diluted Heisenberg model. A direct connection between
monomer regions and localized excitations would then im-
ply a transition at p > 0 from a gapless spin conductor to a
disordered spin insulator with gapped localized excitations at
T = 0.

D. Experimental significance

While there have been substantial past experimental studies
of cuprate square-lattice antiferromagnets (parent compounds
of high-Tc superconductors) with Cu substituted by Zn and
Mg [5–10], the focus was typically on the effects of va-
cancies on the long-range Néel order and on dynamic and
thermodynamic properties at rather high temperatures. The
NQR relaxation experiments in Ref. [7] are intriguing in our
context here, because a low-energy peak was detected at low
temperatures, shifting down with p, which was not compatible
with the energy expected for conventional spin waves and was
instead interpreted as a “freezing” of local moments. In light
of our results here and in Refs. [13,19], the peak could possi-
bly reflect the damped propagating low-energy excitations of
the random spin network.
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The best experimental realization of the 2D Heisenberg
model to date is Cu(DCOO)2 · 4D2O [42], which could also
possibly be doped by Zn or Mg (replacing Cu as in the
cuprates). Most likely, this would also correspond to vacan-
cies in the Heisenberg model. It should be noted that such
substitutions can also lead to modifications of the exchange in-
teractions around the nonmagnetic sites, which has detectable
consequences in the Néel ordered moment versus p [21,22].
The weakly modified interactions would certainly also lead
to quantitative shifts in the excitations discussed here, but we
expect all types of excitation modes to still be present. In
Cu(DCOO)2 · 4D2O the exchange constant is approximately
70 K, more than an order of magnitude smaller than in the
cuprates, thus the spin dynamics is more easily accessible in
neutron scattering experiments over the full magnetic band-
width. The cuprates also are known to have more effects of
ring-exchange and other higher-order interactions when the
spin-only model is derived from the Hubbard model [69,70].
Thus, Cu(DCOO)2 · 4D2O doped with Zn of Mg may be the
best realization also of the site diluted Heisenberg model, if
such compounds are stable.

The peak formed in S(q, ω) in the model at the low
localization scale may in principle be observable in NMR
experiments at low p in the form of the dependence of the
spin-lattice relaxation rate 1/T1 on the nuclear resonance fre-
quency ωN, since 1/T1 ∝ S0(ωN) (with idealized on-site only
hyperfine couplings). However, it is not clear from our T = 0
work how finite-temperature effects (and also magnetic field
effects in NMR experiments) will affect the likely fragile
spectral weight structure at this very low energy scale. Over-
all, neutron scattering experiments at dilution fractions p ∼
10–20% may be more realistic, if sufficiently low temperature
can be reached.

With the T = 0 results for the diluted Heisenberg model at
hand, to connect more closely to experiments it would be use-
ful to also carry out T > 0 QMC calculations, of the spectral
functions studied here and also of low-temperature thermo-
dynamics. In addition to the single layer, the expected weak
interlayer couplings present in materials can also be taken
into account, though of course the larger volume also makes
the simulations more demanding of computing resources—
the calculations presented here already consumed about five
million CPU (core) hours.

A promising simplified way to include the effects of 3D
Néel order at low temperature is to add a weak staggered
magnetic field to the Hamiltonian Eq. (2), to break the spin-
rotation symmetry of the order parameter. This symmetry
breaking also enables the separation of the transversal and lon-
gitudinal components of S(q, ω) (which can be experimentally
separated with polarized neutrons). This approach was taken
in an early QMC and numerical analytic continuation study of
the 2D Heisenberg model [41] and can be repeated, now with
more powerful analytic continuation tools, for diluted systems
at not much more computational effort than in the work on the
rotationally symmetric model studied here.

E. Technical aspects

On a technical level, the spectral functions resolved here
are unprecedented, as far as we know, in their rich details at

energy scales ranging from ω ≈ 10−3 J to ω ≈ 5J . Looking
at the local spectral functions in Fig. 17, there are five distinct
peaks, each of which we have explained in terms of the differ-
ent types of excitations discussed above. The ability to resolve
structure at low energy is related to the very low temperatures
used in the QMC simulations; typically T = 1/4N . With such
low temperatures, and with excitations present down to a simi-
lar energy scale, the imaginary-time correlations G(τ ) remain
significant within statistical errors up to τ of order 4000 for
the largest system size, thus containing a large amount of
information that can be converted to the frequency domain
using the SAC method.

Our results should serve as an example of the possibility
to reach these very low temperatures and resolve spectral
functions in remarkable detail. Many other disordered spin
models, in particular, should have interesting spectral features
amenable to the same methods used here, e.g., other types
of disordered 2D Heisenberg models [27,30,71–74] and the
random J-Q model [67].
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APPENDIX A: SUBLATTICE IMBALANCED SYSTEMS

In the main paper we have only shown results for systems
with global sublattice balance; NA = NB. In a real 2D Heisen-
berg quantum magnet doped with nonmagnetic impurities,
this constraint would of course not be realistic requirement.
Given that the individual clusters can be imbalanced even
with global balance, the NA = NB and 〈NA〉 = 〈NB〉 ensembles
should not be expected to differ in the thermodynamic limit.
Nevertheless, we here show some results for systems where
NA = NB was not imposed for each sample but 〈NA〉 = 〈NB〉 =
(1 − p)N/2.

First, in Fig. 32 we show results analogous to Fig. 3, com-
paring SAC and exact Lanczos results for p = 5/18 averaged
over 1000 disorder samples. Here we observe that it is not
possible to clearly distinguish the contributions from the rotor
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FIG. 32. Disorder averaged (1000 samples) S(q, ω) for system
size L = 6 diluted at p = 5/18, with only average sublattice balance;
〈NA〉 = 〈NB〉 = (1 − p)N/2. Results are shown at (a) q = (π/3, 0),
(b) q = (π, 0), (c) q = (π, π ). The histograms represent the distribu-
tion of δ functions in the exact expression Eq. (4) and the red curves
are the results of the SAC method applied to SSE data.

excitations. While there are low-energy peaks in the Lanczos
based histograms at the same energy for all three momenta
shown, there is much more spectral weight on the right hand
side of this peak than in Fig. 3. The agreement between SAC
and Lanczos results is also less impressive, though still ac-
ceptable, because of the difficulty in reproducing the shape of
the shallow minimum between the two peaks.

In Fig. 33 we show SAC results for p = 1/8, L = 32,
comparing the two ensembles directly. At the two momenta
close to the uniform and staggered wave-vectors, Figs. 33(a)
and 33(c), the rotor peak is again much more spread out
in the unrestricted 〈NA〉 = 〈NB〉 ensemble. At the other two
momenta, Figs. 33(b) and 33(d), the differences are rather
small, but the unrestricted ensemble does not show the local-
ization peak as clearly, again because of some spectral weight
between it and the (now rather sharp) rotor peak. We fully
expect the agreement between the two ensembles to improve
as L is further increased.
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FIG. 33. S(q, ω) at representative q points for p = 1/8, L = 32.
The blue and red curves show results in the balanced and unrestricted
vacancy ensembles, respectively. The momentum is q = (π/16, 0) in
panel (a), q = (π/2, π/2) in panel (b), q = (π, π ) in panel (c), and
q = (π, 0) in panel (d).

APPENDIX B: L = 32 REAL-SPACE SPECTRAL MAPS

To complement the tomographic analysis of the real-space
spectral weight in Secs. IV E and IV C, we here present ad-
ditional results for L = 32 vacancy realizations; one at p =
1/16 and one at p = 1/8. The r averaged quantity S0(ω) for
p = 1/16 (the analog of the p = 1/8 case in Fig. 20) is shown
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FIG. 34. Local spectral function for an individual L = 32 va-
cancy realization at p = 1/16 along with the frequency windows
defining the maps D0, . . . , D5 discussed in this Appendix. Corre-
sponding results for the p = 1/8 configuration used in Figs. 35 and
37 are shown in the main paper, Fig. 20.
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FIG. 35. Monomer distributions for L = 32 systems with p = 1/8 and p = 1/16 are shown in panels (a) and (b), respectively. The
tomographic quantum rotor weight distributions for the same samples are shown in panels (c) and (d).

in Fig. 34 along with the windows used to define the integrals
for the D0, . . . , D5 in Eq. (17).

In Sec. II E, we compared the monomer distribution with
the rotor weight only for a system of size L = 16 at p = 1/8.
In Fig. 35 we show results for both p = 1/16 and p = 1/8.
In both cases, it is clear that sites with monomers corre-
spond to elevated rotor weight, though there are also some
nonuniformities in the rotor weight also among spins with no
corresponding monomer occupation, especially some of the
spins next to vacancies.

In Fig. 36 we show the tomographic maps D1–D4 for the
L = 32 configuration at p = 1/16, complementing the one
for p = 1/8 in Fig. 21. The energy windows are defined in
Fig. 34. The spectral weight distributions are qualitatively
similar to the p = 1/8 case. Visually, there is a bit more vari-
ability in the spectral weight on the spins adjacent to vacancies
in D3, but this aspect of the low-energy magnons depend to
some extent on how the energy window is chosen. The trend
of spectral weight moving from the patches between vacan-
cies to spins next to vacancies when the magnon energy is
lowered from is a very stable feature for all the cases we have
studied.

In the main paper we did not discuss the tomographic
maps D5 corresponding to the high-energy tails of the spectral
weight, within the frequency windows illustrated in Figs. 20
and 34 (which in both cases extend beyond the figure frames
up to the highest frequencies of the tails of the distribu-
tions). Results for both p = 1/16 and p = 1/8 are shown
in Fig. 37. Similar to the high-energy magnon dominated
D4 map, the dominant spectral weight in D5 falls within the
uniform patches between vacancies, with even less weight on
the spins next to vacancies.

APPENDIX C: INTERACTING DIMER MODEL

In Sec. IV we found that the simple dimer-monomer model
was able to qualitatively explain the spread of quantum rotor
weight in the form of peaks around q = (0, 0) and (π, π ), but
beyond these peaks the distribution is flat. It is then interesting
to include interactions in the dimer-monomer model, which
could potentially change the nature of the sublattice imbalance
and produce more structure in q space. Given our proposal that
correlated singlet fluctuations are responsible for the observed
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FIG. 36. Tomographic maps D1, . . . , D4 for the same p = 1/16 samples as in Figs. 35(a) and 35(c). The maps for the same p = 1/8
samples as in Figs. 35(b) and 35(d) are shown in Fig. 21.

structure, we here consider dimer-dimer interactions either
favoring or disfavoring columnar order.

We use the partition functions

Z± =
∑
C

exp(±β · Np(C)), (C1)

where Np(C) is the number of parallel dimers in config-
uration C, i.e., the number of 2 × 2 plaquttes with two
dimers either horizontally or vertically oriented. We take

the inverse temperature β to be large, so that the Z+ and
Z− system has the maximum and minimum number of
parallel dimers, respectively. We again sample the configu-
rations with minimal number of monomers for given vacancy
realization.

In Fig. 38 we compare the previous noninteracting re-
sults for the specific vacancy realization in Fig. 7(a), here
reproduced in Fig. 38(a) for convenience, with results for
Z+ in Fig. 38(b) and for Z− in Fig. 38(c). There are
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(b)
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FIG. 37. Tomographic maps D5 corresponding to the high energy tails of the same vacancy samples as in Fig. 35. The energy windows are
shown in Figs. 20 and 34.
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FIG. 38. Monomer distribution in the system previously consid-
ered with the noninteracting dimer-monomer model in Fig. 7(a), here
repeated in panel (a). In panels (b) and (c), results are shown for the
interacting models in Eq. (C1); Z+ (favoring parallel dimers) and Z−
(disfavoring parallel dimers).
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FIG. 39. Rotor weight distribution W 0
dm(q) along a cut in the

BZ based on simulations of the noninteracting dimer model (black
squares) as well as the interacting models Z+ (red circles) and Z−
(blue triangles) for system size L = 16 at p = 1/8, averaged over
2000 vacancy samples, each constrained to have two monomers.

significant effects in the monomer distribution, with more
parallel dimers leading to smaller areas of sublattice imbal-
ance, while the suppression of parallel dimers cause larger
regions.

An example of the rotor weight distribution computed as
before using Eq. (26) is shown in Fig. 39. Here we only
see small changes at the peaks relative to the noninteracting
case for the repulsive model Z−. For the attractive Z+ model,
there are no detectable changes within statistical errors for this
small system size. Thus, it seems unlikely that any classical
dimer-monomer model would be able to describe the q de-
pendence of the rotor weight beyond the peaks at (0, 0) and
(π, π ). However, our results also show that those peaks are
very robust, being insensitive to the details of the model, even
when the imbalanced regions themselves can vary strongly
with the model parameters, as seen in Fig. 38. This result
reinforces the notion that the peaks in the diluted Heisen-
berg model are indeed caused by local sublattice imbalance,
even though the distribution of the “dangling spins” in the
quantum model must differ from that of the monomers in the
classical models. Given the previous results in Fig. 7 and the
results with interactions included in Fig. 38, the noninteract-
ing model is the best one in terms of matching the monomer
distribution to the local magnetic response of the Heisenberg
model.
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