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Quasi-one-dimensional supersolids in Luther-Emery liquids
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The supersolid is a long-sought phase in condensed matter physics, characterized by the coexistence of density
wave and superfluid orders. This phase is counterintuitive, as different symmetry-breaking orders typically
compete with one another. A deeper understanding of how such a state forms in condensed matter systems
remains an open question, especially in quasi-one-dimensional correlated systems. In this work, we investigate
the emergence of supersolids in Luttinger-Emery liquids using a variational method. As the system consists of
coupled Luttinger-Emery liquid chains, we refer to this phase as a quasi-one-dimensional supersolid. Notably,
we demonstrate that the quasi-one-dimensional supersolid phase is energetically favorable in chains with finite
size or short-range order. Furthermore, we investigate the collective dynamics of these coexisting charge density
waves and superconducting states, identifying a quasi-Goldstone mode. Our theory provides valuable insights
into both the ground state and the dynamic properties of supersolids in strongly correlated systems.
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I. INTRODUCTION

Strongly correlated materials often exhibit multiple
broken-symmetry phases. A well-known example is the
cuprates, which host charge density waves (CDW), spin den-
sity waves, and superconducting orders across a broad range
of material parameters. Notably, evidence suggests that the
interplay between various fluctuating or static order param-
eters plays a crucial role in shaping the pseudogap regime of
high-temperature superconductors [1,2]. More broadly, under-
standing how different symmetry-broken orders compete or
intertwine represents one of the most fundamental problems
in condensed matter physics.

One particular intriguing phenomenon resulting from the
interplay of different symmetry-breaking orders is the for-
mation of supersolids. These states are characterized by the
coexistence of density wave (DW) and superfluid orders
[3]. Recent experimental realizations of supersolids in cold
atom systems [4] and spin systems [5] have attracted con-
siderable attention. It was known that the superconductivity
(SC) appears in the residual Fermi surfaces which are not
destroyed by the CDW [6], which thus results in coexis-
tence in two-dimensional electronic systems according to the
BCS mean-field theory [see Fig. 1(a)]. However, such insight
does not apply to quasi-one-dimensional interacting systems,
where the interplay between SC and CDW is far keener.
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Over the past decades, there has been significant inter-
est in exploring of the competition or coexistence of SC
and CDW in quasi-one-dimensional interacting systems. One
prominent platform for such studies is the Luther-Emery
liquid [7]. Luther-Emery liquids emerge from Luttinger liq-
uids, which exhibit spin-charge separation. Unlike generic
Luttinger liquids, Luther-Emery liquids have gapped spin
excitations, leaving low-energy states governed solely by
charge excitations. These systems are naturally described by
bosonization techniques [8–11] and have also been numeri-
cally confirmed in ladder-type Hubbard models using density
matrix renormalization group (DMRG) methods [12–14]. The
Luther-Emery liquid framework was adopted to study high-
temperature superconductors [1,15–20].

The competition between SC and CDW in Luther-Emery
liquids was initially analyzed using interladder renormaliza-
tion group (RG) methods [16,21] and interchain mean-field
theories [18]. These studies suggested that the transition
between SC and CDW is first order at zero temperature,
precluding coexistence. However, in 2010, Jaefari, Lal, and
Fradkin [20] proposed that coexistence is possible at the self-
duality point K = 1 (where K is the Luttinger parameter),
based on a nonlinear σ model in 2 + 1 dimensions. More
recently, Ma et al. [22] conducted a detailed analysis near
the self-dual point using a mean-field approximation, con-
cluding that the coexistence of SC and CDW is energetically
unfavorable. Thus, whether Luther-Emery liquids can support
ground states with coexisting SC and CDW remains to be
elucidated. The problem is closely related to the exploration
of supersolids in strongly correlated electronic systems, which
is still poorly understood.

In this work, we provide a systematic theory to explore the
supersolid order in Luther-Emery liquids. The system under
consideration consists of coupled Luther-Emery liquid chains,
with both interchain Josephson and density wave interactions
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FIG. 1. An illustration of supersolids arising from the coexis-
tence of charge density waves (CDW) and superconductivity (SC).
(a) 2D supersolid arising from the CDW and SC order gapping
distinct parts of the Fermi surface. The CDW channel opens a gap in
the Fermi surface around the 2kF nesting region (blue dashed line),
while the SC channel couples states of k and −k near the Fermi
energy. The right panel is a schematic picture to show the coexistence
of CDW and SC. (b) A schematic plot of quasi-1D supersolids arising
from the coupled Luther-Emery chains. (c) is a schematical plot of
the interchain interaction of CDW and SC channels.

taken into account [see Figs. 1(b) and 1(c)]. We begin by
introducing the interchain Luther-Emery liquid model us-
ing the bosonization formalism (Sec. II). By employing a
path integral variational approach, we derive two coupled
gapped equations to determine the CDW and SC order pa-
rameters. Solving these equations allows us to identify the
quasi-one-dimensional supersolid phase regime analytically,
where the CDW and SC order parameters simultaneously
survive within each chain; see Sec. III. Furthermore, we nu-
merically minimize the variational free energy and find that
the quasi-one-dimensional supersolids can be more energet-
ically favorable than the noncoexist state in the short chain
length limit [see Sec. IV]. When the chain length increases, we
find that the quantum fluctuations would ultimately suppress
the supersolid states.

The coexistence of SC and CDW states also makes the
dynamics of the supersolid state particularly intriguing. Using
field theory methods, we demonstrate that the collective dy-
namics of quasi-one-dimensional supersolids in the presence
of long-range Coulomb interaction is governed by a quasi-
Goldstone mode (Sec. V), which excludes the zero modes of
qx = 0. We also show that the dynamics of zero modes can
be mapped to the Josephson plasma mode in these coupled
Luttinger-Emery liquid chains.

II. INTERCHAIN LUTHER-EMERY LIQUID MODEL
FROM BASONIZATION

A. Luther-Emery liquids

Let us begin by briefly introducing the bosonization frame-
work for describing Luther-Emery liquids. In the spinful case,

the spin and charge can be separated as follows ρr,c(x) =
1√
2
(ρr,↑ + ρr,↓), ρr,s(x) = 1√

2
(ρr,↑ − ρr,↓), where r = R/L la-

bels the right and left Fermi branches, and c and s label the
charge and spin sectors, respectively. The density operators
are defined as ρr,σ (x) = 1

2π
∂xφr,σ with σ =↑ or ↓, where φr,σ

is a bosonic field.
The total Hamiltonian of a 1D spinful Luttinger liquid after

bosonization is given by [11]

H = vc

2π

∫
dx

[
Kc(∂xθ−,c)2 + 1

Kc
(∂xθ+,c)2

]

+ vs

2π

∫
dx

[
Ks(∂xθ−,s)2 + 1

Ks
(∂xθ+,s)2

]

+
∫

dx
2g1⊥

(2πα)2
cos(2θ+,s), (1)

where vc(s) denotes the velocity, and Kc(s) represents the
Luttinger parameter of charge (spin) sectors, respectively.
The bosonic fields are θ±,c = 1√

2
(φ±,↑ + φ±,↓) and θ±,s =

1√
2
(φ±,↑ − φ±,↓) with φ±,σ = 1√

2
(φR,σ ± φL,σ ).

The last term in Hamiltonian H arises from the interac-
tion channel g1⊥

∑
σ ψ

†
L,σψ

†
R,−σ ψL,−σ ψR,σ , where the same

spin is exchanged between branches. Note that the corre-
sponding field operator in the bosonization form is ψr,σ (x) =

1√
2πα

Ur,σ eirkF xe
i
2 r[(θ+,c+rθ−,c )+σ (θ+,s+rθ−,s )], where α is a cutoff

[11], kF is the Fermi wavelength, and Ur,σ are the Klein fac-
tors. Due to the presence of this cos term being proportional to
g1⊥ in H , the spin sector can be gapped when g1⊥ < 0, leaving
only the charge sector to contribute to the low-energy degrees
of freedom [7,11].

This phase is identified as the Luther-Emery liquid, with a
low-energy Hamiltonian given by

H0 = vc

2π

∫
dx

[
Kc(∂xθ−,c)2 + 1

Kc
(∂xθ+,c)2

]
. (2)

Here, θ+,c and θ−,c satisfy the commutation relation[
θ+,c(x′),

1

π
∂xθ−,c(x)

]
= iδ(x′ − x). (3)

Actually, θ−,c and θ+,c can be regarded as the phase fields for
SC and CDW order parameters, respectively. The CDW order
parameter is given by

�CDW = ψ
†
R↑ψL↑ + ψ

†
R↓ψL↓ = 2e−iθ+,c cos(θ+,s) ∼ 2e−iθ+,c ,

(4)

where θ+,s is pinned around 0 in the spin-gapped phase. The
SC order parameter is

�SC = ψR,↑ψL,↓ − ψR↓ψL↑ = 2eiθ−,c cos(θ+,s) ∼ 2eiθ−,c .

(5)

Therefore, the competition between the SC and CDW is
closely related to the Heisenberg uncertainty principle, which
is most keen in one dimension. Then, the coexistence of SC
and CDW is forbidden in purely one-dimensional models, and
the physically relevant question is whether the coexistence is
possible when a weak interchain interaction is introduced, still
keeping the 1D nature of the system.

023302-2



QUASI-ONE-DIMENSIONAL SUPERSOLIDS IN … PHYSICAL REVIEW RESEARCH 7, 023302 (2025)

B. Interchain coupling

We extend the model to higher dimensions by introducing
interchain coupling through interactions. Specifically, the in-
trachain Hamiltonian is given by

H0 = v

2π

∑
j

∫
dx

[
K (∂xθ−, j )

2 + 1

K
(∂xθ+, j )

2

]
. (6)

Here, j is a chain index. For simplicity, we neglect the charge
sector label from now on. In the presence of time-reversal
symmetry, the allowed interchain Josephson and density-
density interactions are described as follows [23]:

Hinter = −JCDW

2

∑
〈i, j〉

∫
dxψ†

L,iψR,iψ
†
R, jψL, j

− JSC

2

∑
〈i, j〉

∫
dxψ†

R, jψR,iψ
†
L, jψL,i + H.c. (7)

Here, JCDW and JSC represent the interaction strengths of
the CDW and SC channels, respectively, and 〈i, j〉 denotes
summation over nearest-neighbor chains. For simplicity, we
have neglected the hopping t⊥ of single electron between the
chains, which becomes an irrelevant operator due to the spin
gap (while the second order processes in t⊥ can be relevant
[11]). After bosonization, the interchain Hamiltonian becomes

Hinter = −JCDW

∫
dx
∑
〈i, j〉

cos(θ+,i − θ+, j )

−JSC

∫
dx
∑
〈i, j〉

cos(θ−,i − θ−, j ). (8)

The total action is therefore

S =
∫

dxdτ

[
i
∑

j

∂xθ+, j∂τ θ−, j + v

2π

∑
j

(
K (∂xθ−, j )

2

+ 1

K
(∂xθ+, j )

2

)
− JCDW

∑
〈i, j〉

cos(θ+,i − θ+, j )

−JSC

∑
〈i, j〉

cos(θ−,i − θ−, j )

]
. (9)

It can be seen that the CDW and SC degrees of freedom are
coupled via the Berry phase term i∂xθ+∂τ θ− [24,25]. In the
following, we investigate the competition between CDW and
SC using the variational method, without involving interchain
mean-field approximations [18,22].

III. PATH INTEGRAL VARIATIONAL ANALYSIS

A. Varitional principle

We now introduce the variational principle in the path
integral formalism introduced by Feynman [26]. For a general
action S, the partition function Z = ∫

D[θ ]e−S may not be
analytically solvable. In such cases, we define a variational
action S0 and rewrite the partition function as

Z =
∫

D[θ ]e−S =
∫

D[θ ]e−S0 e−(S−S0 ) = Z0 〈e−(S−S0 )〉0 ,

(10)

where Z0 = ∫
D[θ ]e−S0 , and we define 〈A〉0 =

1
Z0

∫
D[θ ]e−S0 A. Recalling that the free energy is given by

F = −T lnZ , and using the inequality 〈e−(S−S0 )〉 � e−〈(S−S0 )〉,
we obtain

F � Fvar = F0 + T 〈S − S0〉0 , (11)

where F0 = −T lnZ0, and Fvar denotes the varitional free
energy.

The aim of the variational method is to identify a solv-
able action S0 that minimizes Fvar. Apart from investigating
massive phases, the variational method is also powerful for
addressing impurity problems in interacting low-dimensional
systems [27]. Nevertheless, in the following, we apply this
variational method to analyze the CDW and SC states de-
scribed by the action S given in Eq. (9).

B. Varitional analysis for the Luther-Emery liquid chains

For convenience, we transform the action into momentum
and frequency space using [11,28]

θ+(r) = −(NR + NL )πx

L
+ 1√

β�

∑
q

θ+(q)e−iq·r,

θ−(r) = (NR − NL )πx

L
+ 1√

β�

∑
q

θ−(q)e−iq·r, (12)

where L is the length of each chain, β = 1/T , � is the sample
area, r = (x, vτ ), and q = (k, ωn/v), with x = (x, y, z) and
k = (kx, ky, kz ); Nr is the particle number of the r branch.
Note that periodic boundary conditions are assumed along
the y and z directions. It is important to note that kx = nπ/L,
and n are nonzero integers here. In other words, the

∑
q does

not include the mode kx = 0. The information zero mode
kx = 0 is encoded in the first term of θ±(r), where ∂xθ+(r)
and ∂xθ−(r) are related to the particle number summation and
difference of left and right branch, respectively. Moreover, due
to the commutation relation Eq. (3), θ+(k) and θ−(k) are not
commute and respects [see Appendix A]:

[θ+(k′), θ−(−k)] = π

kx
δk′,k. (13)

In the momentum space, the quadratic term in action S can
be conveniently rewritten as

S =
∑

q

[
ikxωnθ+(q)θ−(−q) + vK

2π

∑
q

k2
x θ−(q)θ−(−q)

+ v

2πK

∑
q

k2
x θ+(q)θ+(−q)

]
− JCDW

∫
dx
∫

dτ
∑
〈i, j〉

× cos(θ+,i − θ+, j )−JSC

∫
dx
∫

dτ
∑
〈i, j〉

cos(θ−,i−θ−, j ).

Note that we have dropped a constant term : πβ�v

2 ( K (NR−NL )2

L2 +
(NR+NL )2

KL2 ). Let us define the variational action as

S0 = 1

2

∑
q

(θ+(−q) θ−(−q))G−1(q)

(
θ+(q)
θ−(q)

)
. (14)
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As a result, the partition function given by the variational
principle becomes

Z0 =
∫

D[θ+, θ−]e−S0 = Det(G). (15)

The corresponding free energy is then given by

F0 = −T
∑

q

tr{ln[G(q)]} = −T
∑

q

ln(Det(G)). (16)

On the other hand, the expectation value of the action S is

〈S〉0 =
∑

q

⎧⎨
⎩ikxωn 〈θ+(q)θ−(−q)〉0 + vK

2π

∑
q

k2
x 〈θ−(q)θ−(−q)〉0 + v

2πK

∑
q

k2
x 〈θ+(q)θ+(−q)〉0

⎫⎬
⎭

−
∫

dx dτJCDW

∑
〈i, j〉

〈cos(θ+,i − θ+, j )〉0 −
∫

dx dτJSC

∑
〈i, j〉

〈cos(θ−,i − θ−, j )〉0 . (17)

After performing the Gaussian integration, we obtain

〈S〉0 =
∑

q

(
ikxωnG12(q) + vKk2

x

2π
G22(q) + vk2

x

2πK
G11(q)

)

−JCDWβ�
(
e− 1

β�

∑
q G11(q)(1−cos ky ) + (ky ↔ kz )

)
−JSCβ�

(
e− 1

β�

∑
q G22(q)(1−cos ky ) + (ky ↔ kz )

)
. (18)

Here, the Gaussian integral property 〈cos θ〉 = e− 1
2 〈θ2〉 is

adopted. This average has captured the fluctuation effects of
phase fields.

Now, we can obtain the variational free energy through
Fvar = F0 + T (〈S〉0 − 〈S0〉0), i.e., Eq. (11). Note that 〈S0〉0 =
1
2

∑
q tr[GG−1] = const is not essential in the variational pro-

cess. The variational equations are then

∂Fvar

∂G11(q)
= 0,

∂Fvar

∂G22(q)
= 0,

∂Fvar

∂G12(q)
= 0. (19)

We obtain the following results:

(G(q)−1)11 = vk2
x

2πK
+ [

JCDW(ky)e− 1
β�

∑
q G11(q)(1−cos ky )

+ (ky ↔ kz )
]
, (20)

(G(q)−1)22 = vKk2
x

2π
+ [

JSC(ky)e− 1
β�

∑
q G22(q)(1−cos ky )

,

+ (ky ↔ kz )
]
, (21)

((G(q))−1)12 = ikxωn. (22)

Here, JCDW/SC(ky) = JCDW/SC(1 − cos ky). Based on the
form of G(q)−1, we adopt the following ansatz for G−1(q):

G−1(q) =
(

f1(k) ikxωn

ikxωn f2(k)

)
, (23)

where

f1(k) = 1

2πK

[
vk2

x + �2
CDW

v
(2 − cos ky − cos kz )

]
, (24)

f2(k) = K

2π

[
vk2

x + �2
SC

v
(2 − cos ky − cos kz )

]
. (25)

Note that the factor (2 − cos ky − cos kz ) indicates that the
CDW or SC order does not arise from intrachain interactions
but rather from nearest-neighbor interchain interactions. Con-
sequently, the resulting SC and CDW orders are anisotropic
in the x and (y, z) directions. Nevertheless, we would use the
magnitudes of �CDW and �SC to characterize the presence of
CDW and SC orders, respectively. It should be noted that the
CDW order still exhibits 2kF oscillations, as it resides in the
θ+ field channel. Moreover, the (3 + 1) dimension analysis
can be reduced to (2 + 1) dimension by simply setting ky or
kz as zero.

Now we can simplify the exponential factor in Eqs. (20)
and (21) by performing the Matsubara frequency summation,
which yields

1

β

∑
n

G(q) = G(k) =
(

G11(k) 0
0 G22(k)

)
, (26)

where

G11(k) = K
2|kx |

√
vk2

x + �2
SC
v

(2−cos ky−cos kz )

vk2
x + �2

CDW
v

(2−cos ky−cos kz )
, (27)

G22(k) = 1
2K|kx |

√
vk2

x + �2
CDW
v

(2−cos ky−cos kz )

vk2
x + �2

SC
v

(2−cos ky−cos kz )
. (28)

Here, we have replaced 1
β

∑
n with

∫ +∞
−∞

dω
2π

by considering
the low-temperature limit. The off-diagonal term in Eq. (26)
is zero because the off-diagonal elements, as given in Eq. (23),
are odd in frequency.

By comparing Eqs. (20) and (21) with Eq. (23), the self-
consistent gap equations can be written as

�2
CDW

2πKv
= JCDWe− 1

�

∑
k G11(k)(1−cos ky ), (29)

K�2
SC

2πv
= JSCe− 1

�

∑
k G22(k)(1−cos ky ). (30)

Note that the ky and kz on the right-hand side of the
above equations can be exchanged [

∑
k G11(k)(1 − cos ky) =
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∑
k G11(k)(1 − cos kz )] and the results remain the same. Next,

we analyze the possible supersolid phases based on the above
gap equations.

C. Analytical solutions for supersolids

We now examine the self-consistent gap equation Eq. (29).
Inserting Eq. (27), the exponential factor in Eq. (29) becomes

1

�

∑
k

G11(k)(1 − cos ky) = K

(2π )3

∫ �

ε

dkx

∫ π

−π

dky

∫ π

−π

dkz
1

kx

√√√√ vk2
x + �2

SC
v

(2 − cos ky − cos kz )

vk2
x + �2

CDW
v

(2 − cos ky − cos kz )
(1 − cos ky). (31)

The cutoffs, ε and �, are introduced because the integral
exhibits ultraviolet and infrared divergence with respect to kx.
The upper cutoff, � = π/a, is associated with the finite lattice
spacing, while the lower cutoff, ε = π/(La), is limited by the
system size along the x direction. As we mentioned, the zero
mode kx = 0 is not included in the summation.

Unfortunately, aside from the small v limit, we do not find
a generic analytical solution for the integral in Eq. (31). In the
small v limit (v� � �SC,�CDW), we can approximate the
sum as

1

�

∑
k

G11(k)(1 − cos ky)

≈ K�SC

(2π )2�CDW

∫ �

ε

dkx
1

kx

∫ π

−π

dky(1 − cos ky)

= K

2π
ln

(
�

ε

)
�SC

�CDW
. (32)

Thus, the self-consistent equation in the small v limit becomes

�2
CDW

2πKv
= JCDWe− K

2π
ln ( �

ε ) �SC
�CDW . (33)

Similarly, from Eq. (30), we obtain the other self-consistent
equation in the small v limit:

K�2
SC

2πv
= JSCe− 1

2πK ln ( �
ε ) �CDW

�SC . (34)

Evidently, these two nonlinear equations would yield two
conventional solutions:

�SC = 0, �CDW =
√

2πKvJCDW (35)

and

�CDW = 0, �SC =
√

2πvJSC/K . (36)

When assuming that both �SC and �CDW are nonzero, we
find another solution:

�SC = √
2πvJSC/Ke− λx

2 , (37)

�CDW = √
2πvKJCDWe− λ

2x , (38)

where x = �CDW
K�SC

, λ = ln( �
ε

)
2π

, and the value of x is determined
by the transcendental equation

x2 = JCDW

JSC
e−λ(x−1−x).

Equations (37) and (38) represent a charge supersolid solu-
tion, where both the CDW and SC order parameters are finite.

At the self-duality point (JCDW = JSC = J and K = 1), we
can analytically find

�SC = �CDW = √
2πvJ

( ε

�

) 1
4π ∝

(
1

L

) 1
4π

. (39)

Interestingly, the above form implies that the supersolid phase
would be more favorable with a shorter chain length L.

IV. SUPERSOLIDS FROM MINIMIZING VARIATIONAL
FREE ENERGY

The next natural question is whether the supersolid solu-
tion we identified represents a true ground state or simply a
metastable state. To address this, we directly minimize the
variational free energy. As explicitly shown in Appendix C,
the variational free energy after the Matsubara summation
becomes

Fvar ≈ 2

β

∑
k

ln(1 − e−βξ (k) ) +
∑

k

[
vKk2

x

2π
G22(k)

+ vk2
x

2πK
G11(k)

]
− JCDW�

[
e− 1

�

∑
k G11(k)(1−cos ky )

+ (ky ↔ kz )
]− JSC�

[
e− 1

�

∑
k G22(k)(1−cos ky )

+ (ky ↔ kz )
]
. (40)

Here, the quasiparticle excitation energy ξ (k) =
|kx|−1

√
f1(k) f2(k). Note that the momentum kx = nπ/L

with n = ±1, . . . ,±L. At zero temperature limit, it is
straightforward to verify that the gap equations Eqs. (29) and
(30) are given by the equations δFvar

δ�CDW
= 0 and δFvar

δ�SC
= 0 (see

Appendix C for details). For simplicity, we show the results
of the (2 + 1)-dimensional case in the following presentation
of this section (set kz = 0). However, we have verified that
the free energy landscape in the (3 + 1)-dimensional case
exhibits similar features to the (2 + 1)-dimensional case (see
Appendix D). Therefore, the conclusions presented below
also apply to the (3 + 1)-dimensional scenario.

Figures 2(a)–2(d) illustrate the dependence of the vari-
ational free energy on �CDW and �SC for various chain
lengths L, with parameters K = 0.95, JCDW = 1, and JSC =
1.05. The lower panels present the corresponding energy
contours for each free energy landscape. Notably, the super-
solid states gradually emerge as the global minima in the
free energy landscape as the chain length decreases. This
observation aligns with the implications of Eq. (39). By tun-
ing the interaction strengths and minimizing the free energy,
the phase diagrams in Figs. 2(e) and 2(f) are obtained. As
anticipated, the supersolid phase becomes more favorable
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FIG. 2. Supersolids from minimizing variational free energy in zero temperature limit. (a)–(d) The �CDW and �SC dependence of
variational free energy F̃var for different chain length L = 10, 20, 30, 200, respectively. The corresponding energy contours are displayed
in the lower panel. Here, v = 1, K = 0.95, JCDW = 1, JSC = 1.05. (e), (f) The phase dependence on the interacting strength JCDW and JSC

of L = 20 and L = 30, respectively. (g) The order parameter �CDW and �SC versus the Luttinger parameter K with L = 30, JCDW = 0.3,
JSC = 0.35. (h) A schematical plot of low-energy phase mode with quantum fluctuations.

when JCDW and JSC are comparable, and the extent of the
supersolid regime increases with decreasing L. Figure 2(g)
depicts the K dependence of the order parameters �CDW

and �SC. It is evident that there exists a range of K values
where both �SC and �CDW are finite. Therefore, based on
the variational analysis, we conclude that the supersolid states
gradually behave as true ground states in our model in the
short-chain limit.

The suppression of supersolid states in the long-chain
limit can be attributed to quantum fluctuations. As previ-
ously noted, the CDW and SC phase fields do not commute.
Consequently, the coexistence of these phase fields in real
space leads to enhanced quantum fluctuations, as illustrated
in Fig. 2(h). The soft mode (small kx) plays a dominant role
in the low-energy physics. As the chain length increases,
quantum fluctuations associated with the soft mode eventually
destabilize the supersolid states. Formally, the soft modes
induce an infrared divergence [see Eq. (32)], which ultimately
destroys the long-range supersolid order. This scenario closely
resembles the Mermin-Wagner theorem [29], which prohibits
long-range order breaking of continuous symmetries in di-
mensions d � 2.

It is worth noting that we have assumed the periodic
boundary condition along the chain (each chain effectively
forms a ring). In the case of open boundary conditions, there
are conventional 2kF Friedel oscillations at the edge. As a

result, the open chain cannot be too short to ensure that the
density oscillations induced by Friedel oscillations can be
distinguished from those caused by the supersolid states.

V. COLLECTIVE MOTION OF THE CDW PLUS SC STATE

In this section, we investigate the collective modes of states
combining CDW and SC orders. Note that we also take into
account the long-range Coulomb interactions, which could
be crucial for collective excitations as in superconductors. In
conventional incommensurate density wave systems, such as
spin density waves and charge density waves, collective mo-
tion can occur under critical external currents once impurity
pinning effects are overcome. The low-energy mode govern-
ing this collective motion is known as the phason [30,31].
Since supersolids also exhibit density wave characteristics,
the phason is likewise relevant for incommensurate super-
solids. Moreover, the dynamics of supersolids are particularly
intriguing due to the additional presence of superconducting
features.

A. Quasi-Goldstone mode

The long-range Coulomb interaction manifests as dynami-
cal, local electromagnetic (EM) field fluctuations. In this case,
the dynamics of such supersolid states can be captured by the
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following Lagrangian:

L = LEM + Lint + Lphason, (41)

where the electromagnetic potential term LEM = − 1
8π

(∇ϕ)2,
and the interaction between the scalar field and phason Lint =
ieϕ(x)∂xθ+(x). The Lagrangian form of phason Lphason is
deduced from expanding Eq. (23) with a small momentum
q = (qx, q⊥) with q⊥ = (qy, qz ). Note that in this section, q
only represents the wave vectors and does not contain the
frequency component. Again, the zero mode qx = 0 is not
included there, and the corresponding dynamics will be stud-
ied in the later section. Eventually, the Lagrangian L in the
momentum space can be written as

L = q2

8π
ϕ(q)ϕ(−q) + 1

2
eqx(−ϕ(q)θ+(−q) + ϕ(−q)θ+(q))

+ 1

2m

(
ρs‖q2

x + ρs⊥q2
⊥
)
θ−(q)θ−(−q)

+ 1

2m

(
ρc‖q2

x + ρc⊥q2
⊥
)
θ+(q)θ+(−q)

+ iωnqx

2

(
θ+(q)θ−(−q) + θ−(+q)θ+(q)

)
, (42)

where we have defined ρc‖
m = v

πK , ρc⊥
m = �2

CDW
2πKv

, ρs‖
m = Kv

π
, and

ρs⊥
m = K�2

SC
2πv

with m as an effective mass, and ρ as density of
each channel. The total action is S = ∑

q L(q). After integrat-
ing out the field ϕ, the effective action becomes

Seff =
∑

q

(θ+(q) θ−(q))G′−1(q)

(
θ+(−q)
θ−(−q)

)
. (43)

Here,

G′−1(q) =
(

2πe2q2
x

q2 + ρc‖q2
x +ρc⊥q2

⊥
2m

iωnqx

2
iωnqx

2
ρs‖q2

x +ρs⊥q2
⊥

2m

)
. (44)

Therefore, after taking the long-range Coulomb interactions,
we find a collective mode for this quasi-1D supersolid as

ω2
qq2

x

4
=
(

2πe2q2
x

q2
+ ρc‖q2

x + ρc⊥q2
⊥

2m

)(
ρs‖q2

x + ρs⊥q2
⊥

2m

)
.

(45)

When the long-range Coulomb effect is sizable, the dispersion
of the mode is approximately

ω2
q ≈ 4πe2

mq2

(
ρs‖q2

x + ρs⊥q2
⊥
)
. (46)

The above dispersion characterizes a collective mode for the
CDW plus SC states.

This collective mode stems from the break of transla-
tional symmetry in supersolid states, which represents as a
Goldstone mode. However, unlike conventional Goldstone,
the zero-mode qx = 0, qy, qz �= 0 does not contain the above
treatment. In this sense, we shall call such a mode a quasi-
Goldstone mode. The quasi-Goldstone modes can be detected
experimentally using infrared or THz spectroscopy, which
would display resonances when these modes are excited. Fur-
thermore, the quasi-Goldstone modes in our work are highly
anisotropic, which can also be identified in experiments.

Note that Eq. (46) suggested that the low-energy collec-
tive modes become massive along the chain direction after
taking the long-range Coulomb integrations. This is like the
“Anderson-Higgs mechanism” for the supersolid states. It is
also important to note that the term qxωn still appears in the
Green’s function Eq. (43), indicating that quantum fluctua-
tions arising from the coexistence of the CDW and SC phase
fields persist. Therefore, the conclusion that the supersolid or-
der is suppressed in the long-chain limit remains unchanged.

B. Zero mode dynamics: Josephson plasma mode

As mentioned earlier, the zero modes (qx = 0, qy, qz �= 0)
shall be treated separately in finite chains. Such modes can be
excited when currents are applied perpendicular to the chains.
According to Eqs. (9) and (12), they can be described by the
following action:

Szero �
∫

dt

⎡
⎣−πN

∑
j

∂tθ−, j + vK

2π

∑
j

∫
(∂xθ−, j )

2

−JSC

∑
〈i, j〉

cos(θ−,i − θ−, j ) + 1

2

∑
i �= j

e2NiNj

|ri − r j |

⎤
⎦,

(47)

where Nj = NL, j + NR, j ; we used θ+, j = −Njπx/L, and con-
stant terms are omitted as they do not affect the dynamical
properties. The action S resembles that of a Josephson array.
The first term is a Berry phase term, the second term repre-
sents the phase stiffness energy within each array, and the third
term corresponds to the Josephson coupling energy between
nearest-neighbor arrays. For zero mode, the second term can
be dropped. We also have replaced the Coulomb interaction
with a long-range density interaction (the last term). As the
charge distribution for the zero modes is uniform within each
chain and does not fluctuate, the long-range Coulomb interac-
tion can not be negligible.

In the continuum limit, the action can be rewritten as

Szero ≈
∫

dt

[∫
dr⊥

(
− πN (r⊥, t )∂tθ− + JSC

2
(∂r⊥θ−)2

)

+ 1

2

∫
dr⊥dr′

⊥
e2N (r⊥, t )N (r′

⊥, t )

|r⊥ − r′
⊥|

]
. (48)

Using the Euler-Lagrange equations, the equation of motion
for θ− in the zero-mode state is given by

π∂t N (r⊥, t ) = JSC∂2
r⊥θ−. (49)

The left-hand side represents the charging effects, while the
right-hand side describes the phase-gradient energy. Similarly,
by varying the action with respect to N (r⊥, t ), we obtain

π∂tθ− = e2
∫

dr′
⊥

N (r′
⊥, t )

|r⊥ − r′
⊥| . (50)

Inserting Eq. (50) into Eq. (49), we find

π2∂2
t θ−(r⊥, t ) = e2JSC

∫
dr′

⊥
∂2

r′
⊥
θ−(r′

⊥, t )

|r⊥ − r′
⊥| . (51)
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After a Friouer transformation (see Appendix E), we find
that Eq. (51) results in a Josephson plasma mode:

ωq = vJ

√
|q⊥| (52)

with a propagating velocity vJ =
√

2e2JSC
π

. The square root
behavior in ωq is a typical 2D plasma dispersion of long-wave
limit [32,33]. Thus, we have shown that the dynamics of
the zero mode in our quasi-one-dimensional supersolid states
behave as a Josephson plasma mode [34,35].

VI. DISCUSSION

In summary, we have systematically investigated the su-
persolid states and their dynamics using a coupled Luttinger-
Emery liquid chain model. Our work provides significant
insights into the properties of supersolid phases in quasi-one-
dimensional strongly interacting systems.

It is known that the CDW phase can emerge as an induced
order parameter from the mixing of uniform SC order and
pairing density wave (PDW) order [2]. Actually, PDWs have
also been studied in Luther-Emery liquids [36–38]. Although
the coexistence of uniform superconductors and CDW does
not necessarily guarantee the appearance of PDW order, in
principle, PDWs can intertwine with both the CDW and uni-
form SC orders. The interplay between PDWs and the charge
supersolid phase presents an interesting avenue for future
research.

Since the Luther-Emery liquid phase was originally intro-
duced to understand the properties of high-Tc superconduc-
tors, we also discuss some potential experimental implications
of our theory. One key implication is that the coexistence of
SC and CDW (or supersolids) is more likely to occur in ribbon
or slab systems, where the length of the Luttinger liquid chain
is limited. The systems with short-range orders can also be
regarded as finite systems. For example, in the pseudogap
phase, the orders possibly fluctuate and are in a short range;
the strip phase can be local and exhibit smectic behavior [39];
the domain walls (such as structure domain, CDW, or SC do-
mains) also often exhibit short-range orders. Our theory may
provide some insight for the coexistence of SC and CDW in
these scenarios.

It is also worth emphasizing that the variational method
remains an approximation technique and, in this context, can
only yield an upper bound on the free energy. In contrast,
advanced numerical methods such as DMRG may offer a
more accurate approach to studying supersolids in Luttinger
chains. A comparison between our theoretical insights and
numerical results would be particularly interesting, and we
leave such a detailed investigation for future work.
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APPENDIX A: THE PHASE OPERATOR IN MOMENTUM
SPACE AND ITS RELATION WITH BOSONIC OPERATORS

In this Appendix section, let us look at the phase operator in
momentum space and its relation with original bosonic fields.
In terms of original bosonic operators,

θ+(x) = −(NR + NL )πx

L
− iπ√

�

×
∑

kx �=0,ky,kz

( |kx|
2π

)1/2 1

kx
e−ik·x(b†

k + b−k), (A1)

θ−(x) = (NR − NL )πx

L
+ iπ√

�

×
∑

kx �=0,ky,kz

( |kx|
2π

)1/2 1

|kx|e−ik·x(b†
k − b−k). (A2)

Here, the bosonic operator is related by the density operator

by bk =
√

2π
kxL ρ−k and b†

k =
√

2π
kxL ρk. In the limit L �→ ∞,

[θ+(x′), ∂xθ−(x)] = iπδ(x − x′). (A3)

Compared to the main text Eq. (12), we can define

θ+(k) = −iπ

( |kx|
2π

)1/2 1

kx
(b†

k + b−k), (A4)

θ−(k) = iπ

( |kx|
2π

)1/2 1

|kx| (b†
k − b−k). (A5)

The commutation relation between θ+(k) and θ−(k) are thus
given by

[θ+(k′), θ−(−k)] = π

kx
δk,k′ . (A6)

APPENDIX B: THE INTERCHAIN TERM UPON
GAUSSIAN AVERAGING

In the main text, we deal with the following interchain
term:

JCDW

∫ L

0
dx
∫ β

0
dτ
∑
〈i, j〉

〈cos(θ+,i − θ+, j )〉0

= JCDW

∫ L

0
dx
∫ β

0
dτ
∑
〈i, j〉

e− 1
2 〈(θ+,i−θ+, j )2〉0

= βL
∑
〈i, j〉

JCDWe− 1
2βL

∑
n,kx �=0(G̃i j (ωn,kx ))11

= JCDWβ�
(
e− 1

β�

∑
n,k⊥ ,kx ,�=0 G11(ωn,k)(1−cos ky )

+ e− 1
β�

∑
n,k⊥ ,kx ,�=0 G11(ωn,k)(1−cos kz ))

. (B1)

Here,

G̃i j (ωn, kx ) = Gii(ωn, kx ) + Gj j (ωn, kx )

− Gi j (ωn, kx ) − Gji(ωn, kx ), (B2)

and we have used Gi j (ωn.kx ) = 1
LyLz

∑
k⊥ G(ωn, k)eik⊥·(ri−r j ),

where k⊥ = (kx, ky).
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Similarly, for the SC channel,

JSC

∫ L

0
dx
∫ β

0
dτ
∑
〈i, j〉

〈cos(θ−,i − θ−, j )〉0

= JSCβ�
(
e− 1

β�

∑
n,k⊥ ,kx ,�=0 G22(ωn,k)(1−cos ky )

+ e− 1
β�

∑
n,k⊥ ,kx ,�=0 G22(ωn,k)(1−cos kz ))

. (B3)

APPENDIX C: FREE ENERGY CALCULATION
AND GAP EQUATIONS

The free energy is

F0 = −T
∑

q

ln(DetG)) (C1)

with

G−1(q) =
(

f1(k) ikxωn

ikxωn f2(k)

)
(C2)

and

f1(k) = 1

2πK

[
vk2

x + �2
CDW

v
(2 − cos ky − cos kz )

]
, (C3)

f2(k) = K

2π

[
vk2

x + �2
SC

v
(2 − cos ky − cos kz )

]
. (C4)

As Det[G] = 1/Det[G−1],

F0 = T
∑
n,k

ln
(
β2( f1(k) f2(k) + ω2

nk2
x

))
. (C5)

Here, β2 is introduced to make the term in the log be dimen-
sionless. Then we can find

F0 = 1

β

∑
n,k

[ln(β(|kx|−1
√

f1(k) f2(k) − iωn))

+ ln(β(|kx|−1
√

f1(k) f2(k) + iωn))].

Using the identity 1
β

∑
n ln(β(−iωn + ξ )) = 1

β
ln

(1 − e−βξ ) for bosons, we find

F0 = 2

β

∑
k

ln[1 − e−βξ (k)], (C6)

where the background with zero gap is subtracted and the
excitation energy

ξ (k) = |kx|−1
√

f1(k) f2(k). (C7)

According to Eqs. (27) and (28), using the form of f1(k)
and f2(k), the Green’s function is rewritten as

G11(k) = 1

2|kx|

√
f2(k)

f1(k)
, (C8)

G22(k) = 1

2|kx|

√
f1(k)

f2(k)
. (C9)

We can express the other part of the variational free energy
T 〈S〉0 as

T 〈S〉0 =
∑

k

[
vKk2

x

2π
G22(k) + vk2

x

2πK
G11(k)

]

−JCDW�
[
e− 1

�

∑
k G11(k)(1−cos ky ) + (ky ↔ kz )

]
−JSC�

[
e− 1

�

∑
k G22(k)(1−cos ky ) + (ky ↔ kz )

]
.

(C10)

Now we can express the variational free energy Fvar ≈ F0 +
T 〈S〉0 using the f1(k) and f2(k). Note that 〈S0〉0 has been
dropped there as it is a constant. We can use

δFvar

δ�CDW
= δFvar

δ f1

δ f1

δ�CDW
= 0, (C11)

δFvar

δ�SC
= δFvar

δ f2

δ f2

δ�SC
= 0. (C12)

This results in the variational equations in terms of f1 and
f2 as

δFvar

δ f1
= 0, (C13)

δFvar

δ f2
= 0. (C14)

With these two variational equations, we obtain

1

eβξ − 1

√
f2

f1
+ 1

2
√

f1 f2

{
vKk2

x

2π
+ JSC[(1 − cos ky)e− 1

�

∑
k

1
2|kx |

√
f1
f2

(1−cos ky ) + (ky ↔ kz )]

}
− 1

2 f1

√
f2

f1

{
vk2

x

2πK

+ JCDW
[
(1 − cos ky)e− 1

�

∑
k

1
2|kx |

√
f2
f1

(1−cos ky ) + (ky ↔ kz )
]}

, (C15)

1

eβξ − 1

√
f1

f2
− 1

2 f2

√
f1

f2

{
vKk2

x

2π
+ JSC[(1 − cos ky)e− 1

�

∑
k

1
2|kx |

√
f1
f2

(1−cos ky ) + (ky ↔ kz )]

}
+ 1

2
√

f1 f2

{
vk2

x

2πK

+ JCDW

[
(1 − cos ky)e− 1

�

∑
k

1
2|kx |

√
f2
f1

(1−cos ky ) + (ky ↔ kz )

]}
. (C16)

At zero temperature limit β → ∞, the above two equations are satisfied when

f1(k) = vk2
x

2πK
+ JCDW

[
(1 − cos ky)e− 1

�

∑
k G11(k)(1−cos ky ) + (ky ↔ kz )

]
, (C17)

f2(k) = vKk2
x

2π
+ JSC

[
(1 − cos ky)e− 1

�

∑
k G22(k)(1−cos ky ) + (ky ↔ kz )

]
. (C18)
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FIG. 3. Free energy landscape in (3 + 1) dimensions. (a)–(c) The dependence of the variational free energy, F̃var , on �CDW and �SC, along
with the corresponding energy contours, for chain lengths L = 10, 15, 30, respectively. The parameters are v = 1, K = 0.95, JCDW = 1, and
JSC = 1.05.

According to the form Eqs. (C3) and (C4), we obtain the
gap equations as

�2
CDW

2πKv
= JCDWe− 1

�

∑
k G11(k)(1−cos ky ) (C19)

K�2
SC

2πv
= JSCe− 1

�

∑
k G22(k)(1−cos ky ). (C20)

The above equations are consistent with what we obtained in
the main text.

APPENDIX D: FREE ENERGY LANDSCAPE
IN (3 + 1) DIMENSION

In this Appendix section, we display the free energy
landscape and the corresponding energy contours of (3 + 1)
dimension with various chain lengths in Fig. 3. Overall, the
features of the free energy landscape are consistent with those
observed in the (2 + 1)-dimensional case shown in the main
text Fig. 2. Consequently, the conclusions presented in Sec. IV
of the main text also applies to the (3 + 1)-dimensional
case.

APPENDIX E: FOURIOUER TRANSFORMATION
OF COULOMB POTENTIAL AND PLASMA MODE

In this section, we present how to simplify

π2∂2
t θ−(r⊥, t ) = e2JSC

∫
dr′

⊥
∂2

r′
⊥
θ−(r′

⊥, t )

|r⊥ − r′
⊥| . (E1)

The right-hand side∫
dr′

⊥
∂2

r′
⊥
θ−(r′

⊥, t )

|r⊥ − r′
⊥| =

∫
dq⊥

(2π )2

2π

|q⊥|
∫

dr′
⊥e−iq⊥(r⊥−r′

⊥ )

× ∂2
r′
⊥
θ−(r′

⊥, t )

= −
∫

dq⊥
(2π )2

2π |q⊥|θ−(q⊥, t ). (E2)

Therefore, the plasma mode is given by

π2ω2 = 2πe2JSC|q⊥|, (E3)

i.e., the dispersion of the plasma mode is given by

ωq = vJ

√
|q⊥|, (E4)

where

vJ =
√

2e2JSC

π
. (E5)
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