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Inherent altermagnetism in minimal tight-binding models of regular hyperbolic lattices
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Altermagnets are a novel class of magnetic systems characterized by their momentum-dependent spin splitting
without net magnetization. In this work, we extend established Euclidean tight-binding models of altermagnets
to regular hyperbolic lattices in two spatial dimensions defined on a discretized Poincaré disk. Using hyperbolic
crystallography and Abelian hyperbolic band theory, we show that the inclusion of next-nearest-neighbor
hopping is sufficient to induce spin splitting in minimal tight-binding models of bipartite hyperbolic lattices.
While certain families and special cases of hyperbolic lattices remain antiferromagnetic, we identify an entire
family and a special case that generically permit spin splitting in this framework. Hence, altermagnetism is
inherent to certain hyperbolic lattices. Since Abelian hyperbolic band theory yields a momentum space that
is at least four dimensional, we classify the leading spin-splitting harmonics using four-dimensional atomic
orbitals. As an outlook, we apply non-Abelian hyperbolic band theory to the {10, 5} lattice. Although its Abelian
spectrum is spin degenerate, two selected higher-genus supercells exhibit spin splitting. This finding suggests
that spin degeneracy does not necessarily persist within all translation representation sectors.

DOI: 10.1103/h2ys-c3rz

I. INTRODUCTION

Recently, altermagnetism has been proposed as a symme-
try class of collinear compensated magnets whose electronic
band structures show large spin splitting in the nonrelativistic
limit [1–6]. This makes altermagnets promising materials for
spintronic applications, as they combine a lattice with neg-
ligible stray fields with spin-polarized electronic responses
stemming from the momentum-dependent spin splitting [7,8].
In conventional antiferromagnets, band degeneracy is usually
enforced by inversion P or translations τ combined with time
reversal T . In contrast to this, altermagnets allow for spin-split
bands because the magnetic state breaks the degeneracy-
enforcing symmetries while preserving combined spin-space
and real-space operations that enforce degeneracies only
along nodal lines. The resulting spin polarization patterns in
momentum space are associated with even-parity d-, g-, or
i-wave symmetry. This particular magnetic order has moti-
vated various searches for candidate materials, such as RuO2,
MnTe, CrSb, Mn5Si3, and La2O3Mn2Se2 [9–18], as well
as measurement methods based on spin- and angle-resolved
photoemission, electrical switching, and x-ray spectroscopy
[19–21]. In minimal models of altermagnetism, PT is typ-
ically broken by anisotropic hopping structures [22,23], e.g.,
arising from orbital ordering [24], or by lattice geometries that
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naturally support the required sublattice asymmetries, e.g., the
Lieb lattice [25–33].

While altermagnetism has so far been formulated mainly
for crystals in flat Euclidean space, regular hyperbolic lattices
have emerged as a complementary setting for tight-binding
quantum matter on negatively curved manifolds. These sys-
tems are not primarily motivated as models of naturally
occurring crystals, but rather as potential platforms in which
one can test how concepts of lattice quantum mechanics, band
theory, topology, and correlation physics translate to non-
Euclidean settings [34–37]. A regular two-dimensional (2D)
hyperbolic lattice is denoted by the Schläfli symbol {p, q},
which describes a lattice where q, p-gons meet at each ver-
tex. A hyperbolic lattice must satisfy (p − 2)(q − 2) > 4.
Hyperbolic lattices have now been realized in circuit quan-
tum electrodynamics, topoelectrical circuits, and photonic
resonator arrays [38–40].

At the single-particle level, hyperbolic lattices support
Bloch-like band structures and have already been shown
to host hyperbolic topological band insulators, higher-order
topological phases, higher-dimensional band topology, and
non-Abelian semimetals [41–44]. This makes hyperbolic lat-
tices an interesting setting for investigating symmetry-based
magnetic phenomena. For altermagnetism, the central ques-
tion is whether a compensated collinear magnetic order can
generate momentum-dependent spin splitting once Euclidean
space-group operations are replaced by hyperbolic point-
group symmetries and corresponding translations. Moreover,
the higher-dimensional momentum space of hyperbolic band
theory suggests that the resulting nodal structures and degen-
eracy manifolds may be richer than in flat space.

In this work, we classify a hyperbolic altermagnet as any
lattice with a compensated magnetic order in real space and
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a spin-split band structure in higher-dimensional momentum
space. Specifically, we extend a minimal Euclidean tight-
binding model of altermagnetism to bipartite two-dimensional
hyperbolic lattices defined on a discretized Poincaré disk
using Abelian hyperbolic band theory. We show that next-
nearest-neighbor (NNN) hopping alone is sufficient to induce
spin splitting in the examined members of the {4g, 4} fam-
ily of lattices as well as in the exceptional {4, 8} lattice,
while the {2(2g + 1), 2g + 1} and {2(2g + 1), 3} families
and the exceptional {8, 3} lattice remain spin degenerate.
We further analyze the symmetry operations responsible for
the remaining degeneracies in the altermagnetic candidates,
identify their nodal structures, and compare the resulting
momentum-space patterns with those known from Euclidean
altermagnets.

As previously mentioned, our primary focus lies on the
Abelian sector of hyperbolic band theory. In this regime, the
generators of translations of the band theory commute. This
sector does not capture the full set of eigenstates. The remain-
der of the spectrum is described by non-Abelian hyperbolic
band theory [45], which uses larger unit cells in order to access
states associated with noncommuting translation generators.

In Secs. II–IV, we focus on the Abelian sector, as it al-
lows us to illustrate our key findings in a pedagogical way.
Moreover, the Abelian eigenstates remain valid within the full,
non-Abelian description of the problem. However, in Sec. V
we demonstrate that a non-Abelian extension of our model
can give rise to new types of spin splittings.

A similar study has recently examined altermagnetism on
hyperbolic lattices [46]. That work also considers altermag-
netism on negatively curved space, but it focuses on truncated,
nonregular hyperbolic tilings. Here, we instead give a full
symmetry-based analysis of regular hyperbolic tilings. Im-
portantly, we show that regular hyperbolic lattices can host
spin-split electron bands without hopping anisotropy, indicat-
ing that altermagnetism is inherent to numerous hyperbolic
lattices.

The article is organized as follows. In Sec. II, we describe
how the hyperbolic lattices and the lattice Hamiltonians are
constructed using Abelian hyperbolic band theory. In Secs. III
and IV, we classify hyperbolic lattices into antiferromagnetic
and altermagnetic categories based on their spin splitting and
symmetries. In Sec. V, we give a brief outlook beyond the
Abelian sector using higher-genus supercells. We conclude in
Sec. VI with the main findings of our work.

II. HYPERBOLIC LATTICE MODEL

In order to give the reader a better understanding of our
findings, we start with an introductory section explaining the
hyperbolic space, Abelian band theory, and our model.

A. Hyperbolic lattice and crystallography

As mentioned above, regular hyperbolic lattices are de-
scribed by their Schläfli symbol {p, q}, where p denotes the
number of edges of the polygon used as the building block and
q refers to the number of polygons meeting at each vertex. In
flat Euclidean space, it can be shown geometrically that only
the {4, 4}, {3, 6}, and {6, 3} lattices tile the plane without gaps,

FIG. 1. Example of the {4, 8} hyperbolic atomic lattice (black)
made of eight squares that meet at each vertex. The colored octagons
represent the central unit cell (pink) and its neighboring cells (blue,
green, red, yellow). The similarly colored arrows γi pointing toward
the colored edges Ci represent the four main translation directions
of this lattice in which it is periodic. The A and B sublattices are
shown in the central unit cell (green border) as red and blue dots,
respectively. Also shown are the A and B atoms at their correct
locations in the neighboring colored cells.

as they satisfy the equality (p − 2)(q − 2) = 4. In negatively
curved hyperbolic space, this requirement is relaxed to

(p − 2)(q − 2) > 4, (1)

yielding infinitely many possible regular lattice constructions.
A convenient way to visualize hyperbolic lattices is by using
the Poincaré disk model. In this representation, the entire
infinite hyperbolic plane is mapped onto a unit disk. Starting
from a single regular p-gon in the center, the {p, q} lattice is
constructed by repeatedly reflecting or copying that polygon
across its edges such that q polygons meet at every vertex,
until a tessellation of the desired size is reached [47].

The {4, 8} hyperbolic lattice is shown as an example in
Fig. 1.

The resulting lattice can be seen as a graph whose vertices
correspond to atomic sites and whose edges represent nearest-
neighbor connections. As we are interested in the electronic
structure of these lattices, we require a periodic description
of the system, which allows us to probe momentum space
via Fourier transformation. To this end, we work with a fi-
nite repeating patch that serves as a fundamental unit. We
impose periodic boundary conditions by identifying pairs of
boundary edges of the finite patch. This produces a compact
closed surface of genus g, whose covering space is the full
hyperbolic lattice. This construction is closely related to Eu-
clidean Bloch theory, where the unit-cell structure can always
be mapped onto a torus of genus g = 1 in 2D. In the case of
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TABLE I. The infinite families of atomic hyperbolic lattices
{p, q} and their corresponding Bravais lattices {pB, qB} as a function
of genus g. For each family, N denotes the number of sites in the unit
cell [36].

{p, q} {pB, qB} N

{4g, 4g} {4g, 4g} 1
{2g + 1, 2(2g + 1)} {2(2g + 1), 2g + 1} 1
{2(2g + 1), 2g + 1} {2(2g + 1), 2g + 1} 2
{4g, 4} {4g, 4g} 2g
{2(2g + 1), 3} {2(2g + 1), 2g + 1} 2(2g + 1)

the square lattice, one may think of gluing the opposing edges
of the fundamental unit cell together in order to form such
a torus. Using this construction yields a momentum vector
with dimensionality 2g. As hyperbolic lattices require at least
g = 2, the momentum space and the Brillouin zone (BZ) are
at least 4D. Note that the real space lattice still remains two
dimensional.

Abelian hyperbolic band theory then follows by introduc-
ing phase twists along the independent noncontractible cycles
of the chosen unit cell. These twists play the role of gener-
alized crystal momenta and allow one to define a Bloch-like
Hamiltonian for a given hyperbolic lattice. In this way, the
band structure is obtained from a finite unit cell together
with the phases one collects when crossing boundaries into
neighboring cells. This is, in principle, analogous to the way
Euclidean band theory works, where one can think of collect-
ing the phases acquired through the Fourier transformation
of the periodic system when crossing into neighboring unit
cells. For some lattices, the choice of the fundamental polygon
is such that even though the lattice possesses genus g, the
fundamental polygon has more than 2g sides. In these cases,
2g of the phase twists are noncontractible, while the rest can
be constructed from them.

In this work, we take the hyperbolic families introduced
in Ref. [36] and examine their electronic band structure using
Abelian band theory in the context of altermagnetic order. The
list of families is shown in Table I.

As we aim to construct the lattice by placing spin-up and
spin-down moments in an alternating fashion, we require the
lattice to be bipartite. We therefore rule out the first two
families with N = 1. In addition to the families with even N ,
we also examine exceptional cases [36] that do not fit into the
infinite families. To this end, we analyze the {4, 8} and {8, 3}
lattices, both of which have an {8, 8} Bravais lattice.

B. Tight-binding model

Creating an altermagnetic model in Euclidean space usu-
ally consists of two parts. First, one has to find a magnetic
ordering that leaves the total magnetization across the crystal
compensated. Since we focus on collinear models, the easiest
way to achieve this is by alternating the direction of the local
atomic moment when moving across the lattice. The simplest
Euclidean example of this model is a system with Néel order.
Such a system obeys an antiunitary symmetry operation con-
necting the two spin bands and real-space sublattices. These
are typically inversion combined with time reversal PT or

real-space translations combined with time reversal τT . For
this reason, the second step is introducing a mechanism that
breaks these degeneracy-protecting symmetries, while still
preserving symmetry under rotation combined with time re-
versal. This can be achieved by introducing orbital ordering
with NNN hopping, by including nonmagnetic sites in the unit
cell [26], or by constructing spin clusters [48].

In this work, we assume the examined lattices to have
a nonfrustrated Néel magnetic ordering. While we do not
employ a self-consistent derivation of this magnetic ordering,
we note that it is not an arbitrary ansatz. Self-consistent an-
tiferromagnetic solutions of the repulsive Hubbard model on
several bipartite hyperbolic lattices have been identified [49].
Additionally, another work studying Hubbard and Heisenberg
models on certain bipartite hyperbolic lattices obtained results
that are consistent with a robust antiferromagnetic order-
ing using Hartree-Fock mean-field, spin-wave, and quantum
Monte Carlo methods [50].

We keep the construction as simple as possible and
just utilize the underlying hyperbolic point groups to cre-
ate altermagnetic order. To this end, we focus on regular
hyperbolic lattices with isotropic hopping up to NNN. Our
spin-dependent Hamiltonians take the general form

Hs = − t
∑

〈i, j〉,σ
c†

i,σ c j,σ − t2
∑

〈〈i, j〉〉,σ
c†

i,σ c j,σ

− J
∑
i,σ,σ ′

Si · σσ,σ ′c†
i,σ ci,σ ′ , (2)

where 〈〉 denotes nearest-neighbor (NN) hopping and 〈〈〉〉
NNN hopping. The operators c†

i,σ and ci,σ create and anni-
hilate an electron with spin σ at lattice site i, respectively.
The itinerant electrons move between (next-)nearest neigh-
bors with hopping strength t (t2) and couple to the lattice
local magnetic moment Si at site i with strength J . The spin
of the itinerant electrons at site i is represented by the vector∑

σ,σ ′ σσ,σ ′c†
i,σ ci,σ ′ . We assume that the local spins of the lat-

tice point in the z direction and absorb the magnitude of Sz
i into

J . This simplifies the coupling term to ∓J
∑

i,σ σc†
i,σ ci,σ for

the local spin-up and spin-down sites, respectively. We thus
construct our model by placing local magnetic moments on a
given hyperbolic lattice in an alternating fashion. For the cases
we examine, this yields a spin-compensated, unfrustrated unit
cell and, by extension, a fully compensated crystal. We denote
the atoms with a local spin-up moment with on-site energy
−Jσ as A-type and spin-down sublattice with +Jσ as B type.
The momentum-space Hamiltonian emerging from this model
is constructed by using the previously described hyperbolic
band theory [34].

Note that any bipartite model that only uses NN hopping
between the two types of sublattices is analytically degen-
erate, as shown in Appendix A. Because of this, we omit
NN hopping unless stated otherwise and focus only on NNN
hopping for analytic convenience. In general, we expect the
NN hopping t to be greater than the NNN hopping t2.

III. SPIN DEGENERATE LATTICES
IN THE ABELIAN SECTOR

Let us first discuss the lattices without spin-split bands
in the Abelian sector. We find this to be the case for the
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FIG. 2. Examples of antiferromagnetic bipartite hyperbolic lattices (black) and their Schwarz triangles (gray/white). Atoms in the unit cell
(orange) are colored red (spin-up) and blue (spin-down). The edges of the primitive unit cell are labeled with their generators of translations γi

in the corresponding directions. Also shown are the mirror operations a, b, and c (red, green, blue) and the rotations P, Q, and R. The first row
shows g = 2 lattices with the exceptional {8, 3} lattice [panel (a)], the {10, 5} lattice [panel (b)], and the {10, 3} lattice [panel (c)]. The second
row shows g = 3 lattices {14, 7} [panel (d)] and {14, 3} [panel (e)]. Note that panels (b) and (d) belong to the {2(2g + 1), 2g + 1} family, while
panels (c) and (e) belong to the {2(2g + 1), 3} family.

{2(2g + 1), 2g + 1} and the {2(2g + 1), 3} families of lattices.
The exceptional case {8, 3} also shows no spin splitting. The
lattices of genus g = 2, 3 for the two families and the {8, 3}
lattice are shown in Fig. 2 with their corresponding geometric
symmetry operations. Note that for the {10, 5} and {10, 3}
lattices, one of the generalized crystal momenta is reducible
to k5 = −(k1 − k2 + k3 − k4). Similarly, one has k7 = −(k1 −
k2 + k3 − k4 + k5 − k6) for the {14, 7} and {14, 3} lattices.

In the case of the {2(2g + 1), 2g + 1} family, the spin
degeneracy within the Abelian hyperbolic band theory is en-
forced by PT symmetry, with the center of the unit cell as the
inversion center. In real space, this combination of operations
acts as a sublattice exchange. In this case, inversion P is also
equivalent to Pp/2 = P2g+1 in terms of hyperbolic point-group
operations. Global spin degeneracy therefore holds for the en-
tire family within the corresponding Abelian Brillouin zone.
This statement does not, by itself, determine the behavior of
every higher-dimensional representation sector.

The same argument can be made for the {2(2g + 1), 3}
family of lattices. Here, PT around the unit cell center also
acts as a sublattice exchange in real space. Inversion can once
again be represented by Pp/2 = P2g+1. Consequently, these
lattices remain spin degenerate across the Abelian Brillouin

zone. For the {8, 3} lattice, P4 acts as inversion. In this case,
however, it does not correspond to a sublattice exchange sym-
metry when combined with time reversal. Sublattice exchange
operations like bond inversions RT or translations P4RT do
not map �k → �k and thus only enforce degeneracies in certain
subspaces. For this lattice, we find analytically that tA(�k) and
tB(�k) yield the same characteristic polynomial. For this reason,
the spin-up and spin-down energy spectra have to be equiv-
alent. This case is an example of a lattice, where total spin
degeneracy is not enforced by symmetry, but where it does
exist in practice. This shows that while spin splitting is al-
lowed in the system, it does not necessarily need to exist. The
NNN hopping tight-binding (TB) Hamiltonians for the g = 2
cases and their relevant point-group operations can be found in
Appendix B.

Although these lattices are spin degenerate in the primitive-
cell Abelian sector, this does not by itself determine the
spectra of all higher-dimensional translation representations.
A supercell calculation [45] can access non-Abelian eigen-
states beyond the Abelian theory. In Sec. V, we show that
the {10, 5} lattice provides an example in which two such
supercells exhibit spin splitting, despite the degeneracy of the
Abelian spectrum.
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FIG. 3. (a) Bipartite {8, 4} lattice (black) as the lowest genus (g = 2) example of the {4g, 4} family of lattices with its Schwarz triangles
(gray/white). The four atoms in the central primitive unit cell (orange) are colored red (spin-up) and blue (spin-down). Labels γi denote the
generators of translations, while a, b, and c (red, green, blue) mark the fundamental mirrors of the lattice. P, R, and Q represent the rotation
elements of the point group. (b) The 16 degeneracy-enforcing symmetries of the form E{8,4} = {P−iQ jck : i ∈ {1, 3}, j ∈ {0, . . . , 3}, k∈{0, 1}},
which map a Schwarz triangle from the A sublattice (blue) to one of the triangles of the B sublattice (red).

IV. HYPERBOLIC ALTERMAGNETS

In this section, we show that the examined members of the
{4g, 4} family of hyperbolic lattices and the exceptional {4, 8}
lattice exhibit altermagnetic order within our simple model
when analyzed using Abelian hyperbolic band theory. In con-
trast to the previous section, the presence of a band splitting
in the Abelian sector is sufficient to classify the lattice as an
altermagnet, without an analysis of the non-Abelian states.
This is because Abelian states remain valid in the full, non-
Abelian band theory. Consequently, the possible additional
degenerate bands in the full non-Abelian spectrum do not
affect this classification. We use Fermi surface cuts at constant
energies as one possible way to examine the energy splitting.
Since the momentum space in hyperbolic band theory has
at least four dimensions, we cut two-dimensional slices out
of it to visualize the electronic band structure. We vary two
momentum components ki, k j while setting all other compo-
nents to kk = 0. These are the simplest possible 2D cuts. We
want to stress that these cuts are primarily used as a means
of visualizing the band structure of the four-dimensional (4D)
momentum space. While we also identify certain known Eu-
clidean splittings in these plots, they are meant to be seen as
remarks on the splitting in these subspaces. They should not
be taken as classifications of the full momentum space. For
these spin-split cases, we also include NN hopping for com-
pleteness, but again note that it is not the origin of the splitting.

A. The {4g, 4} family

We explicitly examine the {8, 4} lattice shown in Fig. 3 as
the lowest genus example with g = 2. The lattice Hamiltonian

is included in Appendix C 1. We plot the six simplest 2D
Fermi surface cuts in Fig. 4, illustrating spin splitting and
nodal lines.

The resulting Fermi surface cuts are highly unconven-
tional. In the (k1, k2/k4) and (k3, k2/k4) subspaces, the spectra
resemble a deformed d-wave splitting with four nodal lines
along points of equivalent momenta. The remaining (k1, k3)
and (k2, k4) subspaces instead yield an anisotropic s-wave
splitting, which also hosts four similar nodal lines but does
not show a sign change between them.

The reason why this lattice exhibits spin-dependent split-
ting can be explained by its symmetries. Hyperbolic lattices
can be described by hyperbolic point groups denoted by
P(2, p, q) [37], so this system has the point group P(2, 4, 8).
In principle, this means that P4 acts as inversion with the
unit cell center as the inversion center. The crucial difference
from the previously described antiferromagnetic cases is that
this inversion is not an operation that exchanges sublattice
types and thus does not leave the system invariant when
combined with time reversal symmetry T . The system also
does not possess any translation operation that exchanges
sublattices and maps �k → �k in combination with time rever-
sal symmetry. It therefore lacks a symmetry operation that
enforces spec(HA(�k, σ )) = spec(HB(�k,−σ )) for a generic �k
and consequently allows for a band splitting between spin-up
and spin-down bands to exist. Note that “spec” denotes the
eigenvalue spectrum of the Hamiltonian. This model of a
compensated real space lattice with spin-split electron bands
thus qualifies as an altermagnet by definition.

The splitting given by the two bands of lowest energy,
assuming only NNN can be written in the compact form

�{8,4} = 2t2

(
cos

(
1

2
(k1 − 2k2 + k3)

)
− cos

(
1

2
(2k1 − k2 + k4)

)
+ cos

(
k1 − k3

2
+ k4

)

+ 2 cos

(
k1

2

)
cos

(
k3

2

)
− cos

(
1

2
(k2 − 2k3 + k4)

)
− 2 cos

(
k2

2

)
cos

(
k4

2

))
. (3)
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FIG. 4. 2D constant energy Fermi surface cuts of the Abelian 4D momentum space of the {8, 4} hyperbolic lattice with spin-up bands
shown in red and spin-down bands colored blue. We observe a general spin splitting with degeneracies only enforced on certain nodal lines.
These are given by the symmetry operations shown in Table II. In the (k1, k2/k4) and (k3, k2/k4) subspaces, we observe a deformed d-wave-
like altermagnetic pattern with spin flavors switching between the two nodal lines. In (k1, k3) and (k2, k4), the spectrum takes the shape of
an anisotropic s wave, where we still retain two nodal lines but observe no spin switching between the degeneracies. In all plots, we set
t = t2 = J/2 = −μ/7.

Note that this splitting does not contain J . This is because
when we set t = 0, both sublattice blocks effectively decou-
ple. As a consequence, J cancels when taking the difference
between the eigenvalues of both blocks. The result represents
an even-wave splitting as expected. In Euclidean space, al-
termagnetic patterns can be classified by their symmetries in
spin and real space given by the notation [Ri||Rj], where Ri is a
transformation acting on spin space and Rj is a transformation
acting on real space. For example, a g-wave altermagnet is
defined by its eightfold rotational symmetry in real space
combined with a twofold spin rotation, yielding [C2||C8]. This

symmetry is also reflected in the electronic band structure,
where d-, g-, i-, and higher-order splittings may be observed.
These splittings are named after their resemblance to the angu-
lar structures of the corresponding atomic orbitals. Hence, the
type of altermagnetic symmetry present can also be classified
by examining the electron bands in momentum space.

Since the k space in our case is four dimensional, we in-
stead use generalized classifications of n-dimensional orbitals
[51]. We note that this classification is purely mathematical.

We expand the splitting in �k up to the lowest nonvanishing
order, yielding

�{8,4} = − t2
16

(k1 − k2 + k3 − k4)(k1 − k2 − k3 + k4)(k1 + k2 − k3 + k4)(k1 − k2 + k3 + k4) + O(k6). (4)

In this expansion, the zeroth order and the k2 polynomial
cancel exactly. We refer to the remaining order k4 polynomial
as P{8,4}. This expression does not satisfy �4P{8,4} =∑4

i=1
∂2

∂k2
i
P{8,4} = 0, and is therefore not a harmonic

polynomial. It can be decomposed into

P{8,4} = t2(Pg + |�k|2Pd ), (5)
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with Pd = 1
32 (−k2

1 + k2
2 − k2

3 + k2
4 ) being a superposition of

4D d-wave orbitals of order k2 and satisfying �4Pd = 0. Be-
cause they are multiplied with a radial scalar |�k|2, they still
appear at order k4. However, the radial component |�k|2 does
not add any new nodes, besides the trivial node at �k = 0. The
remainder is a g-wave orbital construction of order k4 that
satisfies �4Pg = 0. Both Pg and Pd can be constructed by 4D
d-wave and g-wave orbitals found in Ref. [51]. The system
therefore possesses g-wave and d-wave character. As both
parts scale linearly with t2, none of the two is predominant
over the other as long as t = 0. Once NN hopping is included,
the parameters J, t, μ, and the scale of the Fermi wave vector
kF , at which the splitting is examined, may lead to one of the
two orbital characters outweighing the other. We conjecture
that both d-wave and g-wave altermagnetism coexist on this
hyperbolic lattice. Just like in Euclidean space, we find spin-
degenerate subspaces in the, in our case, four-dimensional
momentum space. In certain subspaces, spin degeneracies are
enforced by the point-group elements of P(2, 4, 8) [37] that are
still valid after making the lattice bipartite. The point group
possesses 32 distinct elements and the matrices of the six
symmetry generators are listed in Appendix C 1. We search
the point group for operations that exchange the A-type and
B-type sublattices and yield tA(��k) ↔ tB(�k) at a spectral level,
where � is a momentum transformation constituted by the
generators of the symmetries combined with time reversal T .
We find the 16-element coset of the form E{8,4} = {P−iQ jck :
i ∈ {1, 3}, j ∈ {0, . . . , 3}, k ∈ {0, 1}}. These elements can be
thought of as the operations that map a Schwarz triangle
adjacent to an A atom to all 16 possible B-adjacent Schwarz
triangles, as seen in Fig. 3.

Just like in the Euclidean altermagnetic case, the
degeneracy-preserving symmetry operations contain rotations
around the unit-cell center. Here, they take the form P−1 and
P−3. The bond-center rotation R = P−1Q3 is also a valid sym-
metry, and so are the rotations PRP−1 = P−3Q3, P2RP−2 =
P−1Q, and P3RP−3 = P−3Q around the other bond centers.
In addition to the aforementioned rotations, we observe the
simple bond mirrors a = P−1c, PaP−1 = P−3Q2c, P2aP−2 =
P−1Q2c, and P3aP−3 = P−3c enforcing spin degeneracies.
These bond symmetries are usually broken in the Eu-
clidean altermagnets. The remaining four symmetries are
P−1Qc, P−1Q3c, P−3Qc, and P−3Q3c. Going back to Fig. 4, it
is possible to identify the symmetries that yield certain nodal
lines. This is shown in Table II.

We find that the nodal lines in the (k1, k3) and (k2, k4)
subspaces are not enforced by an underlying symmetry, but
instead are due to these specific choices of cuts and thus
accidental nodal lines.

For higher-genus lattices of this family, we also expect
spin splitting to be present, since the inversion operation
P = P2g never exchanges atom types for any member of
the family. Therefore, there exists no symmetry that leaves
the real-space lattice invariant in combination with T and
enforces spec(HA(�k, σ )) = spec(HB(�k,−σ )) at arbitrary �k.
Hence, spin splitting is allowed, except in the degenerate
subspaces enforced by the surviving point groups. Accidental
degeneracies that leave the spectrum without spin splitting,
however, cannot be ruled out. We have explicitly tested

TABLE II. List of symmetry operations for the {8, 4} and {4, 8}
lattices that produce nodal lines in Figs. 4 and 6. Visual interpreta-
tions of these elements can be seen in Figs. 3 and 5.

Subspace Nodal line �{8,4} �{4,8}

(k1, k2) k1 = k2 P−3Q2c, P−3Q
(k1, k2) k1 = −k2 P−3c
(k1, k2) k1 = 0 P−1Q7, P−1Q4c

(k1, k3) k1 = k3 P−1Q5, P−1Q4c
(k1, k3) k1 = −k3 P−1c, P−1Q7

(k1, k4) k1 = k4 P−1Q2c
(k1, k4) k1 = −k4 P−1c, P−1Q
(k1, k4) k1 = 0 P−1c, P−1Q5

(k2, k3) k2 = k3 P−1Q3, P−1Q2c
(k2, k3) k2 = −k3 P−1c
(k2, k3) k3 = 0 P−1Q7, P−1Q4c

(k2, k4) k2 = 0 P−1c, P−1Q5

(k2, k4) k4 = 0 P−1Q7, P−1Q4c

(k3, k4) k3 = k4 P−3Q3, P−3c
(k3, k4) k3 = −k4 P−3Q2c
(k3, k4) k3 = 0 P−1c, P−1Q5

this for the {12, 4} lattice of genus g = 3 (not included in
this work) and could again identify spin splitting with cer-
tain degeneracies being protected by the symmetries of the
P(2, 4, 12) point group.

B. The {4, 8} exceptional lattice

We repeat the same process as for the {8, 4} lattice with
the {4, 8} exceptional lattice shown in Fig. 5 and its lattice
Hamiltonian included in Appendix C 2. Plots of the six simple
2D Fermi surface cuts are depicted in Fig. 6.

In the (k1, k2/k4) and (k3, k2/k4) subspaces, we only ob-
serve a single degenerate nodal line that does not flip spins
when crossed. More interesting in this case are the (k1, k3) and
(k2, k4) subspaces. Here, the spectra represent nondeformed
d-wave altermagnetic patterns exactly. We specifically find a
dx2−y2 -like pattern in the (k1, k3) subspace and a dxy-like pat-
tern in the (k2, k4) subspace. The full energy splitting between
the lowest spin-up and spin-down electron bands takes the
form

�{4,8} = 2t2(C1+C23̄4 + C12̄+C14 − C3 − C412̄ − C34̄−C23̄ ),

(6)

where we use the Ci jk... = cos(ki + k j + kk + · · · ) notation.
For this splitting, we again use 4D atomic orbitals for clas-
sification instead of only relying on the central rotational
symmetry. Expanding in k yields

�{4,8} = −2t2
(
k2

1 − k2
3 + 2k2k4

) + O(k4). (7)

Here, only the zeroth order cancels and we refer to the non-
vanishing polynomial of order k2 as P{4,8}. In contrast to the
{8, 4} lattice, P{4,8} satisfies �4P{4,8} = 0 by itself and needs
no orbital decomposition. It is therefore a pure 4D d wave, and
we find that P{4,8} can be constructed by 4D d-wave orbitals
found in Ref. [51]. Thus, the {4, 8} lattice is an example of
a hyperbolic d-wave altermagnet. Since we consider a lattice
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FIG. 5. (a) Bipartite exceptional {4, 8} lattice (black) with its Schwarz triangles (gray/white). This lattice contains two atoms in its primitive
unit cell (orange), each hosting a spin-up moment (red) and a spin-down moment (blue), respectively. γi are the generators of translation in the
shown directions and a, b, and c (red, green, and blue) depict the basic mirrors. The generators of rotation are labeled P, Q, and R. (b) The 16
degeneracy-enforcing symmetry operations E{4,8} = {P−1Q jck : j ∈ {0, . . . , 7}, k ∈ {0, 1}}, which map a Schwarz triangle adjacent to atom A
(blue) to all possible triangles adjacent to atom B (red).

FIG. 6. 2D constant energy Fermi surface cuts of the Abelian 4D momentum space of the {4, 8} hyperbolic lattice with spin-up bands
shown in red and spin-down bands colored blue. We observe spin splitting with degeneracies only enforced on certain nodal lines. These are
again given by the symmetry operations shown in Table II. In the (k1, k2/k4) and (k3, k2/k4) subspaces, we observe only a single line crossing
into the subspace. In between, the spin flavor does not switch. In (k1, k3) and (k2, k4), the spectrum takes the exact shape of a dx2−y2 and dxy

altermagnet known from Euclidean space with four nodal lines and spins switching between them. In all plots, we set t = t2 = J/2 = −μ/7.
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model, there are also higher-order terms that represent sub-
dominant g, i, . . . -wave spin splittings.

This lattice does not fit into any of the infinite families
listed in Table I, but it does have the same point group as the
{8, 4} lattice. This is because the {8, 4} lattice is the dual lattice
of the {4, 8} lattice. The only necessary step is to transform
the elements into our chosen representation. The matrices of
the symmetry generators are listed in Appendix C 2. Simi-
larly as before, the 32 symmetry elements get reduced to 16
of the form E{4,8} = {P−1Q jck : j ∈ {0, . . . , 7}, k ∈ {0, 1}}.
These operations are again maps between the Schwarz trian-
gles of both sublattices seen in Fig. 5. Crucially, this lattice
also has no inversion elements P , which exchanges both sub-
lattices and thus enforces spin degeneracy across the full BZ
through PT symmetry. Examples of degeneracy-enforcing
symmetries are the bond mirrors a = P−1c and P−1aP =
P−1Q4c, the rotation around the unit-cell center P−1, and the
bond rotations R = P−1Q7 and P−1RP = P−1Q5. We identify
the symmetry elements that enforce nodal lines in Fig. 6 and
list them in Table II. In this case, the origins of all nodal
lines seen in the Fermi surface cuts can be explained by the
symmetries in E{4,8}.

V. OUTLOOK ON NON-ABELIAN EIGENSTATES

The results presented above are obtained within a
primitive-cell Abelian hyperbolic band theory, in which
the translation generators are represented by commuting
phase factors. This sector is sufficient to establish alter-
magnetic behavior whenever spin splitting is present. The
full hyperbolic translation group is, however, non-Abelian.
Higher-dimensional representation sectors of the primitive
translation group can be accessed by applying Abelian hyper-
bolic band theory to larger supercells [45]. In this section, we
use this construction as a preliminary numerical outlook rather
than a complete, non-Abelian symmetry analysis.

We focus on the {10, 5} lattice, whose Abelian spectrum
is spin degenerate according to the symmetry argument dis-
cussed in Sec. III. Starting from its primitive genus-2 cell,
we construct the higher-genus supercells of genus 6 and 26
using GAP [52], HyperCells [53], and HyperBloch [54]. The
primitive cell contains two sites, while the genus-6 and genus-
26 supercells contain 10 and 50 sites, respectively. In all three
cases, the lattice remains bipartite and contains equal numbers
of spin-up and spin-down sites.

For each cell, we calculate

DRMS =
√√√√ 1

NkN

Nk∑
a=1

N∑
n=1

[E↑,n(�ka) − E↓,n(�ka)]2 (8)

as the root-mean-square splitting, where Nk and N denote the
number of sampled k points and bands, respectively. Addi-
tionally, we define

Dmax = max
a,n

|E↑,n(�ka) − E↓,n(�ka)| (9)

as the maximum splitting observed in the sampled set of k-
space points.

TABLE III. Numerical spin-splitting analysis for the primitive
cell and two supercells of the {10, 5} lattice. We use t = t2 = 1 =
J/2. As a reference, setting J = 0 or t2 = 0 yields a numerical
precision floor of DRMS = 10−15.

Genus Sites/cell Dmax DRMS

2 2 1.42×10−14 2.45×10−15

6 10 3.00 6.05×10−1

26 50 0.88 1.63×10−1

For each cell, we sample 4×103 momentum points
throughout the corresponding 2g-dimensional Brillouin zone.
The results are shown in Table III.

As expected, the genus-2 spectrum remains spin degen-
erate to numerical precision. This confirms our symmetry
argument in Sec. III for the {10, 5} lattice. In contrast, both
higher-genus supercells exhibit a non-negligible spin splitting
at the sampled momenta.

This result does not invalidate the primitive-cell PT ar-
gument. That argument is formulated within the Abelian
representations of the primitive translation group and enforces
degeneracy of the two spin flavors at Abelian momenta. An
Abelian representation of the supercell translation group gen-
erally corresponds to a higher-dimensional representation of
the primitive translation group. In this framework, PT may
not map an arbitrary supercell momentum back to itself.
Consequently, spin degeneracy at the same momentum is not
automatically enforced.

For comparison, we also examine the band structure of
the {8, 4}, {8, 3}, and {10, 3} lattices using supercells. The
corresponding genera and the number of sites of the supercell
are listed in Table IV.

Using the previously described momentum sampling, we
find the bands of the {8, 3} and {10, 3} to be degenerate,
just like in the Abelian sector. In the same vein, the {8, 4}
lattice exhibits spin splitting also when a larger unit cell is
considered, as expected.

Note that since a finite number of supercells accesses
only selected higher-dimensional representation sectors, these
numerical results should not be interpreted as a complete
classification of their non-Abelian spectra. The supercell cal-
culations therefore provide evidence that a spin-degenerate
Abelian spectrum does not necessarily imply spin degeneracy
in the non-Abelian sector. A full treatment would require an
analysis of the irreducible representations of the primitive
translation group and the action of the point-group symmetries
on them, similar to the analysis in the Abelian sector.

TABLE IV. Results for selected supercells of three additional
lattices. A checkmark denotes spin splitting, while a cross denotes
spin degeneracy to numerical precision in the tested supercell.

Lattice Genus Sites Splitting

{8, 4} 3 8 �
{8, 3} 5 64 ×
{10, 3} 5 40 ×
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VI. CONCLUSIONS

In this article, we extend the known Euclidean concept
of altermagnetism to the Abelian sector of hyperbolic band
theory. Unlike the Euclidean case, we identify altermagnets
in hyperbolic lattices without including any special orbital
ordering or lattice manipulations. Instead, we find altermag-
netism to be an inherent feature of certain hyperbolic lattices.
We give a brief introduction to hyperbolic crystallography
and Abelian band theory. We show that the inclusion of next-
nearest-neighbor hopping is sufficient to turn certain bipartite
hyperbolic lattices into altermagnets, while others remain an-
tiferromagnetic. We find no spin splitting in the {2(2g+1),
2g + 1} and {2(2g + 1), 3} families of lattices nor in the ex-
ceptional case {8, 3}. In the case of the aforementioned infinite
families, this can be explained by PT symmetry enforcing
spin degeneracy within the Abelian sector.

In contrast, we find that the infinite family {4g, 4} and the
exceptional case {4, 8} lack this symmetry entirely, allowing
for spin-split electronic band structures. In both cases, we
examine the elements of the point groups in the Abelian
framework that lead to spin degeneracies in certain momen-
tum subspaces and find a coset of 16 elements. We utilize
2D Fermi surface cuts of constant energies in order to vi-
sualize the 4D momentum space for the g = 2 cases. Using
the degeneracy-enforcing elements of the point groups, we
predict the emergence of nodal lines in these slices. In the
{4, 8} lattice, we find that the spin splitting combined with the
nodal lines yields altermagnetic dx2−y2 - and dxy-like spectra
known from Euclidean space. Using higher-dimensional clas-
sifications of atomic orbitals, we argue that the {8, 4} lattice
possesses both d-wave and g-wave character at lowest order
in k, while the {4, 8} lattice represents a d-wave hyperbolic
altermagnet.

In the selected higher-genus supercells relevant to non-
Abelian hyperbolic band theory, the {10, 5} lattice exhibits
a spin-split spectrum. No splitting was found for the tested
{8, 3} and {10, 3} supercells, while the tested {8, 4} supercell
remains spin split.

Our findings provide a basis for future studies of phenom-
ena related to altermagnetism in non-Euclidean geometries,
for instance, magnonic properties. They could be experi-
mentally realized by extending existing hyperbolic electrical
or photonic lattices [38–40] to include a two-level system
on each site, realizing the necessary pseudospin degree of
freedom. In this context, magnetic metamaterials offer a com-
plementary design principle for constructing these artificial
magnetic properties [55,56].
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APPENDIX A: DEGENERACY FROM
NEAREST-NEIGHBOR HOPPING

Consider a bipartite lattice with 2n atoms per unit cell
and NN hopping only. Then, the lattice Hamiltonian can be
decomposed into two spin blocks of the form

H =
∑
�k,σ

�c†
�kσ

Hσ (�k)�c�kσ
, (A1)

where the basis is ordered by sublattice, first A and then B so
that �c�kσ

= (c�kσ,A,1, . . . c�kσ,A,n, c�kσ,B,1, . . . c�kσ,B,n)T and

Hσ (�k) =
(−Jσ 1n t (�k)

t (�k)† Jσ 1n

)
. (A2)

Here, t (�k) denotes the hopping matrix between the two dif-
ferent atom types. Since NN hopping only acts between
sublattices A and B, the hopping terms are entirely confined to
the off-diagonal blocks of the spin blocks. Note that, because
of this construction, squaring a single spin block yields

H2
σ (�k) =

(
(Jσ )2 1n + t (�k)t (�k)† 0

0 (Jσ )2 1n + t (�k)†t (�k)

)
.

(A3)

One can consequently prove spin degeneracy across the entire
BZ by taking the square root of the eigenvalues of H2

σ (�k),

Eσ,m,±(�k) = ±
√

J2σ 2 + λm(�k), (A4)

where λm(�k) are the eigenvalues of t (�k)t (�k)†. Since σ 2 = 1,
we observe no spin dependence of the eigenvalues if only NN
hopping is taken into account.

APPENDIX B: ABELIAN HYPERBOLIC
ANTIFERROMAGNETS

In this article, we denote the hopping terms with a
phase as Ei jk··· = eiki+ik j+ikk+··· and use Eī = e−iki [37]. In the
cases where hoppings simplify into cosines, we use Ci jk··· =
cos(ki + k j + kk + · · · ) and Cī = cos(−ki ). Note that we only
examine NNN hopping for simplicity.

1. {10, 5} lattice

For the {10, 5} lattice shown in Fig. 2(b), we derive

H{10,5},σ (�k) =
(−Jσ + tA(�k) 0

0 Jσ + tB(�k)

)
, (B1)

with

tA(�k) = tB(�k) = 2t2(C21̄ + C12̄3 + C23̄4 + C23 + C34̄ ). (B2)

The hopping terms are exactly the same for the two sublat-
tices. It is thus trivial to show that H{10,5} is invariant under
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PT . Using the matrix form of the P operation

M{10,5}
P =

⎛
⎜⎜⎝

1 −1 1 −1
1 0 0 0
0 1 0 0
0 0 1 0

⎞
⎟⎟⎠, (B3)

we find P5 = −1 to show that PT = P5T as expected.

2. {10, 3} lattice

For the {10, 3} lattice shown in Fig. 2(c), we obtain

H{10,3},σ (�k) =
(−Jσ 15 + tA(�k) 0

0 Jσ 15 + tB(�k)

)
, (B4)

with

tA(�k) = tB(�k)∗ = t2

⎛
⎜⎜⎜⎜⎝

0 1 E1 + E5̄ E1 + E2 1
1 0 1 E3 + E2 E3 + E4

E1̄ + E5 1 0 1 E5 + E4

E1̄ + E2̄ E3̄ + E2̄ 1 0 1
1 E3̄ + E4̄ E5̄ + E4̄ 1 0

⎞
⎟⎟⎟⎟⎠. (B5)

We once again trivially find H{10,3}(�k, σ ) = H{10,3}(�k,−σ ) us-
ing PT = P5T , where P is the same as for the {10, 5} lattice.

3. {8, 3} lattice

For the exceptional {8, 3} lattice shown in Fig. 2(a), the
tight-binding Hamiltonian takes the form

H{8,3},σ (�k) =
(−Jσ 18 + tA(�k) 0

0 Jσ 18 + tB(�k)

)
, (B6)

with

tA(�k) = t2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 1 1 1 E4̄ E1

1 0 1 0 E3 1 1 E2

0 1 0 1 E4 E1̄ 1 1
1 0 1 0 1 E2̄ E3̄ 1
1 E3̄ E4̄ 1 0 E4̄1̄ 0 E3̄2
1 1 E1 E2 E41 0 E3̄2 0

E4 1 1 E3 0 E32̄ 0 E41

E1̄ E2̄ 1 1 E32̄ 0 E4̄1̄ 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(B7)

and

tB(�k) = t2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 1 1 1 E1 E2

1 0 1 0 E4 1 1 E3

0 1 0 1 E1̄ E2̄ 1 1
1 0 1 0 1 E3̄ E4̄ 1
1 E4̄ E1 1 0 E12̄ 0 E4̄3
1 1 E2 E3 E1̄2 0 E34̄ 0

E1̄ 1 1 E4 0 E3̄4 0 E1̄2
E2̄ E3̄ 1 1 E43̄ 0 E12̄ 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(B8)

APPENDIX C: HYPERBOLIC ALTERMAGNETS

In this Appendix, we list the full Hamiltonians including
NN hopping, together with the generators of the symmetries

of the point groups of the g = 2 lattices in the main text, which
we find to be altermagnetic.

1. {8, 4} lattice

The full Hamiltonian of the {8, 4} lattice shown in Fig. 3 as
the g = 2 example for the {4g, 4} family of lattices is given by

H{8,4},σ (�k) =
(−Jσ 12 + tNNN,A(�k) tNN(�k)

tNN(�k)† Jσ 12 + tNNN,B(�k)

)
,

(C1)

with

tNN(�k) = −t

(
1 + E12̄ E1 + E4̄
1 + E32̄ 1 + E34̄

)
(C2)

and

tNNN,A/B(�k) = −t2

(
0 tA/B(�k)

tA/B(�k)† 0

)
, (C3)

FIG. 7. Example of a hyperbolic 4D band structure using the
{8, 4} lattice and Abelian hyperbolic band theory. Red/blue bands
denote spin-up/spin-down bands, respectively. In this plot, we enable
both NN and NNN hopping with parameters set to t = J = 2t2.
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where

tA(�k) = 1 + E3̄ + E1 + E13̄ + E23̄ + E143̄ + E12̄ + E4̄, (C4)

tB(�k) = 1 + E4̄ + E2 + E24̄ + E34̄ + E21̄4̄ + E23̄ + E1. (C5)

An example of the resulting band structure is shown in Fig. 7. Below, we list the matrices of the generators of the symmetries of
the {8, 4} lattice shown in Fig. 3. They are

M{8,4}
a =

⎛
⎜⎜⎝

0 0 0 −1
0 0 −1 0
0 −1 0 0

−1 0 0 0

⎞
⎟⎟⎠, M{8,4}

b =

⎛
⎜⎜⎝

0 1 −1 1
1 0 −1 1
1 −1 0 1
1 −1 1 0

⎞
⎟⎟⎠, M{8,4}

c =

⎛
⎜⎜⎝

1 0 0 0
0 0 0 −1
0 0 −1 0
0 −1 0 0

⎞
⎟⎟⎠,

M{8,4}
P =

⎛
⎜⎜⎝

0 0 0 −1
1 0 0 0
0 1 0 0
0 0 1 0

⎞
⎟⎟⎠, M{8,4}

Q =

⎛
⎜⎜⎝

0 −1 1 −1
1 −1 1 0
1 −1 0 1
1 0 −1 1

⎞
⎟⎟⎠, M{8,4}

R =

⎛
⎜⎜⎝

−1 1 −1 0
−1 1 0 −1
−1 0 1 −1
0 −1 1 −1

⎞
⎟⎟⎠. (C6)

2. {4, 8} lattice

In this Appendix, we present the Hamiltonian of the excep-
tional {4, 8} lattice including NN hopping:

H{4,8},σ (�k) = μσ0 − Jσσz + tNN(�k) + tNNN(�k), (C7)

with

tNN(�k) = −t

(
0 tA→B(�k)

tA→B(�k)† 0

)
(C8)

and

tNNN(�k) = −t2

(
tA→A(�k) 0

0 tB→B(�k)

)
, (C9)

where

tA→B(�k) = 1 + E1̄ + E4 + E23̄ + E13̄ + E3 + E143̄ + E12̄,

(C10)

tA→A(�k) = 2(C1 + C23̄4 + C21̄ + C14), (C11)

tB→B(�k) = 2(C3 + C412̄ + C43̄ + C32̄ ). (C12)

The matrices of the generators of the symmetries of the
{4, 8} lattice are

M{4,8}
a =

⎛
⎜⎜⎝

0 0 −1 0
0 −1 0 0

−1 0 0 0
0 0 0 1

⎞
⎟⎟⎠, M{4,8}

b =

⎛
⎜⎜⎝

1 0 0 1
1 −1 1 0
0 0 1 −1
0 0 0 −1

⎞
⎟⎟⎠, M{4,8}

c =

⎛
⎜⎜⎝

1 0 0 0
0 0 0 −1
0 0 −1 0
0 −1 0 0

⎞
⎟⎟⎠,

M{4,8}
P =

⎛
⎜⎜⎝

0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

⎞
⎟⎟⎠, M{4,8}

Q =

⎛
⎜⎜⎝

1 −1 0 0
1 0 −1 1
0 1 −1 0
0 1 0 0

⎞
⎟⎟⎠, M{4,8}

R =

⎛
⎜⎜⎝

0 0 −1 1
−1 1 −1 0
−1 0 0 −1
0 0 0 −1

⎞
⎟⎟⎠. (C13)
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