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High-rate qutrit entanglement swapping with photon-number basis
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Entanglement generation between distant nodes is a fundamental process in distributed quantum information
processing. Qudits, high-dimensional quantum states, are promising candidates for enhancing entanglement
distribution capabilities. However, the success probability of qudit entanglement distribution using Bell mea-
surements is typically lower than that of conventional qubit-based protocols. In this paper, we propose an
entanglement swapping protocol specifically designed for qutrits (three-dimensional quantum states). Our
protocol employs photon-number encoding combined with an additional mode basis, such as polarization,
effectively increasing the success probability. We show that the proposed qutrit protocol can achieve higher
entanglement generation rates compared to conventional two-photon detection-based qubit protocols, especially
under conditions of limited photon generation probability. Furthermore, we evaluate our protocol under realistic
experimental imperfections, including photon loss and threshold detection, and show that it achieves high fidelity
with probabilistic photon sources.
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I. INTRODUCTION

Remote entanglement generation plays a central role in dis-
tributed quantum information processing, including quantum
cryptography [1,2], distributed quantum computing [3–5], and
distributed quantum sensing [6–8].

Entanglement distribution of qubits has been demonstrated
in various physical platforms, including photons [9,10], color
centers [11], solid-state quantum memories [12], neutral
atoms [13–15], ions [16,17], and atomic ensembles [18]. In
these experiments, entanglement swapping is employed as a
key protocol for distributing entanglement. Figure 1 shows
two typical entanglement swapping protocols. In both proto-
cols, photons entangled with atoms are sent and measured at
a central node, where a Bell measurement is performed. As
a result, the atom-photon entanglement is swapped into the
atom-atom entanglement. Figure 1(a) shows a protocol that
encodes photonic qubits into vacuum and single-photon states
(type-I protocol) [10,12,19], while Fig. 1(b) shows a protocol
that encodes photonic qubits into polarizations (type-II proto-
col) [9,13–17,20]. Under ideal conditions (lossless channels
and deterministic photon sources), the success probability of
swapping is 1/2. Considering realistic experimental condi-
tions, including photon generation probability p and channel
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transmittivity η, the success probabilities become ηp/2 for the
type-I protocol and η2 p2/2 for the type-II protocol, reflecting
differences in the required number of detected photons [21].

Light has higher number of degrees of freedom (DOFs)
beyond two dimensions, such as path [22–24], time bin
[25,26], photon number [27], and orbital angular momentum
[28,29], which can be treated as qudits, high-dimensional
quantum systems. Photonic qudits have the potential to en-
hance the capabilities of quantum communication [30,31].
Unfortunately, however, qudit-based Bell measurements can-
not be performed solely with linear optics and single-photon
detectors [32]. Therefore, nonlinear processes or additional
resources must be introduced, such as auxiliary single photons
[23,24,33–40], squeezing [41], or nonlinear crystals [42,43].
Protocols employing auxiliary photons generally require at
least d − 2 photons for d-dimensional qudits.

While various high-dimensional Bell measurements have
been proposed, protocols using auxiliary photons suffer from
a quadratic decrease of the success probability as the di-
mension increases, which scales as O(1/d2). Furthermore,
accounting for channel transmittivity and photon generation
probability, similar to qubit-based Bell measurements, the
success probability decreases exponentially with the scal-
ing of O(ηp)d/d2. In Ref. [38], numerical simulation of
three- and four-dimensional entanglement swapping with
two-mode squeezed states demonstrated that qudit-based
entanglement swapping is advantageous only under specific
noise conditions.

In this paper, we propose a high-rate qutrit-based en-
tanglement swapping protocol that surpasses conventional
two-photon detection-based qubit protocol. Our protocol en-
codes qutrits into photon-number states combined with an
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FIG. 1. Two types of entanglement swapping protocols.
(a) Single-photon protocol (type I): The photonic qubit is encoded in
the vacuum and single-photon states. (b) Two-photon protocol (type
II): The photonic qubit is encoded in polarization states.

additional mode basis, such as polarization, time bin, or
path. This encoding reduces the number of detected photons,
thereby improving the rate of entanglement swapping. We
quantify and compare the entanglement generation rate of
our protocol to that of type-II protocol [21] using product
of entanglement entropy and success probability. We show
that our protocol outperforms the type-II protocol, particu-
larly when the photon generation probability is below 0.7.
The regime aligns with the typical operational conditions of
probabilistic photon sources, such as spontaneous parametric
down-conversion (SPDC) and atomic systems (including arti-
ficial atoms and ions).

II. ENTANGLEMENT SWAPPING PROTOCOL

In this section, we describe our qutrit entanglement swap-
ping protocol. In Sec. II A, we present specific examples of
photon sources. In Sec. II B, we explain the details of our
protocol using qutrits encoded into photon-number and polar-
ization basis. In Sec. II C, we analyze the protocol considering
practical imperfections, such as photon loss and threshold
detection. Finally, in Sec. II D, we generalize our Bell mea-
surement scheme to arbitrary photonic modes, including path
and time bin.

A. Qutrit entanglement preparation in network nodes

Figure 2(a) illustrates an example setup of our protocol.
In quantum network nodes, Alice and Bob prepare nonmaxi-
mally entangled qutrit states:

|�〉μ =
√

1 − p|0̄0〉 +
√

p

2
(|1̄H〉 + |2̄V 〉), (1)

where the subscripts μ = A, B on the left-hand side de-
note Alice or Bob, p is the photon generation probability,
|k̄〉 (k̄ = 0̄, 1̄, 2̄) represents qutrit states in the Alice or Bob
side systems, and |0〉, |H〉, and |V 〉 are the vacuum, horizontal
polarization, and vertical polarization states of the photonic
qutrit, respectively.

Figures 2(b) and 2(c) show two possible implementations
of the entanglement described in Eq. (1). The first example,
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FIG. 2. Schematic of the qutrit entanglement swapping protocol.
(a) Bell measurement setup. BS: beam splitter; PBS: polarization
beam splitter; HWP: half-wave plate; SPD: single-photon detector.
(b) Atom-photon qutrit entanglement generated at network nodes
using a four-level atom. (c) Photonic qutrit entanglement generated
at network nodes using a Sagnac-type SPDC source.

shown in Fig. 2(b), is atom-photon entanglement. Here, the
qutrit is encoded in the internal states of four-level atoms,
consisting of a ground state |g〉, an excited state |e〉, and two
different spin states |↑〉, |↓〉. Qutrit is encoded in |g〉, |↑〉, and
|↓〉. The transitions |e〉 ↔ |↑〉 and |e〉 ↔ |↓〉 are coupled to
polarized single-photon |H〉 and |V 〉, respectively. The atom,
initially prepared in the ground state |g〉, is pumped to the
excited state |e〉 by the strong field and subsequently decays
to |↑〉, |↓〉 along with polarized single-photon emission. This
process generates the following qutrit entanglement:

|�〉ap =
√

1 − p|g0〉 +
√

p

2
(|↑ H〉 + |↓ V 〉), (2)

where p is the probability of emitting each polarized sin-
gle photon. Note that, upon postselecting a photoemission
event, the resulting state becomes a spin-polarization entan-
glement, (|↑ H〉 + |↓ V 〉)/

√
2, which is used for the standard

two-photon entanglement swapping [17]. Thus, the atomic
system considered here has already been employed in various
experiments.

The second example is spontaneous parametric down-
conversion in Fig. 2(c). SPDC with a type-II nonlinear crystal
generates a two-mode squeezed vacuum (TMSV) state with
different polarization modes:

|TMSV〉 =
√

1 − λ2
∞∑

n=0

λn|nn〉HV , (3)

where λ = tanh r, r is a squeezing parameter, and |n〉 repre-
sents an n-photon state. As shown in Fig. 2(c), when a crystal
is in a Sagnac interferometer, two TMSV states generated
from each side of the crystal are interfered at the polarization
beam splitter. Under the condition λ � 1, the Fock states with
n � 2 can be negligible, and the output state from the Sagnac
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interferometer is approximated as

|�〉1,2 ≈
√

1 − λ2(|0〉|0〉 + λ(|H〉|V 〉 + |V 〉|H〉)), (4)

where |H〉 and |V 〉 are polarization states of single pho-
tons, and the subscripts 1 and 2 denote the output modes
of the Sagnac interferometer. Again, |�〉1,2 is a polarization-
entangled state if a photoemission event is postselected. Thus,
the setup of the photon source has already been employed in
polarization entanglement generation [44].

B. Photonic Bell measurement for qutrit

In this section, we describe a photonic Bell measurement
for qutrits. As explained above, each node emits a photonic
qutrit encoded into the vacuum state |0〉 and the polarization
states |H〉, |V 〉. To perform a Bell measurement with this en-
coding, two essential operations must be realized: (1) erasing
the “which-node” information of detected single photons and
(2) projecting onto the superposed states of |0〉, |H〉, and |V 〉,
which requires providing additional energy to compensate
for the energy gap between the vacuum and single-photon
states. We design the Bell measurement, as shown in Fig. 2(a),
to fulfill these demands. The BS1 achieves condition (1),
while auxiliary photons and other optics realize condition (2).
Since the Bell measurement requires the projection onto the
superposition of vacuum and biphoton states, the auxiliary
photon states reflect the structure to compensate the energy
gap between these states. The state of the auxiliary photon is

|aux〉 =
√

1 − α2|00〉 + α|HV 〉. (5)

This auxiliary state can be generated with SPDC for small α as
in Eq. (3) and atomic systems for arbitrary α [45] with mode
conversion.

In the following, we briefly describe our entanglement
swapping protocol. For now, we assume ideal conditions,
i.e., no photon loss and photon-number-resolving detection
(PNRD). Noisy scenarios will be considered in Sec. II C. The
initial state can be expressed as

|�ini〉 = |�〉A|�〉B|aux〉, (6)

where |�〉A and |�〉B are defined in Eq. (1).
The initial state is transformed through beam splitters, po-

larization beam splitters, and half-wave plates. First, a beam
splitter unitary transforms creation and annihilation operators
as follows: [

aμi′

aμ j′

]
= 1√

2

[
1 1
1 −1

][
aμi

aμ j

]
, (7)

where the subscript μ indicates polarization H or V , and the
subscripts i, j, i′, j′ ∈ {1, 2, 3, 4} denote the path modes in
Fig. 2(a). Second, at the polarization beam splitters, vertically
polarized photons pass through, while horizontally polarized
photons are reflected. Thus, the unitary matrix transforms the
creation and annihilation operators as follows:⎡

⎢⎢⎣
aHi′

aH j′

aVi′

aV j′

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

aHi

aH j

aVi

aV j

⎤
⎥⎥⎦. (8)

Finally, the half-wave plates rotate polarizations as follows:[
aHi′

aVi′

]
= 1√

2

[
1 1
1 −1

][
aHi

aVi

]
. (9)

By combining these transformations, we obtain the overall
input-output transformation matrix for annihilation operators
aμi (input) and bμi′ (output) with μ = H,V and i = 1, 2, 3, 4.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

bH1′

bH2′

bH3′

bH4′

bV 1′

bV 2′

bV 3′

bV 4′

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 1

2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 1 1 1 0 0
1 1 0 0 0 0 1 1
0 0 1 −1 1 −1 0 0
1 −1 0 0 0 0 1 −1
0 0 1 1 −1 −1 0 0
1 1 0 0 0 0 −1 −1
0 0 1 −1 −1 1 0 0
1 −1 0 0 0 0 −1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

aH1

aH2

aH3

aH4

aV 1

aV 2

aV 3

aV 4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (10)

After these transformations, photons are detected by the
single-photon detectors. For example, we consider a scenario
in which single photons are detected at H1′ and H2′, and
vacuum states are detected at the rest of the detectors. The
resulting heralded atomic entangled state is

|�〉H1′H2′ = (1 − p)α

4
√

Ps
|0̄0̄〉 + p

√
1 − α2

8
√

Ps
(|1̄2̄〉 + |2̄1̄〉),

(11)

where Ps is the success probability for generating entan-
glement. To maximize the fidelity between this state and
maximally entangled qutrit state, which is defined as

|Bell〉 = (|0̄0̄〉 + |1̄2̄〉 + |2̄1̄〉)/
√

3, (12)

the coefficients in Eq. (11) should be equal, yielding the rela-
tionship between parameters α and p:

α = p√
5p2 − 8p + 4

. (13)

Substituting this relationship into Eq. (11) results in the
maximally entangled qutrit state |Bell〉 with the success
probability:

Ps,H1′H2′ = 3

16

p2(1 − p)2

5p2 − 8p + 4
. (14)

There are additional detection patterns heralding entangle-
ment generation. These patterns and corresponding entangled
states are summarized in Table I. Consequently, the total
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TABLE I. Detection patterns of single photons and heralded
entangled states.

Detection patterns Heralded entanglement

(H1′, H2′) (|0̄0̄〉 + |1̄2̄〉 + |2̄1̄〉)/
√

3

(H1′,V 2′) (−|0̄0̄〉 + |1̄2̄〉 + |2̄1̄〉)/
√

3

(V 1′, H2′) (−|0̄0̄〉 + |1̄2̄〉 + |2̄1̄〉)/
√

3

(V 1′,V 2′) (|0̄0̄〉 + |1̄2̄〉 + |2̄1̄〉)/
√

3

(H1′, H4′) (|0̄0̄〉 + |1̄2̄〉 − |2̄1̄〉)/
√

3

(H1′,V 4′) (|0̄0̄〉 − |1̄2̄〉 + |2̄1̄〉)/
√

3

(V 1′, H4′) (|0̄0̄〉 − |1̄2̄〉 + |2̄1̄〉)/
√

3

(V 1′,V 4′) (|0̄0̄〉 + |1̄2̄〉 − |2̄1̄〉)/
√

3

(H3′, H2′) (|0̄0̄〉 − |1̄2̄〉 + |2̄1̄〉)/
√

3

(H3′,V 2′) (|0̄0̄〉 + |1̄2̄〉 − |2̄1̄〉)/
√

3

(V 3′, H2′) (|0̄0̄〉 + |1̄2̄〉 − |2̄1̄〉)/
√

3

(V 3′,V 2′) (|0̄0̄〉 − |1̄2̄〉 + |2̄1̄〉)/
√

3

(H3′, H4′) (−|0̄0̄〉 + |1̄2̄〉 + |2̄1̄〉)/
√

3

(H3′,V 4′) (|0̄0̄〉 + |1̄2̄〉 + |2̄1̄〉)/
√

3

(V 3′, H4′) (|0̄0̄〉 + |1̄2̄〉 + |2̄1̄〉)/
√

3

(V 3′,V 4′) (−|0̄0̄〉 + |1̄2̄〉 + |2̄1̄〉)/
√

3

success probability is

Ps = 3p2(1 − p)2

5p2 − 8p + 4
. (15)

In summary, we realize a photonic Bell measurement
for qutrits encoded in polarization and photon-number basis
with linear optics, the auxiliary photon, and photon-number-
resolving detectors.

C. Effects of loss and threshold detection

In this section, we analyze the effects of photon loss and
threshold detection that only distinguishes zero and more than
one photon. When all photons to be measured pass through
channels with transmittivity η, the initial state in Eq. (6) is
replaced by the following density matrix:

ρ loss
in = ρ loss

A ⊗ ρ loss
B ⊗ ρ loss

aux , (16)

where the states from Alice and Bob are given by

ρμ = |� (0)〉〈� (0)|μ + ρ (1)
μ , (17)

|� (0)〉μ =
√

1 − p|0̄0〉 +
√

ηp

2
(|1̄H〉 + |2̄V 〉), (18)

ρ (1)
μ = p

2
(1 − η)(|1̄〉〈1̄| + |2̄〉〈2̄|) ⊗ |0〉〈0|, (19)

with μ = A, B. The state of the auxiliary photons becomes

ρ loss
aux = |aux(0)〉〈aux(0)| + ρ (1)

aux, (20)

|aux(0)〉 =
√

1 − |α|2|00〉 + αη|HV 〉, (21)

ρ (1)
aux = |α|2

√
η(1 − η)(|H0〉〈H0| + |0V 〉〈0V |)

+ |α|2(1 − η)2|00〉〈00|. (22)

Alice

Bob 

1

2

3

4
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7

8

Aux.

1′
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4′

5′

6′

7′
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FIG. 3. Implementation of the qutrit Bell measurement us-
ing path-mode encoding. The circuit performs a four-dimensional
Hadamard transformation on each mode group, enabling projection
onto the qutrit Bell basis.

The threshold detectors perform the following measure-
ment operators:

M̂0 = |0〉〈0|, (23)

M̂1 = 1 − |0〉〈0|, (24)

where 1 is the identity operator.
We consider the same entanglement swapping calculation

in Sec. II B, but replace the initial state with ρ loss
ini and the

measurements with M̂0 and M̂1. Using these measurement
operators, we define measurement operators corresponding
to the measurement block enclosed by the dash-dotted lines
in Fig. 2(a). Let Mth denote the measurement operator for
threshold detector, while Mpnr is the measurement operator for
PNRD. For example, when the photons are detected in modes
H1′ and H2′, the unnormalized postmeasurement state under
threshold detection is

ρ th
out = TrM

[
M̂H1′H2′

th ρ loss
in

]
. (25)

Under PNRD, we replace M1 with |1〉〈1| and obtain

ρPNR
out = TrM

[
M̂H1′H2′

PNR ρ loss
in

]
, (26)

where the measurement operators MH1′H2′
th and MH1′H2′

PNR are
derived in Appendix A, and TrM denotes partial trace over
the measurement modes in Fig. 2(a). In the derivation of these
measurement operators, we used the description of path-mode
representation for simplicity, as shown in Fig. 3.
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The corresponding success probabilities are

Pth
s = 16Trρ th

out, (27)

PPNR
s = 16TrρPNR

out , (28)

and the fidelities with respect to the maximally entangled
qutrit state |Bell〉 are given by

Fth = (
Trρ th

out

)−1〈Bell|ρ th
out|Bell〉, (29)

FPNR = (
TrρPNR

out

)−1〈Bell|ρPNR
out |Bell〉. (30)

In the above derivation, we neglected imperfections of
the detectors registering the vacuum state, e.g., dark counts,
which may reduce both success probability and fidelity. Here
we assume the dark count rate is sufficiently lower than the
twofold coincidence rate. In fact, the twofold coincidence
count rate from the SPDC-based sources exceeds 1 MHz [46],
which is much higher than the reported dark count rate of only
a few hertz [47].

D. Generalization to arbitral modes

In the previous subsections, we described our protocol
with polarization as the mode basis. Here, we generalize our
Bell measurement scheme to arbitrary photonic modes, such
as path or time-bin degrees of freedom. By reordering the
input-output transformation matrix in Eq. (10), it is given by
the following block-diagonalized matrix U :

U =
[

H4 0
0 H4

]
, (31)

H4 =

⎡
⎢⎢⎣

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎤
⎥⎥⎦, (32)

where H4 is a four-dimensional Hadamard matrix. The corre-
sponding reordering of annihilation operators is

[aH1, aH2, aH3, aH4, aH5, aH6, aH7, aH8]T

→ [aH3, aH4, aV1, aV2, aH1, aH2, aV3, aV4]T , (33)

[bH1′ , bH2′ , bH3′ , bH4′ , bH5′ , bH6′ , bH7′ , bH8′ ]T

→ [bH1′ , bH3′ , bV1′ , bV3′ , bH2′ , bH4′ , bV2′ , bV4′ ]T . (34)

For notational simplicity, we relabel the subscripts in Eqs. (33)
and (34) as 1 through 8 in the following derivation, i.e.,
[a1, a2, . . . , a8]T and [b1′ , b2′ , . . . , b8′ ]T .

Figure 3 depicts the interferometer implementing Eq. (31),
composed of two independent four-input, four-output inter-
ferometers that realize the Hadamard transformation. In this
general framework, the entangled states prepared by Alice and
Bob are

|� ′〉A =
√

1 − p|0̄〉|0〉 +
√

p

2
(|1̄〉|1〉3 + |2̄〉|1〉5), (35)

|� ′〉B =
√

1 − p|0̄〉|0〉 +
√

p

2
(|1̄〉|1〉4 + |2̄〉|1〉6), (36)

|aux′〉 =
√

1 − |α|2|00〉 + αa†
1a†

7|1〉1|1〉7, (37)

where |k̄〉 (k̄ = 0̄, 1̄, 2̄) represents the memory qutrit states as
in Eq. (1), |0〉 is the vacuum state over all modes, and |1〉k is
a single-photon state in mode k with all other modes in the
vacuum state.

In this description, the photonic qutrit in Alice’s (Bob’s)
node is encoded into vacuum, |1〉3 (|1〉5), and |1〉4 (|1〉6),
i.e., in the path degree of freedom. To apply this to time-bin
encoding, we replace |1〉3 (|1〉5) and |1〉4 (|1〉6) with |early〉A(B)

and |late〉A(B), where |early〉 and |late〉 are the first and sec-
ond time bins. In this encoding, the interferometer is the
four-input, four-output Hadamard transformation Therefore,
the proposed protocol is directly applicable to a variety of
photonic mode encodings, including time bin and path, by
adapting the structure of interferometers to match the mode
basis.

III. RESULT

In this section, we evaluate the performance of our qutrit
entanglement swapping protocol. We compare it to the type-II
qubit-based entanglement swapping protocol under both ideal
and nonideal conditions. These two protocols are directly
comparable because both rely on the detection of two pho-
tons. We also evaluate the success probability and fidelity
of qutrit entanglement swapping protocol in the presence of
imperfections.

We first consider the entanglement generation rate in the
ideal case. As a measure of entanglement, we use the von
Neumann entanglement entropy [48] since the output state
is pure. For a pure state |�〉AB on bipartite system AB, its
entanglement entropy is defined as follows:

S(ρA) = −Tr[ρA log2(ρA)], (38)

where ρA = TrB[|ψ〉〈ψ |AB] is a reduced density matrix given
by taking partial trace for system B. Note that S(ρA) = S(ρB),
and the entanglement entropy reaches its maximum value
log2 d for maximally entangled states in d-dimensional sys-
tems. We define the entanglement generation rate as the
product S(ρA) × Ps, where Ps is the success probability of the
protocol.

Figure 4 shows the success probability Ps and the entan-
glement generation rate S(ρA) × Ps as functions of the photon
generation probability p. The blue solid line represents suc-
cess probability of the qutrit protocol, while the blue dashed
line shows the corresponding entanglement generation rate,
given by log2(3) × Ps. The orange solid line represents both
the success probability and the entanglement generation rate
of the type-II qubit protocol, which are equal to p2/2 since its
entanglement entropy is 1.

The maximum success probability of our protocol is

Ptot = 3

125

16 + 97 3
√

2 − 76 3
√

4

−2 + 3
√

2 + 2 3
√

2
≈ 0.173 (39)

when

p = 4 − 2 3
√

2 + 3
√

4

5
≈ 0.614. (40)

The entanglement generation rate is also maximized at
this photon generation probability. The crossover point
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FIG. 4. Success probability and entanglement generation rates
for photon generation probability without imperfections. Blue solid
line: Success probability of qutrit-based entanglement swapping
(left vertical axis). Blue dashed line: Entanglement generation rate
(right vertical axis). Orange solid line: Both success probability and
entanglement generation rate of type-II qubit-based entanglement
swapping.

where the qutrit protocol surpasses the qubit protocol oc-
curs at approximately p ≈ 0.701. Therefore, our protocol
provides a higher entanglement generation rate than the
type-II protocol when the photon generation probability is
below 0.7.

Next, we evaluate the success probability and the fidelity
under imperfections as shown in Fig. 5. Figures 5(a) and
5(b) show the success probability versus photon generation

FIG. 5. Success probability and fidelity of the qutrit-based pro-
tocol as functions of the photon generation probability p, under
imperfect conditions. (a) Success probability with photon-number-
resolving detectors. (b) Success probability with threshold detectors.
(c) Fidelity of the generated qutrit entangled state with PNRD.
(d) Fidelity with threshold detectors. Darker colors represent higher
channel transmittivity η, while lighter colors indicate lower η.

probability for PNRD and threshold detection (compari-
son with type II in Appendix B). Figures 5(c) and 5(d)
show the corresponding fidelity with respect to the maxi-
mally entangled qutrit state. These values are calculated by
Eqs. (27)–(30). The darker colors correspond to higher trans-
mittivity.

In the low-transmittivity regime, the success probability
may be higher than the ideal case due to the contribution
of undesired input states, while the fidelity decreases with
increasing loss. We find that there are no huge differences
of fidelities between PNRD and threshold detection η < 0.8.
This is because, in our protocol, the number of incident pho-
tons is at most four, and due to the probabilistic nature of
photon generation as well as channel loss, the number of
photons that actually reach the detectors is typically small.
To maintain high fidelity in the presence of loss, lower pho-
ton generation probabilities are preferable. This condition is
compatible with the characteristics of the photon sources in-
troduced in Figs. 2(b) and 2(c). Atomic sources suffer from
spontaneous emission noise, which can be mitigated with
pump pulses shorter than the lifetime of excited states [49],
naturally leading a small photon generation probability. Simi-
larly, an SPDC photon source must be operated in sufficiently
low photon generation probability to suppress multiphoton
effects.

In this analysis, we assumed all channel transmittivities η

are equal, while the unbalanced transmittivity results in lower
fidelity. To mitigate this effect, one could optimize photon
generation probability as demonstrated for the type-I protocol
in Ref. [10]. However, extending this method to our protocol
requires the optimization of a larger number of parameters,
which is a nontrivial future task.

IV. CONCLUSION

In this paper, we proposed a high-rate entanglement
swapping protocol for qutrits. By encoding qutrits in a
hybrid basis consisting of photon-number states and an
additional mode, such as polarization, we demonstrated
that our protocol achieves a higher entanglement genera-
tion rate than conventional two-photon detection-based qubit
protocols.

We considered photonic qutrits encoded in vacuum and
polarization states, which are suitable for various photon
sources, including single atoms and SPDC-based photon
sources. Furthermore, our scheme can be generalized to other
photonic degrees of freedom, such as path and time bin.

We evaluated entanglement generation rate as the product
of the success probability and an entanglement measure, un-
der both ideal and nonideal conditions, including photon loss
and threshold detection. We showed that our protocol outper-
forms the type-II qubit-based protocol across all transmittivity
levels when the photon generation probability is below
approximately 0.7.

We also analyzed the success probability and fidelity un-
der imperfections. We found that higher fidelity can still be
achieved under significant photon loss by reducing photon
generation probability. This feature aligns with the charac-
teristics of realistic photon sources: Atomic sources tend to
operate at low photon generation rates due to spontaneous
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emission noise, and SPDC sources must be driven in the
low-gain regime to suppress multiphoton contamination.
Other imperfections not included in our analysis, such as
detector dark counts, may affect the success rate and fidelity.
However, their impact can be negligible in the realistic exper-
imental setup.

In this study, we focused on comparison with the type-II
protocol, which, like ours, relies on two-photon detec-
tion. However, type-I protocols are known to achieve even
higher entanglement generation rates. Designing a qutrit-
based entanglement swapping scheme that surpasses type-I
performance remains open. Nevertheless, our protocol rep-
resents a significant milestone: It is the first qutrit-based
scheme to outperform a well-established qubit-based proto-
col in terms of entanglement generation rate. Extending this
approach to arbitrary d-dimensional systems while maintain-
ing practical feasibility is a compelling direction for future
work.
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APPENDIX A: DERIVATION OF MEASUREMENT
OPERATORS

1. Measurement operator for PNRD

In this Appendix, we derive the measurement operator
for the case when photons are detected in detectors 1′ and
5′ in Fig. 3. The corresponding projection operator for this
coincidence detection is

P1′5′ = |11〉〈11|1′5′ = b†
1′b

†
5′ |0〉〈0|b1′b5′ . (A1)

The projector is transformed by the interferometer unitary UBS

in Eq. (31).

M̂PNR = U †
BSP1′5′UBS = 1

16

4∑
i,k=1

8∑
j,l=5

a†
i a†

j |0〉〈0|akal . (A2)

For the qutrits encoded into photon-number and polarization,
the annihilation operators [a1, a2, . . . , a8] correspond to

[aH3, aH4, aV1, aV2, aH1, aH2, aV3, aV4] ↔ [a1, a2, . . . , a8].

(A3)

This identification allows us to express the measurement oper-
ator M̂PNR in terms of photon-number and polarization modes.

FIG. 6. Comparison of success probabilities for the type-II
protocol (dashed line) and the qutrit-based protocol (solid line).
(a) Photon-number-resolving detection. (b) Threshold detection.

2. Measurement operator for threshold detection

In the case of threshold detection, the detectors cannot
resolve the exact number of photons. Therefore, when all
photons are detected in modes 1′ and 5′, the relevant pro-
jection operators must include all possible photon-number
combinations. Assuming a maximum of four photons in the
system, we introduce the following projectors:

P0 = |11〉〈11|1′5′ = b†
1′b

†
5′ |0〉〈0|b1′b5′ , (A4)

P1 = |21〉〈21|1′5′ = 1

2
b†2

1′ b†
5′ |0〉〈0|b2

1′b5′ , (A5)

P2 = |12〉〈12|1′5′ = 1

2
b†

1′b
†2
5′ |0〉〈0|b1′b2

5′ , (A6)

P3 = |31〉〈31|1′5′ = 1

6
b†3

1′ b†
5′ |0〉〈0|b3

1′b5′ , (A7)

P4 = |13〉〈13|1′5′ = 1

6
b†

1′b
†3
5′ |0〉〈0|b1′b3

5′ , (A8)

P5 = |22〉〈22|1′5′ = 1

4
b†2

1′ b†2
5′ |0〉〈0|b2

1′b2
5′ . (A9)

Thus, the full measurement operator for threshold
detection is

M̂th = U †
BS

5∑
i=0

PiUBS. (A10)

Using the mode correspondence in Eq. (A3), this measure-
ment operator can be expressed in terms of photon-number
and polarization modes.

APPENDIX B: SUCCESS PROBABILITY
FOR THE TYPE-II PROTOCOL

In this Appendix, we compare the success probabilities
of the type-II protocol and the proposed protocol under
imperfections. As mentioned in the main text, the success
probability of the type-II protocol is given by

PII = 1
2η2 p2, (B1)

with the channel transmittivity η and the photon generation
probability p.

Figure 6 compares the success probabilities for the
type-II protocol (dashed line) and the qutrit-based
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protocol (solid line) with PNRD [Fig. 6(a)] and with
threshold detectors [Fig. 6(b)]. The darker colors
indicate higher transmittivity. For any transmittivity,
the qutrit-based protocol achieves the higher success

probability than the type-II protocol in low photon generation
probability. In this regime, the fidelity is still high as
discussed in Fig. 5, leading to high-rate entanglement
generation.
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[20] M. Żukowski, A. Zeilinger, M. A. Horne, and A. K. Ekert,
“Event-ready-detectors” Bell experiment via entanglement
swapping, Phys. Rev. Lett. 71, 4287 (1993).

[21] K. Azuma, S. E. Economou, D. Elkouss, P. Hilaire, L. Jiang,
H.-K. Lo, and I. Tzitrin, Quantum repeaters: From quantum
networks to the quantum internet, Rev. Mod. Phys. 95, 045006
(2023).

[22] H. Shimizu, J. Yoshimoto, K. Tanji, A. Hosaka, J. Ishi-Hayase,
T. Horikiri, R. Ikuta, and M. Takeoka, Quantum state estima-
tion of multipartite single-photon path entanglement via local
measurements, Phys. Rev. A 111, 022619 (2025).

[23] Y.-H. Luo, H.-S. Zhong, M. Erhard, X.-L. Wang, L.-C. Peng,
M. Krenn, X. Jiang, L. Li, N.-L. Liu, C.-Y. Lu, A. Zeilinger,
and J.-W. Pan, Quantum teleportation in high dimensions, Phys.
Rev. Lett. 123, 070505 (2019).

[24] X.-M. Hu, C. Zhang, B.-H. Liu, Y. Cai, X.-J. Ye, Y. Guo, W.-B.
Xing, C.-X. Huang, Y.-F. Huang, C.-F. Li, and G.-C. Guo, Ex-
perimental high-dimensional quantum teleportation, Phys. Rev.
Lett. 125, 230501 (2020).

[25] T. Ikuta and H. Takesue, Implementation of quantum state to-
mography for time-bin qudits, New J. Phys. 19, 013039 (2017).

[26] S. Saha, M. Shalaev, J. O’Reilly, I. Goetting, G. Toh, A.
Kalakuntla, Y. Yu, and C. Monroe, High-fidelity remote entan-
glement of trapped atoms mediated by time-bin photons, Nat.
Commun. 16, 2533 (2025).

[27] Ö. Erkılıç, L. Conlon, B. Shajilal, S. Kish, S. Tserkis, Y.-S.
Kim, P. K. Lam, and S. M. Assad, Surpassing the repeaterless
bound with a photon-number encoded measurement-device-
independent quantum key distribution protocol, npj Quantum
Inf. 9, 29 (2023).

[28] S. Gröblacher, T. Jennewein, A. Vaziri, G. Weihs, and A.
Zeilinger, Experimental quantum cryptography with qutrits,
New J. Phys. 8, 75 (2006).

013316-8

https://doi.org/10.1103/PhysRevLett.68.557
https://doi.org/10.1103/PhysRevLett.67.661
https://doi.org/10.1103/PhysRevA.89.022317
https://doi.org/10.1103/PhysRevX.4.041041
https://doi.org/10.1103/PhysRevA.111.022624
https://doi.org/10.1088/2058-9565/abd4c3
https://doi.org/10.1038/s41566-020-00718-2
https://doi.org/10.1038/s41586-022-05363-z
https://doi.org/10.1364/OPTICA.4.001214
https://doi.org/10.1103/PhysRevA.110.052603
https://doi.org/10.1038/s41586-024-07252-z
https://doi.org/10.1038/s41586-021-03481-8
https://doi.org/10.1103/PhysRevLett.119.010402
https://doi.org/10.1126/science.1221856
https://doi.org/10.1038/s41586-022-04764-4
https://doi.org/10.1038/nphys3150
https://doi.org/10.1103/PhysRevLett.130.050803
https://doi.org/10.1038/s41586-020-1976-7
https://doi.org/10.1103/PhysRevA.59.1025
https://doi.org/10.1103/PhysRevLett.71.4287
https://doi.org/10.1103/RevModPhys.95.045006
https://doi.org/10.1103/PhysRevA.111.022619
https://doi.org/10.1103/PhysRevLett.123.070505
https://doi.org/10.1103/PhysRevLett.125.230501
https://doi.org/10.1088/1367-2630/aa5571
https://doi.org/10.1038/s41467-025-57557-4
https://doi.org/10.1038/s41534-023-00698-5
https://doi.org/10.1088/1367-2630/8/5/075


HIGH-RATE QUTRIT ENTANGLEMENT SWAPPING WITH … PHYSICAL REVIEW RESEARCH 8, 013316 (2026)

[29] D. S. Ding, W. Zhang, S. Shi, Z. Y. Zhou, Y. Li, B. S. Shi,
and G. C. Guo, High-dimensional entanglement between distant
atomic-ensemble memories, Light: Sci. Appl. 5, e16157 (2016).

[30] M. Erhard, M. Krenn, and A. Zeilinger, Advances in high-
dimensional quantum entanglement, Nat. Rev. Phys. 2, 365
(2020).

[31] T. Yamazaki and K. Azuma, Linear-optical fusion boosted by
high-dimensional entanglement, Phys. Rev. Lett. 134, 200801
(2025).

[32] J. Calsamiglia, Generalized measurements by linear elements,
Phys. Rev. A 65, 030301 (2002).

[33] S. K. Goyal and T. Konrad, Teleporting photonic qudits using
multimode quantum scissors, Sci. Rep. 3, 3548 (2013).

[34] S. K. Goyal, P. E. Boukama-Dzoussi, S. Ghosh, F. S. Roux, and
T. Konrad, Qudit-teleportation for photons with linear optics,
Sci. Rep. 4, 4543 (2014).

[35] H. Zhang, C. Zhang, X.-M. Hu, B.-H. Liu, Y.-F. Huang, C.-
F. Li, and G.-C. Guo, Arbitrary two-particle high-dimensional
Bell-state measurement by auxiliary entanglement, Phys. Rev.
A 99, 052301 (2019).

[36] C. Zhang, J. F. Chen, C. Cui, J. P. Dowling, Z. Y. Ou, and T.
Byrnes, Quantum teleportation of photonic qudits using linear
optics, Phys. Rev. A 100, 032330 (2019).

[37] S. Paesani, J. F. F. Bulmer, A. E. Jones, R. Santagati, and A.
Laing, Scheme for universal high-dimensional quantum compu-
tation with linear optics, Phys. Rev. Lett. 126, 230504 (2021).

[38] D. Bacco, J. F. F. Bulmer, M. Erhard, M. Huber, and S. Paesani,
Proposal for practical multidimensional quantum networks,
Phys. Rev. A 104, 052618 (2021).

[39] N. Bharos, L. Markovich, and J. Borregaard, Efficient high-
dimensional entangled state analyzer with linear optics,
Quantum 9, 1711 (2025).

[40] D. Bhatti and S. Barz, Heralding higher-dimensional Bell and
Greenberger-Horne-Zeilinger states using multiport splitters,
New J. Phys. 27, 033006 (2025).

[41] L. Bianchi, C. Marconi, J. Sperling, and D. Bacco, Predetection
squeezing as a resource for high-dimensional Bell-state

measurements, Phys. Rev. Res. 7, 023038
(2025).

[42] B. Sephton, A. Vallés, I. Nape, M. A. Cox, F. Steinlechner, T.
Konrad, J. P. Torres, F. S. Roux, and A. Forbes, Quantum trans-
port of high-dimensional spatial information with a nonlinear
detector, Nat. Commun. 14, 8243 (2023).

[43] L. Bianchi, C. Marconi, G. Guarda, and D. Bacco, Nonlin-
ear protocol for high-dimensional quantum teleportation, Phys.
Rev. A 112 012615 (2025).

[44] B.-S. Shi and A. Tomita, Generation of a pulsed polarization
entangled photon pair using a Sagnac interferometer, Phys. Rev.
A 69, 013803 (2004).

[45] S. C. Wein, J. C. Loredo, M. Maffei, P. Hilaire, A.
Harouri, N. Somaschi, A. Lemaître, I. Sagnes, L. Lanco,
O. Krebs, A. Auffèves, C. Simon, P. Senellart, and C.
Antón-Solanas, Photon-number entanglement generated by se-
quential excitation of a two-level atom, Nat. Photon. 16, 374
(2022).

[46] K. Wakui, Y. Tsujimoto, M. Fujiwara, I. Morohashi, T.
Kishimoto, F. China, M. Yabuno, S. Miki, H. Terai, M. Sasaki,
and M. Takeoka, Ultra-high-rate nonclassical light source
with 50 GHz-repetition-rate mode-locked pump pulses and
multiplexed single-photon detectors, Opt. Express 28, 22399
(2020).

[47] S. Miki, M. Yabuno, T. Yamashita, and H. Terai, Stable,
high-performance operation of a fiber-coupled superconducting
nanowire avalanche photon detector, Opt. Express 25, 6796
(2017).

[48] M. A. Nielsen and I. L. Chuang, Quantum Computa-
tion and Quantum Information (Cambridge University Press,
Cambridge, England, 2012).

[49] K. Tanji, H. Takahashi, W. Roga, and M. Takeoka, Rate-fidelity
tradeoff in cavity-based remote entanglement generation, Phys.
Rev. A 110, 042405 (2024).

[50] K. Tanji, SBY13/High-rate-qutrit-entanglement-swapping:
high-rate-qutrit-entanglement-swapping, Zenodo (2026),
https://doi.org/10.5281/zenodo.18933618.

013316-9

https://doi.org/10.1038/lsa.2016.157
https://doi.org/10.1038/s42254-020-0193-5
https://doi.org/10.1103/PhysRevLett.134.200801
https://doi.org/10.1103/PhysRevA.65.030301
https://doi.org/10.1038/srep03548
https://doi.org/10.1038/srep04543
https://doi.org/10.1103/PhysRevA.99.052301
https://doi.org/10.1103/PhysRevA.100.032330
https://doi.org/10.1103/PhysRevLett.126.230504
https://doi.org/10.1103/PhysRevA.104.052618
https://doi.org/10.22331/q-2025-04-18-1711
https://doi.org/10.1088/1367-2630/adb903
https://doi.org/10.1103/PhysRevResearch.7.023038
https://doi.org/10.1038/s41467-023-43949-x
https://doi.org/10.1103/3x44-664w
https://doi.org/10.1103/PhysRevA.69.013803
https://doi.org/10.1038/s41566-022-00979-z
https://doi.org/10.1364/OE.397030
https://doi.org/10.1364/OE.25.006796
https://doi.org/10.1103/PhysRevA.110.042405
https://doi.org/10.5281/zenodo.18933618

