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Excited eigenstates from a two-species random walk

Paul-Henry Glinel , Normand Beaudoin , and Alexandre Melanson *

Département de physique et d’astronomie, Université de Moncton, Moncton, New Brunswick, Canada

(Received 15 July 2025; accepted 19 May 2026; published 22 June 2026)

Macroscopically, the population density function of random walk models can satisfy self-contained dynamics
and exhibit unexpected order. Here, we show how a two-species random walk model that includes diffusion,
probabilistic absorption of walkers mediated by a potential function, cross-species annihilation, and normal-
ization of the population density can be implemented semianalytically (by propagating the population density
directly instead of simulating individual walkers) to yield steady states that precisely match eigenstates of the
Hamiltonian with the corresponding potential function. Key parameters of the random walk model, namely,
the absorption coefficient and the diffusion displacement variance, are constrained by establishing an explicit
correspondence between the model and imaginary-time propagation of the Schrödinger equation for small
time steps. To enforce convergence toward a targeted excited state—rather than merely the ground state—we
implement a sparse and periodic orthogonalization where components of the population density proportional
to lower-energy eigenstates are removed. This adjustment is sufficient to ensure that the population density
propagates within the subspace orthogonal to the span of the lower-energy states, while still converging toward
the target state. The model is tested in one- and two-dimensional cases, for different potential functions and
different energy levels. The model converges to steady states whose energy uncertainty extrapolates to zero in
the limit of vanishing time step, and comparison with theoretical eigenfunctions yields error norms ranging from
10−3 to 10−11. Beyond the application to Hamiltonian eigenvalue problems, this work gives insight into the
emergence of nontrivial macroscopic observables based on microscopic, stochastic dynamics.
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I. INTRODUCTION

The collective behavior of microscopic, stochastic, and
interacting constituents can often lead to macroscopic order,
where self-contained laws and dynamics emerge [1–3]. At the
macroscopic scale, observables can be insensitive to changes
in a system’s microscopic rules—so-called sloppy directions
in the high-dimensional parameter space [4]. As a result, a
variety of systems exhibit a many-to-one mapping between
their collective, microscopic dynamics, and the observables
that emerge at the macroscopic level. It is thus to be expected
that the emergent features of complex systems are gener-
ally robust, rather than a mere manifestation of microscopic
details, and that they offer a reliable framework for investi-
gation. These aspects of complex systems arise, for instance,
in the study of random walk models and their associated
macroscopic behavior [4]. Of particular relevance to the work
presented here is a line of research whose aim is to provide a
microscopic, statistical basis to the emergence of macroscopic
observables governed by partial differential equations [5–13].
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The classical, paradigmatic case of such reasoning dates
back to Einstein [14], where he showed that the probability
density for the position of single particles undergoing ran-
dom motion satisfies the diffusion equation, and can thus be
associated with the macroscopic concentration field. Other
seminal work on leveraging microscopic random walks to
compute macroscopic observables includes the introduction
of Monte Carlo methods [15] and the derivation of the
Feynman-Kac formula [16]. Subsequently, these ideas led to
the formulation of quantum Monte Carlo methods [17], where
sampling-based stochastic algorithms are applied to solve
quantum-mechanical problems. In diffusion Monte Carlo, for
instance, an ensemble of random walkers is simulated over
configuration space with the aim of satisfying, at the macro-
scopic population level, the dynamics of the Schrödinger
equation in imaginary time, whereby excited states are gradu-
ally filtered out by a combination of diffusion and a potential
function-dependent source term [18]. This method has found
significant success in computing the ground state of various
quantum systems, from small molecules in quantum chem-
istry [19,20] to fluids [21] and solids [22], and is still today an
active area of research. Recent developments include the use
of real-space grids for representing spatially resolved densities
[23] and for a better estimate of the wave function’s nodal
structure [24], investigations of population control bias [25],
and neural network-based techniques [26,27].

Despite the technical success of this class of methods, it
has been pointed out that, at the conceptual level, there is
still an interpretability gap between the Schrödinger equa-
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tion and the diffusion equation [8,28–31], as the latter enjoys a
clear microscopic interpretation based on stochastic dynamics
[32]. While it is true that diffusion Monte Carlo offers a
framework where branching random walks are simulated as
a means to solve the imaginary-time Schrödinger equation,
interpretability is clouded by the need to implement the fixed
node approximation, to choose a trial wave function, and to
adjust the reference energy for population control [33]. Here,
we show unambiguously how the dynamics of a two-species
random walk model can be mapped onto that of imaginary-
time propagation (ITP) of the Schrödinger equation to yield
the eigenstates of the corresponding Hamiltonian. The model
consists of an ensemble of signed walkers evolving on a
discrete spatial grid and in discrete time. At each time step,
the configuration of the population evolves due to four influ-
ences (Sec. II A): a variable step probabilistic displacement, a
survival test mediated by interaction with a potential function,
cross-species annihilation, and the injection of new walkers to
maintain a constant population size. Notably, we develop the
propagator for the population density (Sec. II B) and equate
it with that of ITP for small time steps (Sec. II C). As such,
the model is implemented semianalytically, by direct propa-
gation of the population density instead of the simulation of
individual walkers. The explicit correspondence with ITP pro-
vides a unique constraint for key model parameters, namely,
the absorption coefficient and the displacement distribution
variance, which, in turn, enables the model to converge pre-
cisely toward the correct eigenstates for the chosen potential
function (Sec. III B). In addition, a sparse orthogonalization
step is proposed to enforce convergence toward excited states
(Sec. III A). By introducing a simple and concise correspon-
dence between the random walk model and ITP, this work
solidifies the interpretative framework of ITP based on mi-
croscopic, stochastic dynamics. As such, it contributes a step
toward uncovering the richness of random walk models in
light of their emergent, macroscopic features, with a particular
application to the imaginary-time Schrödinger equation.

II. MODEL AND THEORY

A. Numerical simulations

We present here the two-species random walk model in
one dimension (1D) for clarity, but generalization to higher
dimensions is possible (see Appendix A). Let {xi ≡ id}L

i=−L
be a discrete spatial grid of step d on which two populations
of particles, walkers and antiwalkers, navigate. At each time
step, {t j ≡ j�t}T

j=0, the occupation number of walkers and an-
tiwalkers at site i is N (+)(xi, t j ) and N (−)(xi, t j ), respectively.
At every time step, particles undergo diffusion by taking a
spatial step drawn from a symmetric displacement proba-
bility distribution, P(σ )

�X , with standard deviation σ = σ (�t ).
For self-consistency, i.e., to ensure statistical regularity when
varying �t , we require σ ∝ √

�t , which is made explicit in
Sec. II C. The distribution P(σ )

�X is chosen uniform for the initial
tests presented in the current section, and Gaussian for the
main results of Sec. III. At every time step, this distribution
is sampled for each particle, and their positions are updated
accordingly. Particles are assumed independent during this
diffusion process.

Next, influence of the environment on particles occurs
by means of a potential function, V > 0: {Vi ≡ V (xi )}L

i=−L.
This function defines a survival probability such that, at each
time step, a particle located at site i survives with probabil-
ity P(C)

surv.(Vi ) = exp(−CVi ), where C = C(�t ) > 0 is called
the absorption coefficient—absorption occurs with probability
1 − P(C)

surv.. We assume here (and justify in Sec. II C) that C
depends linearly on �t and that C(�t = 0) = 0, ensuring that
PC(�t1+�t2 )

surv. = PC(�t1 )
surv. PC(�t2 )

surv. . A standard uniform number is
drawn for each particle and is compared to the corresponding
P(C)

surv., such as to determine whether survival or absorption
occurs.

Particles of the same type do not interact with one another.
Across species, however, walkers and antiwalkers interfere
through a process of annihilation when located on the same
site. More precisely, the occupation numbers after annihilation
become

N+(xi, t j ) ← max(0, N+(xi, t j ) − N−(xi, t j )),

N−(xi, t j ) ← max(0, N−(xi, t j ) − N+(xi, t j )). (1)

Hence, at the end of this annihilation process, only one
species survives at any given site. This motivates the definition
of the net occupation number as N (xi, t j ) = N (+)(xi, t j ) −
N (−)(xi, t j ).

Given the absorption and annihilation processes outlined
above, the total population would monotonically decrease in
size, as all particles would eventually be removed from the
system. To compensate for this effect, we maintain the popu-
lation size constant by normalizing the occupation numbers
across the spatial grid at the end of each time step. Let α

be the fraction of particles remaining after absorption and
annihilation, relative to the initial population size. Then, at
the end of each time step, the occupation numbers are scaled
by 1

α
and rounded to the nearest integer.

When subjected to this sequence of processes (diffu-
sion, absorption, annihilation, normalization), ensembles of
random walkers and antiwalkers reach a steady-state config-
uration. Numerical simulations of this model are shown in
Fig. 1 (blue crosses), for an ensemble of 20 000 particles
evolving in a quadratic potential, with a random initial place-
ment of walkers and antiwalkers. This type of simulation is
akin to what is implemented in diffusion Monte Carlo meth-
ods, of which there are many variants. To better compare
these simulation results with the theory to follow (Sec. II B),
we compute occupation densities for walkers and antiwalkers
as

ψ (±)(xi, t j ) = N (±)(xi, t j )√∑
i′ N2(xi′ , t j )d

, (2)

and the net population density as

ψ (xi, t j ) = ψ+(xi, t j ) − ψ−(xi, t j ), (3)

where we choose the normalization such that, in a continuum
limit (d → 0), the net density would satisfy

∫
R ψ2(x, t j )dx =

1, which will facilitate the connection to the wave function in
Sec. II C.
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FIG. 1. Comparison of the net density, ψ (xi, t j ), between a particle-based simulation of 20 000 walkers and antiwalkers (blue crosses) and
the DAAN procedure of Eq. (7) (red curve). In panels (a)–(c), the initial density, ψini, is completely random (Gaussian noise), while in panels
(d)–(f) it is antisymmetric by construction, but otherwise random (i.e., a random configuration of walkers is first sampled, and for each walker
at position x, an antiwalker is placed at position −x). The displacement probability distribution, P(σ )

�X , is given by [ 1
3 , 1

3 , 1
3 ], corresponding

to equal probability of a step to the left, to the right, or to maintain the current position. The potential function is quadratic, and the survival
probability P(C)

surv. is given by exp(−1 × 10−4x2). The annihilation and normalization processes are as described in the text. For the particle-based
simulations, particles reaching |x| > 40 are automatically eliminated, which is equivalent to imposing an infinite potential barrier for x = ±40.

B. Asymptotic behavior

We now turn to a theoretical representation of the random
walk model described above, in the limit of large number
of particles. Asymptotically, we expect the net density, ψ ,
to behave deterministically and we seek a mathematical rep-
resentation of its evolution over time—The four processes
outlined in Sec. II A (diffusion, absorption, annihilation, nor-
malization) should correspond to well-defined operations on
ψ . Moreover, by the law of large numbers, the numerator
in Eq. (2) will converge to its expectation value and thus be
proportional to the probability, P(±)

X (xi, t j ), of finding a given
particle at site i at time t j . Following the path of such a particle
during the diffusion process, let ξ (t j ) be its position at the
jth time step, such that at the next time step, its position is
given by the sum ξ (t j ) + δx, where δx is drawn from P(σ )

�X . The
probability mass function P(±)

X (xi, t j+1) is thus equal to the
convolution of P(σ )

�X with P(±)
X (xi, t j ). Given that ψ (±) ∝ P(±)

X ,
this reasoning extends to the occupation densities:

ψ (±)(xi, t j+1) = (
ψ (±)(·, t j ) ∗ P(σ )

�X

)
(xi ). (4)

Equation (4) would hold if diffusion were the only process
imposed on the population of particles. With the absorption
process, however, particles survive with probability P(C)

surv.(Vi),
leading to a spatially dependent reduction of the population.
This process is enforced by scaling the occupation densities
of Eq. (4) by the survival probability:

ψ (±)(xi, t j+1) ← P(C)
surv.(Vi)ψ

(±)(xi, t j+1). (5)

Interspecies annihilation is implemented directly via the
definition of the net density, whereby only the excess number
of walkers or antiwalkers at a given site is relevant for sub-
sequent calculations. By linearity of the convolution, Eq. (3)
combines with Eqs. (4) and (5) to yield the net density:

ψ (xi, t j+1) = exp [−CV (xi )]
[
ψ (·, t j ) ∗ P(σ )

�X

]
(xi ), (6)

where the survival probability has been written out explic-
itly. Finally, to avoid the gradual collapse of ψ , we enforce
at every time step a normalization operation similar to that
of Eq. (2): N̂{ fi} = fi/(

∑
i′ f 2

i′ d )
1
2 , for an arbitrary square-

integrable function, f . To summarize, the combined effect of
diffusion, absorption, annihilation, and normalization (hence-
forth, DAAN) shapes the evolution of the net density over
each time step according to

ψ (xi, t j+1) = N̂
{
exp [−CV (xi )]

[
ψ (·, t j ) ∗ P(σ )

�X

]
(xi )

}
. (7)

Equation (7) encapsulates the DAAN procedure and provides
a semianalytic iterative update rule for ψ , based on the spec-
ification of an initial density ψini. To assess the validity of
this iterative procedure, we compare it to the particle-based
simulations of Sec. II A for a quadratic potential (Fig. 1), and
for an infinite square potential (Fig. S1 of the Supplemental
Material [34]). An equally satisfying match is achieved in both
cases. As a first test, the initial density is chosen as purely
Gaussian noise [Figs. 1(a)–1(c)]. After a sufficient number of
iterations (see Sec. III B), Eq. (7) reaches a steady-state den-
sity, which we refer to as ψDAAN. The absorption coefficient,
C, and the displacement standard deviation, σ , both have a
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significant impact on the width of this steady-state density
(e.g., too little absorption leads to wider distribution, and vice
versa). So far, both of these parameters are unconstrained, but
this is addressed in Sec. II C.

Some properties of Eq. (7) are readily apparent. First, due
to the invariance of the normalization operation under multi-
plication by a positive scalar, the DAAN procedure is invariant
under a constant shift of the potential function, V → V + �V .
Second, for a purely random initial density, a symmetry break-
ing occurs whereby either walkers or antiwalkers will go
extinct [e.g., Fig. 1(c)]. Third, if V and P(σ )

�X are even functions,
then DAAN should preserve the parity, if any, of the initial
density—An initial density lying in the subspace of even (odd)
functions should, theoretically, converge to an even (odd)
steady-state density when propagated in time through Eq. (7).
This is indeed what we observe in Figs. 1(d)–1(f), where the
even component of ψini has been removed. In this case, the
net density converges to an odd steady state (for both DAAN
and numerical simulations). Anecdotally, the two (even and
odd) steady-state densities are conspicuously similar to the
ground-state and first excited-state wave functions within the
corresponding potential function. In Sec. II C, we indeed es-
tablish a correspondence between the output of the DAAN
procedure and the wave function associated with the potential
function V . This correspondence relies on constraining the
relationship between C and σ via the time step size, �t .
Furthermore, we show in Sec. III that DAAN can converge to
several steady-state densities, as long as specific components
from other orthogonal subspaces are removed, and that these
correspond to higher-order excited-state wave functions.

C. Imaginary-time propagation

Here, we postulate an equivalence between the DAAN
procedure and imaginary-time propagation of the Schrödinger
equation, in the limit of small time steps. This leads to a
constraint between C and σ that allows for a precise match
between the steady-state DAAN density and the theoretical
wave function associated with the potential function, V . ITP
is achieved by performing a Wick rotation on the nonrelativis-
tic time-dependent Schrödinger equation. Let τ = it denote
imaginary time, then

−h̄
∂

∂τ
|ψ (τ )〉 = Ĥ |ψ (τ )〉 (8)

is the imaginary-time Schrödinger equation. For an initial
wave function, |ψ (0)〉, the solution is

|ψ (τ )〉 = exp

(
−τ Ĥ

h̄

)
|ψ (0)〉 . (9)

Given an eigenstate |φn〉 of Ĥ , it is understood that eĤ |φn〉 =
eEn |φn〉, where En is the corresponding eigenvalue. Expanding
the initial wave function in the energy eigenbasis, |ψ (0)〉 =∑

n cn |φn〉, it becomes apparent that ITP preserves the ground
state (n = 0) as a dominant term, while more rapidly suppress-
ing the excited states (n � 1):

|ψ (τ )〉 =
∑

n

cn exp

(
−τEn

h̄

)
|φn〉 , (10)

provided that c0 = 〈ψ (0)|φ0〉 �= 0. Given that this behavior is
consistent with the results of Sec. III, and that the imaginary-
time Schrödinger equation, when expressed in the position
basis, is a generalized diffusion equation, the search for an
explicit correspondence between DAAN and ITP is motivated.

For a small time step, �τ , the evolution from |ψ (τ )〉 to
|ψ (τ + �τ )〉 can be approximated through Eq. (9):

|ψ (τ + �τ )〉 ≈
(

1 − �τ Ĥ

h̄

)
|ψ (τ )〉 . (11)

In the position basis, let ψ = ψ (x, τ ) be wave function and

Ĥ = T̂ + V̂ = − h̄2

2m

d2

dx2
+ V (x). (12)

Similarly, reinterpreting Eq. (7) in continuous space, and map-
ping t j to τ , we write the small time step approximation for the
DAAN procedure as

ψ (x, τ + �τ ) ≈ [1 − CV (x)]
[
ψ (·, τ ) ∗ P(σ )

�X

]
(x), (13)

where the assumed proportionality between the time step and
C justifies truncating the Taylor expansion of the exponential.
Here, the normalization operation, N̂ is omitted to keep the
analysis coherent with the fact that ITP is not norm preserving.
In practice, ad hoc normalization is imposed on ITP-based
calculations, as is the case for the full DAAN procedure. At
this stage, however, this normalization step is not required.

In order to establish an explicit correspondence between
DAAN and ITP, we equate Eqs. (11) and (13) (omitting the
arguments x and τ for notational clarity):

[
(1 − CV )P(σ )

�X

] ∗ ψ =
(

1 + h̄�τ

2m

d2

dx2
− �τ

h̄
V

)
ψ

=
[

h̄�τ

2m
δ′′ +

(
1 − �τ

h̄
V

)
δ

]
∗ ψ,

(14)

where δ = δ(x) is the Dirac delta and δ′′ its second derivative,
with the property that d2ψ

dx2 = δ′′ ∗ ψ . Equation (14) should
hold for the two limiting cases of no absorption (V = 0) and
of no diffusion (T̂ = 0). From the former case, we get

P(σ )
�X ∗ ψ =

(
δ + h̄�τ

2m
δ′′

)
∗ ψ. (15)

Hence, in the other limiting case—without the kinetic term—
this displacement distribution assumes the expected form
P(σ )

�X (x) = δ(x), and Eq. (14) becomes

(1 − CV )ψ =
(

1 − �τ

h̄
V

)
ψ, (16)

leading to the conclusion C = �τ
h̄ . We validate a posteriori

that this value of C holds also for the general case.
An equally simple expression can be obtained for σ 2, the

variance of the displacement distribution. Assuming a Gaus-
sian representation of δ(x), we have

δ′′(x) = lim
s→0

δs(x)

(
x2 − s2

s4

)
, (17)
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where δs(x) = 1
s
√

2π
e− x2

2s2 is a zero-mean Gaussian distribution
of standard deviation s, serving as a delta sequence in the limit
s → 0. From Eq. (15), it thus follows that

σ 2 =
∫
R

P(σ )
�X (x)x2dx

= lim
s→0

∫
R

δs(x)

[
1 + h̄�τ

2m

(
x2 − s2

s4

)]
x2dx

= lim
s→0

[(
1 − h̄�τ

2ms2

)∫
R

x2δs(x)dx + h̄�τ

2ms4

∫
R

x4δs(x)dx

]
,

where we recognize the second and fourth moments of the
Gaussian distribution, s2 and 3s4, respectively, yielding σ 2 =
h̄�τ

m . In Sec. III, we show that by adopting the values of C
and σ 2 obtained here, the DAAN procedure indeed converges
to the exact eigenstates of the Hamiltonian with potential
function V . First, however, we introduce an orthogonalization
scheme that enables DAAN to extract excited eigenstates.

III. RESULTS

A. Orthogonalization

As seen from Eq. (10), an arbitrary initial wave function,
ψini, will eventually converge to the ground state, φ0, under
the influence of ITP, provided that c0 = 〈ψini|φ0〉 �= 0. If,
however, ψini is chosen orthogonal to φ0, then it is the first
excited state that dominates the ITP, and so forth. Assum-
ing a correspondence between DAAN and ITP, we expect
to find a similar behavior for an initial density propagated
through DAAN, that is, a convergence to φn when ck = 0,
∀k ∈ {0, 1, . . . , n − 1}.

What we observe, instead, is that the excited states are
metastable. After some time of apparent stability, excited
states collapse to the ground state. This is exemplified in
Fig. 2(a), where DAAN is applied in a two-dimensional (2D)
asymmetric quadratic potential, and where ψini is constructed
such that it is orthogonal to the first (red) or to the first eight
eigenstates (yellow), but is otherwise random. The targeted
excited state is indeed approached and maintained transiently
(as seen by a brief narrowing of the uncertainty), but even-
tually decays toward the ground-state energy. This decay is
associated with a nonmonotonic energy uncertainty as a func-
tion of time. We next investigate whether this behavior is
affected by the temporal discretization. As shown in Fig. 2(b),
doubling or quadrupling the value of �t does not qualitatively
affect the observed metastability, as taking longer time steps
results in a proportionally shortened period of metastability.
In other words, if Fig. 2(b) were expressed in seconds rather
than time steps, all three curves would be confounded. From
this test, we conclude that approximation errors accumulate
and contaminate ψ (x, t ) with orthogonal components along
the eigenstates of energy lower than the one being targeted.
Additional orthogonalization is thus required to maintain the
density free of components from that subspace (i.e., in addi-
tion to the one applied to ψini). We find that performing an
orthogonalization once every T = 200 time steps is sufficient
to counter the accumulation of error. In fact, we show in Fig.
S2 of the Supplemental Material [34] that DAAN is robust to

FIG. 2. Application of DAAN in the 2D quadratic potential
well V (x, y) = m

2 (ω2
x x2 + ω2

y y2), ωx = 1.4817 × 1031 rad s−1, and
ωy = 2.0955 × 1031 rad s−1. Shaded areas show the energy spread
〈E〉 (t ) ± �E (t ) as the density evolves through DAAN, and dashed
lines show the theoretical energy eigenvalues. (a) A random ini-
tial density converges to the correct ground-state energy, with a
monotonically decreasing uncertainty (blue). If, however, the initial
density is constructed orthogonal to the span of lower eigenstates
(red and yellow), DAAN converges only transiently to the targeted
eigenstate, with an eventual collapse to the ground-state energy.
(b) Doubling or quadrupling the time step �t does not qualitatively
affect the metastability of excited states, as shown here for the tran-
sient stability of ψ5, with three different values of �t . This test shows
that additional orthogonalization is required in order for DAAN to
converge to excited states.

changes in T up to T ≈ 2000. Beyond that value, the energy
uncertainty of the final iteration starts to grow as T increases.

More precisely, let φk be the target state, and ψ (x, t ) be an
arbitrary density, either at the beginning or during the appli-
cation of DAAN. Let {φ0, . . . , φk−1} be the set of components
that we wish to remove from it—In practice, these are steady-
state densities obtained from previous application of DAAN
where lower-energy states were targeted. We implement the
orthogonalization (akin to a Gram-Schmidt process) as

ψk (x, t ) = N̂

[
ψ (x, t ) −

k−1∑
n=0

φn(x) 〈ψ (x, t )|φn(x)〉
]
, (18)

where ψk is then propagated through Eq. (7) until the next
application of Eq. (18). Equation (18) is first applied at t = 0,
and then at every T time steps after that. We find, as ex-
pected, that supplementing DAAN with such periodic (but
sparse) orthogonalization leads to the targeted eigenstate, φk .
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FIG. 3. Application of DAAN in a 1D quadratic potential,
V (x) = mω2

2 x2 with ω = 1.5 × 1029 rad s−1. Here, φ2 is the target
state, and Eq. (18) is applied at every T = 200 time steps (including
at time t = 0) such as to remove from ψ the components along φ0

and φ1. Aside from being orthogonal to the first two eigenstates, the
initial density is random. In panel (a), three curves, representative of
the early (red), middle (blue), and steady-state density (black), are
shown over the full spatiotemporal density, ψ (x, t ). The correspond-
ing energy decomposition is depicted in panel (b), and shows that
DAAN indeed converges to a state lying solely along φ2.

As a first test, we show in Fig. 3 that this is indeed the
case when DAAN is applied to a 1D quadratic well. Here,
φ2 is the target state, and components along φ0 and φ1 are
removed as described above. Initially, the density is irregular
[red curve, Fig. 3(a)], and is populated by components from all
over the energy spectrum [red stems, Fig. 3(b)], except along
E0 and E1, by construction. With a periodic application of
Eq. (18), DAAN converges toward the correct excited steady
state [black curve, Fig. 3(a)], whose energy is exclusively E2

[black stems, Fig. 3(b)].
Next, we revisit the 2D quadratic potential well and show

in Fig. 4(a) that, contrary to Fig. 2 where no orthogonaliza-
tion was applied, DAAN can successfully extract the targeted
eigenstate when Eq. (18) is periodically enforced. Indeed,
DAAN converges to densities whose energy corresponds to
the theoretical value, with a monotonically decreasing energy
uncertainty, �E . In Sec. III B, we offer a more systematic
comparison to theory. Finally, as an additional validation test
[Fig. 4(b)], we confirm that scaling down the time step, �t ,
leads to a proportionally smaller relative energy uncertainty
of the DAAN density. This scaling holds over at least 2 orders
of magnitude.

10-34 10-33 10-32

 t [s]

10-4

10-3

10-2

10-1

 E
 / 
�E
�

E0

E1

E2

E3

E4

(a)

(b)

FIG. 4. (a) Dynamics of the energy spread, 〈E〉 (t ) ± �E (t )
(shaded areas), calculated from time-dependent DAAN densities,
ψ (x, t ), for the same quadratic potential as in Fig. 2. Here, how-
ever, periodic orthogonalization is applied, as per Eq. (18), at every
T = 200 time steps. In this case, the energy spread converges mono-
tonically to the correct theoretical energy (dashed lines). (b) The
relative energy uncertainty, calculated at the last DAAN iteration,
scales with the size of the time step, �t , over at least 2 orders of
magnitude. Smaller time steps are associated with increasing preci-
sion, as expected.

B. Comparison with theoretical eigenstates

The results of the preceding section suggest that by using
values of C and σ obtained in Sec. II C and by applying
periodic orthogonalization as described in Sec. III A, DAAN
does indeed converge to steady-state densities, ψDAAN, that
correspond to the theoretical eigenstates for a given potential
function. Here, we evaluate this correspondence quantitatively
by comparing steady-state DAAN densities with theoretical
eigenfunctions for different potential functions (1D and 2D),
and for different energy levels. Quantitative comparison is
achieved by first calculating the energy expectation value, 〈E〉,
and uncertainty, �E , from the DAAN density, ψDAAN:

〈E〉 =
∫
R

ψDAAN(x)(ĤψDAAN)(x)dx, (19a)

�E =
√∫

R
[(ĤψDAAN)(x)]2dx − 〈E〉2, (19b)

where the integrals are evaluated numerically, and where
(ĤψDAAN)(x) is evaluated from Eq. (12), with the second
derivative approximated by central difference. Then, three
metrics are calculated to assess the precision of the DAAN
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TABLE I. Quantitative assessment of DAAN performance in
four different potential functions, and for various energy levels. All
metrics are calculated from steady-state DAAN densities. The rel-
ative uncertainty (Rel. unc.), �E/ 〈E〉, quantifies how close �E is
from vanishing. The relative energy error (Rel. err.), | 〈E〉 − Eth|/Eth,
and the error norm (Err. norm), ‖ψDAAN − φth‖, serve to compare
the steady-state DAAN densities to the corresponding theoretical
eigenvalue and eigenfunctions [35], respectively. Convergence time
(Conv. time) is reported in number of time steps.

State Rel. unc. Rel. err. Err. norm Conv. time

1DSP
0 4.30×10−2 2.30×10−3 1.59×10−6 9.60×105

1 2.15×10−2 2.30×10−3 4.98×10−6 1.30×106

2 1.43×10−2 2.29×10−3 1.02×10−5 8.60×105

3 1.08×10−2 2.30×10−3 1.77×10−5 5.60×105

4 8.63×10−3 2.31×10−3 2.72×10−5 3.60×105

5 7.22×10−3 2.31×10−3 3.90×10−5 5.00×105

1DHO
0 1.65×10−5 2.53×10−6 2.97×10−11 1.02×106

1 7.62×10−6 4.21×10−6 9.00×10−11 8.60×105

2 5.97×10−6 5.06×10−6 2.14×10−10 1.02×106

3 4.83×10−6 7.22×10−6 4.66×10−10 9.80×105

4 4.74×10−6 9.83×10−6 1.74×10−9 9.60×105

5 8.00×10−6 1.03×10−5 1.38×10−8 7.40×105

2DSP
0 0 3.90×10−2 2.71×10−2 3.77×10−4 3.21×105

1 0 3.17×10−2 2.58×10−2 7.30×10−4 5.31×105

0 1 3.35×10−2 2.89×10−2 8.89×10−4 3.13×105

1 1 3.46×10−2 2.78×10−2 1.24×10−3 9.95×105

2 0 3.36×10−2 2.57×10−2 1.32×10−3 2.67×105

0 2 3.94×10−2 3.00×10−2 1.74×10−3 8.54×105

2 1 3.84×10−2 2.73×10−2 1.83×10−3 4.38×105

1 2 4.18×10−2 2.94×10−2 2.10×10−3 1.46×106

3 0 3.96×10−2 2.61×10−2 2.15×10−3 1.78×105

3 1 4.42×10−2 2.73×10−2 2.66×10−3 3.00×106

2DHO
0 0 7.03×10−4 9.38×10−5 1.62×10−7 7.74×104

1 0 4.02×10−4 1.20×10−4 2.19×10−7 1.55×105

0 1 3.79×10−4 1.59×10−4 2.76×10−7 8.91×104

2 0 3.09×10−4 1.77×10−4 3.01×10−7 1.87×105

1 1 2.84×10−4 1.57×10−4 3.33×10−7 1.83×105

0 2 3.29×10−4 2.53×10−4 4.64×10−7 3.00×105

3 0 2.83×10−4 2.43×10−4 5.12×10−7 1.54×105

2 1 2.42×10−4 1.88×10−4 4.16×10−7 1.80×105

1 2 2.68×10−4 2.33×10−4 6.58×10−7 3.00×105

4 0 3.21×10−4 3.12×10−4 3.55×10−7 2.24×105

density relative to theory: the relative energy uncertainty,
�E/ 〈E〉, the relative energy error, | 〈E〉 − Eth|/Eth, where
Eth are the theoretical eigenvalues, and the error norm,√∫

R[ψDAAN − φth]2dx, where φth are the theoretical eigen-

functions. The theoretical eigenvalues and eigenfunctions
relevant for these calculations can be found in Ref. [35].

These metrics are reported in Table I for a total of 32
eingenstates, across four different cases: 1D and 2D infinite
square potentials (1DSP, 2DSP), and 1D and 2D harmonic
oscillators (1DHO, 2DHO). For all cases, an initial random
density evolves according to Eq. (7), first without orthogo-

nalization. The resulting density is stored as φ0. Then, a new
random initial density is generated, but its component along
φ0 is removed by means of Eq. (18). Evolution through DAAN
with periodic orthogonalization leads to a new density that
we store as φ1. The process is repeated for all other excited
states, which are maintained orthogonal to all previously ob-
tained steady-state densities. Simulations are stopped when
the relative difference of the energy expectation value over
a period of 300 time steps is less than 1.5 × 10−5%, for 1D
potentials, or 1 × 10−11%, for 2D potentials. Convergence
time (in number of time steps) is also reported in Table I. In
all cases, m = me is the electron mass, d = 2 × 10−20 m, and
�t = 1.05 × 10−34 s, which gives C = 1 J and σ = 7.81 ×
10−20 m.

Further validation of the DAAN procedure is shown in
Figs. 5(a)–5(f), where ψDAAN (red curve) is plotted directly
against the corresponding φth (dashed blue curve) for six of
the 1D cases reported in Table I. Additional cases are shown in
Figs. 5(g)–5(l) for 2D potentials, but without explicit compar-
ison to the theoretical eigenfunctions. The 2D potential wells
are chosen asymmetric such as to avoid any degeneracy, as
discussed in Sec. IV.

IV. DISCUSSION

In this work, we show how DAAN—a two-species random
walk model that includes diffusion, probabilistic absorption
via a potential function, cross-species annihilation, and nor-
malization of the population density—can be implemented
semianalytically (i.e., by propagating the population density
instead of simulating individual walkers) to yield the correct
Hamiltonian eigenstates associated with the potential func-
tion. As a first test, in Fig. 1, we validate our approach for
propagating the population density [Eq. (7)] against explicit
random walk simulations of the model presented in Sec. II A.
For population size on the order of 105 particles, a precise
match between theory and simulation is reached within a few
hundred time steps. An important aspect of this work is to
show that key parameters of the DAAN procedure, namely,
the absorption coefficient, C, and the diffusion displacement
variance, σ 2, are uniquely constrained by establishing an
explicit correspondence between DAAN and imaginary-time
propagation of the Schrödinger equation for small time steps
(Sec. II C). Only for those particular values of C = �t

h̄ and
σ 2 = h̄�t

m does DAAN converge precisely to the theoretical
eigenstates. Of course, we require �t to be small, such as to
justify the approximations employed in Sec. II C, and such
that σ is maintained 2 or 3 orders of magnitude smaller than
the spatial spread of the wave function.

A quantitative comparison between steady-state densities
reached by DAAN propagation and the corresponding theo-
retical eigenfunctions is offered in Table I for cases in 1D
and 2D, for square and harmonic potential wells, and for
several energy levels. In some cases, in particular for the
1DHO and 2DHO, the error norm ranges from ∼10−7 to
∼10−11. Correspondingly, the relative uncertainty and rela-
tive energy error are ∼10−4 to ∼10−6. Notably, the energy
uncertainty is merely 2 orders of magnitude larger than that
calculated from theory, indicating numerical integration error
as a significant factor in calculating �E [controlled by d ,
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FIG. 5. Representative steady-states DAAN densities for different cases of Table I. (a)–(c) 1D infinite square potential of width L =
2 × 10−16 m. (d)–(f) 1D harmonic oscillator where V (x) = mω2

2 x2 and ω = 1.5 × 1029 rad s−1. For the 1D cases, ψDAAN (red curve) is compared
with the corresponding theoretical eigenfunction, φth (dashed blue curves). (g)–(i) 2D infinite square potential of width Lx = 1.89 × 10−17 m
and Ly = 1.57 × 10−17 m. (j)–(l) 2D harmonic oscillator where V (x, y) = m

2 (ω2
x x2 + ω2

y y2), ωx = 1.568 × 1031 rad s−1, and ωy = 2.217 ×
1031 rad s−1. For the 2D cases, the displacement probability distribution is an isotropic bivariate Gaussian. Quantum numbers are shown in
parentheses, e.g., 2DHO(0 1) represents the 2D harmonic oscillator with nx = 0 and ny = 1.
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in Eq. (19)]. Moreover, additional tests (not shown) confirm
that DAAN converges to steady states whose energy uncer-
tainty extrapolates to zero in the limit of vanishing �t—all of
which indicate that DAAN succeeds in extracting the correct
excited states, as seen visually in Fig. 5. For the case of
the square potential well (1DSP and 2DSP), however, the
comparison metrics are 2–6 orders of magnitude larger than
for the harmonic well, likely due to errors associated with
the discontinuity of the potential function. We posit that more
iterations and a better spatial resolution near the barrier would
correct this imprecision, and that by implementing a stricter
convergence criterion, a similar precision to the harmonic well
could be reached. Indeed, we see from Fig. 4 that the approach
to the steady state can vary even for states within the same
potential function, at least in terms of the dynamics of the
energy spread (Fig. 4).

To enforce convergence toward a targeted excited state—
rather than merely the ground state—we implement a sparse
and periodic orthogonalization step where components of the
DAAN density lying along lower-energy eigenstates are re-
moved. This adjustment is sufficient to ensure that DAAN
propagates the density within the subspace orthogonal to the
span of the lower-energy states, while still converging toward
the target state. Of course, in higher dimensions, eigenvalues
tend to be degenerate. In those cases, neither DAAN nor ITP
can discriminate between same-energy states lying in a com-
mon subspace. Instead, a linear combination of states within
that subspace could be reached, and would still manifest itself
as a density with vanishing �E under DAAN propagation.
For the 2D cases of Sec. III B, we deliberately circumvent this
issue by choosing an anisotropic potential function, such as to
facilitate the comparison to theory. Nevertheless, as seen from
Fig. 3, an energy spectrum initially spread over many excited
states eventually preserves only that component along the tar-
get excited state. Without this orthogonalization step, excited
states are unstable under DAAN propagation, and exhibit a
transient stabilization (i.e., reduction in energy uncertainty)
before decaying to the ground state (Fig. 2). We have not sys-
tematically tested whether orthogonalization could be made
sparser. Future investigation could quantify the rate of decay
toward the ground state as a function of the potential function,
the energy level, and the value of �t . The orthogonalization
schedule could then be tailored based on these findings, such
as to make it as sparse as possible for optimal convergence
time. We also leave for future work the question of the shape
of the displacement probability distribution, P(σ )

�X . Random
walk models are known to exhibit many sloppy directions in
their parameter spaces, while only a few are stiff [4]—Only
variations of parameters along the stiff directions cause signif-
icant changes to the model’s output at the macroscopic level.
It is therefore likely that many functional forms of P(σ )

�X map
onto the same macroscopic, steady-state density. The extent to
which this is the case remains to be elucidated.

Overall, this work contributes toward clarifying the micro-
scopic, probabilistic interpretation of ITP and, more generally,

adds to a body of knowledge where emergent features of col-
lective stochastic dynamics serve as a basis for understanding
the solutions of macroscopic partial differential equations.

ACKNOWLEDGMENTS

We would like to thank Prof. Louis Marchildon and
Prof. Alain Haché for reviewing an initial version of this
work, and Jérémy Guy Belliveau for insightful comments.
This work was supported by scholarships from the Natu-
ral Sciences and Engineering Research Council of Canada
and from the New Brunswick Innovation Foundation (now
Research NB).

P.H.G., N.B., and A.M. conceptualized the research. P.H.G.
wrote the code, developed the theory, performed the analyses,
and drafted the manuscript. A.M. wrote, revised, and proof-
read the manuscript. A.M. and P.H.G. interpreted the results.

DATA AVAILABILITY

The codes and simulation data that support the findings
of this article are not publicly available. They are, however,
available from the authors upon reasonable request.

APPENDIX: GENERALIZATION TO HIGHER
DIMENSIONS

Implementation of DAAN in dimension higher than one
is direct and requires only few adjustments. The population
density, potential function, and displacement probability dis-
tribution become functions of the D-dimensional vector x:
ψ (x, t ), V (x), and P(σ )

�X (x). The latter takes the form of a mul-
tivariate, isotropic, and zero-mean Gaussian distribution and is
evaluated on the D-dimensional regular lattice of step d along
each dimension. The main equation for DAAN propagation
[Eq. (7)] is essentially unchanged, with the 1D convolution
generalizing directly to D dimensions, while the Hamiltonian
reads

Ĥ = − h̄2

2m
∇2 + V (x). (A1)

On the other hand, Eq. (14) generalizes to

[
(1 − CV )P(σ )

�X

] ∗ ψ =
⎡
⎣ h̄�τ

2m

D∑
j=1

δ′′
j +

(
1 − �τ

h̄
V

)
δ

⎤
⎦ ∗ ψ,

(A2)
where (δ′′

j ∗ ψ )(x) = ∂2ψ (x)
∂x2

j
. In this case, one still finds C =

�t
h̄ and σ 2 = h̄�τ

m (the variance of each marginal of the multi-
variate P(σ )

�X ). Finally, generalization of Eq. (19) is trivial and
is implemented numerically with standard numerical analysis
techniques (i.e., central differences and trapezoidal rule).
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