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Quantum simulation of two-level PT -symmetric systems using Hermitian Hamiltonians
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Parity-time (PT)-symmetric Hamiltonians exhibit nonunitary dynamical evolution while maintaining real
spectra, and offer unique approaches to quantum sensing and entanglement generation. Here, we present
a method for simulating the quantum dynamics of PT-symmetric systems on unitary-gate-based quantum
computers by leveraging Hermitian equivalents through similarity transformations. We introduce two algorithms
for simulating PT -symmetric systems near exceptional points where eigenvalues and eigenstates coalesce. The
first is a hybrid classical-quantum algorithm and the second reduces the classical component by using an
ancilla qubit. We then use perturbation theory to extend this method to consider the dynamics of two weakly
interacting PT-symmetric systems. Demonstrations on a quantum device and noisy simulators validate the
algorithm on current quantum devices, offering potential for scalable simulations of PT-symmetric systems

and pseudo-Hermitian operators in quantum computation.
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I. INTRODUCTION

Understanding the evolution of open quantum systems
(0QSs), quantum systems that interact with an environ-
ment, is crucial for fundamental research and technological
advancements in quantum information and sensing [1-6].
Simulating these systems efficiently on quantum computers
remains a challenge due to their nonunitary time propagators,
which cannot be mapped directly into the unitary framework
common in current quantum computers. Recent progress in
open quantum simulation offers approaches to address this
challenge with different methods, including quantum imag-
inary time evolution (QITE) [7-11] and block encodings
[12-19], among others [20-50].

A particularly intriguing class of open quantum systems
with non-Hermitian dynamics is parity-time (P7'-) symmetric
quantum systems [51], which exhibit unique properties not
observed in standard Hermitian quantum mechanics [52-78].
PT-symmetry refers to systems where the Hamiltonian re-
mains invariant under combined parity- (P) and time-reversal
(T') transformations. These systems possess real energy spec-
tra in the so-called “unbroken” PT -symmetric phase, despite
the Hamiltonian being non-Hermitian. PT-symmetric Sys-
tems possess a variety of interesting quantum properties,
including the ability to tune the evolution time between
two desired states such that the resulting time evolution
is faster than a Hermitian system with the same spectrum
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[66,79,80]. This phenomenon is illustrated in Fig. 1(a), which
compares the time evolution of the ground-state population
under PT -symmetric (solid line) and Hermitian (dashed line)
Hamiltonians with the same spectrum.

The real spectrum in the unbroken regime allows PT-
symmetric systems to be mapped to an equivalent Hermitian
form [81], permitting simulation with unitary quantum al-
gorithms. Here, we explore two approaches to simulating
PT-symmetric systems on quantum computers by construct-
ing an equivalent Hermitian Hamiltonian through similarity
transformations. The similarity transformation allows for the
offloading of the nonunitary dynamics to either classical
pre/postprocessing or additional quantum resources via dila-
tion. Here, we explore both possible offloadings, referring to
the algorithm, which relies on classical postprocessing as the
hybrid algorithm, and the other dilation algorithm. To exam-
ine the potential scaling of the hybrid algorithm, we extend
beyond a single PT -symmetric system to consider two weakly
interacting spins [59,60,82,83], where the weak interaction
between the two PT-symmetric systems results in entangle-
ment generation that is proposed to be faster than in Hermitian
systems. We successfully simulate this entanglement gen-
eration by extending the one-qubit method via perturbation
theory using a quantum simulator. Finally, we perform an er-
ror analysis on the single PT -symmetric algorithms to further
assess their scalability. These results offer a scalable approach
for simulating weakly coupled PT -symmetric qubits with uni-
tary quantum algorithms.

II. THEORY AND METHODS

A. Single PT -symmetric system

We consider a two-level system with balanced gain and
loss that can be effectively described by a PT-symmetric

Published by the American Physical Society
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FIG. 1. (a) Comparison of the ground-state population dynamics
of a Hermitian (dashed line) and a PT-symmetric system (solid
line). Dotted vertical lines show the time it takes for the ground
state to evolve to the excited state for the PT (black) and Hermitian
dynamics (gray), demonstrating faster evolution on the PT curve.
(b) Schematic of a two-level system with balanced gain and loss,
where 2 is the coupling rate between the two levels and y is the gain
and loss rate.

Hamiltonian,

Hor = ( o f;) ()
where Q2 is the coupling rate between the two states of the
system and y is the rate of gain and loss, as depicted schemat-
ically in Fig. 1(b). When Q2 > y, this Hamiltonian is in the
PT -symmetric unbroken phase and has real eigenvalues with
nonorthogonal eigenstates. When 2 = y, the system reaches
an exceptional point where eigenvalues are degenerate and the
eigenstates coalesce.

To explore the PT-symmetric region with real spectra,
we investigate its Hermitian equivalent, which can be de-
rived through a similarity transformation [81,84—88]. In the
unbroken regime, PT-symmetric systems are a category of
pseudo-Hermitian systems [84,89], so there exists a Hermi-
tian, invertible, linear operator n such that ﬁle = nHprn~".
This pseudo-Hermiticity allows for unitary evolution by re-
defining the inner product [81,84]. In the unbroken regime,
Eq. (1) is parametrized as

A —iQ2sina Q
Her = ( Q i sina)’ )
where sino = é The corresponding eigenstates are
¥4 Lty 3)
= ———=("2,e2)",
- V2 cosa
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The similarity transformation, 1, which connects Hpr with
ﬁ;T can be constructed from eigenstates of H;T, which are
complex conjugates of the original eigenstates, |¢p) = |1 )*.
This similarity transformation takes the form

n = ¢+ )¢+ + |- ) {p-| (€]
sec o itan
- <—itana sec o ) ®)

Since 7 is positive semidefinite in the unbroken regime, we
define its square root [81],
—i(a—D>
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FIG. 2. Quantum circuits corresponding to the [panel (a)] hy-
brid algorithm with e~#7|0) on a single qubit with tomography
and [panel (b)] dilation algorithm with 7! exp(—iht)7|0) using an
ancilla qubit to implement the dilated z~'. Here, U is the single-
qubit rotation to prepare the initial state, RX a single-qubit rotation
about the x axis, RZ a single-qubit rotation about the z axis, H the
Hadamard gate, and U; a universal single-qubit rotation gate with
three angles.

where 7 is a positive-definite matrix, a = 4/seca — tan «,
and b = /tana + sec . This matrix is used in a similarity
transformation, resulting in a Hermitian equivalent of the PT -

symmetric Hamiltonian, 7 = tHprt !,

A 0 Qcosa
hz(Qcosa 0 ) N

In other words, Hpr is similar to I?JT through 7, and Hpr is
similar to / through T = ,/77. Notably, for a time-independent
Hamiltonian, 7 is a Hermitian matrix that does not depend on
time.

The time-evolution operator for Hpr is

e ) = e Iy = e M), (8)

This suggests that the simulation of the PT-symmetric dy-
namics can be done in three parts: initialization by t|vy),

unitary time evolution of the single-qubit Hamiltonian e~
and the final Hermitian operator ! to complete the similarity
transformation. We prepare the initial state with a one-qubit
gate, Uy, that results in %th/fo) with normalization /. After
initialization, we apply the unitary time evolution with an
R.(9) gate. For the final step, we implement ! in one of two
ways: first, using a one-qubit hybrid classical-quantum algo-
rithm, and second by dilation and simulation in a two-qubit
setting. We distinguish the two algorithms as either the hybrid
or dilation algorithm. We show how the hybrid algorithm
can be extended to weakly coupled PT -symmetric qubits via
perturbation theory, without incurring significant additional
classical costs.

In the hybrid approach, we perform the initialization and
time propagation as shown in the circuit in Fig. 2(a), followed
by tomography of the density matrix. We then multiply the
=1 matrix classically to postprocess the result and find the
evolution of the PT -symmetric system in the initial basis. The
classical multiplication of the matrix t~! requires measur-
ing every element of the time-evolved density matrix, known
as full tomography, which significantly limits the scalability
of this algorithm beyond noisy-intermediate scale quantum
(NISQ) devices, where the number of qubits is limited and
prone to error.

In the dilation approach, we realize the time evolution by
implementing 7! as a dilated unitary, eliminating the need
for full tomography of the density matrix to complete the
similarity transform. In dilation approaches, an additional, or
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ancilla, qubit is used in addition to the qubits spanning the
system Hilbert space. Since ~! is nonunitary, we employ
a unitary dilation of the operator, using the spectral decom-
position of this Hermitian matrix, T = UDU" and 77! =
UD~'UT, where U is unitary and D is diagonal. The unitary
dilation of D results in a two-qubit unitary operator, Up,

Up = (DO* D“_) ©)

where D, are diagonal matrices with entries,

1Dy 10

D =D;; +iDj;
+.jij Ji ”Djj”

and D;; are diagonal elements of D. This diagonal operator
can be implemented with the combination of one-qubit rota-
tion, R,(0), and two-qubit controlled-not, CNOT, gates [90] as
shown in Fig. 2(b), where the angles are defined as

6, = 1 (arctan(Dy ;) + arctan(Dx 2)), (1)

6, = 3(arctan(D 1) — arctan(Dx.2)). (12)

The two-qubit algorithm results in the probabilistic evolution
of the state, conditioned on the ancilla being in the state |0);
however, the dilation requires only one qubit, regardless of
the size of the PT-symmetric Hamiltonian. Both optimal and
efficient approximate algorithms are known for implementing
unitary diagonal operators, although in this work we imple-
ment all diagonal operators exactly [91].

B. Two weakly coupled PT -symmetric systems

Using first-order perturbation theory, we use the single-
qubit eigenstates to simulate the dynamics of two weakly
coupled PT-symmetric systems. We consider a weak inter-
action term of the form

Hiy = J(O’_}_GE + U_IU_%_), (13)

where o = (0; +i0,)/2, 0_ = (0x — ioy)/2, and o; are the
Pauli operators [37,60]. In this regime, the system retains a
real spectrum within the perturbative approximation. The total
Hamiltonian describing this system is given by

Hyp=Hp @1+ 1@ H:; +HY

nt >

(14)

where the superscripts list the qubit(s) on which the oper-
ator is supported. To find the eigenstates of a system of
two noninteracting PT-symmetric systems, we can use the
eigenstates of the one-qubit Hamiltonian from Eq. (3). These
eigenstates are

V) =1y-) ®[y-),
Vi) = 1¥4) ® [¥r4),
Vi) = 1¥4) ® [¥-),
V1) = 1Y) ® [¥ry). 5)

Using first-order perturbation theory, we modify these states
and generate a similarity transformation to capture the dynam-
ics of two weakly coupled PT -symmetric systems [59,60],

v = {1y, [w"), [vP) 1w, (16)

where the superscript (1) refers to first-order perturbation and

lyrih) = 1w F 1wi). (17)

. . . 7 i 12_-1 2 _
Using the identity e /il = ¢=TE"T™'1 = g~ B ig=1 e

note that E'? is the diagonal matrix of the perturbed eigen-
values. We implement the evolution of this system using
the hybrid algorithm approach introduced for the single PT-
symmetric system.

For a system of this size, we can measure the full density
matrix via tomography, allowing calculation of the unique
entanglement behavior of P7T-symmetric systems near their
exceptional points. We explore the entanglement dynamics
using the concurrence, which is an entanglement measure for
two-qubit systems given by [92,93]

C(p) =max (0,11 — A2 — A3 — A4), (18)

where p is the density matrix, and Aq, A», A3, and A4 are the
square roots of the eigenvalues, in decreasing order, of the
non-Hermitian matrix

R=pp 19)
with
p= (Uy ® Uy)p*(ay ® Uy)- (20)

Note that in the regime where the interaction is weak, the
eigenvalues are real and the dynamics are now mapped on
the dynamics of a Hermitian Hamiltonian evolution with a
unitary time operator. The similarity transformation, 7!, is
implemented on the initial state with single- and two-qubit
gates. Here, following the hybrid algorithm approach, the
final 7 is implemented as a classical postprocessing; however,
future work could investigate the explicit decomposition of
these circuits using the dilated three-qubit algorithm.

III. RESULTS

A. Single PT -symmetric system

To demonstrate the two approaches for the time evolu-
tion of a single PT-symmetric system, we select parameters
near the exceptional points, Q@ = 7.5 rad/us and y = 7 us~!,
which result in distorted oscillatory dynamics, similar to those
in Fig. 1(a). We first identify the unitary operator Uz (6, ¢, 1)
that implements 7 on the state |0). For the unitary time evo-
lution, we note that R,(0) = ¢, where 6 = Qt /2 cos(w).
The derived quantum circuits are implemented on IBM-
Sherbrooke quantum processing unit (QPU), as well as a
simulator with the IBM-Sherbrooke noise model using 2'2
shots [94]. The device data were acquired over multiple days,
with more details discussed in the Appendix.

The evolution of the ground- and excited-state populations
on a single qubit initialized as 7|0) is shown [Fig. 3(a)] in
purple and green, respectively. The resulting evolution is a
unitary evolution of a Hermitian Hamiltonian on a single
qubit with the expected sinusoidal behavior. Figure 3(b) shows
the ground- and excited-state populations from the hybrid
algorithm considering the full density matrix measured by
tomography in the Pauli basis, then classically multiplied
by 7! at each time step, resulting in a PT-symmetric time
evolution. Both the QPU (circles) and the simulator results
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FIG. 3. Ground (purple) and excited (green) state populations
for the evolution of the system with (a) e~#*1|0), (b) the one-qubit
hybrid algorithm, and (c) the two-qubit dilation algorithm. Solid lines
indicate the exact solutions, circles represent experimental data from
the IBM Sherbrooke quantum processor, and dashed lines represent
the noise-model data, each with 2'2 shots.

with the Sherbrooke noise model (dashed lines) agree well
with the exact classical solution (solid lines). The dilation
algorithm approach implements 7! with final postselection
on the |0) state of the ancilla qubit. The normalized popula-
tions of ground and excited states, |00) and |01), respectively,
are shown in Fig. 3(c), with QPU results as circles. The
QPU results are compared with IBM Sherbrooke noise model
(dashed lines) as well as the exact classical solution (solid
lines). This method remains NISQ friendly as the ancilla qubit
is used only for the sparse diagonal operator D, as seen by

B. Two weakly coupled PT -symmetric systems

To assess the success of the perturbative treatment of two
coupled PT-symmetric systems, we explore these dynam-
ics with the parameters y = 7us~!, J = 0.019rad/ps, and
= 7.82 rad/us, and from an initially excited state, |11). We
implement the first approach, the hybrid algorithm, from the
single PT-symmetric system. Using the Aer simulator, we
show the time evolution of the populations for two qubits in
Fig. 4(a). Additionally, we compute the concurrence of this
system using the density matrix of the evolved system, shown
in Fig. 4(b). This shows that the system achieves a maximally
entangled state when all populations are equal.

Noting here that we demonstrate the perturbative general-
ization using the first (hybrid) approach, but we could also
use the second approach by diagonalizing 7, ! and dilating
with one ancilla qubit. This method can be used to further
simulate interaction Hamiltonians for multiqubit systems with
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FIG. 5. (a) The fidelity between the exact density matrix and the
experimental results. Blue is the hybrid algorithm, orange shows the
dilation algorithm results, and black shows the Hermitian evolution
of a single qubit. (b) Simulated fidelity with respect to measurement
error for the hybrid algorithm. (c¢) Simulated fidelity with respect to
measurement error for the dilation algorithm.

this symmetry [60,82], and would allow us to work with larger
systems since it no longer requires full-state tomography.

C. Single PT -symmetric qubit error analysis

Scaling these algorithms beyond two coupled PT-
symmetric systems requires a thorough understanding of how
the algorithms for a single PT-symmetric system respond
to noisy conditions. Returning to the single PT-symmetric
system, Fig. 5(a) shows the fidelity between the experi-
mental data and the exact solution for three cases: the

Hermitian single-qubit evolution (black), the hybrid PT-
symmetric algorithm (blue), and the dilation algorithm
(orange). In the PT-symmetric single-qubit case, errors are
amplified in the fast-evolution regime, leading to a decrease
in fidelity, whereas in the slow-evolution regime, the fidelity
remains stable. The difference in error behavior between Her-
mitian and PT-symmetric evolution arises due to classical
postprocessing, which can either suppress or amplify errors.
In particular, matrix multiplication with the density matrix
redistributes the error across its elements, so that, for example,
X -type Pauli noise no longer corresponds to the same noise
model after postprocessing. In the dilation method, postselec-
tion is applied independently at each time step, and the use of
the CNOT gate contributes to the error characteristics of this
approach.

To further assess the impact of noise on fidelity in each al-
gorithm, we analyze the fidelity at two points in the dynamics
under varying measurement error using a Qiskit noise model
[94]. From the results in Fig. 5(a) for the hybrid algorithm,
we choose time r = 1.22 us, where the fidelity is low and
t = 1.77 ps, where the fidelity is high. Here, the measurement
error corresponds to the Pauli error X, where the state of the
qubit flips with probability P [90]. As shown in Fig. 5(b), the
fidelity at the minimum from 7 = 1.22 ps (light blue down
arrows) exhibits a nonlinear dependence on measurement er-
ror, while it remains nearly constant at the maximum of the
fidelity (dark blue up arrows) from ¢ = 1.77 us. In contrast,
the Hermitian Hamiltonian demonstrates a linear dependence
on measurement error (black stars).

For the dilation approach depicted by the orange line in
Fig. 5(a), we observe a more complex behavior due to the
presence of two-qubit measurement errors and entangling
gates. In general, the dilated algorithm is considerably less
sensitive to the measurement error, with around 70% fidelity
at the highest rate, compared to 20% for the hybrid algo-
rithm. Examining the effect of measurement error on fidelity
at different points in the absence of other errors, we find
that at the maximum ¢ = 0.07 us, the fidelity depends linearly
on noise as shown in Fig. 5(c). However, at the minimum
fidelity + = 0.01 us, the dependence on measurement error in-
creases. Because of increased quantum volume requirements,
the dilated algorithm may incur larger error from two-qubit
gate coherence limitations, which could explain the overall
worse fidelity of the dilated algorithm; however, the classical
postprocessing in the hybrid algorithm is highly sensitive to
the measurement error.

IV. DISCUSSION AND CONCLUSIONS

Here, we have demonstrated that pseudo-Hermiticity can
be harnessed to develop perturbatively generalizable quantum
algorithms for PT-symmetric dynamics in the PT -unbroken
phase. In the unbroken regime, there exists a similarity trans-
formation, which allows the non-Hermitian Hamiltonian to be
mapped onto a Hermitian Hamiltonian with the same spec-
trum. Using this similarity transformation, these dynamics can
be simulated using both classical-quantum hybrid and ancilla-
assisted algorithms. Both algorithms suggest the possibility to
simulate PT-symmetric systems through real-time evolution
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by using the Hermitian-equivalent Hamiltonian rather than
individual unitary gates.

We then considered the evolution of two weakly interacting
PT -symmetric systems to demonstrate the algorithm exten-
sion to larger systems utilizing perturbation theory. Larger
systems of equivalent weakly interacting PT-symmetric
qubits can further be simulated in this way. The weakly
coupled qubits can be perturbatively treated in the basis of
eigenstates of a single qubit, which allows for an efficient
mapping of the coupled-qubit dynamics to a quantum algo-
rithm. Here, we simulated the two-qubit dynamics using a
hybrid algorithm, which effectively requires tomography of
the density matrix. Alternatively, the coupled-qubit dynamics
could be simulated with the fully quantum dilated algorithm,
which would bypass the costly tomography.

Additionally, we analyzed the error of the hybrid and fully
quantum algorithms to understand how they affect the fidelity
of the PT dynamics. By simulating varying measurement er-
rors, we found that the hybrid algorithm is significantly more
sensitive to error, compared to the fully quantum algorithm.
The largest errors occur during the fast part of the dynamics,
and are absent from the Hermitian dynamics, highlighting the
unique aspects of PT-symmetric systems, which are poten-
tially useful for quantum sensing applications.

We note that the decompositions presented here are for-
mally exact, but rely on probabilistic sampling of the quantum
circuits. The complexity of the circuit for the fully quantum
algorithm is dominated by the application of the similarity
transformation t over the dilated circuit. The similarity trans-
formation may retain physical symmetries of the eigenvectors
of H; however, in general, this operator may not be simple
or efficient to decompose. Importantly, the similarity transfor-
mation is time independent, so the decomposition only needs
to be performed once. The qubit count of the algorithm scales
directly with the size of the system, plus one for the ancilla
qubit.

Other algorithms for PT-symmetric systems include QITE
and quantum trajectories (QT) methods [8,50]. In this context,
QITE iteratively approximates the state at each time step
of the dynamics, although to our knowledge, QITE has not
been used to simulate PT dynamics. The recently reported
QT algorithm leverages an important connection between the
Lindblad equation and PT-symmetric dynamics described
here. In the QT algorithm, the PT dynamics would be imple-
mented as an example of nonlinear Lindblad dynamics using
two ancilla qubits. An interesting open question is the error
sensitivity near the fast regime in other quantum algorithms
for nonunitary dynamics.

Our results describe a mapping of weakly coupled PT-
symmetric qubits to a unitary gate-based quantum algorithm.
The results suggest a scalable approach for simulating these
dynamics on both near-term and fault-tolerant quantum com-
puters. Error analysis highlights the unique challenges of
simulating PT -symmetric systems on noisy quantum devices,
which mirrors the unique behavior of PT-symmetric dy-
namics near exceptional points. This work opens an avenue
for further investigation of non-Hermitian Hamiltonians on
quantum computers. Future works will explore methods that
enhance the efficiency of these algorithms as well as focusing
on the potential application of these non-Hermitian systems.
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APPENDIX: DEVICE DETAIL

We used the default quantum state tomography in Qiskit
experiments version 0.8 for the hybrid algorithm, and we per-
formed tomography with projective measurement with three
tomographic gates on qubit O for the dilation algorithm. Both
methods used samplerV2 with no error mitigation and sup-
pression enabled. The QPU used here is ibm_sherbrooke,
which is a 127-qubit quantum platform, where the processor
type is specified as Eagle r3 superconducting qubit chip. The
basis gates for this QPU are {ECR, ID, RZ, SX, X}. The me-
dian of respective T and T, times are ~267 us, and ~171us.
The median error of each ID, SX, and X gates is 2.42 x 1074,
whereas the error of RZ gate is 0. In terms of two-qubit gate
error, the median of the ECR gate error is 8.02 x 1073, The
median of the readout error is 1.66 x 1072, the state prepara-
tion and measurement (SPAM) error is ~0.015.
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