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Pulse-based quantum machine learning (QML) has emerged as a promising paradigm in quantum artificial
intelligence due to its exceptional hardware efficiency. For real-world applications, it is crucial that pulse-based
models are both expressive and trainable. Previous studies have shown that pulse-based models operating under
dynamical symmetry can be effectively trained, benefiting from a favorable loss landscape devoid of barren
plateaus. However, this approach may lead to uncontrollability, which can limit expressivity if the model is
poorly designed. In this paper, we explore the conditions necessary for pulse-based QML models to maintain both
expressivity and trainability. We present a key requirement involving the system’s initial state, the measurement
observable, and the underlying dynamical symmetry Lie algebra, supported by numerical simulations. Our
results provide a comprehensive framework for the design of practical pulse-based QML models that strike a

good balance between expressivity and trainability.
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I. INTRODUCTION

Quantum computing holds substantial promise for improv-
ing the efficiency of both training and inference in machine
learning tasks [1-4]. However, in the noisy intermediate-scale
quantum (NISQ) era, the lack of error correction necessitates
that quantum machine learning (QML) works in conjunction
with classical computers [5,6] through variational quantum
models. In this framework, quantum models execute the infer-
ence task, while the classical computer manages the training.

In the literature, variational QML models predomi-
nantly employ gate-based parametrized quantum circuits, also
known as quantum neural networks (QNNs) [7,8]. Since
all gates are ultimately implemented through control pulses
on the relevant physical qubits, recent proposals suggest
that QML models may be parametrized directly by these
continuous-time control pulses instead of discrete-time gate
parameters [9-16]. In contrast to gate-based models, pulse-
based models are grounded in physical systems without
abstraction, making them more accessible for hardware-
efficient implementation [17-24].

Within the finite coherence time, pulse-based QML models
are in principle more expressive than their gate-based counter-
parts because they function as infinitely deep data-reuploading
QNNSs [25]. This advantage has been demonstrated in our
previous study [25], where we also proved that pulse-based
models achieve full expressivity (i.e., the ability to ap-
proximate arbitrary functions [26-29]) when the underlying
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quantum system is ensemble controllable. This criterion pro-
vides a control-oriented framework for designing pulse-based
models, analogous to the design of universal quantum com-
puters [30]. Nonetheless, in systems with a large number
of qubits, the requirement for controllability becomes exces-
sively stringent as it inevitably leads to barren plateaus within
the loss landscape [31,32]. This phenomenon causes the loss
gradients (or, equivalently, the loss variance [33,34]) to decay
exponentially in the asymptotic time limit [35] and in the limit
of many qubits, thereby making optimization impractical for
large-scale systems [8,36—41]. Such trade-off between expres-
sivity and trainability has been observed in gate-based models,
where the loss function concentrates sharply as the circuit
becomes more expressive [37,42,43].

To alleviate the conflict between expressivity and train-
ability, controllability must be sacrificed in the design of
pulse-based models. Larocca et al. [31] reveal that trainability
is contingent on the degree of controllability characterized
by the size and symmetry of its dynamical Lie algebra. The
findings indicate that a symmetry-restricted model has the
potential to circumvent barren plateaus, thus providing a prac-
tical diagnostic approach for the design of QML models.
Building upon this insight, a Lie-algebraic theory for bar-
ren plateaus has been developed, based on which an exact
variance formula is derived for the loss function. It is demon-
strated that the variance scales inversely with the dimension
of the dynamical Lie algebra, provided that either the initial
state or observable is contained within the Lie algebra [44,45].
Diaz et al. [46] extend beyond the Lie-algebraic framework by
analyzing parametrized matchgate circuits. By decomposing
the operator space into Lie group modules, they derive an
exact variance formula for loss functions applicable to arbi-
trary initial states and observables, demonstrating that barren
plateaus can emerge from generalized global operators and
are dependent on module dimensions rather than solely on the
dimension of the dynamical Lie algebra.
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FIG. 1. Schematics of QML models that infer the learning output via a parametrized quantum transformation and subsequent measurement.
The model is trained by an external classical optimizer that is not depicted herein for brevity. (a) A four-qubit gate-based data-reuploading
QNN model, (b) the intermediate-level pulse-based model transcribed from the circuit [53-56], and (c) the generalized pulse-based model. In
principle, the pulse-based model can be continuously and simultaneously applied without waiting for one another, allowing for compression

to reduce inference time.

The existing works provide a Lie-algebraic framework for
evaluating the trainability of uncontrollable pulse-based QML
models induced by dynamical symmetry, but the expressivity
of these models remains ambiguous. In the present study, we
demonstrate that an ill-suited selection of either the initial
state or the measurement observable can result in the loss
of expressivity, and conduct a systematic analysis on the ex-
pressivity of pulse-based QML models within the context of
dynamical symmetry. In contrast to the Fourier-series analysis
typically used to assess the expressivity of data-reuploading
gate-based models [47-51], we utilize the polynomial expan-
sion of nonlinear functions epitomized by the pulse-based
model based on Dyson series analysis (also known as Fliess
series in control theory for input-output analysis of nonlinear
systems [52]). This analysis yields a Lie-algebraic tool for
the design of expressive pulse-based models with dynamical
symmetry.

The structure of the paper is as follows: Section II in-
troduces essential background on pulse-based QML models
and the existing results on the trainability under dynamical
symmetry. Section III analyzes the expressivity of pulse-based
models through the Dyson-series expansion from which a nec-
essary condition is derived. In Sec. IV, numerical experiments
are conducted to demonstrate the expressivity of pulse-based
models with dynamical symmetry, and the balance between
expressivity and trainability. Finally, Sec. V draws the conclu-
sion and future perspectives.

II. PULSE-BASED QML MODELS
WITH DYNAMICAL SYMMETRY

We first illustrate the potential advantages of pulse-based
QML models through a four-qubit system. In the gate-based
data-reuploading model shown in Fig. 1(a), the input x =
(x1, x2, x3,x4) is repeatedly uploaded using the encoding
circuits U(x) = R, (x;) @ - - - ® R.(x4). The trainable circuit
blocks comprise Ry(6;) (k =1,...,n) rotations about the y
axis, interspersed with the data-uploading circuit blocks. The
final learning outcome is inferred by the expectation-value
measurement

fx, 0) = (¢ x, O)M[y(x, 0)) ey

of a specific observable M, where | (x, ®)) is the output
state of the circuit, to approximate multivariable functions by
optimizing the parameters ® = {0y, ..., 6,}.

Figure 1(b) illustrates that the physical implementation of
the quantum circuit model consistently compiles individual
quantum gates into time-varying control pulses on the physi-
cal qubits. The QML process dictated by these control pulses
can be taken as a pulse-based model implemented at the phys-
ical level. Furthermore, as shown in Fig. 1(c), the pulses can
be continuously and simultaneously applied without waiting
for one another, allowing for compression to reduce inference
time. Such generalized pulse-based model is free from a prior
circuit design, featuring more tunable parameters within the fi-
nite coherence time, and can achieve greater expressive power
than gate-based models [25].

The pulse-based model implemented with an n-qubit quan-
tum device can be characterized as a controlled quantum
system:

Y (1;%)) = —ilHg (2, %) + He(O]1¥ (15 %)), 2

in which the encoding Hamiltonian

He(t,%) = Y xii(t)Hy 3)

k=1

encodes the input variable x = (xy, -+ -, x,,) € X € R™ into
the dynamical evolution of |y (t;x)) € C*'. The control
pulses 6, () are either tunable or, as is typically done in angle-
encoding schemes, fixed to a constant value. The control
Hamiltonian

m+p

He(t)= ) 6u(t)H, )

k=m+1

is introduced to enhance the expressivity of the pulse-based
model. The time-variant functions ;(¢), ..., 0,,.4,() are con-
trol pulses that can be trained to fit the dataset. Similar
to gate-based models, the output is inferred through the
expectation-value measurement

f(x, 0) = (Y(T:x)|M|y(T;x)), &)

with ® = {0,(t), ..., Ouyp(t), t €0, T]}. In practice, cer-
tain control pulses may be constant or exhibit limited
tunability due to hardware constraints.
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Let g = {iH|, ..., iH,p}r4 be the Lie algebra generated
by data-encoding and control Hamiltonians in Eq. (2), and

g=cDg D - DOmh

be its decomposition as a direct sum of commuting ideals,
where c¢ is the center of g and g; @ - - - @ g is the semisimple
part. Assume that either the initial state p = |) (Y| or the
observable M belongs to the Lie algebra g (a relaxed condition
can be found in Ref. [46]), and the QNN is sufficiently deep
(i.e., a sufficiently long time duration 7 for pulse-based QNN)
to establish a 2-design over the Lie group e? [44,45]). The
variance of f(x, ®) can be estimated as follows [32,44]:

=\ Py, (p)Pg, (M)

Var[f(x, ©)] =) : (6)
j=1

dim(g;)

where dim(g) denotes the dimension of the Lie algebra g, and

dim(g)
def +
Py(H) = Y |Tr(BiH)?

J=1

denotes the square norm of the orthogonal projection (with re-

spect to the Hilbert-Schmidt inner product (A4, B) & Tr(A"B))
is an

of H onto gc (the complexification of g). {Bj}j‘:ml(g)
orthonormal basis for g.

Equation (6) indicates that the model becomes untrain-
able when the underlying control system is fully controllable,
because in such case dim(g) = 4" with g = su(2"), yielding
exponentially decreasing variance as n increases. Therefore,
nontrivial dynamical symmetry must be introduced to con-
strain the quantum state evolution to a manifold whose
dimension does not increase exponentially with 7.

III. EXPRESSIVITY OF QML MODELS IN THE PRESENCE
OF DYNAMICAL SYMMETRY

The pulse-based model (2) is said to be expressive if, for
any function fy(x) and a specified error threshold € > 0, there
exists a suitable control pulse ® and a scaling factor 6y such
that the measurement-induced function (5) can approximate
the function with the desired precision, i.e., [|6yf(x, ®) —
JoX)|| < € for all x.

In a previous study [25], we demonstrated that a pulse-
based model is expressive when the underlying system is
ensemble controllable (i.e., any [y (7;x)) as a function of
x can be realized within a sufficiently long time 7). This
condition guarantees expressivity for arbitrary selections of
the initial state |1) and the measurement observable M. How-
ever, as previously noted, it is overly stringent for trainability.

In the following, we demonstrate that such uncontrollable
pulse-based models can be expressive when the initial state
and measurement observable are appropriately selected. To
derive the required condition, we expand the output function
(5) into a polynomial series of x.

To facilitate the following derivation and for more general-
ity, we rewrite Eq. (2) as a Liouville equation:

p(t) = LO)p),  p0) = |vo)(vol, )

where p(t) = | (¢)) (¥ (¢)] is the density matrix of the system,
and

m m+p
L) =Y _x0,(0L;+ > 0;()L;, ®
j=1 Jj=m+1

with the Liouvillian defined as £;X = —i[H;, X] for j =
1,....,m+p.

Then, we apply the Dyson-series expansion to the solution
of the Liouville equation, yielding

p(t) = p(0) + / L)pO)d
0

+f L(tl)dtlflﬁ(tZ)p(O)dtZ'F"'.
0 0

Expanding the series into polynomial terms of xi, .. ., x,,, we
obtain the following polynomial expansion:

f(x, ©) = trlp(T)M]
- Z Cy... k,,,(@)x]fl ~..x’]fnm’

Gt @)= 3 >

n=ki+-+kn (ji,eor )€k .k

X €y (@)Wl L)y - - Lj,MIYpo).  (9)

The index set Jy, ., comprises tuples (ji,...,j,) (n >
ki + - -+ + k) wherein each index j in {1, ..., m} appears
k; times. The coefficients cj,...;,(®) are determined by the
control pulses as follows:

T 151
Cj|~~~j,,(®)=/0 9j|(l1)dl1/(; 0, (2)dt,

-1
. / 0;,(t,)dt,. (10)
0

The polynomial expansion clearly demonstrates the inher-
ent nonlinearity in the model induced by a continuous-limit
data-reuploading mechanism [25]. It is evident that the pulse-
based model can approximate any continuous function if the
coefficients {Cy, . k,(®)} in the polynomial series are fully
adjustable by tuning the control pulses 6;(t), ..., Ot p(t).
According to Eq. (9), the adjustability of these coefficients de-
pends on both the control pulses, through c;, ...;, (©) terms, and
the initial state and observable through (yo|L;, - - - L, M)
terms.

Observing that the coefficient Cy,..,(®) corre-
sponding to the monomial xlf' <o xkn " vanishes when
(YolLj, -+ L;M|yp) =0 holds for all (ji,...,ju) €
Jk....k,- If such circumstance occurs for some (ky, ..., ky),

.....

the model cannot approximate functions containing the
monomial xll“ -+ xkn in their polynomial expansions, and thus
loses expressivity.

If such circumstance does not occur for all (ky, ..., k,,), the
expressivity of the model further depends on the adjustability
of the coefficients c;,...;, (©). Apparently, if they are mutually
independent and fully adjustable, the model will be expressive
because all Gy, ..., (®) can be freely tuned. Unfortunately, the

m
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mutual independence of ¢;,...;,(®) does not hold, as it can be
negated by the counterexample
¢jijp(®) +¢j,i(0) = ¢, (©)cy,(0), Vi, ja.

Nevertheless, the above analysis still provides a necessary
condition summarized in the following theorem.

Theorem 1. Given a sufficiently long duration 7', the pulse-
based QML model (2) can approximate any function f :
X — R only if there does not exist &y, ..., k, > 0 such that
(YolLj, -+ L;,M|g) = 0forall (ji, ..., ju) € Jg,...k0-

Theorem 1 provides a necessary condition for the ex-
pressivity of pulse-based QML models under dynamical
symmetry, which ensures that no monomial term in the Dyson
expansion is structurally vanishing due to improper choice of
initial state or observable.

Although the condition involves an infinite set of multi-
indices, it can be verified in finitely many steps due to the
finite-dimensional nature of the operator space. Specifically,
the operators £; act on the space of linear operators over the
n-qubit Hilbert space, which is finite-dimensional. For each
monomial x]f‘ .. ~x’,§;", the associated subspace

v =4 Lj LM | (s -

is contained within this finite-dimensional space. As the to-
tal degree K = Zi k; increases, the recursive construction
of these subspaces can generate only finitely many distinct
subspaces. Consequently, the sequence eventually becomes
periodic: There exists a finite Ky, such that for all K > Ky,
each S, x, with total degree K is contained in (or equal to)
a subspace already encountered for some smaller total degree.
This periodicity reduces the verification of Theorem 1’s con-
dition to checking a finite set of multi-indices up to K.

To facilitate practical verification, we introduce a recursive
procedure for constructing the relevant subspaces. Let

M(S) = span { L, -+ Lo X | X €S,
m+1<o; <m+p, ZEN}

denote the submodule generated from an operator set S us-
ing the control Liouvillians. Starting from Sy = M(M),

.....

In practice, this recursive procedure can be implemented
numerically. Beginning with Sy o, we increment the indices
k; until no new subspaces are generated. It suffices to verify
Theorem 1’s condition for all S, i, generated up to that
point. A detailed description of this verification algorithm is
provided in Algorithm 1. This algorithmic approach makes
the condition of Theorem 1 practically verifiable for any given

pulse-based model with dynamical symmetry.

IV. NUMERICAL SIMULATIONS

In this section, we demonstrate through numerical simu-
lations the expressivity and trainability of pulse-based QML
models under selected dynamic symmetries.

ALGORITHM 1. Expressivity verification.

Input:

e Encoding Hamiltonians: {H1,..., Hn}

e Control Hamiltonians:
{Hm+1, . ,Hm+p}

e Initial state po = |10 ) (o]
e Observable M

Output: Returns True if the condition of
Theorem 1 is satisfied; otherwise,
returns False

Construct matrix representations of Liouvillians:

‘ch = 7Z[H]?XL ] = 17"'77n+p;

Initialize a queue @ < {(0,...,0)} ;

of multi-indices to be processed

Initialize visited set V' <— {(0,...,0)} ;

of visited multi-indices

Initialize a set S.n to store all generated S sets;

Initialize S(,... .0y < M(M);

if (1olAlpo) =0 for all A € S(o

| return False

end

while @ is not empty do

Pop (k1,...,km) from Q;

for i =1 to m do

( ,1,...7]6;,,,) — (kl,...,k¢+1,...,km);

if (k1,...,k,) ¢ V then

Sprcv — S(k:],...,k,n);

Snew — M (ﬁisprev);

if (o] Alo) =0 for all A € Spew

then
| return False
end

// queue

// set

o) then

.

ki) — Snew;
if Spew is already in Sa) then
Add (k1,...,k.,) to V without
pushing to Q;
continue
end

Add Spew to San;

Push (ki,...,k.,) into Q;
Add (k1,..., k) to V;
end

end

end
return True

Given a training dataset {(x¥), y®)} that contains N sam-
ples, the model is trained by minimizing the loss function

N
L(©,60) =N"" Y l6ofx®, @) —y®I2, a1
k=1

where © = {0,(¢), ..., Ou1p(t)}. The scaling factor 6, is in-
troduced to adapt the function represented by the model to the
range of the dataset. Without loss of generality, the domain of
x is always set as X = [—1, 1]™ [25].

In the numerical simulations, the control pulses are chosen
in a piecewise-constant form. Each control pulse is divided
into K subpulses, analogous to the number of layers in gate-
based QNN models, with the subpulse amplitudes used to
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parametrize the model. In all simulations, the sampling period
is set to At = T/K = 0.1, and the model is trained by Adam
optimizer [57] with a learning rate of 0.05. The simulations
are conducted using MATLAB on a computer equipped with
two 10-core Xeon CPUs and 208 GB RAM.

A. Expressivity of pulse-based models
with dynamical symmetry

For the convenience of model description, we adopt the
following notation:

Uo(ék)=]12®"'®0a®"'®]12’ o0 =x,Yy72,

for Pauli operators located on the kth site in an n-qubit system.
We first demonstrate the approximation of univariate func-
tions using a two-qubit model:

Hx;0] =x0M0® +6,(t)o) + 6:(t)o . (12)

The system possesses a six-dimensional dynamical symmetry
algebra:
g=1{0"6?, 0V, 0P} , =s0(4) Csu), (13)

s Yx

and hence is uncontrollable. Choosing the observable M =
oMo ?, we can calculate that

H_@ ) 2 (1) 2 (1)
S = {Uz( )Uz( ),0; )Uz( ),O'Z( )Uy( ),oy( o )},

y
82k+1 = {0)6(1)10_(2)}’ k=0,l,2,....

X

According to Theorem 1, if the system is initialized in
the state [y9) = |0) & |0), as is typically done, all odd power
terms of x will vanish because (Vy|Sy+1|¥o) = {0} for all
k € N. This implies that such a model can only approximate
even functions. However, if the initial state is altered to |) =
(710} + —11)) ® |0), one can verify that (vo|Sk| o) # {0}
holds for all k € N, suggesting that the model has the potential
to approximate any univariate function.

To validate the above prediction, we apply the model
(12) to approximate the following randomly selected target
function:

fo(x) = 2x + 3x2 +x* + 10x°
+8x7 — 13x” 4+ 5x1% — 13x'2, (14)

from which 200 points are evenly sampled across X =
[—1, 1] to train the model with pulse duration 7 = 20 (cor-
responding to K = 200). The simulation results presented in
Fig. 2 indicate that the trained QML model accurately fit
the target function when | ) = (%m) + %m) ® |0). How-
ever, when the initial state is [y) = |0) ® |0), the model can
only approximate the even part of f(x) due to the violation of
the necessary condition in Theorem 1.

We also test the fitting of other randomly selected func-
tions, which can all be approximated by the model, provided
that the pulse duration is sufficiently long. The required pulse
durations tend to be longer when the target function exhibits
greater curvature or includes many higher-order power terms.

We further examine the approximation capability of pulse-
based models for more complex bivariate functions using the

2 T T T
N 4
4
1 4
0
6 4
20
S
o
e N - o
-1 T i =0 e )
— o) = (Z10)+ ZIn) © [0)
o Target function
2 I .
-1 -0.5 0 0.5 1
X

FIG. 2. The approximation of the polynomial function (14) using
the two-qubit pulse-based model (12) under so(4) dynamical sym-
metry. The inset figure displays the trained control pulses.

following Hamiltonian:

H[x; 0] =x10,()0," 0 + x,0,(1)0{ V5>

+ 65(t)al! + 04(t)0@. (15)

The system is similar to Eq. (12) with an additional encoding
Hamiltonian oVo(®, which also exhibits 50(4) dynamical
symmetry. The observable is chosen as M =o' + 0,
based on which the computation yields the following periodic
structure:

1 2 1 2
Sk = {o; ),Oy( ),UZ( ),Gz( >} (16)

for all cases where k| + k; is even and
Stk = {0)51)0;2)’ Uy(l)UX(Z)v U,r(l)az,(Z)’ Oz(l)o.x(z)} A7)

for all cases where k| + k» is odd. Accordingly, the initial

state is designated as |yg) = Jli|0) ® (]0) +|1)), which can

be verified to satisfy the necessary condition in Theorem 1.
In the simulation, the target function is selected as

ot x) =@ +xn -3 +m+2-1)7  (18)

with 50 x 50 = 2500 data points evenly sampled across the
domain & = [—1, 1] x [—1, 1] and the pulse duration T in-
creased from 0.5 to 4.

For comparison, we train two pulse-based models. In the
first case, we set the control pulses 6;(t) = 6,(¢) = 1, which
considerably limits the tunability of the coefficients Cy,, (®).
As illustrated in Fig. 3(a), the fitting progressively aligns with
the surface of the target bivariate function as T increases;
however, the precision remains limited no matter how T is
prolonged. In the second case, we allow 0;(¢) and 6,(¢) to
vary to enhance the tunability of coefficients Cy,, (®), thereby
releasing more expressivity compared to the first case. The
fitting results in Fig. 3(b) validate this expectation, as it nearly
perfectly matches the target surface when T = 4, with a fitting
error of L(®) < 1073,

013338-5



HAN-XTAO TAO, XIN WANG, AND RE-BING WU

PHYSICAL REVIEW RESEARCH 8, 013338 (2026)

(a)

Target

Il Fitted

Target

Pl Fitted

0
)

-1-1

FIG. 3. The approximation results of bivariate function by two-qubit models with (a) 6,(t) = 6»(z) = 1 and (b) 8, (¢) and 6,(¢) being freely

tunable.

B. The balance between expressivity and trainability

The simulations above demonstrate that pulse-based mod-
els can be expressive when uncontrollable due to dynamical
symmetry. This establishes a framework for the design of
large-scale pulse-based QML models that are both expres-
sive and trainable. Subsequently, we select four classes of
multiqubit pulse-based models that exhibit various dynamic
symmetries.

Model 1. The first model class represents the standard
collective-spin control model, relevant to platforms where dy-
namics are restricted to a symmetric subspace (e.g., collective
modes, encoded qudits, or permutation-symmetric control)
[58,59]. This model class possesses su(2) dynamical symme-
try with the following model Hamiltonian:

Hi[x; ©] = xJ; + 61 (t)Jx + 62(1)Jy 19)
with two control pulses, where
g = {iJy, i)y, iJ;}a = su(2)

is the 2"-dimensional unitary irreducible representation of
su(2) (see the detailed description in the Appendix). In this
case, the observable is chosen as M = %JZ (a standard
collective magnetization measurement) and the initial state is
chosen as |yg) = |0)®".

Model 2. The second model class represents a set of iso-
lated spins under local drives, which is typical in uncoupled
superconducting qubits with local control [60]. This model
class possesses 5u(2)®" dynamical symmetry with the follow-
ing noninteracting n-qubit system:

Hx;0]l=x)Y o® + > [60 1) + 0P 1)e] (20)
k=1 k=1

with 2n control pulses. The observable is selected as M =
Lyt 1 0%, and the initial state |1/o) = |0)®".

Model 3. The third model class is the 2-local nearest-
neighbor coupling model selected from Ref. [61], which
is representative of spin chain with XY-type couplings (up
to local basis rotations). This model class possesses so(7n)
dynamical symmetry. The Hamiltonian of the model is as
follows:

n—1
Hs[x; ©] = xo Vo> + Z oo Mo+ (21)
k=1

with n — 1 control pulses. The observable M = 5"~ Vg™
and the initial state [) = 1]0)®"~2 ® (|0) + 1)) ® (|0) +
i|1)).

Model 4. The fourth model class is a fully controllable
model utilizing the following circularly coupled n-qubit sys-
tem in Ref. [25]:

n n
Hy[x;©] =x Z o® 4 Z [6P )0 ® + 60 (1)o ]
k=1 k=1

+ 0o MNP + -+ 0P ()Mo (22)

with 3n control pulses, which is an Ising-type architecture
with local fields and periodic boundary conditions, commonly
used in quantum simulation and hardware-efficient modeling
[62]. The observable is selected as M = UZ@ and the initial
state as [g) = |0)®".

The initial states and measurement observables selected
in the four models all satisfy the necessary condition in
Theorem 1 for expressivity (see the Appendix for validation).
In addition, the observables are selected from the associated
Lie algebra g for the sake of trainability [44]. The theoretical
variance of the measurement output (5) is presented in Table I
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TABLE 1. The symmetry Lie algebra, dimension, and the vari-
ance of the inference output (5) for each model.

Model g dim(g) Var[f(x, ©)]
1 5u(2) 3 3

2 su(2)®" 3n =

3 50(’1) "("2_1) n("{“

4 su(2") 4 —1 Pt

(see the Appendix for detailed calculations), which indicates
that the variance is inversely proportional to the dimension of
the dynamic Lie algebra g. Note that the variance of L(®) is
different from that of f(x, ®) listed in Table I as L(®) is a
quadratic function of f(x, ®) and is averaged over a training
dataset, whose analytic formula is unavailable. However, their
scaling with qubit number is consistent, as can be seen in the
simulations.

During the numerical simulations, these models were
trained to fit the univariate function (14) using up to six qubits.
As can be seen in the inset of Fig. 4(a), each model can ap-
proximate the target function with arbitrarily small error when
the pulse duration T is sufficiently extended. This indicates
that the model expressivity grows with 7', and thus provides a
measure to quantify the degree of expressivity. Here, we adopt
the minimal pulse duration required for the training loss to
fall below 1073 to evaluate the expressivity (see the inset for
illustration).

Based on this measure, the simulation results in Fig. 4(a)
compare the variation of expressivity with respect to system
size across the four model classes. It is observed that, except
the special case of su(2) whose dimensionality is constant,
the expressivity can be enhanced by increasing the number
of qubits. Furthermore, when the number of qubits is suffi-
ciently large, expressive power increases in the order of su(2),
5u(2)®, s0(n), and su(2"), implying that expressivity can be
improved by enlarging the dynamical symmetry Lie algebra.

Regarding the trainability of the models, we estimate the
variance of the loss function L(®) and the average magnitude
of the partial derivative with respect to a randomly chosen
parameter in the numerical simulation. For each model, we
randomly pick 1000 sets of control pulses to numerically
evaluate L(®) and its variance. Since the variance is also de-
pendent on the pulse duration 7', we set T sufficiently long so
that the estimated variance gradually converges to a stationary
value, corresponding to the condition under which the model
approaches a 2-design.

Figure 4(b) illustrates the relation between the stationary
variance and the number of qubits. Consistent with the the-
oretical analysis in Table I, the variance related to su(2")
exhibits an exponential decline as the number of qubits n
increases, indicating the presence of a barren plateau. In
contrast, the variance associated with the su(2) symmetry
remains constant owing to its constant dimensionality, while
it decreases at a polynomial rate for the su(2)®" and so(n)
symmetries.

The average magnitude of the partial derivative with re-
spect to the chosen parameter is shown in Fig. 4(c), the scaling
behavior of which versus qubit number closely mirrors the
trend observed in Fig. 4(b) for the sample variance of loss
function. Specifically, the average gradient magnitude in the
su(2") case exhibits an exponential decay with increasing
system size, indicating that the optimization will become
nearly infeasible when the system scale is large. In con-
trast, for the su(2) symmetry the gradient magnitude remains
essentially independent of n, while the su(2)®" and so(n)
symmetries display only polynomial decay. As a consequence,
these three symmetry-restricted models consistently retain fa-
vorable trainability.

To further illustrate the trainability of the different ex-
amples, we show in Fig. 5 the training dynamics for the
six-qubit instances, where eight independent training curves
with random initializations are plotted for each example (all
converging to a precision of 1073). Compared with the losses
of su(2), su(2)®, and so(n) cases, the loss of the su(2")

(a) (b) (c)
20 107!
g 4 SU(2)- e PO . p-—-su(2)--e e + e S e Sutl-11 ) S
= A
§ 157 5 107 \%‘) | 10 so(n) [N .
A 3 :23 e = . = . so(n)
@ so(n) SaTvxIaFOx = 2)&n = - @n
-—'g 10 © Duration [ o \Su( ) - ___ " i* ~ : ‘Su(2) -9
~ A - ’ 3 su(2") “aA e -9 % su(2")
— < A
E <
R >f su(2") _, B e .
= . A 107¢ -
TA
0 ‘ ; ‘ ‘ 10
3 4 5 6 3 4 5 6 3 4 5 6

Qubit Number n

Qubit Number n

Qubit Number n

FIG. 4. The comparison of expressivity and trainability between model classes under s1(2), 5su(2)®", so(n), and s1u(2") dynamic symme-

tries: (a) The expressivity (evaluated by the minimal pulse duration when the training loss reaches 1073, as shown in the inset figure) vs qubit
number for each example. (b) The sample variance of loss function vs qubit number for each example. The inset shows how the minimal pulse
duration is obtained [Eq. (19)]. (c) The average magnitude of the partial derivative of the loss function vs qubit number for each example.
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(b)su(2)*"

Loss

10 20 30 40

Iteration Iteration

FIG. 5. Training process of loss over iterations for six-qubit
models with (a) su(2), (b) su, (2)®", (c) so(n), and (d) su(2") dy-
namical symmetries.

case decreases more slowly during early iterations due to the
small gradients caused by barren plateaus; once this region
is escaped, the loss subsequently converges rapidly owing to
the strong expressivity of the model. It is noted that the train-
ing curve does not exhibit genuine barren plateau behavior
because the system dimensionality is not sufficiently large;
however, the adverse effects in the beginning stage are still
evident.

Taking into account the influence of expressivity, the
su(2)®" and so(n) models possess higher expressivity than the
su(2) model at n = 6, leading to faster overall convergence
as shown in Fig. 5. However, despite its substantially higher
expressivity, the su(2") model achieves a convergence speed
that is only comparable to that of the 51(2)®" and so(n) mod-
els, which further highlights the detrimental impact of barren
plateaus on its training process. Combined with the analysis
presented in the paper, these results suggest that, as the system
size increases, the su(2") model will become effectively un-
trainable already at early stages of optimization, whereas the
other three symmetry-preserving models can maintain good
trainability even at larger system scales.

These observations suggest that barren plateaus can be
effectively avoided by restricting the dynamical evolution to
submanifolds within the quantum state Hilbert space through
engineered dynamical symmetry, thereby achieving a good
balance between expressivity and trainability. It is noted that
the overall expressivity and trainability are highly dependent
on the selection of the Hamilton structure, the initial state,
and the observable. For instance, the expressivity of the larger
s0(n) models is inferior to that of the smaller su(2)®" models
when the number of qubits is small, as the latter has more tun-
able control pulses. Nonetheless, their rates of decrease align
with predictions, indicating that so(n) models will become
more expressive than su(2)®"* models when n is sufficiently
large.

V. CONCLUSION AND OUTLOOK

In conclusion, our work establishes a practical design
framework for pulse-based QML models that balances expres-
sivity and trainability through dynamical symmetry, initial
state, and observable selection. The design incorporates
Dyson polynomial-series expansion alongside existing Lie-
algebraic theories related to the barren plateau phenomenon in
quantum systems exhibiting dynamical symmetry. Theoretical
analysis and numerical simulations demonstrate the potential
to leverage dynamical symmetry to construct expressive and
trainable hardware-efficient models on NISQ devices.

Nevertheless, it remains an open question whether the pro-
posed necessary condition is sufficient for the expressivity of
QML models with dynamical symmetry. Simulation results
indicate that complete expressivity is not always attainable
for models that satisfy this condition, particularly when con-
trol pulses are constrained. We conjecture that sufficiency is
achieved when all control pulses are unrestricted and the pulse
duration is sufficiently long, but this requires verification in
the future.

We also note that, even if the pulse-based models are
expressive and trainable, the loss landscape may contain un-
desirable local traps induced by dynamical symmetry [63],
which can attract the training process to suboptimal models.
Although this issue is rarely encountered in our simulations,
the possibility remains, and thus the training algorithm needs
to be carefully designed.

Besides the trade-off between model expressivity and train-
ability, an important issue for future investigation is their
trade-off between model generalizability, which pertains to
the model’s performance on unseen data. The overall balance
among these three attributes holds significant practical impor-
tance and will be the focus of subsequent studies.

ACKNOWLEDGMENT

This work was supported by the Innovation Program for
Quantum Science and Technology (No. 2021ZD0300201),
NSFC Grant No. 62173201 and the Tsinghua-Toyota Joint
Research Fund.

DATA AVAILABILITY

The data are not publicly available. The data are available
from the authors upon reasonable request.

APPENDIX: VALIDATION OF EXPRESSIVITY AND
VARIANCE CALCULATION FOR THE FOUR EXAMPLES

1. Model 1

The Hamiltonian of the model is as follows:

Hi[x; 0] = xJ, + 6,(t)J + 6:(t)J,, (A1)

where g = {iJy, iJy, iJ;}14 = 5u(2) is the 2"-dimensional uni-
tary irreducible representation of su(2). Let J+. = J; £ iJ; be
the raising and lowering operators, and

d—1 d-3 d—3 d—-1
Is) | s = — -

27 277 2 2
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be the basis states. Under the basis state, we have

Je|s) = sls),

Jils) =\/<dg1 ¢s><d;1 :l:s)ls:l:l).

Since the maximum and minimum eigenvalues of J, are
:I:%, and the range of the target function is chosen to be
[—1, 1], we normalize the observable to M = %JZ. Accord-
ing to Theorem 1, it is easy to obtain that

Sk:{Jx,Jy,Jz}a kGN
If the initial state |y) = |0)®", it can be verified that the
model satisfies the condition for expressivity.

On the other hand, the model is uncontrollable and
dim(g) = 3. Using the orthonormal basis

iJy iJy iJ;
VLR O 3 VLT

of the Lie algebra su(2), we have

1
Var[f(x, ©)] = §Pg(/0)Pg (M)

1(2n-1>2 1 ( 2 )2
= 5 (sz‘]Z)
3 2 (., J)y\2n —1

2. Model 2

The Hamiltonian of the model is as follows:

Hy[x; O] = x Z o® 4 Z [60 1) ® + 6P 1) P].
k=1 k=1
(A2)

The Lie algebra generated by this modelis g =g, ® - - - D gy,
where each g; = su(2); thus, dim(g) = 3n. In this case,

_ @ L@ L0
Sk = {Gx » 0y 75 07 }1<i<n’

k € N.

We can verify that (yo|Sk|o) # {0} for all kK € N, which
meets the condition in Theorem 1.
Given that the orthonormal basis of g; is

{22, 2_”/20)@, 2726} we find Mg, = ﬁaz(j),

and pg, = 2’"01(j ) for all Jj. Then, we obtain

n

1
Var[f(x, ©)] = Y 3 Po, (0)Pg, (M)

3. Model 3

The Hamiltonian of the model is as follows:
n—1
Hlx; 0] = 100 + 3 0,(1)o Do D,
k=1

(A3)

We can derive that

oD
Sk = {Ux Oy }1<i<j<n’ keN,
where 0”0\ = DoV ...V VgD For the selected

initial  state  [yo) = 0)°"V @ (F510) + 1) ®

(5100 + J511)), we can verify that for any n >3, this
model satisfies the condition in Theorem 1.

As for the trainability of the model, the Lie algebra as-
sociated with this model is g = so(n) that has dimension
dim(g) = @ € O(poly(n)). Since the orthonormal basis
of so(n) is

{27200 | 1 <i < j<n),

we can easily get Py(M) = 2" and Py(p) =27". Then, we
have

2
Var[f(x, ©)] = mPg(P)Pg(M)
2
nn—1)

4. Model 4

The model can be verified to possess full expressivity
according to the criterion proposed in Ref. [25] because the
control Hamiltonians generate the entire su(2") Lie algebra.

For the calculation of variance, based on the analysis of
Ref. [44], we have

1
Py(p)=1— -,

Py(M) =12",
El( ) on

which yields

Var[f(x, ®)] =
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