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Certifying macroscopic quantum mechanics via hypothesis testing with finite data
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We address the challenge of certifying quantum behavior with single macroscopic massive particles, subject
to decoherence and finite data. We propose a hypothesis-testing framework that distinguishes between classical
and quantum mechanics based on position measurements. While interference pattern visibility in single-particle
quantum superposition experiments has been commonly used as a sufficient criterion to falsify classical mechan-
ics, we show that, from a hypothesis-testing perspective, it is neither necessary nor efficient. Focusing on recent
proposals to prepare macroscopic superposition states of levitated nanoparticles, we show that the likelihood ratio

test—which leverages differences across the entire probability distribution—provides an exponential reduction
in measurements needed to reach a given confidence level. These results generalize to a broad class of quantum
states, and offer a principled, efficient method to falsify classical mechanics in interference experiments, relaxing
the experimental constraints faced by current efforts to test quantum mechanics at the macroscopic scale.
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I. INTRODUCTION

The gradual emergence of an interference pattern from
successive position measurements of single massive particles
in a double-slit experiment remains one of the most striking
demonstrations of the quantum superposition principle [1,2].
The appearance of such an interference pattern in the position
probability distribution, under conditions where classical me-
chanics cannot account for it, provides a sufficient criterion to
certify quantum mechanics [3—-8]. Pushing quantum interfer-
ence experiments to increasingly macroscopic scales, both in
mass and in delocalization distance, offers a way to probe the
boundaries of quantum mechanics and test potential modifi-
cations of the theory [9—12]. However, this endeavor comes at
a cost. Larger physical systems are more susceptible to the
interaction with their environment, making the visibility of
their delicate quantum interference more difficult to observe
[13-15]. Reliably certifying quantum mechanics with macro-
scopic particles therefore requires mitigating environmental
decoherence, in-run noise, and run-to-run experimental fluc-
tuations [5]. While recent experimental efforts with levitated
particles have focused on reducing noise and decoherence
[16-21], the certification process itself has received less at-
tention.

In this work, we focus precisely on this second aspect:
the certification process in experiments aiming to prepare
macroscopic quantum superposition states of a single massive
particle. More specifically, we frame the problem as a binary
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hypothesis test [22] where, given a set of N position mea-
surements, we aim to distinguish between two hypotheses:
the null hypothesis Hy, consistent with classical mechanics,
and the alternative hypothesis H;, which assumes quantum
mechanical behavior. Framing the certification problem in this
way allows us to compare different statistical tests—such as
the likelihood ratio test and the visibility test—and to analyze
their performance as a function of the number of measure-
ments N and the level of decoherence.

We apply this framework to recent experimental proposals
involving levitated nanoparticles [23,24], a promising plat-
form for testing the superposition principle at unprecedented
mass and delocalization scales. Furthermore, we show that our
findings extend to a wide range of well-defined macroscopic
quantum states. The center-of-mass motion of these systems
has been experimentally cooled to the quantum ground state
[25-30], and mildly delocalized beyond its zero-point fluctua-
tions [18,31]. For the dynamical protocols in these proposals,
we show that, remarkably, the likelihood ratio test—the opti-
mal hypothesis-testing method—could exponentially reduce
the number of measurements needed to certify quantum
mechanics at a given significance level, outperforming con-
ventional interference visibility tests. As we shall argue, these
results can open the door to a decoherence-tolerant certi-
fication process that requires fewer measurements, thereby
reducing also the impact of run-to-run variability.

Our article is organized as follows. In Sec. I, we define the
theoretical model for the classical and quantum dynamics of
single macroscopic massive particles in the presence of noise
and decoherence. In Sec. III, we introduce the hypothesis-
testing framework to certify quantum behavior with finite
position measurement data. In Sec. IV, we apply this frame-
work to the specific case of cubic phase state—a standard
resource in protocols for creating macroscopic quantum
superpositions with levitated nanoparticles—and demonstrate

Published by the American Physical Society


https://orcid.org/0000-0003-3260-993X
https://orcid.org/0000-0002-0423-8898
https://orcid.org/0000-0003-4006-3391
https://ror.org/03g5ew477
https://ror.org/03kpps236
https://ror.org/056hzt889
https://ror.org/0371hy230
https://crossmark.crossref.org/dialog/?doi=10.1103/gttg-mvrq&domain=pdf&date_stamp=2026-05-21
https://doi.org/10.1103/gttg-mvrq
https://creativecommons.org/licenses/by/4.0/

RIERA-CAMPENY, MAURER, AND ROMERO-ISART

PHYSICAL REVIEW RESEARCH 8, 023196 (2026)

the exponential advantage of the likelihood ratio test in
Sec. IV B. In Sec. V A, we provide a physical interpretation of
this advantage and formally demonstrate that the contrasting
scaling laws are general for a broad class of semiclassical
states in Sec. V B. Finally, in Sec. VI we provide concluding
remarks.

II. MODEL AND OPEN-SYSTEM DYNAMICS

We consider the one-dimensional center-of-mass motion of
a massive particle with mass m, described by position * and
momentum p operators, which satisfy the canonical commuta-
tion relation [%, p] = ihi. Attime ¢ = 0, the particle is confined
in a harmonic potential (e.g., an optical trap) with frequency
Q2 and is prepared in a thermal state with a mean phonon
occupation number 7i. We denote by x,, = +//1/(2m§2) and
DPzp = +/im§2/2 the zero-point fluctuations in this potential.
Fort > 0, the system is subjected to a dynamical protocol im-
plemented via a possibly time-dependent potential V (x, ¢) and
evolves according to either classical or quantum equations of
motion in the presence of noise and decoherence. For massive
particles in highly isolated environments without damping,
the dominant sources of decoherence are well captured by a
momentum diffusion process [9], whose diffusion coefficient
we denote by D. The distinction between classical and quan-
tum dynamics is highlighted in the evolution equation for the
Wigner function, which takes the form

BWS( " p o 4 BV( " bl D 3?
x,pt)={ - ——+ —(@x,1))—+ ——
o P ax " ox o Vap T 202
ih/2 2n 82n+1V aZnJrl
SZ (ir/2) (x.1)
~ (2n+1)! dx2n+l o prtl
x Wi(x, p, t), (1

where s € {0, 1} labels the classical or quantum hypothe-
sis, respectively. In Eq. (1), the first line corresponds to the
classical dynamics, including kinetic and potential terms that
describe the Hamiltonian flow, along with the diffusive term
accounting for noise and decoherence. The second line, pro-
portional to s, corresponds to the quantum term. Note that,
in the absence of decoherence, for D = 0, Eq. (1) reduces to
the Liouville equation for s = 0 and to the Schrédinger equa-
tion for s = 1. The initial condition W (x, p, 0) = W(x, p) is
independent of the hypothesis and corresponds to the afore-
mentioned thermal state, with variances v, = (271 + l)xz2p and

v, = (2n + l)pgp. After an evolution time ¢, the classical
po(x) or quantum p;(x) position probability distribution can
be calculated as p;(x) = ffooo Wi(x, p, t)d p. These probability
distributions will depend on a set of parameters, labeled as
6 = (0, ..., Ok), which are determined, for instance, from
the properties of the potential V (x, ¢) defining the protocol.

Having defined the theoretical model for the classical and
quantum dynamics, we now introduce the statistical frame-
work used to distinguish between the two hypotheses using
finite data.

II1. CERTIFICATION VIA HYPOTHESIS TESTING

After the protocol terminates at time f, a measurement
is performed on the system, yielding an outcome Y. We
model the measurement using a standard linear model, ¥; =
Xi + Ry, where X; is the true measurement outcome (e.g.,
the particle position) and R; is a zero-mean Gaussian random
variable with variance vg that represents random measurement
noise. This description naturally captures the retrodiction of
measurement outcomes in continuously monitored systems
[32,33]. The state of the massive particle is then reinitialized,
and the protocol is repeated N times, generating a dataset
{Y1, ..., Yy}. The measurement outcomes are assumed to be
independent and sampled from the distribution p,(Y'), with s €
{0, 1} corresponding to either classical or quantum dynamics.

A. Test statistics: Visibility and likelihood ratio

To test our hypothesis, we use a random variable Z, the
so-called test statistic, which is a function of the measurement
data Z = f(Y1, ..., Yy). In the limit of infinite data, N —
oo, any difference between the predictions of quantum and
classical mechanics can be used to certify quantum behavior
with certainty. However, with finite data, a threshold must
be selected to decide when a null hypothesis is rejected.
The threshold is typically determined by fixing the signifi-
cance level «, which is defined as the probability of rejecting
the null hypothesis Hy when the dataset {Y;, ..., Yy} is ac-
tually generated under the null hypothesis, that is, a false
positive incorrectly suggesting that classical mechanics has
been falsified. Once the significance level is set, the statistical
power of the test can be evaluated. It is defined as 1 — §, and
corresponds to the probability of correctly rejecting the null
hypothesis [34], that is, correctly falsifying classical mechan-
ics. See Fig. 1 for further details. Hence, the test power can
be used as a figure of merit to evaluate the performance of a
statistical test given a desired significance level «. Let us now
discuss two test statistics: the visibility test and the likelihood
ratio test.

The visibility test, defined by the random variable Z =V,
is given by the ratio

Nmax — Mmin
y = [max — Tmin 2)

9
Nmax + Mmin

where nyax and ny,, are the counts in the bins corresponding
to the maximum Y,,x and minimum Y,,;, of the interference
pattern associated with the quantum probability distribution.
This statistic provides a measure of the local contrast near
the minimum of the interference pattern. The specific pro-
cedures used to determine these values, along with further
details about this definition, are detailed in Appendix C. With
infinite data, the number of counts converges to the true
probabilities. Therefore, in the presence of an interference pat-
tern for the quantum distribution—absent under the classical
hypothesis— one could certify quantum mechanics with the
visibility test by observing V > 0.

The (log-) likelihood ratio test Z = A of a set of indepen-
dent measurements is defined as the logarithm of the ratio of
the likelihood of the data under the alternative hypothesis to
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FIG. 1. (Left) Schematic representation of M = 5000 classical
(red solid) and quantum (blue solid) datasets {Y;, ..., Yy} with
N =500, from which histograms (gray) are constructed. A test
statistic Z; is computed for each instance and compared against a
decision threshold Z, (o) = 0 (for notational convenience). Instances
with Z; < 0 (red background) are classified as classical; that is, Hy
is accepted, while those with Z; > 0 (blue background) are classified
as quantum, corresponding to acceptance of H,. (Right) Empirical
distribution of Z values superimposed with theoretical distributions
P(Z|Hy) and P(Z|H;) that correspond to the prediction of classical
(red, solid) and quantum (blue, hatched) mechanics, respectively.
The area to the left of the threshold and under the P(Z|H,) curve
corresponds to the confidence level 1 — «. The area to the right of
the threshold and under the P(Z|H,) curve corresponds to the test
power 1 — B.

the likelihood of the data under the null hypothesis, namely,

| plm)}
A=—Y1 , 3
N 2 loe |:P0(Yi) ®

where the factor 1/N is added for normalization. Neyman-
Pearson’s lemma ensures that the likelihood ratio test A is
optimal for hypothesis testing under mild assumptions [35].
Since the likelihood ratio test is a sum of independent and
identically distributed random variables, the central limit the-
orem guarantees that it converges to a Gaussian random
variable of decaying variance as the number of measurements
N goes to infinity. The expectation value of the distribution is
given by

_|P(illpo),  for s=1,

(A)y =
—D(polip1), for s=0,

“

where (-); is the average according to ps(Y), and D(p|lq) =
f px)[og(p(x)) — log(g(x))ldx > 0 is the non-negative rel-
ative entropy, with equality only if p = g. Therefore, given
a sufficiently large number of measurements N and that
p1(Y) # po(Y), quantum mechanics could be always certified
using the likelihood ratio test by observing A > 0. We note in
passing that hypothesis testing across a continuum of hypothe-
ses has been used to quantify the degree of macroscopicity of
quantum superpositions [10,36,37]. This approach, however,
should be distinguished from the binary certification problem
considered here.

B. Performance metric

To compare the two statistical tests, we compute the num-
ber of measurements N, required to falsify classical mechan-
ics at a significance level a = 2.86 x 10~’—corresponding
to the conventional 5-sigma threshold—and with statistical
power 1 — B > 0.9973. In other words, we determine the
minimal N, such that the probability of falsely identifying
classical data as quantum is less than one in a million, while
correctly identifying quantum data exceeds 99.73%. This
metric provides a direct and quantitative measure of a test’s
efficiency in distinguishing classical from quantum dynamics
based on the position distribution at a specified level of statis-
tical confidence.

IV. CASE STUDY: CUBIC PHASE STATES

To apply and analyze the proposed certification method,
we focus on dynamical protocols V (x, t) for creating macro-
scopic quantum superpositions with a single, initially cooled,
levitated nanoparticle in a wide nonharmonic potential
[23,24]. These protocols commonly lead to the preparation of
cubic phase states [38]. While we use them as a primary exam-
ple, we show in Sec. V B that the following analysis extends
to the entire class of states for which quantum mechanics is
imprinted as a high-frequency feature of the wavefunction
under a slowly varying envelope. These states arise naturally
in the Wentzel-Kramers-Brillouin (WKB) approximation and
in related semiclassical constructions [39-41].

A. Key properties

Cubic phase states [42-44] are characterized by an os-
cillatory behavior on one side of the position distribution’s
maximum and a rapid decay on the opposite side (see inset
of Fig. 3). As shown in Appendix A, the associated charac-
teristic function (k) = f ps(Y)exp(ikY)dY, in one-to-one
correspondence with the probability distribution, is given by

exp(—ishsk3 /3 — 02k%/2)
V1 +2i6:k

for s € {0, 1}. The parameters 6;, 6, and 83 are real numbers
subject to 8, > 0 and 65/(6,0;) € [0, 1], which ensures the
positivity of their associated quantum state. The role of the
parameters 60, 9, and 03 can be understood from their appear-
ance in the expression of the cumulants c, ; of the distribution
ps(Y) associated with x;(k). We find that u; = ¢;; = —6,
where u; is the average of the distribution, and vy = ¢, =
6, + 2912, where v, is the variance. Finally, the parameter 63
is associated with the skewness (i.e., the third cumulant) of
the distribution as c;3 = 2563 — 89,3. Interestingly, the third
cumulant is the only one that contains information about the
hypothesis s, and the quantum contribution has the effect of
reducing the classical skewness; that is, it makes the distri-
bution more symmetric. Higher-order cumulants depend only
on the parameter 0; as ¢, ; = (j — D(=26,)/ /2, with j > 4.
Finally, we note that the purity of the associated quantum state
can be expressed as /03/(6,6,).

Cubic phase states display different quantum and classical
measurement statistics. This distinction is highlighted by the
fact that their associated distributions are related through the

xs(k) = . &)
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Airy transform [45]

1 o Y-Y
Y)= — Al — Y’ dY/, 6
P = e /_oo ( 7 )”‘)( ) ©

where Ai(x) denotes the Airy function. Hence, the quantum
and classical distributions remain distinct for any finite 65,
coinciding only in the limit 63 — 0. We are interested in how
this difference depends on noise and decoherence. To quantify
their impact on position measurements, we express the ob-
served distributions p;(Y )—both classical and quantum—as
convolutions of the ideal noiseless distributions p,(X), cor-
responding to 7 =0, D =0, and vg = 0, with a Gaussian
kernel. This yields

1 /00 (Y —X)?
VZT[O’2 —00 P 202

where 0% = (6, — 63/6,) + vg quantifies the effect of noise
and decoherence on the measured data.

Having established the theoretical description of cubic
phase states, we proceed to a performance analysis to quantify
the efficiency of the certification frameworks.

ps(Y) = ]ﬁs(X yax,  (7)

B. Scaling analysis of N,

Focusing on the protocols that generate the cubic phase
states discussed above, we now discuss the results of our certi-
fication method. In Fig. 2(a), we show the convergence of the
likelihood ratio test statistic A toward the relative entropy as a
function of the number of measurements N, for cubic phase
states and using the parameter values specified in Table I,
corresponding to Ref. [24]. The rapid convergence with N en-
sures that the likelihood ratio test can be used to discriminate
between the classical and quantum scenarios with a 5-sigma
significance level already for N, =~ 1500 measurements. We
note that such a N, will always exist for the likelihood ratio
test, since the variance of the likelihood ratio test decays as
1/N for sufficiently large N. Indeed, according to Eq. (6),
the two probability distributions po(Y) and p;(Y) are differ-
ent and thus always distinguishable with a sufficiently large
dataset.

While the likelihood ratio test can always distinguish be-
tween the classical and quantum hypotheses given sufficient
data, this task becomes increasingly challenging as the deco-
herence increases. In Fig. 2 (b), we compare the metric N, for
both the likelihood ratio test and the visibility test as a function
of o2. As shown, the likelihood ratio test consistently outper-
forms the visibility test across all plotted decoherence values.
The difference between the two tests is highlighted by the
scaling behavior of N, with o2. While the likelihood ratio test
has a polynomial scaling with decoherence, the visibility test
exhibits exponential growth. Thus, using the likelihood ratio
test as a test statistic leads to an exponentially more efficient
testing. In turn, this improved efficiency enables certification
under less stringent experimental conditions. For example, for
the proposal of Ref. [24], the visibility test requires pulse
energy precision pe; < 1073 for N, ~ 10*, whereas the likeli-
hood ratio test relaxes this limiting constraint by over an order
of magnitude. This raises the question of the physical origin
of these results and whether they are an artifact of the specific
state under consideration. We address this in Sec. V, where
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FIG. 2. (a) Mean (symbols) and standard deviation (error bars)
of the distribution of A simulated over M = 5000 runs each for the
classical (red) and quantum (blue) hypotheses as a function of the
number of measurements N using the parameter values specified in
Table 1. Dashed lines and shaded regions represent the mean value
and standard deviation obtained by integration in the large N limit.
Green symbols show the (empirical) statistical power 1 — 8 for a
significance level @ = 2.86 x 1077, whereas the dashed green line
shows the statistical power obtained by integration in the asymptotic
limit. Green error bars and shaded regions correspond to a £5%
uncertainty in o> and 6;. The vertical dash-dotted line shows N,,
i.e., the number of measurements N for which the power is above
99.73% for all parameters in the 5% error window. (b) Number of
measurements N, needed to certify quantum mechanics as a function
of o2 (lower x axis) and the corresponding relative precision error pe,
in the pulse energy (upper x axis) as defined in Ref. [24]. The sym-
bols and error bars correspond to a statistical power 1 — 8 > 99.73%
at a significance level o = 2.86 x 1077 for the visibility (red) and
likelihood ratio (blue) test statistics obtained by M = 2000 runs with
65 within a £5% error window of the value specified in Table I.
The corresponding dashed lines and shaded regions show the values
obtained by integration in the large N limit. Details about numerical
methods can be found in Appendix E.

we identify the mechanism as a low-pass filtering effect of
decoherence and prove its universality for a broad class of
well-defined states.

V. DISCUSSION

A. Decoherence as a low-pass filter

To better understand how decoherence impacts the dis-
tinguishability between quantum and classical cubic phase
states, in Fig. 3 we examine three indicators: interference
visibility, Wigner function negativity, and Jeffreys divergence.
The latter, defined as J(pillpo) = D(p1llpo) + D(pollp1)s
quantifies the statistical distance between the quantum and
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FIG. 3. Visibility V (red, dashed), Wigner function negativity
dw, = f [Wi(x, p)ldxdp — 1 (orange, dash-dotted), and Jeffreys di-
vergence J(p; || po) (blue, solid) as a function of o2 for 65 as specified
in Table I. All functions are normalized to their value at g% = x7..
The insets show the quantum and classical probability distribution
p1(x) (gray, solid), po(x) (black, dashed), their absolute differ-
ence |p;(x) — po(x)| (green, dash-dotted), and the Wigner function
Wi (x, p) (red and blue shaded regions represent positive and negative
values of the Wigner function, respectively) as a function of scaled
position and momentum at o%/x2, = {5.5, 15, 30} indicated by the
three vertical dashed black lines and inside of each inset. Due to the
scale invariance of the system (see Appendix B), axis tick values in
the inset are omitted.

classical position distributions. For clarity, each measure is
normalized to its value at o =x7. At low decoherence

values (e.g., o~ 5.5xfp), all three measures successfully
distinguish between the classical and quantum hypotheses.
This can be seen in the leftmost inset, which shows inter-
ference visibility, Wigner negativity, and a clear difference
between the quantum and classical distributions. As decoher-
ence increases, visibility drops to zero around o2 A 13xfp. In
contrast, Wigner function negativity persists to significantly
higher values of o2, highlighting the presence of noncontex-
tual quantum features [46]. Ultimately, Jeffreys divergence
emerges as the most robust indicator, remaining nonzero up
to o2 P ?aO)cZ2 . Its resilience to decoherence arises because,
as seen in Eq.(7), decoherence acts as a low-pass filter, expo-
nentially suppressing the high-frequency interference fringes
that the visibility test relies on. In contrast, the likelihood ratio
test leverages information from the entire distribution. Thus,
distinguishing quantum from classical dynamics in the pres-
ence of decoherence is analogous to inferring the shape of an
object concealed beneath a cloth. As decoherence increases,
the cloth thickens, making the object harder to discern, but
the underlying features remain and can therefore be tested.

B. Polynomial versus exponential scaling of N,

Since the exponential advantage of the likelihood ratio test
is based on the low-pass filtering of high-frequency features,
the contrasting behavior observed in Fig. 2 generalizes beyond
cubic phase states under two conditions: (1) The probability
distribution exhibits a separation of length scales, consisting
of a slowly varying envelope and rapidly oscillating interfer-

ence fringes; and (2) noise and decoherence can be modeled as
a Gaussian convolution with a kernel of width o2 [c.f. Eq. (7)].
We reiterate that states fulfilling condition (1) naturally arise
in the WKB approximation and related semiclassical con-
structions [39—41], whereas condition (2) provides an accurate
approximation of decoherence effects for systems evolving in
wide nonharmonic potentials [38].

The number of measurements N, required to falsify clas-
sical mechanics at a significance level o = ®(—a) and
statistical power 1 — 8 = ®(b) is determined by the distance
between the mean values of the test statistic relative to their
variances (see Appendix E for details), that is,

N [b¢v1(2)+a¢vo<2>]2
' (Z)1 = (Z)o '

Here, (Z); and vy(Z) = N x Vary(Z) denote the expectation
value and the N-independent part of the variance in the large N
limit under hypothesis s € {0, 1}, respectively, and ®(x) is the
cumulative distribution function of the normal distribution.

Evaluating Eq. (8) for both test statistics Z and the class of
states defined by conditions (1) and (2) reveals the contrasting
exponential versus polynomial scaling. Here, we sketch the
main steps of the derivation in Appendix F.

For the likelihood ratio test (Z = A), we assume the prob-
ability distribution p;(x) admits a Gram-Charlier A series,
valid for distributions that decay at least exponentially in
x2 as |x| — oo [47]. This series expresses the distribution
in terms of Hermite polynomials H,(x) with coefficients
¢s(n) defined in terms of Bell polynomials of the hypothesis-
dependent cumulants. In the limit of large o2, one arrives
at N, ~ (a+ b)*0? /(1 — [o)>, when the hypotheses differ
in the mean values p, while N, ~ 2(a + b)*c*/(0} — 03 )?
for equal mean values but different variances o;. When the
first two cumulants are hypothesis independent, a case often
encountered in the systems of interest [38], orthogonality of
the Hermite polynomials in the expansion leads to

®)

—1
[c1(n) — co(n)]?

nlon

N, ~ (a + b)? Z

n>=3

) ®

giving polynomial scaling of leading order (02)¢ and d =
min{n > 3| c;(n) — co(n) # 0}. Conversely, for the visibil-
ity test (Z = V), condition (1) ensures that the interference
fringes oscillate rapidly, with a length scale 1/kg, as compared
to the width of the Gaussian noise kernel. Therefore, the
convolution in condition (2) suppresses the fringe contrast
exponentially by a factor exp(—kgaz). Given that the visibility
is defined in terms of bin counts that follow a multinomial
distribution on bins of size Ax, one can show that

2

} .0

v~ P (k3o?) |: b a
¥ 20?2 VAL (x0)Ax  SAp(xo)Ax
Here, v is the fringe visibility, and A;(xo) is the value of
the hypothesis-dependent envelope of p;(x) evaluated in the
vicinity of the fringe position x ~ xo. The comparison be-
tween the polynomial scaling of Eq. (9) and the exponential
scaling of Eq. (10) formally demonstrates that the likelihood
ratio test yields an exponential reduction in N, relative to the
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visibility test, for all dynamical protocols satisfying condi-
tions (1) and (2).

VI. CONCLUSION

In summary, we have introduced a likelihood ratio-based
hypothesis-testing framework that uses position measure-
ments to certify quantum mechanics with finite data. Our
analysis shows that this method can outperform the standard
visibility test under realistic conditions relevant to levitated
nanoparticle experiments. Specifically, for equivalent statis-
tical significance and power, it distinguishes classical from
quantum dynamics using exponentially fewer measurements
and, moreover, can succeed even when decoherence fully
suppresses quantum interference visibility. That is, we have
shown that while finite visibility is sufficient and aesthetically
pleasing for certifying quantum mechanics in interference
experiments, it is, from a hypothesis-testing perspective, not
necessary. These results pave the way for certifying quantum
superpositions of macroscopic particles under less restrictive
experimental conditions.
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APPENDIX A: CHARACTERISTIC FUNCTION
OF CUBIC PHASE STATES

In this Appendix, we derive the analytic expression for the
characteristic function of the cubic phase states.

To obtain the characteristic function of a (position) cubic
phase state, we evolve the initial Wigner function Wj(x, p)—
that of an uncorrelated Gaussian state with variances v, and
v,—from just before7; = 7, to just afterz, = t;{ a cubic pulse.
More precisely, the evolution is driven by a time-dependent
potential of the form Veuyic(x, 1) = —h(y /2)(x/X,p)*8(t — 1),
where y is a dimensionless parameter that sets the strength of
the pulse. The dynamics follow Eq. (1) with s =0 or s = 1.
Note that for the classical case, the 7 in Vypic(x, 7) is only a
conventional choice, and does not imply that the dynamical
laws are classical or quantum. The equation can be solved
analytically for both the classical and the quantum hypotheses.

One obtains the characteristic function

2
> (vo/P7,)
Xs (ks kp) = exp {’Sg(pwkpf - %(pzpkp)z
5 (.xzpkx)z 1
— (v
( x/xzp) 2 1 —2iy (vx/x%p)prkp

X 1/\/1 — ZiJ/(Ux/xzzp)pzpkpv

corresponding to the Fourier transform of W;(x, p, t7). Setting
ky =0 and k, — k, one obtains the characteristic function
in the form displayed in Eq. (5). Note that under Gaussian
dynamics, the shape of the state will be preserved while the
position and momentum variables can be mixed by symplectic
transformations [49].

(AD)

APPENDIX B: SCALE INVARIANCE

In this Appendix, we discuss the scale invariance properties
of the position probability distributions for cubic phase states.

The probability distribution associated with Eq. (5)
exhibits the scale invariance ps(X;61,6,,603) =
[Aps(AX; A61, A20,, A363), for A # 0. Since the random
measurement noise vg is unaffected by this transformation,
only the parameters 6; scale, the relative impact of mea-
surement noise can be reduced by increasing A. Specifically,
the effective variance of the Gaussian convolution above is
transformed as o2 — A2(6, — 65 /61) + vg, showing that the
contribution of vg becomes negligible for large A. Physically,
such scaling corresponds to a squeezing transformation,
which can be implemented by evolving the particle under an
inverted harmonic potential [24,50]. This property is used to
produce the Figures displayed in the main text.

APPENDIX C: DEFINITION OF THE VISIBILITY
TEST STATISTIC

In this Appendix, we provide a rigorous definition of the
interference visibility statistic used in our analysis, including
the procedure for determining the integration bins correspond-
ing to the maximum and minimum of the interference pattern.

In Eq. (2), we have introduced the definition of the visibil-
ity V as a function of the counts 7, and ny,. To be precise,
we define it as follows. Let Y.« and Y, be the values of
the second maximum and first minimum of the quantum po-
sition distribution p;(Y'), which are at a distance A = |Yiax —
Ymin|, and which we assume exist. Then, we define two in-
tervals Imax = [Ymax - A/27 Ymax + A/Z] and Imin = (Ymin -
A/2, Yiin + A/2], centered around Y.« and Y. Given the
dataset {Y7, ..., Yy}, we define npq = vazl 1(Y; € I,ax) and
Rmin = vazl 1(Y; € I,in) as the number of counts on the in-
tervals I, and Iy, respectively. Here, 1(c) is the indicator
function that gives one if the condition c is true and zero other-
wise. The number of counts in the I, ,x and Iy, bins are part of
a multinomial distribution, whose statistical properties—for
instance, the mean values, variances, and covariances—can
be evaluated. To conclude, we note that in the definition of
Eq. (2), we omit the conventional absolute value, since the
classical distribution could have a negative visibility. In such
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TABLE 1. Relation between the physical parameters discussed
in the proposal of Ref. [24] and the parameters of the characteristic
function in Eq. (5). Numerical values are obtained by inserting the
values in Table I of Ref. [24], including the assumption of negligible
measurement noise vg = 0.

Parameter Physical parameters Value
01/ (Axzp) 27 + D) (kx,p) (21 69.04
02/ (O Qa+1+a) 6.001
03/ (Axzp)’? (kx,p)(Q11)? 34.52

A — cosh(2414)(t3 /1)) — sinh(2414)/(2411) —59.67

cases, including the absolute value would artificially degrade
the performance of the test. Also, we remark that for large de-
coherence it is not guaranteed that Y.« and Y, exist. In that
case, it is customary to set the visibility to zero. This makes
the visibility of the quantum distribution decay continuously
to zero.

APPENDIX D: PHYSICAL PARAMETERS
OF THE PROPOSAL

In this Appendix, we show how the physical parameters
discussed in the proposal of Ref. [24] relate to the parameters
of the characteristic function in Eq. (5).

The proposal consists of a five-step protocol imple-
mented with a single charged dielectric silica nanoparticle
of mass m. Each step 0 < i< 4 is fully characterized by
its duration #;, decoherence rate I';, and potential V;(x) =
—mQ?/(2k?)[cos? (kx — ¢;) — kxsin(2¢;)], with frequency
2; and phase ¢;. The potential can be realized by optical
standing wave pulses with wave number k and a linear electric
potential. At step 0, the particle is initialized by cooling it to
a thermal state of mean phonon occupation 7 in a harmonic
potential with frequency 2y = 2. After that, the protocol
follows a sequence of free evolutions and evolutions in cubic
and inverted potentials with fine-tuned parameters to generate
a cubic phase state as in Eq. (5). Following the derivation of
Ref. [24], it can then be shown that the relation between the
physical parameters and the parameters of the characteristic
function are given by Table I, where

41t} N exp(2Qu14) (47315 /3 + 2T4/Q23)

4)2

a
@ = 4F2t2l12 +

APPENDIX E: DETAILS ON NUMERICAL EVALUATION

In this Appendix, we show how we determine the statistical
power 1 — 8 and number of measurements N, required to
falsify classical mechanics for M runs per hypothesis.

First, we evaluate the mean value u and standard deviation
+/ Varg(Z) of the test statistic Z for the null hypothesis. The
threshold is then set to Z, = u + 54/Vary(Z), which corre-
sponds to a significance level a ~ 2.86 x 1077, This allows
us to evaluate M. = Zf‘i  1(Z; > Z,), which is the total num-
ber of runs with a test statistic Z; that lies above the threshold.

Using M., we evaluate the Wilson score interval, which
guarantees that the statistical power 1 — f is with a probability

1 — ¢ within the interval [w_(g), w, ()], where

M. +22/2 | z/2 [4AM—-MOM.
w(e) = 5 5 +z,
M+ z; M+ z; M
(ED)
with e =0 1(1 - e/2), where d(x) =

[* . exp(—s?/2)/s/2m ds denotes the cumulative dis-
tribution function of the normal distribution. For a
conservative estimate, we evaluate the power at the lower
interval and ¢ = 0.05, ie., 1 — 8 = w_(0.05). Note that
w_(e) < 1/(1 + z2/M), which requires a minimum number
of measurements to ensure 1 — 8 > 99.73%, which is why in
Fig. 2(b) the empirical N, does not drop below 1000.

In order to determine N,, we consider a £5% error margin
for the parameters. Specifically, we fix the parameters 6; used
to evaluate the likelihood ratio but sample the data from a
probability distribution with parameters within the interval
[0.956;, 1.056;]. This accounts for potential uncertainties and
ensures robustness in the estimation of N,.

Finally, the shaded regions can be obtained by first eval-
vating the mean value (Z); and variance Vary(Z) under
hypothesis s € {0, 1} in the large N limit. We reject the null
hypothesis when Z; > (Z)¢ + a+/Vary(Z), which for Gaussian
distributed test statistics corresponds to a significance level
o = ®(—a). The statistical power reads

(Z)o + ay/Varg(Z) — (Z)1> E2)
JVar{(2) ’

and exceeds a value 1 — 8 > 1 — ®(—=b) = ®(b) if (Z), —
(Z)o = a/Varg(Z) + b/Var|(Z). Using Vary(Z) = vy(Z)/N
allows us to derive the number of measurements N, required
to falsify classical mechanics in the large N limit, namely,

1—ﬁ=1—®(

N = [wm(Z) +ay Vo(Z):|2. E3)

(Z)1 = (Z)o

APPENDIX F: DERIVATION OF SCALING LAWS

Here, we demonstrate that the contrasting exponential ver-
sus polynomial scaling of the visibility and likelihood ratio
test with noise generalizes beyond cubic phase states under the
following conditions: (1) The probability distribution exhibits
a separation of length scales, consisting of a slowly varying
envelope and rapidly oscillating interference fringes; and (2)
noise and decoherence can be modeled as a Gaussian convo-
lution.

To be precise, condition (1) implies that we can write down
the probability distribution of the two hypotheses as

ps(x) = Ag(x)[1 + sv cos (kox)], (F1)
where A;(x) is the slowly varying envelope and s distinguishes
the quantum (s = 1) from the classical (s = 0) hypothesis.
The quantum distribution contains interference fringes with
visibility v and spatial frequency kp. On the other hand,
condition (2) implies that after noise and decoherence the
probability distribution in position is given by the Gaussian
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convolution
(x — x')?

l [o¢]
(P 8)0) = f_ e [_T

where o quantifies the noise strength.

Our goal is to quantify how the number of measurements
N, required to certify quantum mechanics scales with the
decoherence strength o, for both the visibility Z =V and
the likelihood ratio Z = A. To this end, we use Eq. (E3) and
compute the expectation (Z), and standard deviation vy(Z) of
the test statistic Z under the two hypotheses s = 0 and s = 1.

We start with the likelihood ratio Z = A. First, we assume
that the distribution p(x) admits a Gram-Charlier A series,
valid for distributions that decay at least exponentially in x>
as x| — oo [47], namely,

(x — //Ls)z cs(n) X — s
P |:_ 207 i| Z: n!os"Hn< o )
n=0
(F3)

where c¢;(n) = B,(0, 0, x,(3), ..., kg(n)) denote the com-
plete Bell polynomials, «;(n) is the nth cumulant of the
distribution p,(x), and H,(x) denote the Hermite polynomials.
Due to condition (2), noise modifies the variance as 032 —
(crf + o2). To obtain the scaling, we evaluate (Z); and vs(Z)
by inserting the Gram-Charlier A series, expanding log(1 +

x) >~ x and approximating the denominator of the resulting

}PS(X’) dx’,
(F2)

1
s(x) = ex
b V2no?

expression by a Gaussian, valid for large enough o. When the
hypotheses differ in the mean values, N, ~ (a + b)*0% /(i —
Wo)?, while for equal mean values but different variances
N, >~ 2(a + b)*0*/(0} — 03)*. When the first two cumulants
are identical, orthogonality of Hermite polynomials leads to

-1
[c1(n) — co(n)]?

nlo2n

N, ~(a+b)?| > , (F4)

n>3
giving polynomial scaling with (02)? and d = min{n >
3| ei1(n) = co(n) # 0}

For the visibility test, we return to Eq. (FI). Con-
dition (1) implies that A,(x) is slowly varying on the
scale of 1/ky and o, and therefore (py * g5 )(x) =~ A;(x)[1 +
sv exp(—kjo?/2) cos(kox)], showing exponential suppression
of fringe contrast v. The visibility is defined in terms of bin
counts that follow a multinomial distribution on bins of size
Ax. Applying the delta method [51], we evaluate (Z), and
V5(Z) near the fringe position x >~ xp, obtaining

__ exp (kgoz) |: b a
o VA (x0)Ax  /Ag(xo)Ax

Finally, comparing Eqgs. (F4) and (F5) demonstrates that the
likelihood ratio test yields an exponential reduction in N, rela-
tive to the visibility test, for all dynamical protocols satisfying
conditions (1) and (2).

2
] . (F5)
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