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The excitation of bound states in the continuum (BICs) in two- or multiqubit systems lies at the heart
of entanglement generation and harnessing in waveguide quantum electrodynamics platforms. However, the
generation of qubit pair BICs through single-photon scattering is hindered by the fact that these states are
effectively decoupled from propagating photons. We prove that scattering of a parity-invariant single photon
on a qubit pair, combined with a properly engineered time variation of the qubit detuning, is not only feasible,
but also more effective than strategies based on the relaxation of the excited states of the qubits when the distance
between the qubits gives rise to non-negligible photon delays (non-Markovian regime). The use of tensor network
methods to simulate the proposed scheme enables us to include such photon delays in collision models, thus
opening the possibility to follow the time evolution of the full quantum system, including qubits and field, and
to efficiently implement and characterize the dynamics, hence identifying optimal working points for the BIC

generation.
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I. INTRODUCTION

Waveguide quantum electrodynamics represents one of
the most promising, feasible, and versatile platforms for
quantum technology implementations [1]. The opportunity
of manipulating the system by tuning interaction strengths,
emission frequencies, and distances between components,
along with the effectiveness of emitter-field and emitter-
emitter couplings, guaranteed by quasi-one-dimensional field
confinement, opens the way to theoretical investigation
and technological exploitation of remarkable collective phe-
nomena [2-20]. Among the latter, states with suppressed
spontaneous emission [3,21,22] are particularly attractive for
energy [23] and information storage [24], and can be im-
plemented in state-of-the-art superconducting circuits [25].
However, their theoretical description is still in an exploratory
stage, especially when the so-called non-Markovian regime is
considered [26-28]. Here, non-negligible distances between
the emitters give rise to photon delays and feedback effects
that make the dynamics non-Markovian.

Interesting effects already emerge in the case of a pair of
two-level emitters (qubits), coupled to one parity-invariant
waveguide mode in the weak coupling regime [29-46].
When their distance matches resonance conditions, the system
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Hamiltonian has an eigenstate with energy in the continuous
spectrum, i.e., a bound state in the continuum (BIC) [47,48].
The two-qubit BIC has a single excitation shared among
the subradiant Bell state and a single-photon standing wave
trapped between them. This suggests a strategy to generate
entanglement between qubits from the Hamiltonian evolution:
An initial state with one excited qubit and field in vacuum
will partially relax toward the BIC [31,49,50]. This procedure,
called entanglement by relaxation [31], is intrinsically limited
by the overlap between the initial state and the BIC and thus
gives at best a probability one-half of generating the Bell
state. Moreover, entanglement by relaxation becomes less and
less efficient when the distance between qubits increases and
the excitation is more likely stored in the field between them
[31,40,51,52].

Interestingly, one can harness such stationary field to gen-
erate qubit Bell states in an alternative manner. Exciting a
BIC through scattering is generally hindered by vanishing
overlaps between trapped and incoming photons, thus requir-
ing strategies such as time-dependent Hamiltonians [53] and
two-photon scattering [40,54]. The BIC of distant emitters
can also be populated via relaxation of their doubly excited
state [55].

In this work, we propose a method to effectively populate a
two-qubit BIC in the non-Markovian regime, by sending one
photon on the qubits in their ground states. The method is
depicted in Fig. 1: In order to bypass the roadblock of the
vanishing overlap between the incident photon and the BIC
stationary one, we suppress the interaction until, at time #,
the incident photon has traveled the whole distance between
the qubits, and then we quickly put them back in the dynam-
ics. We specifically propose of quenching the qubit transition

Published by the American Physical Society
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FIG. 1. Schematics of BIC generation via single-photon scattering. From left to right, three snapshots at different stages of the proposed
protocol. In both panels, ¢ = w,7, with w, being the qubit excitation frequency and t = d /v, being the time it takes the photon of speed v,
to cover the interqubit distance d. The system is in an even-order resonance, with ¢ = 2, in panel (a), and in an odd-order resonance, with
¢ = m, in panel (b), with even and odd referring to the BIC spatial symmetry. At ¢ < t;, the qubits are in their ground states and decoupled
from the field, while the incoming photon is prepared in a spatially antisymmetric [panel (a)] or symmetric [panel (b)] state. Until ¢ = f,, the
qubits are detuned with respect to the photon. At ¢ = 1, the wave fronts of right- and left-propagating components of the incoming photon
have covered the whole distance between qubits, and the latter are tuned in (detuning is turned off), getting coupled to the field. When the
scattering dynamics is completed, at r >> £y, the qubit-photon system is found, with a finite probability, in a BIC containing a qubit Bell state

(resp. green and red shaded areas) with same spatial symmetry as the incoming photon.

frequency from an initially off-resonance value to the resonant
one, a task experimentally feasible in the superconducting
circuit domain [56-58]. We will show that this strategy, called
quenched detuning, is effective in populating the BIC. To
account for nonperturbative effects in the system dynamics in
the non-Markovian regime, we employ tensor network tech-
niques, specifically matrix product states (MPS), providing
accurate numerical solutions in the time domain [26,27,59—
62].

II. MODEL AND DYNAMICS

We consider a pair of identical qubits, with excitation fre-
quency wy, coupled to a waveguide mode at points x; = 0 and
X2, respectively, with bare Hamiltonians

HY” = hwyo o, witho; = [g;){e;]. (1)

with j € {1,2}, and |g;) and |e;) being ground and excited
states, respectively. For notation shortness, we will denote the
tensor product basis of the qubit pair as |ee) := |e1) ® |ez),
leg) := le1) ® [g2), ge) :=1g1) ® |ez), and |gg) :=|g1) ®
|g2). Following the circuit-QED paradigm [63], we consider
the field perfectly confined in one dimension. Moreover, we
assume that its dispersion relation can be linearized, with
group velocity vg, in the frequency range of interest for
the interaction. It is hence convenient to define the wave
number kg = wy/v,, corresponding to the qubit transition
frequency. We account for photon propagation in two pos-
sible directions by introducing the field operators ag)(®)
that annihilate right (left)-propagating photons of frequency
o and wave number k = +(—)w/v, and satisfy the canoni-
cal commutation relations [a,(w), ag, (0] =dp.pd(w— )
and [ap(w), ap (w')] = 0, with D, D’ € {R, L}. The bare field

Hamiltonian hence reads

Hf(o) =h Z /da)a) aj)(a))aD(a)). 2)

D=R.,L

In the interaction picture of H©® = Hl(o) + H2(0) + Hf(o), the
emitter-field coupling Hamiltonian reads (see Appendix A)

Vi) =h@{m[b‘,§(x) + b} ()]

+ oale bi(t — T) + b} (t + )]} + Hee,,  (3)

where T =d/v, is the photon propagation time between
the qubits, ¢ = kod = wyt is the corresponding phase, and
bp(t) = 27)~'? [dwap(w)e™ =) are quantum noise
operators [64] satisfying [bp(t), bl ()] = Sp.p 8t —t'), with
D,D’ € {R,L}. Equation (3) holds for weak qubit-field
coupling that leads to the validity of the rotating wave approx-
imation and the assumption of a flat coupling over the relevant
bandwidth [65,66]. When the propagation delay T between
the qubits is much smaller than 7/’1, the effect of the finite
propagation time can be neglected and the qubit emission dy-
namics can be modeled with canonical Born-Markov master
equations [67-69]. The detuning Hamiltonian

Hiet(t) = hiAw(0, 01 + 0] 02) O(ty — 1), 4

with ®(¢) the Heaviside step function, is turned off at t = ¢,
when the incoming photon crosses the whole interqubit dis-
tance (see Fig. 1).

We set a coarse-graining time interval At <y~ and
introduce the quantum noise increment operators, B, p =
(A)~1/2 fn(gfl)m dt' bp(t'), with n being an integer, annihi-
lating an excitation of the nth discrete-time field mode, or

1
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collision unit, in the direction D [64,70-72]. The coarse-
grained evolution of the system is given by the unitary map

|\y(tn+l )> = eXP{—i[Ol (tn) + 02(tn) + Hdet(tn)At/h]}

x |W(t,)), )
with
At .
01(t) = | 50l o + B} ] + Hee.,
AL .
02(t) = \| F5-0ale B]_, g+ B}, 1+ He. (6)

where the integer £ = t/At = d/(vgAt) is fixed by the dis-
tance d between the qubits. The map in Eq. (5) couples the
qubits with different collision units at any (discrete) time of
the evolution; its structure features the memory effects due
to propagation delay: The nth right-propagating collision unit
that interacts with qubit 1 at + =, will interact with qubit
2att =t, + T = tyy¢; similarly, the nth left-propagating unit
that interacts with qubit 1 at r = ¢, has already interacted with
qubit2atr =1, — 7 =t,_y.

This non-Markovian dynamics can be efficiently simu-
lated by means of an MPS simulation, as first proposed in
Ref. [59]. In this framework, a specific MPS site hosts both
the qubits, whereas all the other sites encode the left- and
right-propagating collision units. The implemented algorithm
drives the evolution of the joint qubit-field system state once
the initial state is initialized in the MPS form. This evolution
is carried out by iteratively applying to the MPS the quantum
gates forming the unitary map in Eq. (5). Technical details
on the algorithm and the initial state preparation are given in
Appendix B.

III. RESULTS

It is convenient to exploit the linearity of the dispersion
relations and introduce the canonical spatial mode operators

1 . 1 .
cr(x) = ——=e™br(—x/vy), cp(x) = ——e by (x/vy)
Ug Vg
@)

that allow to express the BIC eigenstates [31,40,51,52] at
resonance, ¢ = ni, as

—1/2
@s) = (1+5) [|wi>®|0>+ /}%|gg>®|1mc>],

d eikoXCT (x) _ e*ikoxc'l' (X)
[1pic) = / dx K £=10), ®
0 V2i

where |0) is the field vacuum, |y+) = (leg) £ |ge))/\/§ are
Bell states of the qubit pair, and £+ = (—1)"+!. Equation (8)
shows that the photonic part of the BIC, |1gic), corresponds
to a stationary field trapped between the qubits, with lo-
cal energy density (1gic|c’(x)c(x)|1pic) = 2 sin? (kox), where
c(x) = cr(x) + cr(x).

In order to effectively populate the BIC starting from the
qubits in |gg), we apply the scattering method depicted in
Fig. 1. We prepare the field in a one-photon state having the
same spatial symmetry as the photonic part of the BIC, i.e.,
lps) = (lpr) £ 1¢1))/v/2, where |gp) = [ dx gp(x) ch(x)]0)

is a single-photon wave packet of arbitrary shape, propagat-
ing in the direction D (see Appendix C). At time 7y = 0,
the right (left)-propagating wave packets reach the position
of qubit 2(1), and the qubit-field interaction is switched on.
In this configuration, the probability [Eq. (8)] of populat-
ing the BIC coincides with the squared overlap of the latter
with the initial state |gg) ® |¢+). In the rest of the paper,
we will mostly consider exponentially shaped wave pack-
ets, naturally produced by qubit decay in one dimension,
pr(x) = /T /v, O(d —x) exp{—T'(d —x)/(2v,) + iko(x —
d)} and ¢p(x) = /I'/vy O(x)exp{—T'x/(2v,) — ikox}, and
use the bandwidth I' as an optimization parameter.

We start by considering the ideal case of infinite detuning,
in which the qubits are entirely screened from the field for
t < ty. Figures 2 (a) and 2(b) show the results of the MPS sim-
ulation of such scattering dynamics, obtained over a lattice of
10? collision units, by setting the collisional coarse-graining
time Ar equal to 4 x 1072y ~!, and the truncation error in
the state vector norm at the end of the time evolution equal
to 10~*. The plots show the evolution of the average photon
number at each point of the x axis, i.e., (n(x)) = (¢ (x)c(x)),
obtained for an odd and an even resonance, respectively. The
data show the process of standing-wave buildup between the
qubits while reaching the long-time limit where it assumes
a clear sinusoidal profile (see the insets), as expected from
Eq. (8). The transmitted photon amplitude forms the two main
propagating wave fronts, followed with delay 7 by less intense
wave fronts due to the partial reflection of the incoming field.
These reflected wave packets travel toward the edges with a
retardation from the main wave fronts equal to the delay t
and in the long-time limit (inset) form the two small bumps
picked at distance d from each edge.

The probability of populating the BIC with the exponential
wave packet in input reads

2]/(1 _ e*Fr/Z)Z
r(1+ %)

which in turn gives the qubit Bell-state population by Pge; =
(1 + y7/2) ' Pgic. The BIC excitation probability is repre-
sented as a function of the dimensionless parameters y T and
I'/y in Fig. 2(c). As expected, it grows with the weight of
the photonic part of the BIC, i.e., when the delay t increases
with respect to the excited-state lifetime y ~!, provided that the
duration I'! of the input pulses also increases with respect
to it (i.e., the ratio I'/y decreases). The probabilities are
maximized by I' = T'* = 2.51/t, corresponding to

yT * YT
——, Py =041— 7.
1 + y21: Bell (1 + VZT)Z

Poic = [{P+](Ig8) ® lpa))|* = ©)

Phc = 0.41 (10)

Remarkably, even though the considered optimization is per-
formed for a particular wave packet shape, Pj- is not far
from the absolute upper bound, i.e., the weight of the photon
component of the BIC [Eq. (8)], that is reached when the
input wave packet ¢p is shaped as a square wave of length
d (see Appendix C for further details). Notice that in this
case, the BIC population can reach 100% for large interqubit
distances, as in the two-photon protocol proposed in Ref. [54].
It is finally worth noting that applying the proposed protocol
with a photon wave packet incoming from one direction only
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FIG. 2. Dynamics of the BIC generation via single-photon scattering. All the data are obtained by MPS numerical simulation on a lattice
of 10? collision units, setting y At =4 x 1072, and truncation error in the state vector norm at the end of the time evolution equal to 1074,
Time evolution of the average photon number per site (n(x), for a delay T = 4y ~! (with y the excited level lifetime), for ¢ = 7 and initial state
[W(0)) = |gg) ® |¢y) (a), and ¢ = 27 and initial state |W(0)) = |gg) ® |¢_) (b). The light-matter coupling is switched on at time 7, = 0 when
the right-propagating wave front hits x = d and the left-propagating one hits x = 0 (see Fig. 1). The incoming wave packets have bandwidth
I' = 0.625 y. The insets show (n(x)) at different times during the system’s evolution. (c) Asymptotic probability (final time) of populating the
BIC starting from initial state |W(0)) = |gg) ® |¢_ye+1), varying the incoming wave packet’s bandwidth and the interqubit delay t of integer
multiples, ¢, of 7 /wy = At such that the system is always at resonance. The plot obtained from the simulation data perfectly matches the

analytical result of Eq. (9).

(equivalently |@g) or |¢.)) provides a BIC excitation probabil-
ity of Pgic/2. Thus, despite such a one-side photon protocol
being evidently suboptimal in terms of generation probability,
it is still more effective than relaxation from an excited qubit
state in a certain range of yt and can be useful whenever
implementing the overlap of |pg) and |¢,) turns out to be
unfeasible.

We now describe the relevant results obtained for a finite
detuning Aw, providing at the same time a more realistic
physical description and a further optimization parameter.
Figure 3(a) shows the probability of populating the qubit Bell
state through a finite quenched detuning for each value of y 7,
by fixing the wave packet bandwidth to the value I'*, which
maximizes Eq. (9). Figure 3(b) shows the maximal probability
of BIC and Bell-state generation with optimal quenched de-
tuning (green dots) compared to the other protocols mentioned

so far. The comparison of the three methods clearly shows that
in the case yt < 1, which includes the Markovian regime,
entanglement by relaxation provides the higher probability
to excite both the BIC and the qubit Bell state. For larger
qubit distances, the proposed scattering approach tends to
outperform the others. In general, optimal quenched detuning
allows for an improvement with respect to the ideal switch
case (infinite detuning). As one can observe from Fig. 3(a),
this is due to the fact that the BIC generation probability
oscillates with Aw around the infinite-detuning limit. From
a physical point of view, the detuned Hamiltonian [Eq. (4)]
prepares during the time [ty — T, fy] a more or less optimized
initial state for the evolution under H® +V; at t > 5. The
increase in performance for quenched detuning remains rele-
vant up to yt < 3, where its performance becomes very close
to the ideal switch case. While the BIC excitation probability

Bell state population

o
2
Bell state population

Yloo%

----- Relaxation
— -~ Switched coupling 4
-@- Quenched detuning

5.0 7.5 10.0 12.5 15.0 0.5 1.0 15

Aw/y

2.0 2.5 3.0 3.5 4.0 05 1.0 15 2.0 25 3.0

FIG. 3. Generation of the BIC via single-photon scattering and quenched detuning. (a) Asymptotic (final time) probability of populating
the qubit Bell state starting from an initial state [¥(0)) = [gg) ® |¢_ye+1), for different interqubit delays T = €7 /wy, with £ being an integer,
and different values of the detuning. The value of I't is fixed at 2.51, which maximizes the BIC population in Eq. (9) at infinite detuning.
(b) Maximal asymptotic probabilities of populating the BIC and the qubit Bell states vs the interqubit delay (green dots). Dotted blue lines
correspond to entanglement by relaxation, and dashed orange lines correspond to single-photon scattering with infinite detuning [Eq. (9)].
(c) Time needed to achieve 90% of the asymptotic BIC population with the quenched detuning method. Each point was computed by using the
wave packet bandwidth and the detuning that maximizes the Bell-state population for that value of 7.
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increases with the qubit distance, the probability to generate
the corresponding qubit Bell state (either singlet or triplet,
according to the BIC’s symmetry) reaches a maximum at a
finite distance. This behavior is due to the decreasing share
of qubit excitation in the BIC, counterbalancing the increase
in the excitation probability of the latter. Figure 3(c) displays
that the time required to achieve 90% of the asymptotic value
of the Bell-state population is, with very good approximation,
proportional to the distance between the qubits.

IV. CONCLUSIONS

We proposed a scattering method to populate the one-
excitation BIC that appears in the spectrum of a system of
two qubits coupled to the same waveguide mode, by exploit-
ing only the single-excitation sector. The method consists in
sending on the qubits in their ground states a photon with
counterpropagating components, characterized by the same
symmetry as the target BIC. We first investigate the case in
which the interaction between qubits and field is switched on
when the opposite wave fronts have covered the whole in-
terqubit distance. With this protocol, we find an improvement
with respect to entanglement generation by relaxation, another
protocol operating in the one-excitation subspace. The same
procedure can be performed, in a suboptimal but simpler way,
by sending the photon only from one side, at the price of los-
ing half of the BIC generation probability. The experimental
realization of the proposed scheme is subject to the detuning
quench time being negligible time with respect to y~! and
T =nw/wy. A comparison of the relevant qubit timescales
described in Ref. [73] (lifetime larger than 10 ns, delay time
for n = 1 around 1 ns) to the state-of-the-art bandwidth, larger
than 10 GHz, of impedance switches by the use of magnetic
fluxes [57] corroborates the experimental feasibility of the
described protocol.

Our results show that, at interqubit distances
T > y~!, where the system dynamics can be considered
non-Markovian, the proposed method overcomes the upper
limits of generation by relaxation in the one-excitation [31]
and in the two-excitation sectors [55]. Being rooted in the
overlap between the input photon and the photonic part
of the BIC, the effectiveness of the proposed method in
populating the BIC increases with the distance between
qubits, as the share of field excitation in the BIC becomes
larger. Interestingly, even with a one-side photon, this
method becomes more effective in populating the BIC than
entanglement by relaxation, in the limit of very long delays.
Then, simulating the system dynamics with an MPS evolution,
we characterized the performance of the process in a more
realistic setting, in which the effective qubit-field interaction
is controlled by a finite-frequency detuning. Surprisingly,
due to phase effects, the detuning can be adjusted to even
outperform the result achieved in the ideal switch case,
especially in the range T < 3y !, thus further improving the
effectiveness of the method.

The results obtained in this work represent the basis for
a more efficient generation process of both BICs and their
Bell-state components, e.g., by performing adiabatic elimina-
tion of the field. These pathways will be the subject of future
research.
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APPENDIX A: COARSE-GRAINED UNITARY EVOLUTION
FROM HAMILTONIAN DESCRIPTION

In Schrodinger picture, the interaction Hamiltonian of a
chain of N identical emitters (placed at equal distances d) in
the waveguide field reads

N
1% =h2/da)|: /?eiw(j_])rdR(w)
j=1 i
N /%eiw(jl)TaL(w)}gj +H.c., (A1)

with 7 =d/v,. In the interaction picture with respect to
HO =3V H” + H", it reads

N

Vi(t) =hz[ YR DN h(r — (= 1))
j=1

+/yee Vb (1 (j — Do)lo] + Hee., (A2)

with bg,; () quantum noise operators. For N =2, yg =y,
and wyt = ¢, the above Hamiltonian gives Eq. (3).

It can be convenient to shift the left-propagating quantum
noise operators:

b(t) — byt — 1), (A3)
then one gets the equivalent interaction Hamiltonian
Vi(t) =h\/g{of[bk(t) +e?b(t — 1))
+ 0, [bg(t — T) + br(1)]} + H.c. (A4)

When we move to the discrete-time description, and coarse-
grain the evolution, the interaction V;(¢) gives rise to the
unitary evolution operator equivalent to the one in Eqgs. (5) and
(6), but involving only time-bin numbers n and n — ¢, hence
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FIG. 4. Spontaneous emission profiles of the qubits starting from
p(0) = |4 ) (Y| for different values of the adimensional delay pa-
rameter yt = £At, by keeping the system in an even resonance ¢ =
2¢m. The curve shows the trace distance between the qubit state at
time ¢, p, and their ground state, o = |gg)(ggl; for y — 0 (Marko-
vian regime), it converges to the exponential p,.(¢) = e~*''. Points
where the first derivative becomes positive signal non-Markovianity.

providing an easier MPS mapping:

) [Var .
U, = exp {—i J/T[Ul (B,‘,,R + e_ld)B}L—[,L)

+02(e B} _, p + B} )+ Hcl] } (A5)

Equation (AS5) features long-range couplings between the
emitters and the field time bins that make the dynamics
non-Markovian. When 7y « 1, the delay t is within the
coarse-graining time At. This in turn implies that B, & B, _,.
In this limit, Eq. (AS) features only local interactions and thus,
when the initial state of the field does not have correlations
between the time bins, it is always possible to derive a master
equation for the emitters.

In Fig. 4, we compare the spontaneous emission profiles
of the qubit pair for different values of the adimensional
delay parameter yt = {At, by keeping the system in an even
resonance ¢ = 2{m. Initially, the field is in the vacuum state
and the qubits are in the radiant Bell state ;). The decay
profile at time ¢ is the trace distance of the qubit state at that
time from their ground state. In a Markovian evolution, the
derivative of the trace distance is less than or equal to zero
for any initial state of the qubits: Violation of that property
is a signature of non-Markovianity [74]. The dashed line
represents the limit of zero delay where the decay profile is
exponential p.(t) = e 2" ie., Markovian evolution. Solid
lines correspond to yt = 0.8 and yt = 1.6; they show a
discontinuity at Yt = y t, and points with positive derivative,
signature of non-Markovianity. For increasing values of the
time delay, there is sharper nonmonotonic behavior, signaling
the increased time required by the system to completely emit
the field. The latter moves along the delay during the radiant
state non-Markovian dynamics, partially increasing its popu-
lation before the completed emission.

APPENDIX B: TENSOR NETWORK METHODS

The MPS scheme for non-Markovian collision models
is based on the iterated application of the unitary map in
Eq. (AS), depicted in Fig. 5 [59]. The most difficult operation
for the application of collision model techniques is referred to
as the long-range coupling, targeted in tensor network meth-
ods by means of swap gates as explained in the inset of Fig. 5.

The time-evolution simulation is based on the definition
of a time-bin lattice, conveniently modeled in the considered
single-excitation sector as a qubit pair per site. In this frame-
work, such qubits do not coincide with the two-level emitters
undergoing the possible formation of a BIC, but they only
represent a truncated way to host bidirectional photons propa-
gating through the waveguide. Let us consider a unidirectional
(or equivalently known as chiral) waveguide, such that each
time bin hosting photons can be modeled as a single qubit.
If we assume that the propagation is toward the left (L), we
can express an input photon |£,) = E|0) in terms of a Matrix
Product Operator

E=wlwk...wiN, (B1)
defined in an analogous way in Ref. [61], where N is the num-
ber of sites composing the lattice and each operator-valued
matrix reads

S| __ ]12 0
Wil = (§(off, 1), W“—<s(s>oz,x 12)

yielding [§,) = >, £.(s)o;",|0), with 1, standing for a 2 x 2
identity matrix. The wave packet is then propagated by apply-
ing the evolution represented in Fig. 5, where circle sites host
photonic amplitudes, while the yellow square site is referred
to as the two-level emitter pair, also implemented as a qubit
pair like in the aforementioned bidirectional case. Within each
time step, a sequence of swap gates brings the photonic site
placed at the time delay distance £ at the nearest-neighbor
position with respect to the yellow square site, and then the
unitary map in Eq. (AS5) acts on three contiguous lattice sites.
After the interaction, another sequence of swap gates brings
back the photonic site at the time delay position, while a single
swap gate moves the emitter yellow square site through the
photonic lattice. We repeat this recipe until the emitter site
reaches the lattice boundary.

APPENDIX C: OVERLAP BETWEEN BIC PHOTON
AND AN INPUT PHOTON OF ARBITRARY SHAPE

Here, we evaluate the overlap between the initial state
|8, &) ® |o+) = |gg, ¢+) and the BIC in Eq. (8). We con-
sider |@+) being a resonant input photon of the form |py) =
(ler) £ loL))/ V2 and arbitrary envelope:

lor) = / dx ©(d — x)E(d — x)e” @It (x)]0),

lor) = /dx O@)E (x)e™ %] (x)]0), (ChH
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FIG. 5. Tensor network implementation of the system dynamics.

with [ dx|&(x)|* = 1. The overlap reads

2
(Ipicle+),

-1
(@slgg ) =[5 (1+77) (©2)
with
—i r4 )
(Ipicls) = 5 / dxle g (d — x) T £(0)]
0
+i ¢
= 7’ /0 dx[£(d — x) + E(0)], (C3)

where in the last equality we used the fact that our protocol
requires the symmetry matching: |¢+) = |@_y+1), with n =
kod /. As the dynamics takes place in the single-excitation
sector, then the BIC generation probability Pgic, in the case
of ideal interaction switch, equals the modulus square of the
above overlap.

If the input photon is a decreasing exponential of envelope
E(x') = /(T Jvy)e~T/2%)¥' | the probability of populating the
BIC reads

Pgic = [{D+|gg, ¢+)l

(2+)/‘L')4d

/ dx[e—(F/ZUg)(d—x)+ —(F/2vg)x]
V' ve

(C4)

which upon integration gives Eq. (9).
Notice that the overlap with an input photon of opposite
symmetry would have vanished. Using the above results,

it is also straightforward to verify that |(®.|gg, ¢r)|* =
(D88 1) |* = Paic/2.

Weak coherent input

Here, we consider the input being an attenuated coherent
field. For simplicity, we take the coherent field being the
product of two counterpropagating square pulses of dura-
tion T and same intensity, whose relative phase matches the
BIC symmetry: |ag, az), with o, = a/+/2 = (=) ag and
n = kod/m. If the field is weak enough, |a|?> <« 1, we can
neglect components with more than one excitation and the
dynamics is still confined in the single-excitation sector. This
in turn implies that the probability of populating the BIC is
still (approximately) equal to the overlap modulus square:

vt

Pgic & a3y d|<1mc|aR,aL>|2, (C5)
with
o ( )n+1
(IBIC|06R,(¥L)=<IBIC «/_ 7 >
s d —inmw + (— n
- 71[/0 = aﬁ( )“)}omm
= i(—)yHe e, (C6)

giving Pgic & ytla|?e /(2 + y1), where the factor
lr)2e e s upper bounded by 0.37; then, a comparison with
Eqg. (8) shows that an attenuated coherent field is less efficient
than the single photon of optimal bandwidth I' = 2.51/~.
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