PHYSICAL REVIEW RESEARCH 8, 043032 (2026)

Elastohydrodynamic propulsion of a magnetically actuated filament
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We investigate the low-Reynolds-number propulsion of a slender elastic filament with a dipolar magnetic head
actuated by an oscillating magnetic field in a viscous fluid by studying its strokes and net forward motion. To
capture these dynamics, we employ an elastohydrodynamic (EH) framework that couples Euler-Bernoulli beam
mechanics with resistive force theory. Unlike prescribed-kinematics models, filament shapes here emerge self-
consistently from the actuation and the force and torque boundary conditions (BCs). We demonstrate that viscous
boundary contributions are crucial for quantitative agreement and show that the swimming dynamics are gov-
erned by the EH length and a magneto-viscous-elastic stroke amplitude introduced here. The swimming speed is
nonmonotonic with increasing ratio of the swimmer length to the EH length and is shown to reach a maximum
when the swimmer length is on the order of the EH length. We further discuss the analytical limit in which the tail
BCs can be described as free, and the limitations that arise when viscous contributions to the BCs are ignored.
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I. INTRODUCTION

Locomotion of soft swimmers at low Reynolds number
is governed by a subtle interplay between elasticity and
anisotropic viscous drag, with classical foundations laid by
Gray and Hancock and later by Lighthill [1-4]. Resistive force
theory (RFT) has provided an effective description of propul-
sion by slender filaments in this regime, while slender-body
theory refines the hydrodynamics by accounting for nonlo-
cal interactions along the filament [2,5,6]. Modern syntheses
emphasize the conditions under which these approaches con-
verge, particularly when integrated into elastohydrodynamic
(EH) models that incorporate Euler-Bernoulli beam theory
to predict both emergent swimmer shapes and swimming
speeds [4,7-10]. Yet, even within linear elastohydrodynamics,
quantitative discrepancies between predicted and measured
waveforms and speeds have persisted [11-13]. These differ-
ences are frequently attributed to the inherent approximations
of RFT, but they may also originate from the physical closure
of the problem at the boundaries rather than a failure of the
bulk hydrodynamic description itself.

Experiments with a pinned filament with prescribed ampli-
tudes at low Reynolds number demonstrated that linear EH
models can capture its shapes and propulsive forces, despite
the use of idealized boundary conditions that neglect viscous
end-point effects [10]. Previous theoretical studies have ex-
amined the influence of head geometry on the waveform and
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propulsion of magnetically actuated swimmers [14]. How-
ever, direct experimental tests that independently measure
the resulting shapes and swimming speeds to evaluate such
predictions have remained limited. Similarly, RFT has been
shown to provide accurate speed predictions by utilizing a
periodic swimming sheet geometry where end-point singular-
ities are intrinsically avoided [15]. Agreement has also been
obtained by fitting drag anisotropy to prescribed waveforms,
treating the observed kinematics as a model input rather
than a dynamical output [16—18]. Furthermore, numerical
simulations of magnetically actuated rigid, helically shaped
microswimmers with attached payloads have found that their
location and aspect ratios can significantly affect the optimal
shape for swimming, which cannot be predicted using RFT by
itself [19]. Consequently, resistive-force-based descriptions
of freely swimming elastic bodies where the waveforms are
not prescribed but emerge self-consistently alongside finite
boundary effects remain an open question.

Here, we investigate a magnetically actuated, freely swim-
ming elastic filament in a viscous fluid, combining precision
experiments with a linear EH theory coupling Euler-Bernoulli
beam mechanics to RFT. In contrast to prescribed-kinematics
approaches, filament shapes in our system emerge self-
consistently from the specified actuation strength, with force
and torque boundary conditions inferred directly from mea-
sured shapes. Refined boundary conditions are constructed
to account for the viscous drag and the physical geometry
of the head and tail besides the magnetic torque. We show
that discrepancies between theory and experiment for finite
swimmers are resolved by addressing incomplete bound-
ary closure, thereby demonstrating that bulk RFT remains
quantitatively valid when viscous force and torque contribu-
tions at the boundaries are properly incorporated. We show
that the swimming dynamics are governed by the elasto-
hydrodynamic length and the magneto-viscous-elastic stroke
amplitude. Finally, we analyze the limits where hydrodynamic
contributions to the BCs can be neglected.
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FIG. 1. (a) An image of the magnetoelastic swimmer at a
glycerin-silicone oil interface. (b) The tracked body shapes plotted
over one oscillation time period wt for three swimmers at various
driving frequencies in the comoving reference frame. The head is
denoted with a solid marker. The snapshots are at time interval
At = 16.7ms.

II. EXPERIMENTAL SYSTEM

Figure 1(a) shows a magnetoelastic swimmer composed
of a three-dimensional printed spherical head of diameter
d, = 3 mm, with an embedded neodymium magnet with mag-
netic moment /m = 1.14x 1073 A m?, attached colinearly with
a cylindrical polyvinyl siloxane (PVS) filament of length
L =21.5mm and diameter d = 0.8 mm. The density of the
filament o, = 0.97 gcm™3, and the head is designed with an
air cavity such that the composite density of the swimmer is
ps = 1.05 £ 0.05 gcm 3. This system builds on and comple-
ments previous works with magnetoelastic filaments at high
Reynolds number [20,21]. Swimmers ES1, ES2, and ES3
were fabricated from Zhermack Elite Double silicones with
increasing Shore hardness values of 8, 22, and 32, respec-
tively, to systematically vary elasticity. An acrylic transparent
container (20x10x8 cm?) is filled with glycerin (dynamic
viscosity n, = 1.1 &= 0.1 Pas and density p, = 1.26 gcm™?)
and silicone oil (5, =0.1Pas and p, = 0.97 gcm™).
Figure 1(a) shows an image of the swimmer floating at the
interface formed with silicone oil on top and glycerin at
the bottom. We obtain an effective viscosity n ~ 0.4 Pas, at
the interface, which is higher than the bulk viscosity of the Si
oil with complementary measurements (see the Supplemental
Material [22]). A spatially uniform oscillating magnetic field
B(t) = By cos(wt), where By is the field strength, w = 27 f
with f being the applied frequency, and 7 is time, is generated
using Helmholtz coils connected to an amplifier and a function
generator. The resulting magnetic torque M (t) = My cos(wt)
drives head oscillations that propagate along the elastic tail of
the swimmer. Assuming small-slope deflections, My ~ mBy.

The swimmer is imaged from above against a bright illu-
mination to enhance the contrast and enable full body tracking

of the robot using a Canon EOS R5 camera. Figure 1(b) shows
the tracked body shapes over a single oscillation period T for
the three elastic swimmers at f = 0.1, 1.0, and 10 Hz in a
comoving reference frame. The swimmer exhibits only weak
bending at the lowest frequency for the stiffest filament, but
undergoes progressively larger deformations with increasing
driving frequency and decreasing bending rigidity.

III. ELASTOHYDRODYNAMIC MODEL

Assuming the dynamics correspond to the small-
amplitude, low-Reynolds-number regime, the filament shape
is governed by the EH equation [3],

K84h oh 0 0
AR T

where K = EI is the bending stiffness with the Young’s mod-
ulus E and area moment of inertia /, and the perpendicular
drag coefficient of the filament ¢ = 4xn/[In(L/d) + c], as

given in Ref. [4] with ¢ = 0.5 [23].
We define dimensionless variables X = x/fe,, T = wt, and
H = h/h,, where £o, = (K/w()!/* is the elastohydrodynamic
length [3], and the corresponding dimensionless Sperm num-

ber,
L we\
Sp=—=0(=2=) . 2
P= (K) @

Further, we introduce the magneto-viscous-elastic amplitude
h, = My//¢wK, which arises from balancing the driving
torque M, against the resisting elastohydrodynamic torque
that scales as K«, where k = 82h/dx> ~ h, /€2, is the typical
curvature of the filament (also see the Supplemental Material
[22)).

With a complex harmonic solution H(X, T) = ¥ (X)e'T,
the equation reduces to an ordinary differential equation for
the spatial envelope ¥ (X ):

dy .
ot iy =0, 3)

with the general solution expressed as
Y (X) = ¢ cosh(kX )+c, sinh(kX )+c3 cos(kX) + c4 sin(kX),
“

where k = e is the complex wave number and c¢; with
j=1,2,3,4 are coefficients that depend on boundary con-
ditions corresponding to head located at X = 0 and tail end
located at X = Sp after rescaling lengths [3].

We determine Sp and the coefficients c; by fitting Eq. (4)
to the experimentally tracked shapes of the undulating elastic
filaments. (The fitted forms are shown in the Supplemental
Material [22] and are in excellent agreement.) We plot Sp
as a function of My for the three swimmers in Fig. 2(a),
and observe that it remains constant while being systemat-
ically higher for softer filaments. It is possible to calculate
Sp directly from Eq. (2) if the physical constants are known.
Because PVS swells somewhat when immersed in Si oil,
changing K, we obtain K for each swimmer in situ by using
the measured Sp and known L, w, ¢ instead of Eq. (2). We find
K = 1.68, 12.00, and 19.30nNm? for ES1, ES2, and ES3,

—in /8
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FIG. 2. (a) Comparison of measured Sp as a function of M,
(f =2Hz). (b) Spvs f/fo My~ 0.4 uN m) is well described with
no further adjustable parameters. f; is determined for each elasticity
from the constant fit in panel (a), using Eq. (5).

respectively. Then, these calibrated K are used in calculating
Sp as a function of frequency using Eq. (2), and comparing
with the directly measured Sp versus f/ f log-log plot shown
in Fig. 2(b), where f is an EH frequency scale defined as

Jfo= K (5)
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The data collapse onto a line with 1/4 slope according to
Eq. (2) without any further adjustable parameters, thereby
validating the linear EH framework used to describe our
swimmers.

IV. BOUNDARY CONDITIONS FROM EXPERIMENTS

To determine the appropriate BCs, the torque T = MO?;T’;'

and force F = Fy g% experienced are obtained by evaluating
the second and third derivatives of H(X, T'), using the ex-
perimentally obtained ¢; at X = 0 (head) and X = Sp (tail),
where the characteristic scales for the torque and force are M
and Fy = My /ey, respectively. We plot the normalized torque
T /M, and force F/ Fy as functions of Sp in Figs. 3(a) and 3(b),
respectively, for ES1 (red), ES2 (green), and ES3 (blue). We
find that they are significantly higher at the head than at the
tail because of its larger size. While decreasing with Sp, they
cannot be a priori assumed to be negligible at the tail.

Figure 3(c) shows plots of t /M (solid red line), the nor-
malized applied torque M (t)/M, (dashed blue line), and the
rate of change of the slope air(g_l)?) (dashed black line) as

functions of normalized time 7', at X = O to infer the various
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FIG. 3. (a), (b) The boundary torque 7 and force F normalized by the driving torque M, and the characteristic EH force Fy = My/{ey.
(c)—(f) t/M, and F/F; plotted as a function of T corresponding to the magnetic and elastic torque at the head and tail. The velocity of the

head, tail, and their angular speeds are also plotted.
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FIG. 4. Comparison of the amplitudes [panels (a)—(i)] and speeds [panels (j)—(1)] for all three swimmers, between the experiment, the EH
model using observed BCs Egs. (6)—(9) (solid red line), and in the free-tail limit (dashed blue line). Insets: Comparisons as a function of M.

contributions to BCs. As can be seen from Fig. 3(c), the net
torque experienced by the filament is lower than the applied
torque and decreases even further with higher Sp. To account
for this, we add a viscous drag term proportional to the rate of
change of the slope. Thus,

?*H d (0H
_ iT+g0) _ 6
ax2 ~ ¢ HH aT(aX>’ ©

where ¢ is the relative phase of the applied torque required
to satisfy Eq. (6). Here, &y = {nd)/(¢ Ley), Where ¢y is the
drag coefficient of the spherical head and oy is a constant
of order unity. Further, we plot F/F¢ and 3—7 with time in
Fig. 3(d), and observe that the force is essentially & out of
phase with the head velocity. Hence, we formulate the force
boundary condition at X = 0 as the balance between elastic
bending and viscous drag,

PH OH

%3 &n o @)
Noting that the phase relation between the elastic term and
the kinematic term is not strictly 7 out of phase in Figs. 3(e)
and 3(f), we need to consider additional reactance terms in
determining BCs at the tail arising from interfacial deforma-
tion and other effects not captured by local viscous drag alone.
Accordingly, we assume that the torque BC at the tail,

32H : O (VH\ L g ®)
— =—arér—\|—= | — e'vrT
3X2 ST\ ax kT

and the force BC at the tail,

3H OH ,
axs = gy et ©

where &7 = ¢rd /¢ L.y is the nondimensional viscous drag co-
efficient at the tail of diameter d, and I'7, gy, ¢7, and ¢gy
correspond to reactance terms that account for the additional
effects that are not accounted by the viscous drag terms alone
due to the fact that the swimmer moves at the oil-glycerin
interface. Note that Figs. 3(c)-3(f) are shown only for ES1
at f = 2Hz, and My = 0.4 uNm, as reference. At each f,
we obtain the drag coefficients &y, &7, oy, and ar across all
the experiments. (Their plots as a function of experimental
parameters M, and f for all three swimmers can be found
in the Supplemental Material [22].) As we infer the BCs in
Egs. (6)—(9) from the experimentally obtained c;, we identify
these as the observed BCs.

We plot the head amplitude A;, the tail amplitude A;, and
the body amplitude A, to compare the body strokes observed
in the experiments (solid black bullets) and the EH model
(solid red line) in Fig. 4 with f and Mj (in the insets). The
measured amplitudes decrease with increasing driving fre-
quency f and increase with the driving torque My as captured
by the amplitude scale h, = My/+/{ wK. They are in excellent
agreement with minor deviations.
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V. SWIMMING SPEED

We now use RFT to determine their mean propulsion
speed, which assumes that the net force experienced by the
filament can be considered as a superposition of infinites-
imal forces on the elements along the filament. The mean
forward speed (U) is obtained by the balance between the
time-integrated thrust generated along the filament with time-
integrated total drag experienced by the swimmer (see the
Supplemental Material [22]). The total drag on the swimmer
is the combination of the hydrodynamic drag on the filament,
spherical head, and an additional drag due to the viscous
interface:

(U) = why(1 - B)

OS" 02” Hsin0 cos0 dT dX

5P [P [sin> 0 + B cos>01dT dX + [y &g dT
(10)

where H = 0H /3T, 0 = tan~' (h,0H/{e,dX), and B = ¢/
is the drag anisotropy of the elastic tail, here assumed to be
B = 0.5 for a slender filament, and &g = ({pdy /¢ Ley) is the
effective drag coefficient due to the spherical head and the
interfacial boundary effects. We determine {p by calibrating
the mean propelling speeds obtained from Eq. (10), using the
fitted shapes to the measured mean propelling speeds. Using
elastic swimmer ES2, and the speed with varying M as the
reference data, we obtain {p/3mwd, >~ 1 Pas. Because of the
cumulative effect of the spherical head and the interface, the
swimmer thus experiences higher drag compared to a sphere
of diameter dj,.

We calculate the mean propelling speed (U) for all three
swimmers using the RFT model using Eq. (10), where
H (X, T) corresponds to the shapes obtained from EH model
with the observed BCs. We compare them with the experi-
mentally measured speeds in Figs. 4(i)—4(l) and their insets
while varying f and M, respectively. The measured speed
overall decreases with increasing frequency and increases
nonmonotonically with Mj. The effect of bending stiffness
K on the speed is nonlinear, as ES2 swims the fastest fol-
lowed by ES1 and the ES3 being the stiffest and slowest.
The speeds obtained with RFT model and experiments are
in excellent agreement with deviations observed at lowest
frequency, where the amplitudes are not strictly small.

We examine the limit where the tail BCs can be considered
as torque and force free, i.e., at the tail X = Sp,

0°H H
i d —
X2 0x3
Keeping Egs. (6) and (7) at the head (X = 0), the coefficients

¢; can be analytically obtained by solving the following set of
four linear equations:

=0. (11)

c1 = [ (sin(kSp) sinh(kSp) + cos(kSp) cosh(kSp)
+D cos(kSp) sinh(kSp)—D cosh(kSp) sin(kSp)—1)]/ A,
¢y = —[€'%(D + cos(kSp) sinh(kSp) + cosh(kSp) sin(kSp)
+ D cos(kSp) cosh(kSp) — D sin(kSp) sinh(kSp))]/ A,

c3 = [ (sin(kSp) sinh(kSp) — cos(kSp) cosh(kSp)
—D cos(kSp) sinh(kSp)+D cosh(kSp) sin(kSp)+1)]/A,

cy = —[€%(D + cos(kSp) sinh(kSp) + cosh(kSp) sin(kSp)
+ Dcos(kSp) cosh(kSp) 4+ D sin(kSp) sinh(kSp))]1/ A,
(12)
where
A = 2(CD — k* 4 C cos(kSp) sinh(kSp)
+ C cosh(kSp) sin(kSp) + k? cos(kSp) cosh(kSp)
— Dk? cosh(kS p) sin(kSp) + CD cos(kSp) cosh(kSp)
+ Dk? cos(kSp) sinh(kSp)),
D =&k, and C = ayéyk’.

We substitute the calculated coefficients in Eq. (4) to get the
spatial envelope ¥ (X). By multiplying it with the temporal
part ¢'T, we recover the full solution to Eq. (1). The real part
of the obtained analytical solution represents the form of the
swimmer with imposed BC at head and free tail.

To compare the shapes obtained from the free-tail limit
with the tracked shapes, we plot them adjacent to each other
across the frequency range (f = 0.1, 1, and 10 Hz) and for
three swimmers (ES1, ES2, ES3) with varying K (see the
Supplemental Material [22]). The shapes from the free-tail
limit capture the trends with varying f and K, evolving from
rodlike oscillations at lowest frequency and stiffest swimmer
to increasingly floppy oscillations at higher frequency and
softer swimmer, closely following the tracked shapes. While
the waveforms are in overall agreement, the free-tail limit
leads to shapes with higher tail deflections [see Figs. 4(g)—
4(i)]. This is expected because ignoring the drag forces and
torques at the tail leads to higher deflection there. The speeds
obtained from the shapes in the free-tail limit Figs. 4(j)—4(1)
show a striking agreement in the overall speeds, similarly de-
viating at lower frequencies. Thus, while the speeds obtained
using RFT and the full observed BCs show good agreement,
the ones calculated assuming free-tail BCs, while deviating
somewhat, also give a good description of the observed trends
with f and M.

Finally, we obtain the normalized swimming speed U /U,
as a function of Sp, where Uy = a)Ai /£ey corresponds to the
speed scale using the applied frequency, the square of the
body amplitude, and the EH decay length. Figure 5 shows the
speeds versus Sp averaged across frequency and swimmers in
unit-Sp bins to illustrate the overall trends. We observe that
U /U, increases from the stiff limit Sp ~ 0 and reaches a peak
at Sp & 2 before decaying with Sp. This overall nonmono-
tonic dependence and the existence of a peak are similar to
those reported by Lauga [24] for actuated elastic filaments
with prescribed shapes. Our system also shows a consis-
tent trend but further under self-consistent amplitudes and
boundary conditions. Comparing the calculated speeds with
RFT using the experimentally inferred boundary conditions,
we find agreement within experimental scatter. Good agree-
ment is also observed in the free-tail limit except near peak

Sp.
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FIG. 5. The normalized propulsion speed U /U as a function of
Sp showing a nonmonotonic dependence with a maximum propul-
sion at Sp =~ 2, indicating optimal propulsion when the filament
length is comparable to the EH length. The observed U/Uj is in
agreement with those obtained with experimentally inferred bound-
ary conditions and the free-tail limit.

VI. CONCLUSIONS

We have demonstrated that the propulsion of magnetically
actuated elastic swimmers at low Reynolds number is gov-
erned by a coupled elastohydrodynamic equation in which
the filament shape, amplitude, and swimming speed emerge
self-consistently from the actuation and boundary conditions.
By incorporating viscous force and torque contributions at
both ends of the filament, we resolve long-standing ambigui-
ties between experiment and resistive-force-based predictions

for finite size swimmers. In addition, the analytical solutions
derived in the free-tail limit provide explicit predictions for
swimmer shape and propulsion speed in terms of measurable
material parameters, furnishing practical tools for analyzing
elastic filament swimmers.

Our results show that the swimming speed exhibits a clear
optimum when the filament length is comparable to the elas-
tohydrodynamic length, reflecting the competition between
elastic deformation and viscous damping. The collapse of the
data across a wide range of driving conditions demonstrates
that resistive force theory, when supplemented with physically
consistent boundary conditions, provides a quantitatively ac-
curate description of propulsion in soft filamentary swimmers.
Our findings highlight the importance of boundary conditions
as an important ingredient in elastohydrodynamic locomotion
and provide a framework for designing and optimizing syn-
thetic microswimmers and soft robotic systems.
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