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In the general framework of quantum resource theories, one typically only distinguishes between operations
that can or cannot generate the resource of interest. In many-body settings, one can further characterize quantum
operations based on underlying geometrical constraints, and a natural question is to understand the power of
resource-generating operations that preserve locality. In this work, we address this question within the resource
theory of asymmetry, which has recently found applications in the study of many-body symmetry-breaking
and symmetry-restoration phenomena. We consider symmetries corresponding to both Abelian and non-Abelian
compact groups with a homogeneous action on the space of N qubits, focusing on the prototypical examples
of U(1) and SU(2). We study the so-called G asymmetry �SG

N , and present two main results. First, we derive a
general bound on the asymmetry that can be generated by locality-preserving operations acting on product states.
We prove that, in any spatial dimension, �SG

N � (1/2)�SG,max
N [1 + o(1)], where �SG,max

N is the maximum value
of the G asymmetry in the full many-body Hilbert space. Second, we show that locality-preserving operations
can generate maximal asymmetry, �SG

N ∼ �SG,max
N , when applied to symmetric states featuring long-range

entanglement. Our results provide a unified perspective on recent studies of asymmetry in many-body physics,
highlighting a nontrivial interplay between asymmetry, locality, and entanglement.
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Introduction. In the past two decades, quantum resource
theories (QRTs) [1] have significantly influenced our under-
standing of different quantum phenomena, with entanglement
providing the most notable example [2–5]. A QRT is a
mathematical framework in which a property of interest (the
resource) is indirectly defined in terms of “free” states and
operations. Generally speaking, free states are those that do
not display the property of interest, while free operations are
those that do not generate the resource [1].

In a many-body setting, one can enrich this mathematical
framework and ask about the power of resource-generating
operations under geometrical constraints. A natural question
pertains to operations that preserve locality, as mathematically
captured by the notion of quantum cellular automata [6,7]
and their nonunitary generalizations, the so-called locality-
preserving (LP) operations [8]. LP operations provide very
useful toy models for many-body physics, as their repeated
application mimics the evolution of many-body systems de-
scribed by local Hamiltonians and Lindbladians [6–8]. At the
same time, they can be efficiently implemented on quantum
computers [6], even in the current era of noisy devices [9],
making their study especially timely.
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The power of LP operations is well understood in the
resource theory of entanglement. For instance, in analogy with
established results on the maximal entanglement growth al-
lowed by local-Hamiltonian dynamics [10–16], it was shown
that LP operations can only prepare area-law entangled states
[8] and are thus limited in the amount of resource they can
generate.

Different from entanglement, the power of LP operations
remains largely unexplored in other resource theories and, in
particular, in the resource theory of asymmetry [17–19]. In
this QRT, the free operations are the ones that are symmetric
with respect to a given symmetry group G, while the resources
are asymmetric states. This framework is useful when formal-
izing protocols involving two parties exchanging information
that cannot be communicated without some shared reference
state [1] (a standard example is the orientation of a spin
with respect to a given axis). The two parties can freely
perform symmetric operations because these do not require
a reference state, while asymmetric states are a resource that
can be depleted by (nonunitary) symmetric operations. The
asymmetry is quantified by appropriate resource monotones,
i.e., state functionals that are nonincreasing under symmetric
operations.

The asymmetry QRT can be naturally extended beyond
communication protocols, and the past few years have wit-
nessed the development of similar ideas in many-body
physics [20,21] and quantum field theory [22–26]. These
developments were motivated by the observation that a par-
ticular asymmetry monotone, the G asymmetry �SG [17,19]
(also known as entanglement asymmetry [21]), can be effi-
ciently computed in interesting physical settings, allowing for
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FIG. 1. Sketch of our main results. (a) We consider applying LP
operations to a product state and bound the asymmetry of the output
state. The cartoon shows a unitary circuit of finite depth τ in one
dimension (τ does not grow with N), but our results hold for generic
LP channels and arbitrary dimension. The plot shows the bound on
the linearized G asymmetry e�SU(1)

N = O(
√

N ). (b) We also show that
LP operations can generate maximal asymmetry when applied to
symmetric states featuring long-range entanglement. The plot shows
the linearized asymmetry e�SU(1)

N ∼ N when applying suitably chosen
local rotations to an initial Dicke state.

several recent studies of symmetry-breaking and symmetry-
restoration phenomena [27–46]. An interesting but puzzling
observation of some of these studies is the seemingly uni-
versal scaling of the G asymmetry in the number of qubits.
For example, for a U(1) symmetry acting locally on N
qubits, it was found that the asymmetry scales as �SU(1)

N ∼
(1/2) ln N , namely, half of its maximum allowed value, in
generic translation-invariant matrix product states [47], Gaus-
sian states [21], and Haar random states [48,49].

In this work, we bound the asymmetry generated by LP
operations acting on product states, proving that the leading
order of �SG

N can be at most half its maximum allowed value;
cf. Fig. 1 for a sketch of our main results. Conversely, we show
that LP operations can generate maximal asymmetry when ap-
plied to symmetric states featuring long-range entanglement.
The key ingredient to derive our bounds is the light cone of
the correlation functions in states prepared by LP operations
[6,8], a feature known as the cluster property. As the latter
is a typical feature of many-body states, our results explain
previous observations of the seemingly universal scaling of
the G asymmetry and highlight a nontrivial interplay between
asymmetry, locality, and entanglement. Our work may also be
relevant for experimental studies of asymmetry generation in
digital quantum platforms [50].

Locality-preserving operations. We start by briefly review-
ing LP operations [8]. We consider a regular lattice in dL

dimensions, with N = MdL qubits placed at the vertices, and
periodic boundary conditions. We define the distance be-
tween two qubits, δ(n, m), as the minimum number of edges
connecting the corresponding vertices. The Hilbert space as-
sociated with the set of qubits is H = ⊗nHn, where Hn � C2.
Next, given a subset of qubits A, we define its λ neighbor-
hood, aλ = {n : δ(n, A) � λ}, where δ(n, A) is the minimum
distance between the qubit n and any qubit in A. We also set
Āλ = A ∪ aλ. Finally, given a subset C, we denote by TrC the
trace in HC = ⊗ j∈CH j and by XC an operator supported on C.
We will also denote by |0〉 j , |1〉 j a basis for the local Hilbert

space and by σα
j the Pauli matrices (α = x, y, z). We now

introduce LP operations as a special type of quantum channel,
i.e., trace-preserving completely positive map [51].

Definition 1. Eλ is an LP operation with range λ ∈ N if,
for any sets of qubits A and B,

E†
λ (XAYB) = E†

λ (XA)E†
λ (YB), (1)

with E†
λ (XA) = XĀλ

, E†
λ (YB) = YB̄λ

.
Here, we denote by E† the adjoint of the channel E , which

is defined by the action Tr[E†(A)B] = Tr[AE (B)]. The sim-
plest LP operations are finite-depth local quantum circuits,
i.e., unitaries of the form U(D) = VD · · ·V1 where VD is a prod-
uct of two-qubit gates acting on disjoint pairs of neighboring
qubits (D is the circuit depth).

In most of this work, we focus on (possibly mixed) initial
product states ρ0 = ⊗ jω j , where ω j is a state in the local
Hilbert space H j . Then, Eq. (1) implies that the output state
ρ = Eλ(ρ0) satisfies the cluster property

〈Oi Oj〉ρ − 〈Oi〉ρ〈Oj〉ρ = 0, for δ(i, j) > 
 = 2λ, (2)

where 〈O〉ρ = Tr[ρO], while Oj is an arbitrary operator sup-
ported on site j. Note that choosing initial product states is
very natural both from a theoretical many-body perspective
and from the experimental point of view. For instance, current
prototypes of quantum computers are typically initialized in
unentangled states and evolved by a relatively small number
of (noisy) local quantum-circuit steps [9,52], corresponding to
LP operations [6,8].

The G asymmetry. We consider symmetries associated with
compact Lie groups and local, homogeneous generators of
the form Qα = ∑

j qα
j , with α an integer label. We focus

on the prototypical examples of U(1) and SU(2), for which
we choose an explicit representation: For U(1), we consider
the charge Q = ∑

j (σ
z
j + 1)/2, while for SU(2) we choose

the generators Qα = Sα = ∑
j σ

α
j /2. Now, introducing the

G-twirling operation

G[ρ] :=
∫

G
dgT (g)ρ T (g)†, (3)

where the integral is with respect to the Haar measure [53],
the G asymmetry is defined as [17]

�SG
N (ρ) = SV (G[ρ]) − SV (ρ), (4)

where SV (ρ) = −Tr(ρ ln ρ) is the von Neumann entropy [51].
The G asymmetry �SG

N (ρ) is an asymmetry monotone
[17,19,54–56]. That is, given an arbitrary symmetric channel
E , one has �SG

N (E[ρ]) � �SG
N (ρ) [57]. In fact, the G asymme-

try satisfies a stronger condition: Given a symmetric channel
E (·) = ∑

k A†
k (·)Ak , with Ak symmetric Kraus operators [51],

one has �SG
N (ρ) � ∑

k pk�SG
N (ρ̃k ) where ρ̃k = (A†

kρAk )/pk

and pk = Tr(A†
kρAk ). Namely, �SG

N (ρ) does not increase on
average under symmetric operations. In addition, it is also
easy to show that �SG

N (ρ) � 0 and �SG
N (ρ) = 0 if and only

if ρ is symmetric, making �SG
N a good measure of asymmetry

[58].
The maximal value of �SG

N is logarithmic in N , with ex-
plicit bounds known in the literature [19,56]. For instance, for
the U(1) symmetry, one can show [19]

�SU(1)
N (ρ) � ln(N + 1). (5)
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Our goal is to understand how the general bounds are modified
for states satisfying Eq. (2).

The Abelian case. We start by the Abelian U(1) symmetry
and consider a (generally mixed) state ρ = Eλ(⊗ω j ), satisfy-
ing Eq. (2). As a first step, we rewrite

G[ρ] =
N∑

q=0

pqρ̃q, (6)

where pq = Tr[ρPq], ρ̃q = PqρPq/pq, while Pq is the projector
onto the q eigenspace of the charge Q. Equation (6) follows
from the definition (3) andthe Haar measure for U(1) [18,56].

Next, we recall the standard inequality [51]:

SV

(∑
a

paρa

)
�

∑
a

paSV (ρa) + H ({pa}), (7)

where {pa} is a discrete probability distribution, ρa are ar-
bitrary mixed states, while H ({pa}) = −∑

j p j ln p j is the
Shannon entropy. Applying it to Eq. (6), we get

�SU(1)
N (ρ) � H ({pq}) +

∑
q

pqSV (ρ̃q) − SV (ρ). (8)

Finally, we observe that ρ̃q is obtained from ρ by measur-
ing the charge operator and postselecting on the outcome q.
On the other hand, the von Neumann entropy does not in-
crease, on average, under measurements [59], and so SV (ρ) �∑

q pqSV (ρ̃q). Putting all together, we have

�SU(1)
N (ρ) � H ({pq}). (9)

Note that this inequality is saturated in the case ρ is pure, and
that Eq. (9) immediately implies the upper bound (5), because
q can take N + 1 values.

In order to derive a tighter bound for clustering states, a
key observation is that Eq. (2) constrains the variance of the
probability distribution pq, which we denote by σ 2 = Eq[(q −
q̄)2], with q̄ = Eq[q] and where E[·] denotes the expectation
value. Indeed, using 〈Q2〉ρ = Eq[q2], 〈Q〉ρ = q̄, and Eq. (2)
with Oj = q j , we obtain [60]

σ 2 � 2z
N, (10)

where z
 is the cardinality of any of the sets I

x = {x′ :

δ(x, x′) � 
} (z
 does not depend on x). Note that z
 only
depends on 
 and the dimensionality of the lattice, but not
on N .

Equation (10) allows us to conclude our derivation, using
a known bound on the Shannon entropy of discrete random
variables. To be precise, let x be an arbitrary integer-valued
random variable, with probability function px and support
A ⊆ Z, such that 0 < σ 2 < ∞. Then, the Shannon entropy is
bounded by [61,62] H ({px}) < 1

2 ln[2πe(σ 2 + 1
12 )]. Combin-

ing the above with Eq. (10), we arrive at our first main result

�SU(1)
N (ρ) � 1

2
ln

[
2πe

(
2z
N + 1

12

)]
∼ 1

2
ln N, (11)

displaying the announced asymptotic scaling in N .
The non-Abelian case. The case of the non-Abelian SU(2)

symmetry turns out to be significantly more involved com-
pared to U(1). Still, it is possible to follow a similar logic,
which relies on two main ingredients: (1) the asymmetry is

bounded in terms of the Shannon entropy of the probability
distribution over the group quantum numbers [cf. Eq. (9)] and
(2) the cluster property (2) constrains the latter probability dis-
tribution function, resulting in a bound for the corresponding
Shannon entropy.

Following Refs. [18,19], we begin by recalling a few
facts about the SU(2) representation theory and the SU(2)
asymmetry. The eigenvalues of the Casimir operator S2 =
(Sx )2 + (Sy)2 + (Sz )2 and of Sz are labeled, respectively, by
S2 |s, m〉 = s(s + 1) |s, m〉 and Sz |s, m〉 = m |s, m〉. For con-
creteness, we consider the case of N even, so that the
allowed values for s and m are s = 0, 1, . . . , N/2 and m =
−N/2, . . . , N/2. We further denote by Ps and Pm the orthogo-
nal projectors onto the subspaces associated with the quantum
numbers s and m.

The integer s labels the SU(2) irreducible representations
and H can be decomposed as

H =
⊕

s

Ms ⊗ Ns, (12)

where Ms is the irreducible representation space correspond-
ing to total spin s, while Ns is the associated multiplicity
space. Using Schur’s lemma, we can write an explicit form
for the symmetrized density matrix [18,19],

G[ρ] =
∑

s

ps
1Ms

dim Ms
⊗ ρ̃s, (13)

where ps = Tr[ρPs], while ρ̃s = 1
ps

TrMs [PsρPs]. For pure
states, inspection of Eq. (13) allows one to bound the dimen-
sion of the support of G[ρ], yielding a logarithmic bound [19]
�SSU(2)

N (ρ) � 3 ln N (1 + o(1)). We now improve this bound
assuming the cluster property.

As a first simplifying observation, we note that given a state
ω, we can always find U = u⊗N such that the state ρ = UωU†

satisfies

〈Sx〉ρ = 〈Sy〉ρ = 0. (14)

This is because U can implement arbitrary rotations of the
vector (〈Sx〉ω, 〈Sy〉ω, 〈Sz〉ω ). Importantly, if ω satisfies the
cluster property, so does ρ. Then, we can bound the asym-
metry of ρ, which coincides with that of ω (since such U is in
the image of the SU(2) representation [63]).

Now, starting from Eq. (13), exploiting Eq. (7), and the
monotonicity of the von Neumann entropy with respect to
measurements [59], we derive [60]

�SSU(2)
N (ρ) �

∑
s

ps ln(2s + 1) −
∑
s,m

ps,m ln ps,m. (15)

Equation (15) generalizes Eq. (9) to the non-Abelian case and
immediately implies �SSU(2)

N (ρ) � 3 ln N (1 + o(1)).
As a final step, we bound the right-hand side (RHS) of

Eq. (15), under two constraints induced by the cluster prop-
erty. The first one is Eq. (10), which bounds the variance of Qz

and hence of the marginal probability distribution {pm}. The
second constraint is the following: Given a clustering state ρ

satisfying Eq. (14), it is easy to show [60]

E[s(s + 1) − m2] = 〈S2〉ρ − 〈(Sz )2〉ρ � c(
)N, (16)
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where c(
) depends on 
 but not on N . A rigorous bound
of the RHS of Eq. (15) under the constraints (10), (14), and
(16) can be performed using elementary considerations and
inequalities, although the derivation is quite long and techni-
cal [60]. As a result, we obtain

�SSU(2)
N (ρ) � 3

2 ln N + g
(N ), (17)

where g
(N ) = O(ln ln N )) is a subleading correction. Equa-
tion (17) states the anticipated SU(2)-asymmetry bound for
clustering states. In the rest of this Letter, we further elaborate
on our results and discuss their implications.

Clustering and typicality. It is important to note that our
analysis only requires the cluster property (2), which holds
beyond states that are prepared by LP operations. For instance,
ground states of local Hamiltonians satisfy Eq. (2), up to
exponentially small corrections [64]. As a by-product, our
bounds also apply to those states.

More generally, our work provides a unified perspective
on previous studies of asymmetry in many-body systems. For
instance, we can revisit the fact that the U(1) asymmetry
scales as �SU(1)

N ∼ (1/2) ln N in generic translation-invariant
matrix product states [47], Gaussian states [21], and Haar
random states [48,49]. Despite being completely different sets
of states, they all satisfy the cluster property (up to sub-
leading corrections), so that their asymmetry is bounded by
∼(1/2) ln N . On the other hand, in the absence of additional
symmetry constraints, it is natural to expect that the bound
induced by the cluster property is saturated. We can appreciate
the typicality of the U(1) asymmetry scaling ∼(1/2) ln N
for clustering states looking at the probability distribution
pq. For typical short-range correlated states, we expect that
pq follows the central limit theorem: Heuristically, assuming
that the charge densities qi are i.i.d. variables with variance
Var[qi] = σ 2, the total charge Q = ∑

i qi is distributed as
(Q − 〈Q〉)/

√
N ∼ N (0, σ 2), with N the normal distribution.

Such a normal distribution function immediately implies the
scaling �SU(1)

N ∼ (1/2) ln N [60].
Rotating long-range entangled states. In light of our

results, a very natural question is whether the resource-
generation power of LP operations is increased when acting
on entangled symmetric states. We answer this question in the
affirmative: Focusing on the U(1) symmetry, we show that it
is possible to obtain the maximal asymmetry scaling ∼ ln N
when applying LP operations to suitably chosen symmetric
entangled states.

To this end, we first characterize pure states with maximal
asymmetry scaling. Note that, by our results, any maximally
asymmetric state |φ〉 cannot be prepared by a finite-depth
circuit, and thus must be long-range entangled [65,66]. Going
further, given |φ〉 corresponding to a probability distribution

{pq}q∈A, we find that a maximal asymmetry scaling is achieved
if {pq}q∈A defines a distribution that is given, at leading or-
der in N , by pq ∼ p(q/N )/N , where p(u) ∈ L1([0, 1]) is a
continuous charge density such that

∫
[0,1] du p(u) = 1. This

condition is better understood in terms of the scaling of
the charge generating function 〈eiαQ〉, which is the Fourier
transform of pq. If limN→∞〈eiαQ/N 〉 = f (α) is a continuous
function with a well-defined Fourier transform, then the lead-
ing order in the large-N expansion of the charge distribution
function is p(u) = N−1F[ f ](u) and [60]

�SU(1)
N ∼ ln N −

∫ 1

0
du p(u) ln p(u). (18)

It is then easy to show that LP operations can generate
maximal asymmetry scaling when applied to entangled sym-
metric states. As an example, consider the Dicke states [67]

|Dz
k〉 = (N

k

)−1/2
(
∑N

j=1 σ−
j )k |0〉⊗N . Clearly, |Dz

k〉 has zero U(1)
asymmetry. However, when k is extensive, we can map |Dz

k〉
to a maximally asymmetric state by acting on every qubit
with a Hadamard unitary H , thus obtaining a Dicke state
in the x direction: |Dx

k〉 = H⊗N |Dz
k〉. For k = N/2, we have

computed the charge density p(u) = (π
√

u(1 − u))−1, which
is smooth and thus yields the announced maximal scaling. We
have verified this scaling by an explicit analytic computation,
yielding �SU(1)

N (|Dx
N/2〉 〈Dx

N/2|) ∼ ln N + π/4 [60].
Outlook. Our work opens up short-term and long-term re-

search directions. For instance, while we have discussed the
case of exponential corrections to the cluster property (2),
an immediate question is how our bounds are modified by
allowing for power-law violations. It is also very natural to
ask whether one can define and characterize a notion of long-
range asymmetry, similar to what has been recently done in
the resource theory of nonstabilizerness [68–72]. In the long
term, extending the setting of the present work, it would be in-
teresting to systematically study the interplay between locality
and resource-generating operations in the general context of
quantum-resource theories [1]. We hope that our work will
motivate further studies in these directions.
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