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Thermodynamic nature of irreversibility in active matter

Lennart Dabelow
School of Mathematical Sciences, Queen Mary University of London, London E1 4NS, United Kingdom

Ralf Eichhorn
Nordita, Royal Institute of Technology and Stockholm University, 106 91 Stockholm, Sweden

(Received 19 January 2025; accepted 30 June 2025; published 18 July 2025)

Active matter describes systems whose constituents convert energy from their surroundings into directed mo-
tion, such as bacteria or catalytic colloids. We establish a thermodynamic law for dilute suspensions of interacting
active particles in the form of a remarkable direct link between their dynamics and thermodynamics: The rate
at which irreversibility is built up in the nonequilibrium steady state is a state function of the thermodynamic
system parameters, namely, the number of particles, the temperature, and, as a distinctive characteristic of active
matter, the swim pressure. Like in the famous fluctuation theorems of stochastic thermodynamics, irreversibility
is a dynamical measure that quantifies the amount by which microscopic particle trajectories break time-reversal
symmetry, without reference to the typically unobservable processes underlying self-propulsion. We derive the
result for the paradigmatic model of active Ornstein-Uhlenbeck particles with short-ranged repulsive interactions.
Based on numerical simulations and heuristic arguments, we furthermore present a refined relation whose
validity extends from the dilute into the phase-separated (MIPS) regime.

DOI: 10.1103/gbzm-g8ky

I. INTRODUCTION

The fundamental goal of statistical mechanics is to under-
stand the thermodynamics of macroscopic systems based on
the laws that govern their microscopic constituents. A prin-
cipal strategy is to connect dynamical behavior to emergent
thermodynamic properties. Within the framework of stochas-
tic thermodynamics [1–4], several such connections have been
discovered for systems at micro to nanometer scales, which
are strongly influenced by thermal fluctuations. These results
often go beyond the traditional realm of equilibrium systems
and provide insights into systems far away from equilibrium.
A seminal example is Seifert’s detailed fluctuation theorem
[5] for Brownian particles: It relates the thermodynamic en-
tropy to the irreversibility of the dynamics, which quantifies
how strongly time-reversal symmetry is broken on the level
of particle trajectories. In its averaged form, it generalizes
the second law of thermodynamics, which underlies essen-
tially all applications in science and engineering that rely on
thermodynamic processes. Finding such connections between
dynamics and thermodynamics is thus not only of fundamen-
tal interest but also of immediate practical relevance.

Based on such second-law-like notions, irreversibility
is often interpreted as a nonequilibrium generalization of
entropy production [6], even for systems for which its
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connection to thermodynamics is unclear. A large and di-
verse class of such nonequilibrium systems is so-called active
matter [6–11]. It includes, among others, many living or-
ganisms, catalytic colloids, and nanorobots. The defining
characteristic of active particles is their ability to self-propel
by converting energy from their environment, maintaining
them in a permanent out-of-equilibrium state even in the
absence of external perturbations like fields and chemical
or temperature gradients. Moreover, they can exhibit a vari-
ety of intriguing phenomena such as clustering, swarming,
and motility-induced phase separation (MIPS) [10–36]. Re-
lating the dynamics of active particles to their thermodynamic
properties is challenging because the dissipative processes
generating self-propulsion, and the entropy production associ-
ated with these processes, are usually not directly accessible in
experiments and require additional, system-specific assump-
tions to be modeled in theory [37–39]. However, the fact that
the dynamics and observable macroscopic phenomenology
are very similar across systems with very different micro-
scopic self-propulsion mechanisms suggests that the particle
trajectories alone encode relevant information about ther-
modynamic properties emerging on the macroscopic level
of many interacting active particles. Nevertheless, and de-
spite tenacious recent efforts [6,11,38,40–47], it has remained
largely elusive to find a thermodynamic interpretation of the
trajectory-wise irreversibility for active matter.

Here we discover such a remarkable thermodynamic law
for colloidal active particles. Focusing on dilute suspensions
of hard-core repulsive, self-propelled particles in two and
three dimensions, we first demonstrate analytically that the
average rate at which microscopic particle trajectories become
increasingly irreversible while evolving in the nonequilibrium
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(a)
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FIG. 1. Irreversibility and thermodynamic state variables of N = 5000 active Orstein-Uhlenbeck particles in d = 2 dimensions. (a) Snap-
shots of the dynamics at Péclet number Pe = 42 [defined above Eq. (3)] for packing fraction φ = 0.2 [gas phase; defined above Eq. (1)],
φ = 0.36 (critical point), and φ = 0.6 (coexistence phase). Colors indicate the number of neighbors within a distance of R/10 with R being
the particle radius (see legend). (b) Phase diagram in the φ- Pe plane as determined by the giant number fluctuations exponent α [12,15] (see
Appendix E 6 for details and raw data). We classify situations with α < 0.7 as homogeneous regimes and with α > 0.8 as coexistence regimes;
in the shaded region, 0.7 � α � 0.8 and the available data are inconclusive. (c) Directly computed irreversibility σ [orange; defined in Eq. (6)]
and its relation to the thermodynamic state variables: cN pa/T for small φ [blue, cf. Eq. (14)]; cN p/T for small φ and large Pe [black, cf.
Eq. (15)]; and c(φd/φ)N pa/T in the MIPS regime [purple, cf. Eq. (16a)]. The four panels show these quantities as a function of φ for various
values of Pe; N is the number of particles, T the temperature, pa the active pressure [defined in Eq. (10c)], p the total pressure [defined
in Eq. (9)], and φd the packing fraction in the dilute phase [outside of the large clusters; defined in Eq. (18)]. The prefactor c = Vp/(kBτa ),
obtained from Eq. (14) for d = 2, depends on the particles’ size (volume) Vp and the persistence time τa of their self-propulsion [see Eq. (4)].
Data points are averages over steady-state trajectories of duration τ = 2000 and six independent repetitions of the simulations, with the error
bars indicating the corresponding standard error (see also Appendix E). Simulation parameters: μ = 0.1 (dynamic viscosity), kBT = 0.01,
τa = 251, interaction potential U (r) from Eq. (E1) with k = 0.2, R = 1 (i.e., units of length can be determined relative to the particle radius
R = 1, units of time relative to the self-diffusion time R2/D ≈ 190, and units of force relative to kBT/R = 0.01); φ and Pe are varied by
changing the box size L and the active diffusivity Da, respectively.

steady state is a function of the thermodynamic system pa-
rameters (Sec. IV A). Besides the temperature and the number
of particles, these thermodynamic variables include a genuine
characteristic of active matter, namely, the swim pressure or
active pressure [22,24,25,27,28,48–55], i.e., the pressure con-
tribution from the self-propulsion forces (explicitly defined in
Sec. III B). The irreversibility is quantified by the log-ratio
between the probability of observing a specific time evolution
of particle positions forward in time and the probability of
observing the same particle positions backward in time [cf.
Sec. III A, in particular Eq. (5)]. It thus measures how strongly
microscopic particle trajectories break time-reversal symme-
try [6,11,38,40–47,56]. Based on numerical simulations and
heuristic arguments, we moreover obtain a refined version of
this thermodynamic characterization of irreversibility which
extends beyond the dilute limit to larger densities, if the activ-
ity is sufficiently high such that the particles undergo MIPS
(Sec. IV B). Our novel thermodynamic relation lends itself
to widespread application in the analysis of thermodynamic
processes using active matter as the working medium.

Figure 1 exemplarily summarizes our findings for the two-
dimensional case: The dynamics and rich phenomenology
of active matter are illustrated with simulation snapshots

[Fig. 1(a)] and a phase diagram in the φ- Pe plane [Fig. 1(b)],
showing regimes of a homogeneous gas-like phase and of a
liquid-gas coexistence phase with MIPS. The packing fraction
φ is the fraction of the total volume occupied by the active
particles. The Péclet number Pe quantifies their activity. Both
quantities will be defined explicitly below [see above Eq. (1)
and above Eq. (3)]. Our main result is visualized in Fig. 1(c):
The irreversibility production rate σ [orange lines, defined in
Eq. (6)] is a function of the temperature T , the number of
particles N , and the active pressure pa [blue lines, defined in
Eq. (10c)] for small φ and all Pe [φ � 0.2 in all diagrams in
Fig. 1(c)]. If the combination of thermodynamic state vari-
ables is rescaled by the ratio φd/φ, where φd is the packing
fraction of particles in the gas-like (dilute) phase, the con-
nection between σ and N, pa, T holds in the MIPS regime
as well, as can be seen by comparing the orange and purple
lines for large Pe [third and fourth panels in Fig. 1(c)]. This
observation indicates that the irreversibility is dominated by
particles in the dilute regions with packing fraction φd, outside
of the large clusters that form in the MIPS regime. The phys-
ical reason is that particles within the bulk of these clusters
become effectively immobilized, resulting in nearly indistin-
guishable forward and backward trajectories that contribute
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negligibly to the irreversibility. A more detailed discussion of
this phenomenon is given in Sec. IV B.

II. MODEL

We consider a box of volume V in d = 2 or 3 dimen-
sions containing N interacting, spherical active particles of
radius R in a solution at temperature T . Hence the afore-
mentioned packing fraction is φ := NVp/V with Vp = πR2

(Vp = 4πR3/3) the particle volume in d = 2 (d = 3).
The active particles, labeled by the index i = 1, . . . , N ,

move according to the overdamped Langevin equation

ẋi(t ) = 1

γ
f i(x(t )) +

√
2D ξi(t ) +

√
2Da ηi(t ), (1)

where xi(t ) = [x1
i (t ), . . . , xd

i (t )] is the position of particle i at
time t (in d dimensions), and x = {xi}N

i=1 represents the set
of all particle positions. The dot denotes the derivative with
respect to time t . The total force f i(x(t )) acts on particle i due
to its interactions with all other particles. We consider strongly
repulsive contact interactions between pairs of particles

f i(x) =
∑
j( �=i)

f (xi − x j ), (2)

which are derived from a potential U (r) such that f (r) =
−U ′(|r|) r

|r| , with U (r) ≡ 0 if r > 2R [11,18,22,27,28,57].
Our main results presented in Sec. IV (and their analytical
derivation) do not depend on any further details of the poten-
tial, as long as it is sufficiently steep.

Thermal fluctuations in the aqueous solution are mod-
eled by mutually independent, unbiased Gaussian white-noise
processes ξi(t ) = [ξ 1

i (t ), . . . , ξ d
i (t )] with 〈ξμ

i (t )ξν
j (t ′)〉 =

δi jδ
μνδ(t − t ′). Since the solution represents a thermal envi-

ronment at equilibrium, the thermal diffusion coefficient is
given by the Einstein relation D = kBT/γ , with γ being the
viscous friction coefficient and kB Boltzmann’s constant.

The self-propulsion of each active particle is modeled
as a stochastic velocity

√
2Da ηi(t ) whose typical magni-

tude is set by the “active diffusivity” Da, in analogy to the
thermal diffusion coefficient D. This common approach to
include “active forces” in the equation of motion (1) (see, e.g.,
Refs. [7,8,50] and references therein) does not resolve the
microscopic processes that drive self-propulsion, but rather
provides an effective description which reproduces the statis-
tical properties of the active motion. The two key properties
are as follows: (i) active fluctuations are persistent in time and
space, and thus generate non-Markovian dynamics and (ii)
they break detailed balance and thus establish nonequilibrium
conditions on the level of the individual active particles. The
Péclet number Pe := √

Da/D measures how strong the self-
propulsion is compared to the thermal fluctuations.

A minimal model for such active fluctuations are Ornstein-
Uhlenbeck processes ηi(t ) = [η1

i (t ), . . . , ηd
i (t )]. They are

generated from mutually independent, unbiased, δ-correlated
Gaussian white-noise sources ζi(t ) = [ζ 1

i (t ), . . . , ζ d
i (t )] ac-

cording to

η̇i(t ) = − 1

τa
ηi(t ) + 1

τa
ζi(t ). (3)

These processes are exponentially correlated,

〈
η

μ
i (t )ην

j (t ′)
〉 = δi jδ

μν

2τa
e−|t−t ′|/τa , (4)

with correlation time τa, which is thus a measure for the
persistence of the active fluctuations.

The combination of Eqs. (1) and (3) represents so-
called active Ornstein-Uhlenbeck particles (AOUPs) and
serves as a standard model for studying the (nonequilib-
rium) statistical mechanics of active matter [11,56,58–61],
including fluctuation theorems [43,44], pressure [11,58,62],
and collective phenomena [11,30,33,36,40,63]. A commonly
adopted simplification is to neglect the thermal fluctua-
tions [11,21,26,33,40–42,56,59,61–63], i.e., to set D = 0 in
Eq. (1). However, keeping both thermal and active fluctuations
is crucial to obtain a thermodynamically consistent picture
(see also Refs. [42,44]).

Compared to other models of active matter, such as ac-
tive Brownian particles (ABPs) or run-and-tumble particles
(RTPs), AOUPs exhibit similar large-scale phenomenology
[12,13,23,30]. For instance, they all exhibit regimes of MIPS
at sufficiently high packing fractions and Péclet numbers
[11–14,19,20,22–25,27–30,36,40,46,50,58]. In this phase, ac-
tive particles gather in large clusters in some regions of the
accessible volume, even though there are no attractive inter-
actions between them, while other regions maintain a dilute
gas-like appearance. We illustrate this effect exemplarily in
Figs. 1(a) and 2(a). Furthermore, despite their conceptual
simplicity, AOUPs proved suitable to describe various ex-
periments [64,65] and can be derived from a microscopic
chemical-reaction model for self-propulsion [39].

We, therefore, focus on the AOUP model in Eqs. (1) and
(3) in the following, expecting (as argued in more detail in
Sec. V below) that the physical essence of our results holds
analogously for other models of particulate active matter (e.g.,
ABPs and RTPs).

III. STEADY-STATE IRREVERSIBILITY AND PRESSURE

We here introduce our two central observables and explain
their physical relevance.

A. Irreversibility of trajectories

Inspired by its well-known connection to entropy pro-
duction for passive systems [5], we are interested in the
thermodynamic information encoded in the irreversibility
of particle trajectories, while disregarding the unknown
“house-keeping” entropy produced by the internal processes
generating the self-propulsion. Hence, we adopt the standard
definition of the trajectory-wise irreversibility [6,11,32,38,40–
47,66]


[x] := ln
P[x]

P[x̃]
. (5)

Here, P[x] is the probability density to observe the collection
of all N particle trajectories x = {x(t )}τf

t=τi
from an initial

time τi to a final time τf and, correspondingly, P[x̃] is the
probability density to observe the time-reversed system “his-
tory” x̃ = {x(τi + τf − t )}τf

t=τi
, in which all N particles follow
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(a)

(c)

(b)

FIG. 2. Irreversibility and thermodynamic state variables of N = 20 000 active Orstein-Uhlenbeck particles in d = 3 dimensions. (a) Snap-
shots of the dynamics at Pe = 294 for φ = 0.2, φ = 0.5, and φ = 0.65 (3D views and cuts through the z = 24.5 plane). Colors indicate the
number of neighbors within a distance of R/10 with R being the particle radius (see legend). (b) Phase diagram in the φ- Pe plane as determined
by the giant number fluctuations exponent α [12,15], like in Fig. 1. (c) Directly computed irreversibility σ [orange; defined in Eq. (6)] and its
relation to the thermodynamic state variables: cN pa/T for small φ [blue, cf. Eqs. (14)]; cN p/T for small φ and large Pe [black, cf. Eq. (15)];
and c(φd/φ)N pa/T in the MIPS regime [purple, cf. Eq. (16a)]. The four panels show these quantities as a function of φ for various values of
Pe. The prefactor c = 2Vp/(kBτa ), obtained from Eq. (14) for d = 3, depends on the particles’ size (volume) Vp and the persistence time τa of
their self-propulsion. Other simulation details as in Fig. 1 (see also Appendix E).

exactly the same trajectories as in the time-forward move-
ment, but traced out backward in time.

A positive (negative) value of 
[x] indicates that the
observed forward-in-time history is more (un)typical than
its time-reversed counterpart, while 
[x] = 0 corresponds to
seemingly time-reversible behavior. Hence, the definition (5)
provides a measure for the direction of time observed on
the level of particle histories, motivating its designation as
trajectory-wise irreversibility.

The general idea behind studying 
[x], Eq. (5), without
reference to the self-propulsion processes η(t ), is to inspect
the thermodynamic information that is encoded in the particle
trajectories x(t ) alone. This approach complies with the usual
experimental situation that only spatial positions are measur-
able whereas details about interaction forces, self-propulsion
drives, and thermal fluctuations are inaccessible. Further-
more, the processes η(t ) are a phenomenological model for
the particles’ self-propulsion, which reproduces, within cer-
tain limits, the statistical properties of active particle motion
[64,65]. They are, however, not directly related to the chem-
ical and mechanical processes underlying self-propulsion, so
even if an experimenter could measure η(t ), the irreversibility
derived from ln P[x, η]/P[x̃, η̃] would not capture the true
dissipation or entropy production [39]. Despite their vastly
different propulsions mechanisms, various interacting ac-
tive particle systems exhibit similar large-scale behavior and

phenomenology in their trajectories x(t ) [see also below
Eq. (4)], suggesting that the essential aspects of the ther-
modynamics and statistical mechanics of active matter can
be understood from the particle trajectories alone, without
the need to know or observe the precise details of the self-
propulsion mechanism.

Our first main quantity of interest is the average irre-
versibility produced per unit time in the steady state of the
system

σ := lim
τ→∞

〈
[x]〉
τ

, (6)

where the average 〈 · · · 〉 is over all system trajectories, and
where we set −τi = τ/2 = τf for convenience. To simplify
terminology, we refer to σ loosely as “irreversibility” or “ir-
reversibility production” in the following.

Extending the single-particle expressions for the irre-
versibility from Refs. [44,45,67] to many identical, interacting
particles is straightforward. We find

σ = lim
τ→∞

1

τD

∫ τ/2

−τ/2
dt

∫ τ/2

−τ/2
dt ′ 1

γ

N∑
i=1

〈ẋi(t ) · f i(x(t ′))〉

×
[
δ(t − t ′) − Da

D
�(t, t ′)

]
, (7)
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where the nonlocal integration kernel �(t, t ′) is given in
Appendix A, Eq. (A1b). This nonlocal kernel and the resulting
double-integral structure of Eq. (7) are a consequence of the
non-Markovian nature of the process x(t ) due to the finite
correlation time of the active fluctuations. As explained in
Appendix A, we can perform the τ → ∞ limit in Eq. (7),
leading to

σ = Da

2D2τ 2
a

∫ ∞

0
ds e−s/τ∗

[
N∑

i=1

1

γ
〈xi(t0) · f i(x(t0 + s))〉

−
N∑

i=1

1

γ
〈xi(t0) · f i(x(t0 − s))〉

]
, (8)

where t0 is an arbitrary reference time and τ∗ :=
τa/

√
1 + Da/D. Note that throughout this article all products

between stochastic processes are tacitly understood to be
interpreted in the Stratonovich sense.

A priori, there is no obvious connection between the irre-
versibility σ from Eq. (8) and the thermodynamical properties
of the system. The main aim of this article is to establish such
a connection for the nonequilibrium steady state of active-
particle suspensions.

B. Pressure

A second key observable is the total pressure p exerted
by the active particles on the container walls. It can be de-
composed into three contributions [11,22,24,25,27,28,48,50–
52,55,57–59,62,68],

p = p0 + pint + pa ; (9)

note that we disregard the pressure coming from the aque-
ous solution as an irrelevant reference pressure. It is known
that, for our current setup, the pressure p is a state function
[22,24,28,48,57,68]. The various contributions in Eq. (9) can
then be calculated from the virials of the forces appearing in
Eq. (1) [24,27,28,48,50,51]. The standard osmotic pressure or
ideal-gas contribution from the thermal fluctuations is

p0 = γ

dV

N∑
i=1

〈xi(t0) ·
√

2D ξi(t0)〉 = NkBT

V
. (10a)

The interaction pressure pint is the contribution stemming
from the particle-particle interactions

pint = 1

dV

N∑
i=1

〈xi(t0) · f i(x(t0))〉. (10b)

Finally, the active pressure, or swim pressure, is the
component generated by the self-propulsion forces
[22,24,25,27,28,48–52,55]

pa = γ

dV

N∑
i=1

〈xi(t0) ·
√

2Daηi(t0)〉. (10c)

With the relations (10), the total pressure is given as a
mechanical pressure in terms of the micromechanical forces
in the equations of motion (1), and is thus valid even out of
equilibrium [48]. For this reason it is a key concept in the
study of active matter [11,22,24,25,27,28,48,50–52,55,57–

59,62,68,69], and serves as a powerful tool towards un-
derstanding the thermodynamic(-like) properties of active
particle systems [20,27,29,48,52,58,69].

IV. THERMODYNAMICS OF IRREVERSIBILITY

In interacting active matter systems, the two key param-
eters characterizing the transition to MIPS are the packing
fraction φ and the Péclet number Pe [see above Eq. (1)
and above Eq. (3)]. Hence, we analyze the (thermodynamic)
properties of the irreversibility as a function of these two
parameters.

A. Low density

We focus on the limit of small packing fractions φ first,
representing the paradigmatic situation of a dilute “active par-
ticle gas” [43]. In this limit, the integrals over the correlation
functions involving two time points, Eq. (8), can be expressed
as equal-time correlation functions, which can be shown in
two steps.

First, we rewrite the correlation functions in Eq. (8) as

1

γ

N∑
i=1

〈xi(t0) · f i(x(t0 ± s))〉

= −2d−2

d
φ

N∑
i=1

〈xi(t0) · [
√

2D ξi(t0 ± s)

+
√

2Da ηi(t0 ± s)]〉[1 + O(φ)]. (11)

To derive this relation, we exploit that, according to Eq. (8),
irreversibility is produced only during particle collisions, i.e.,
when |xi − x j | � 2R for some i and j (i �= j) because f i(x) =
0 otherwise. For small packing fractions φ, irreversibility pro-
duction is dominated by pair-collision events [cf. Fig. 3(a)]
because simultaneous collisions of more than two particles
are extremely rare. Focusing on such pair collisions, we re-
place f i(x) in 〈xi(t0) · f i(x(t0 ± s))〉 by the sum of friction
and fluctuating forces according to the Langevin equation of
motion (1). Due to the short-ranged, hard-core character of
the interactions, the contribution of the friction forces −γ ẋi

turns out to be negligibly small during collision events, such
that only the fluctuating forces remain. Likewise, the average
〈 · · · 〉 over all possible positions of all particles is effectively
restricted to pair configurations with |xi − x j | � 2R, lead-
ing to the appearance of the prefactor proportional to φ in
Eq. (11). Details of the calculation are provided in
Appendix B.

Second, exploiting the replacement (11) in Eq. (8), we
evaluate the resulting integral over the correlations between
particle positions and fluctuating forces∫ ∞

0
ds 〈xi(t0) · [

√
2D ξi(t0 ± s) +

√
2Da ηi(t0 ± s)]〉 e−s/τ∗

= τa√
1 + Da/D ± 1

〈xi(t0) ·
√

2Daηi(t0)〉. (12)

This relation can be proven exactly with the help of Novikov’s
theorem [70] as detailed in Appendix C.
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(a)

(b)

FIG. 3. Examples of collision events and their (ir)reversibility.
The frames show time-series snapshots from numerical simulations
of the setup in Fig. 1 (steady state, φ = 0.6, Pe = 42), highlighting
the trajectories of two specific particles (red and blue). Empty circles
indicate their positions in the previous snapshot and arrows the direc-
tion and magnitude of their self-propulsion. (a) Pair collision: Two
particles approach each other, recoil and shift during the collision,
and finally pass each other, maintaining roughly the same direction
of motion as before the collision. The time asymmetry becomes
apparent by comparing to the hypothetical backward process, where
the two particles would first pass each other, but then suddenly shift
and align before continuing in their initial direction of motion again.
(b) Bulk of a cluster: Particles collide frequently with their neighbors,
but barely move, leaving no significant traces of irreversibility in
their trajectories.

Using Eqs. (11) and (12), the expression (8) for the irre-
versibility turns into

σ = 2d−2

dτa
φ

∑N
i=1〈xi(t0) · √

2Daηi(t0)〉
D

[1 + O(φ)]. (13)

With the relation (10c) for the active pressure, we then arrive
at our first main result

σ =
(

2d−2Vp

kBτa

)
N pa

T
[1 + O(φ)], (14)

for spatial dimensions d = 2, 3. The steady-state irreversibil-
ity production rate σ is a function of the macroscopic
thermodynamic system parameters, namely, the traditional
state variables N and T as well as the active pressure pa. In
addition, the particle volume Vp and the correlation time τa

appear as measures of the particles’ interaction range and their
characteristic reorientation time, respectively.

If the activity is high (Pe � 1) and the packing fraction is
small (φ 
 1), we can furthermore relate the irreversibility to
the total pressure p. In this limit, pa dominates the osmotic
pressure because pa

p0
= O(Pe2) and also the interaction pres-

sure because pa

pint
= O(φ−1), see Appendix D for more details.

Consequently, we can approximate pa = p[1 + O(φ, Pe−2)]
and thus

σ =
(

2d−2Vp

kBτa

)
N p

T
[1 + O(φ, Pe−2)], (15)

which is our second main result.

B. MIPS regime

The relation (14) is valid for small packing fractions since
Eq. (11) is derived in the limit of low particle density (cf.
Appendix B); as indicated we estimate the relative error to
be O(φ). For larger values of φ, the key assumption that most
collisions are pair collisions breaks down because simultane-
ous encounters of three or more particles become significantly
more likely, leading to higher-order corrections in Eq. (14),
in principle. However, even though multiparticle collisions
occur more frequently when φ becomes larger, it turns out that
pair collisions continue to dominate irreversibility production
if the system exhibits MIPS. In this regime, a significant
number of particles find themselves in large solid-like clusters
(see also Figs. 1 and 2). We denote the average number of
particles in such clusters by Nc and their average fraction by
nc := Nc/N . The remaining N − Nc particles still move in a
dilute, gas-like phase.

Particles in the bulk of the emerging clusters are basi-
cally immobilized [ẋi(t ) ≈ 0] by the frequent multiparticle
collisions with their neighbors [cf. Fig. 3(b)]. Moreover, even
though these particles collide very frequently, the total force
f i on any single particle typically averages to zero even on
short timescales. It follows from Eq. (7) that particles in the
bulk of large clusters do not contribute significantly to the
irreversibility production. This can also be understood intu-
itively: Looking at a movie of particles that are essentially
at rest, it is impossible to tell whether such a recording is
being played forward or backward. Moreover, contributions
from particle collisions with the surface of the cluster are
negligible compared to bulk effects for sufficiently large sys-
tems. Thus, irreversibility is predominantly produced within
the dilute regions, where pair collisions continue to prevail. In
other words, we can restrict the evaluation of the correlation
function (11) to the dilute region of the phase-separated active
particle system. By the same arguments as in Appendix B, we
then recover Eq. (11) provided that the total packing fraction
φ is replaced by the packing fraction φd of the dilute region.
Consequently, replacing φd with φ also in Eq. (13), we obtain
as our third main result a corrected relationship between σ and
the thermodynamic state variables in the MIPS regime

σ �
(

2d−2Vp

kBτa

)(
φd

φ

)
N pa

T
(16a)

�
(

2d−2Vp

kBτa

)(
1 − nc

1 − ncφ/φcp

)
N pa

T
. (16b)

Since φd = φ at low density in the absence of MIPS,
the relation (16a) reduces to the low-density result (14) in
the limit φ 
 1. Hence Eq. (16a) generalizes Eq. (14) to a
larger region of the φ- Pe parameter space, but the error in
Eq. (16a) is less well controlled. Moreover, the relation (16a)
is expected to work better for larger systems as it relies on
the aforementioned assumption that effects on the surface of
particle clusters are negligible.

The alternative form (16b) of the right-hand side results
from the following estimate of φd: Since the Nc particles in the
cluster are essentially densely packed (up to small defects),
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the volume occupied by the cluster is

Vc � NcVp

φcp
= ncφ

φcp
V, (17)

where φcp is the packing fraction for the closest packing
of identical spheres (φcp = π/(2

√
3) ≈ 0.907 in d = 2 and

φcp = π/(3
√

2) ≈ 0.74 in d = 3 [71]). The packing fraction
φd in the dilute phase is thus

φd = (N − Nc)Vp

V − Vc
� φ

1 − nc

1 − ncφ/φcp
. (18)

We note that nc, or, equivalently, φd, are not control pa-
rameters, but rather emergent observables resulting from the
collective behavior of the interacting active particles. As such
they depend on all system parameters, in particular, φ and Pe
(see also the discussion in Appendix E 5).

C. Numerical simulations

To test the relations Eqs. (14)–(16), we carry out Langevin
simulations of the system (1) and (3). We here restrict our-
selves to a brief overview of the methodology. Full details
of the simulation parameters and methods are provided in
Appendix E.

We adopt periodic boundary conditions and choose an
interaction potential [see below Eq. (2)] of the form U (r) =
1
5 [( 2R

r )32 − 1]2 �(2R − r). The irreversibility σ is calculated
directly from the τ → ∞ limit of Eq. (7) [cf. Eq. (A6)],
which was the starting point of our derivation. The right-hand
sides of Eqs. (14)–(16), in turn, are obtained from the known
(fixed) values of N , T , τa, and Vp as well as steady-state
averages of the pressure (9) and (10). The latter depend on
the absolute particle positions, but can be rewritten equiva-
lently in terms of “local” quantities (forces, velocities, and
particle distances), cf. Eq. (D1) for pa and Eq. (E3) for pint .
To address the artificial discontinuities in particle positions
caused by the finite, periodic simulation box, we compute
the pressure numerically using those local formulations that
remain continuous as particles exit through one boundary and
reenter through the opposite side. Likewise, the representation
(A6) used for σ only depends on such continuous quantities.
Furthermore, observing that the number of nearest neighbors
for dense sphere packing is 6 (12) in d = 2 (d = 3), the value
of φd is calculated from Eq. (18) by estimating nc as the
fraction of particles that are surrounded by at least five (ten)
other particles within a distance of R/10; we choose values
slightly smaller than the maxima to account for occasional
defects, see also the snapshots in Figs. 1(a) and 2(a).

In d = 2, the numerical results from Fig. 1(c) demonstrate
that the relation (14) is satisfied excellently for small-to-
moderate φ � 0.2 for all Pe (compare the orange and blue
curves in all panels). For larger values of Pe � 30, we even
find almost perfect agreement up to the critical point, i.e.,
for φ � 0.35. Furthermore, relation (15) is confirmed equally
well for sufficiently large Pe and small φ (compare the orange
and black curves). Finally, comparing the orange and purple
lines, we observe that the refined relation (16a) for the MIPS
regime is satisfied extremely well after the phase transition,
which manifests itself as a sudden drop in σ (and pa, p).
In fact, in d = 2 we find the relation (16a) to hold almost

perfectly for all φ if Pe is sufficiently large [third and fourth
panels in Fig. 1(c)].

In d = 3, the numerical results from Fig. 2(c) again provide
compelling evidence supporting the validity of Eq. (14) for
small φ � 0.15 for all Pe (orange versus blue curves), and
likewise for Eq. (15) (orange versus black curves). Similarly,
the MIPS-corrected relation (16a) is found to work very well
in the MIPS regime and at high packing fractions (compare
the orange and purple lines). Furthermore, in both d = 2
and d = 3, we can confirm that the relation (16a) reproduces
Eq. (14) in the low-density limit as the blue and purple (and
orange) lines in Figs. 1(c) and 2(c) coincide for small φ.

We observe that the modifications due to the prefactor φd

φ

in Eq. (16a) are significantly smaller in d = 3 than in d = 2
[compare the purple and blue lines in Figs. 1(c) and 2(c)]. In
other words, the correction factor (1 − nc)/(1 − ncφ/φcp) ap-
pears to be closer to unity in d = 3 than in d = 2. We identify
three factors contributing to this trend. First, the closest pack-
ing fraction φcp is smaller in d = 3, implying that the ratio
φ/φcp is closer to unity. Second, the phase transition occurs
at slightly larger φ in d = 3, such that the smallest values of
φ exhibiting MIPS, for which the correction is the largest, are
closer to φcp in d = 3 than in d = 2. Third, at the onset of
MIPS the fraction nc of particles aggregated into clusters is
smaller in d = 3 than in d = 2 (see also Appendix E 5).

Contrary to the situation in d = 2, we find a range of
intermediate packing fractions in d = 3, from φ ≈ 0.2 up to
the onset of MIPS, for which none of our relations (14)–(16a)
is quantitatively accurate, not even for large Pe. However, σ

and the right-hand sides of Eqs. (14) and (16a) still exhibit the
same qualitative behavior. In this range of packing fractions
collisions of three or more particles are likely to occur more
frequently, yet without forming large clusters, so that such
higher-order collisions make a nonnegligible contribution to
σ . We presume that these effects are stronger in d = 3 because
there is generally more space for higher-order collisions: a
particle can overlap simultaneously with up to 12 other parti-
cles in d = 3, whereas the maximum number of simultaneous
collision partners is 6 in d = 2.

V. DISCUSSION AND CONCLUSION

Our main results, relations (14)–(16), provide a remarkable
connection between the dynamical irreversibility of the steady
state of repulsively interacting active particles and the associ-
ated thermodynamic state variables, notably the pressure these
particles exert on the container walls. For a given system size
N and temperature T , it shows that the active pressure can
be used to infer how (ir)reversible the spatial trajectories of
the active particle system are, i.e., how far the system appears
to be away from equilibrium [40,72] when measuring the
irreversibility of its dynamical history [11,44,73].

Irreversibility as defined in Eqs. (5) and (6) is often
interpreted as a nonequilibrium generalization of entropy
production [6,74]. However, a priori this definition of
σ is unrelated to the usual thermodynamic definition of
entropy and should rather be seen as an information-
theoretic (relative) entropy of steady-state path probabilities.
In contrast, our results in Eqs. (14)–(16) provide a proper
thermodynamic interpretation of irreversibility: The left-hand
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side is the average irreversibility produced in the steady state
per unit time. The right-hand sides of Eqs. (14)–(16) ex-
press this “nonequilibrium entropy production rate” as a state
function of the thermodynamic system parameters, namely,
the traditional state variables N and T as well as the active
pressure pa. In this spirit, σ resembles a thermodynamic po-
tential, but for a nonequilibrium steady state. As such, the
irreversibility is sensitive to phase changes in the system. This
becomes apparent in the numerical results in Figs. 1 and 2,
showing that σ develops a discontinuity at the transition from
the homogeneous to the MIPS-exhibiting coexistence phase.

Despite their similarity to equilibrium thermodynamic re-
lations, the nonequilibrium character of our results in Eqs.
(14)–(16) becomes evident in a profound difference. In
equilibrium systems, entropy is a state function of the thermo-
dynamic parameters, and can only change when the system
transitions from one thermodynamic state to another one by
altering the state variables. For nonquasistatic transitions,
such processes “produce irreversibility” during the transient
relaxation to the new equilibrium state. In contrast, an active
matter system continuously dissipates energy. Its dynamical
evolution in the steady state will thus look more and more ir-
reversible over time, even in a pure trajectory-level description
which does not resolve the self-propulsion mechanisms. The
relations in Eqs. (14)–(16) identify the corresponding steady-
state production rate of irreversibility as a state function.
They reveal that variations of the thermodynamic parameters
not only induce irreversibility production during the transient
relaxation to a new steady state, but especially affect the rate
at which irreversibility is produced in the latter.

In the form (15), our findings provide a direct and sim-
ple way to assess irreversibility experimentally at sufficiently
small packing fractions and high activity by measuring the
total pressure p. As demonstrated numerically [cf. especially
Fig. 1(c)], this relation can hold up to the critical point and the
onset of MIPS.

We derive the relations in Eqs. (14)–(16) for the prototyp-
ical model of active Ornstein-Uhlenbeck particles (AOUPs),
exploiting the availability of analytical expressions for the
irreversibility. Nevertheless, we expect that the essence of
this link between the dynamics and thermodynamics of active
matter holds much more generally and especially in models
with a very similar phenomenology, such as ABPs and RTPs
[cf. below Eq. (4)]. The reason is that the derivation itself (cf.
Appendixes B and C) is largely based on kinematic arguments
only. None of these arguments depend on the explicit form of
the interaction forces [see Eq. (2)] as long as they are repulsive
and sufficiently stiff. Similarly, most steps of the derivation do
not rely on a specific model for the active fluctuations. Indeed,
in the derivation of relation (11) (Appendix B),

√
2Da ηi(t )

in the Langevin equation (1) could be replaced by any other
unbiased process with a finite correlation time τa without
affecting the main arguments. The Gaussianity of ηi(t ) is
exploited only when evaluating (12), i.e., when reducing the
correlations between the particle positions and fluctuating
forces at different time points to equal-time correlations. We
expect that relations analogous to Eq. (12) exist, at least
approximately, for other self-propulsion models, presumably
with a modified numerical prefactor. Likewise, our extension
of the low-density result (14) to the MIPS regime at high

density and activity, Eq. (16), is based on the observation
that particles in large clusters are effectively arrested and thus
cannot produce irreversibility. This geometrical argument is
model-independent, and should again apply very generally to
other active-matter models, given the ubiquity of MIPS.

However, an explicit derivation for other models is cur-
rently not feasible as Eq. (7)—the starting point of our
analysis—has no known counterpart beyond the AOUP
model. Nevertheless, it is plausible to expect some structural
similarity to Eq. (7), again at least approximately, but with a
model-specific memory kernel. In particular, the appearance
of a scalar product between velocities ẋi and forces f i is
directly related to the form of the equation of motion (1) and
how the relevant quantities transform under time reversal. We
also note that, even though choosing this starting point (7)
is inspired by stochastic thermodynamics and the questions
raised within this framework [1,2], our derivation does not
make use of its typical tools, nor does it require the concepts
of stochastic energetics [75]. Rather, it essentially boils down
to a careful analysis of two-time correlations.

Ultimately, relations like Eqs. (14)–(16) are nonequilib-
rium generalizations of the entropy as a thermodynamic state
function. In equilibrium, the entropy is at the foundations of
thermodynamics and the second law in particular. As such,
it is a crucial concept across the physical sciences and tech-
nical applications, encoding the feasibility and efficiency of
thermodynamic processes. A very important class of such
processes is energy conversion, during muscle contraction in
biology, during electrolysis in chemistry, or in combustion
engines in engineering, to name but a few examples. Our novel
interpretation of the trajectory-level irreversibility may pro-
vide a similar basis for processes driven by or, more generally,
involving active matter. Notably, it may provide a first step
towards studying thermodynamic processes with active matter
in parameter space (on a macroscopic level, similarly to usual
thermodynamic processes between equilibrium states), rather
than in trajectory space (microscopic level) [47,76–79]. Pro-
vided that a suitable analog of the first law can be formulated
as well, this may ultimately allow for optimizing such pro-
cesses [80,81], for instance in active engines [47,76,82,83],
without the need to understand the microscopic details of self-
propulsion and the generated trajectories. To this end, it will
be necessary to generalize our central insights to situations
in which externally controlled potentials or nonconservative
forces are present, which can exchange work with the active
fluid.
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APPENDIX A: DERIVATION OF RELATION (8)

Generalizing the formalism for a single AOUP from Refs. [44,67] to N interacting AOUPs with trajectories running from
initial time τi to final time τf , the log-ratio 
[x] between forward and backward probabilities, Eq. (5), can be calculated
exactly as


[x] = 1

D

N∑
i=1

∫ τf

τi

dt
∫ τf

τi

dt ′ 1

γ
ẋi(t ) · f i(x(t ′))

[
δ(t − t ′) − Da

D
�(t, t ′)

]
+ �Ssys[x]. (A1a)

Here, �Ssys[x] is the change in the system entropy between the initial and final system states, and �(t, t ′) is a memory kernel
emerging from the correlated nature of the active fluctuations [cf. Eq. (4)]. If the initial state of the active fluctuations is chosen
independently of the particle positions, �(t, t ′) is given by [44,67]

�(t, t ′) =
(

τ∗
2τ 2

a

)
κ2

+e−|t−t ′ |/τ∗ + κ2
−e−(2(τf −τi )−|t−t ′|)/τ∗ − κ+κ−

[
e−(t+t ′−2τi )/τ∗ + e−(2τf −t−t ′ )/τ∗

]
κ2+ − κ2−e−2(τi−τf )/τ∗

, (A1b)

with τ∗ = τa/
√

1 + Da
D as before and κ± := 1 ±

√
1 + Da

D . The expressions (A1) provide an explicit and exact form for the
irreversibility of finite-time AOUP trajectories.

Our theoretical analysis is based on the average irreversibility production rate σ in the steady state, as defined in Eq. (6).
Note that we chose −τi = τ/2 = τf for the initial and final times for convenience, such that the steady-state limit τi → −∞
and τf → ∞ is reached when performing τ → ∞. The representation (7) of σ in the main text follows straightforwardly from
Eq. (A1a) by observing that the system entropy �Ssys is a time-intensive quantity, such that �Ssys/τ vanishes as τ → ∞.

To establish that σ from Eq. (7) can be rewritten as in Eq. (8), we first note that, due to the conservative nature of the particle
interactions f i [see below Eq. (2)], the δ-contribution is a boundary term and thus vanishes in the steady state as well. Moreover,
as τ → ∞, the asymptotic form of the memory kernel is �(t, t ′) ∼ τ∗/(2τ 2

a ) e−|t−t ′ |/τ∗ [by letting τi → −∞ and τf → +∞ in
Eq. (A1b)]. Hence, Eq. (7) simplifies to

σ = − Da

2D2τ 2
a

N∑
i=1

lim
τ→∞

τ∗
τ

∫ τ/2

−τ/2
dt

∫ τ/2

−τ/2
dt ′ e−|t−t ′ |/τ∗ 1

γ
〈ẋi(t ) · f i(x(t ′))〉. (A2)

We now split the domain of the t integral into [−τ/2, t ′] and [t ′, τ/2],

σ = − Da

2D2τ 2
a

N∑
i=1

lim
τ→∞

τ∗
τ

∫ τ/2

−τ/2
dt ′

〈
1

γ
f i(x(t ′)) ·

[∫ t ′

−τ/2
dt e−(t ′−t )/τ∗ ẋi(t ) +

∫ τ/2

t ′
dt e−(t−t ′ )/τ∗ ẋi(t )

]〉
. (A3)

Next, we substitute s = t ′ − t in the first integral and s = t − t ′ in the second one,

σ = − Da

2D2τ 2
a γ

N∑
i=1

lim
τ→∞

τ∗
τ

∫ τ/2

−τ/2
dt ′

[∫ τ/2+t ′

0
ds e−s/τ∗ 〈 f i(x(t ′)) · ẋi(t

′ − s)〉 +
∫ τ/2−t ′

0
ds e−s/τ∗ 〈 f i(x(t ′)) · ẋi(t

′ + s)〉
]
. (A4)

The correlation functions in the integrands are independent of t ′ because the steady-state average only depends on the difference
between the two time points, such that we can replace t ′ by an arbitrary reference time t0. Changing the order of the t ′ and s
intgrals, we then obtain

σ = − Da

2D2τ 2
a γ

N∑
i=1

lim
τ→∞

τ∗
τ

[∫ τ

0
ds e−s/τ∗ 〈 f i(x(t0)) · ẋi(t0 − s)〉

∫ τ/2

−τ/2+s
dt ′

+
∫ τ

0
ds e−s/τ∗ 〈 f i(x(t0)) · ẋi(t0 + s)〉

∫ τ/2−s

−τ/2
dt ′

]
. (A5)

Both t ′ integrals yield a factor of τ − s. Evaluating the τ → ∞ limit, we thus arrive at

σ = − Daτ∗
2D2τ 2

a γ

N∑
i=1

∫ ∞

0
ds e−s/τ∗ [〈 f i(x(t0)) · ẋi(t0 − s)〉 + 〈 f i(x(t0)) · ẋi(t0 + s)〉]. (A6)
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Finally, we integrate by parts in s in both integrals, which leads to

σ = Daτ∗
2D2τ 2

a γ

N∑
i=1

{
e−s/τ∗ [〈 f i(x(t0)) · xi(t0 − s)〉 − 〈 f i(x(t0)) · xi(t0 + s)〉]∣∣∞s=0

+ 1

τ∗

∫ ∞

0
ds e−s/τ∗ [〈 f i(x(t0)) · xi(t0 − s)〉 − 〈 f i(x(t0)) · xi(t0 + s)〉]

}
(A7)

The boundary terms vanish and we are left with

σ = Da

2D2τ 2
a γ

N∑
i=1

∫ ∞

0
ds e−s/τ∗ [〈xi(t0 − s) · f i(x(t0))〉 − 〈xi(t0 + s) · f i(x(t0))〉], (A8)

which is equivalent to Eq. (8) after a shift of the reference time t0.

APPENDIX B: DERIVATION OF RELATION (11)

We provide the analytical arguments to corroborate that
relation (11) is valid for small packing fractions φ, i.e., we
analyze the two-time correlations

∑N
i=1〈xi(t0) · f i(x(t0 ± s))〉.

We start by decomposing the total interaction force f i(x)
acting on particle i into its pairwise interactions f (xi − x j )
with all other particles j according to Eq. (2), i.e.,

f i(x) =
∑
j( �=i)

f (xi − x j ), (B1a)

f (xi − x j ) = − f (x j − xi ). (B1b)

It follows that

1

γ

N∑
i=1

〈xi(t0) · f i(x(t0 ± s))〉 = 1

γ

∑
i< j

〈ri j (t0) · f (ri j (t0 ± s))〉,

(B2)

where we introduce the distance vectors ri j := xi − x j be-
tween particles i and j. The equations of motion for the ri j

are obtained from Eq. (1) via ṙi j (t ) = ẋi(t ) − ẋ j (t ),

ṙi j (t ) = 1

γ
{ f i(x(t )) − f j (x(t ))} + αi j (t ), (B3)

with the combined thermal and active fluctuations

αi j (t ) := αi(t ) − α j (t ), αi(t ) :=
√

2D ξi(t ) +
√

2Da ηi(t ).

(B4)

As explained in the main text, simultaneous collisions of more
than two particles become exceedingly rare for small packing
fractions φ. For any fixed particle i, we, therefore, assume
that, at most, one other particle j contributes in the sum in
Eq. (B1a) at any given time. We emphasize that this still
admits collisions of different pairs (i, j) at different times.
For small φ, we can thus replace f i(x(t )) − f j (x(t )) in Eq.
(B3) by 2 f (ri j (t )), utilizing Eq. (B1b) as well. Therefore, we
obtain

ṙi j (t ) = 2

γ
f (ri j (t )) + αi j (t ). (B5)

The particle-particle interaction force f (ri j ) is always di-
rected along the distance vector ri j , [cf. the definition of f (r)
in the main text below Eq. (2)], i.e.,

f (ri j ) ‖ ri j . (B6)

Introducing the unit vector eri j := ri j/|ri j | pointing in the col-
lision direction, we can thus split the equation of motion (B5)
into a component parallel to eri j and a component perpendic-
ular to it as follows:

ṙ‖
i j (t ) = 2

γ
f (ri j (t )) + α

‖
i j (t ), (B7a)

ṙ⊥
i j (t ) = α⊥

i j (t ). (B7b)

Here, vectors parallel (perpendicular) to eri j are indicated

by the superscript ‖ (⊥), i.e., α‖
i j (t ) := [αi j (t ) · eri j (t )]eri j (t ) and

α⊥
i j (t ) := αi j (t ) − α

‖
i j (t ), and so on. Note that the decomposi-

tion (B7) is time dependent and stochastic because eri j (t ) is a
stochastic process.

As mentioned in the main text below Eq. (2), we consider
short-ranged, strongly repulsive particle-particle interaction
forces with f (ri j ) �= 0 if |ri j | � 2R and f (ri j ) = 0 if |ri j | >

2R. This hard-core-like character of f (ri j ) implies that, in
very good approximation, ṙ‖

i j (t ) ≈ 0 whenever the particles i
and j collide, i.e., whenever |ri j | � 2R. (Note that there is no
restriction on the perpendicular components r⊥

i j .) We can thus
rewrite Eq. (B7a) as

1

γ
f (ri j (t )) ≈ −1

2
α

‖
i j (t ) χ (|ri j (t )|), (B8)

with the characteristic function

χ (r) :=
{

1 if r � 2R,

0 otherwise. (B9)

Substituting Eq. (B8) into the right-hand side of Eq. (B2), the
correlation function can be approximated by

1

γ

N∑
i=1

〈xi(t0) · f i(x(t0 ± s))〉

= −1

2

∑
i< j

〈ri j (t0) · α
‖
i j (t0 ± s) χ (|ri j (t0 ± s)|)〉. (B10)

Recalling the definition of the projection onto eri j (t ) [see
below Eq. (B7b)] and defining ri j (t ) := |ri j (t )| for short, the
steady-state average on the right-hand side can be written as

〈ri j (t0) · α
‖
i j (t0 ± s) χ (ri j (t0 ± s))〉

= 〈[ri j (t0) · eri j (t0±s)][αi j (t0 ± s) · eri j (t0±s)] χ (ri j (t0 ± s))〉.
(B11)
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Next we carry out the average over the orientation vec-
tor eri j (t0±s) of the particle distance at time t0 ± s. For our
spherical active particles with radially symmetric interactions
obeying Eq. (B6), the steady-state distribution does not de-
pend on a specific (reference) direction in space. Moreover, as
long as the particles move around independently, i.e., without
colliding, their distribution will be independent of the rel-
ative orientation eri j . However, due to the additional factor
χ (ri j (t0 ± s)) enforcing ri j � 2R, the average in Eq. (B11)
is restricted to “collision configurations” of the two particles.
Since we are focusing on the regime dominated by pair col-
lisions, the particles can only collide if they move towards
each other, i.e., if αi j (t0 ± s) · eri j (t0±s) < 0. As soon as they
move apart, they will not overlap anymore and ri j > 2R [see
also above Eq. (B8)]. To lowest order in φ, we can then
combine the aforementioned homogeneity of the independent
particle movement before the collision with the condition
αi j (t0 ± s) · eri j (t0±s) < 0 required to initiate and maintain a
collision. We thus average uniformly over eri j (t0±s) on a half
sphere and find that

〈[ri j (t0) · eri j (t0±s)][αi j (t0 ± s) · eri j (t0±s)] χ (ri j (t0 ± s))〉

= 1

2d
〈ri j (t0) · αi j (t0 ± s) χ (ri j (t0 ± s))〉. (B12)

Here we exploit the relation

∫
|n|=1

dd n

Sd
(a · n)(b · n) = a · b

d
(B13)

for integrals over the unit sphere in d dimensions, where Sd is
its surface area, and a and b are arbitrary vectors [86]. The ad-
ditional factor of 1

2 on the right-hand side of Eq. (B12) results
from the condition αi j (t0 ± s) · eri j (t0±s) < 0, which restricts
the domain to a half sphere. The approximation leading to
relation (B12) amounts to neglecting the correlations between
eri j and αi j that build up in the collision region, and thus in-
troduces a relativ error of O(Vp/V ) (with the particle volume
Vp). Substituting Eq. (B12) into Eq. (B11), we arrive at

〈ri j (t0) · α
‖
i j (t0 ± s) χ (ri j (t0 ± s))〉

= 1

2d
〈ri j (t0) · αi j (t0 ± s) χ (ri j (t0 ± s))〉

[
1 + O

(
Vp

V

)]
.

(B14)

On the right-hand side, we now switch back to the original
single-particle variables, such that

〈ri j (t0) · α
‖
i j (t0 ± s) χ (ri j (t0 ± s))〉

= 1

2d
〈[xi(t0) − x j (t0)] · [αi(t0 ± s) − α j (t0 ± s)] χ (|xi(t0 ± s) − x j (t0 ± s)|)〉

= 1

2d
〈[xi(t0) · αi(t0 ± s) + x j (t0) · α j (t0 ± s) − xi(t0) · α j (t0 ± s) − x j (t0) · αi(t0 ± s)]χ (|xi(t0 ± s) − x j (t0 ± s)|)〉

= 1

d
〈xi(t0) · αi(t0 ± s) χ (|xi(t0 ± s) − x j (t0 ± s)|)〉 − 1

d
〈xi(t0) · α j (t0 ± s) χ [|xi(t0 ± s) − x j (t0 ± s)|]〉 (B15)

up to a relative error of O(Vp

V ). Note that in the last step we exploited that the steady-state probability as well as the expression
χ (|xi(t0 ± s) − x j (t0 ± s)|) are invariant under the exchange of the particle indices i and j.

The first average in Eq. (B15) is now over the steady-state probability density p(x′
i, t0; xi,αi, x j, t0 ± s) for finding particle i

at position x′
i at time t0 and at position xi with fluctuating velocity αi at time t0 ± s, while also having a different particle j at

position x j at the same time t0 ± s. We isolate the average over the particle position x j at time t0 ± s and write

1

d
〈xi(t0) · αi(t0 ± s) χ (|xi(t0 ± s) − x j (t0 ± s)|)〉

= 1

d

∫
dd x′

i dd xi ddαi p(x′
i, t0; xi,αi, t0 ± s) x′

i · αi

∫
dd x j p(x j, t0 ± s|x′

i, t0; xi,αi, t0 ± s) χ (|xi − x j |). (B16)

For small packing fractions φ, the conditional density p(x j, t0 ± s|x′
i, t0; xi,αi, t0 ± s) for the spatial position of particle j is

uniform and independent of the state of particle i almost everywhere in the accessible volume, except in the vicinity of the
region |xi − x j | � 2R, where the particles interact and the density depends on all quantities explicitly. Approximating p(x j, t0 ±
s|x′

i, t0; xi,αi, t0 ± s) by a uniform density thus introduces an error of the order Vp/V ,

p(x j, t0 ± s|x′
i, t0; xi,αi, t0 ± s) = 1

V
[1 + O(Vp/V )], (B17)

because the two densities differ only around positions close to x′
i and xi within volumes of the order of the particle volume, but

are identical everywhere else. This is the second key consequence of our assumption of small packing fractions φ. Adopting
Eq. (B17) in Eq. (B16), we can perform the integration over x j and obtain

1

d
〈xi(t0) · αi(t0 ± s) χ (|xi(t0 ± s) − x j (t0 ± s)|)〉 = 2dVp

dV

[
1 + O

(
Vp

V

)]∫
dd x′

i dd xi ddαi p(x′
i, t0; xi,αi, t0 ± s) x′

i · αi. (B18)

033077-11



LENNART DABELOW AND RALF EICHHORN PHYSICAL REVIEW RESEARCH 7, 033077 (2025)

The prefactor 2dVp corresponds to the volume designated by the characteristic function χ (r), i.e., π (2R)2 = 22Vp in d = 2 and
(4π/3)(2R)3 = 23Vp in d = 3. The remaining integral over xi in Eq. (B18) amounts to a trivial factor of 1 due to normalization,
leaving us with

1

d
〈xi(t0) · αi(t0 ± s) χ (|xi(t0 ± s) − x j (t0 ± s)|)〉 = 2dVp

dV
〈xi(t0) · αi(t0 ± s)〉

[
1 + O

(
Vp

V

)]
. (B19a)

An analogous argument leads to a similar relation for the second term in Eq. (B15),

1

d
〈xi(t0) · α j (t0 ± s) χ (|xi(t0 ± s) − x j (t0 ± s)|)〉 = 2dVp

dV
〈xi(t0) · α j (t0 ± s)〉

[
1 + O

(
Vp

V

)]
. (B19b)

Using Eqs. (B15) and (B19), we return to Eq. (B10) and obtain

1

γ

N∑
i=1

〈xi(t0) · f i(x(t0 ± s))〉 = −2d−1Vp

dV

∑
i< j

[〈xi(t0) · αi(t0 ± s)〉 − 〈xi(t0) · α j (t0 ± s)〉]
[

1 + O
(

Vp

V

)]

= −2d−2(N − 1)Vp

dV

[
1 + O

(
(N − 1)Vp

V

)] ∑
i

〈xi(t0) · αi(t0 ± s)〉

+ 2d−2Vp

dV

∑
i �= j

〈xi(t0) · α j (t0 ± s)〉
[

1 + O
(

Vp

V

)]
. (B20)

The expressions (N − 1)Vp/V ≈ NVp/V in the first term can be identified with the packing fraction φ. The absolute error of the
first term is thus O(φ2). Similarly as above, the correlation function 〈xi(t0) · α j (t0 ± s)〉 for different particles in the second term

is of order O(Vp

V ). Summing over all N (N − 1) contributions thus leads to a term of order O( N2Vp

V ). Together with the prefactor
Vp

V , the second term is thus of order O(φ2). We therefore conclude that

1

γ

N∑
i=1

〈xi(t0) · f i(x(t0 ± s))〉 = −2d−2

d
φ

∑
i

〈xi(t0) · αi(t0 ± s)〉 [1 + O(φ)], (B21)

which is relation (11) in the main text.

APPENDIX C: DERIVATION OF RELATION (12)

The derivation of relation (12) is based on Novikov’s theorem [70]. Given an unbiased Gaussian stochastic process α(t ) with
correlation function C(t, s) := 〈α(t )α(s)〉 and an arbitrary functional F[α](t0) depending on this stochastic process up to time
t0, the Novikov theorem states that

〈F[α](t0)α(t )〉 =
∫ t0

−∞
dsC(t, s)

〈
δF[α](t0)

δα(s)

〉
. (C1)

To show Eq. (12), we choose α(t ) as one of the spatial components ν of the combined thermal and active fluctuations of an
arbitrary particle i,

α(t ) =
√

2D ξν
i (t ) +

√
2Da ην

i (t ), (C2a)

such that

C(t, s) = 2D δ(t − s) + Da

τa
e−|t−s|/τa , (C2b)

independently of ν and i [cf. Eq. (4)]. The functional F[α](t0), in turn, is the νth component of the ith particle’s position
trajectory in the stationary state, from initial time t = −∞ to final time t = t0, i.e., F[α](t0) = xν

i (t0). For the following proof
we keep general F[α](t0) though, and only set t0 = 0 for convenience.

We thus want to calculate the integrals

I± :=
∫ ∞

0
ds 〈F[α](0) α(±s)〉 e−s/τ∗ =

∫ ∞

0
ds e−s/τ∗

∫ 0

−∞
ds′ C(±s, s′)

〈
δF[α](0)

δα(s′)

〉
. (C3)

To proceed, we plug in the expression (C2b) for the correlations and consider the two signs separately.
For the plus sign, we thus find

I+ =
∫ ∞

0
ds e−s/τ∗

∫ 0

−∞
ds′

[
2D δ(s − s′) + Da

τa
e−|s−s′ |/τa

]〈
δF[α](0)

δα(s′)

〉
. (C4)
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The term involving the δ function does not contribute since s > s′, and the remaining integrals factorize. Evaluating the s integral,
we, therefore, obtain

I+ = Daτ∗
τa + τ∗

∫ 0

−∞
ds′ es′/τa

〈
δF[α](0)

δα(s′)

〉
. (C5)

Exploiting first the definition (C2a) and then Novikov’s theorem (C1), we can furthermore rewrite∫ 0

−∞
ds′ es′/τa

〈
δF[α](0)

δα(s′)

〉
=

∫ 0

−∞
ds′ es′/τa

〈
δF[α](0)

δ
√

2Daη
ν
i (s′)

〉
= τa

Da
〈F[α](0)

√
2Daη

ν
i (0)〉. (C6)

Adopting this result in Eq. (C5) and recalling τ∗ = τa/
√

1 + Da/D [see below Eq. (8)], we find

I+ = τa√
1 + Da/D + 1

〈F[α](0)
√

2Daη
ν
i (0)〉. (C7)

Turning to the minus sign in Eq. (C3), we have

I− =
∫ ∞

0
ds e−s/τ∗

∫ 0

−∞
ds′

[
2D δ(s + s′) + Da

τa
e−|s+s′ |/τa

]〈
δF[α](0)

δα(s′)

〉
(C8)

after substituting Eq. (C2b). For the contribution involving the δ function, we can directly evaluate the s integral. For the
remaining term, we split the domain of the s integral at −s′, such that

I− =
∫ 0

−∞
ds′

〈
δF[α](0)

δα(s′)

〉[
2D es′/τ∗ + Da

τa
es′/τa

∫ −s′

0
ds es(1/τa−1/τ∗ ) + Da

τa
e−s′/τa

∫ ∞

−s′
ds e−s(1/τa+1/τ∗ )

]
. (C9)

Evaluating the s integrals, we obtain

I− =
∫ 0

−∞
ds′

〈
δF[α](0)

δα(s′)

〉[
2D es′/τ∗ + Daτ∗

τ∗ − τa
(es′/τ∗ − es′/τa ) + Daτ∗

τ∗ + τa
es′/τ∗

]
. (C10)

With τ∗ = τa/
√

1 + Da/D, we observe that τ∗
τ∗−τa

+ τ∗
τ∗+τa

= − 2D
Da

, such that the terms proportional to es′/τ∗ in Eq. (C10) cancel
each other exactly. Hence we are left with

I− = Daτ∗
τa − τ∗

∫ 0

−∞
ds′ es′/τa

〈
δF[α](0)

δα(s′)

〉
. (C11)

Using Eq. (C6) and τ∗ = τa/
√

1 + Da/D once again, we find

I− = τa√
1 + Da/D − 1

〈F[α](0)
√

2Daη
ν
i (0)〉. (C12)

Combining Eqs. (C7) and (C12) and switching back to an arbitrary reference time t0, we finally obtain

I± = τa√
1 + Da/D ± 1

〈F[α](t0)
√

2Daη
ν
i (t0)〉. (C13)

Recalling the definition (C3), substituting F[α](t0) = xν
i (t0) and summing over ν = 1, . . . , d , this proves the relation (12).

APPENDIX D: DERIVATION OF RELATION (15)

To complete the arguments used in the main text when
deriving Eq. (15), we have to show that pa

p0
= O(Pe2) and

pa

pint
= O(φ−1).

To establish pa

p0
= O(Pe2), it is convenient to rewrite the

active pressure as defined in Eq. (10c) in the form

pa = Nγ Da

V
+ τa

dV

∑
i

〈 f i(x) ·
√

2Da ηi〉. (D1)

The proof that Eqs. (10c) and (D1) are equivalent will be
given below. Dividing by p0 = Nγ D/V [see Eq. (10a)] on
both sides, we obtain

pa

p0
= Pe2

[
1 +

√
2Da

Da

τa

Nγ d

∑
i

〈 f i(x(t0)) · ηi(t0)〉
]
. (D2)

Since we are interested in the limit of small packing frac-
tions, we can adopt the line of reasoning from Appendix B
and effectively replace f i(x(t0))/γ by −φαi(t0) = −φ[

√
2D

ξi(t0) − √
2Da ηi(t0)] = −φ

√
2Da[ηi(t0) + O(Pe−1)] up to a

constant prefactor. For Pe � 1, the leading contribution of the
pressure ratio pa

p0
, Eq. (D2), is thus indeed O(Pe2).

To estimate the ratio pint

pa
, we consider the representations

(10b) and (10c). Adopting the same argument as above, we
can replace f i(x(t0))/γ by −φ

√
2Da[ηi(t0) + O(Pe−1)] in

Eq. (10b) up to a constant prefactor. Comparing to Eq. (10c),
we conclude that pint

pa
= O(φ) to leading order if φ 
 1 and

Pe � 1.
We now demonstrate how to derive the representation

(D1) of the active pressure from its definition (10c). Sim-
ilar calculations for ABPs and RTPs can be found in
Refs. [22,24,57]. Let us consider some arbitrary, finite
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reference time t0 in the steady-state average in Eq. (10c). Sub-
stituting xi(t0) = xi(−∞) + ∫ t0

−∞ dt ẋi(t ) and exploiting that
〈ηi(t0) · xi(−∞)〉 = 0, we obtain

pa = γ
√

2Da

dV

∑
i

∫ t0

−∞
dt 〈ηi(t0) · ẋi(t )〉. (D3)

Next we use the Langevin equation (1) to replace ẋi(t ). Ob-
serving that 〈ηi(t0) · ξi(t )〉 = 0 by definition, we find

pa = 2Daγ

dV

∑
i

∫ t0

−∞
dt 〈ηi(t0) · ηi(t )〉

+
√

2Da

dV

∑
i

∫ t0

−∞
dt 〈ηi(t0) · f i(x(t ))〉. (D4)

In the first term of this relation, we can directly calculate
the integral using Eq. (4). The result is

2Daγ

dV

∑
i

∫ t0

−∞
dt〈ηi(t0) · ηi(t )〉 = Nγ Da

V
. (D5)

For the second term in Eq. (D4), we note that we can express
the active fluctuations as

ηi(t0) = 1

τa

∫ t0

−∞
ds e−(t0−s)/τa ζi(s), (D6)

which is the formal steady-state integral representation of the
Ornstein-Uhlenbeck process (3). We can thus rewrite

∫ t0

−∞
dt 〈ηi(t0) · f i(x(t ))〉

= 1

τa

∫ t0

−∞
dt e−(t0−t )/τa

∫ t0

−∞
ds e−(t−s)/τa 〈ζi(s) · f i(x(t ))〉.

(D7)

Since 〈ζi(s) · f i(x(t ))〉 = 0 for s > t , the domain of the s
integral is effectively restricted to an upper bound t instead
of t0. Hence we can use Eq. (D6) once again and find

∫ t0

−∞
dt 〈ηi(t0) · f i(x(t ))〉

=
∫ t0

−∞
dt e−(t0−t )/τa 〈ηi(t ) · f i(x(t ))〉. (D8)

Because of stationarity, the average on the right-hand side
does not actually depend on the integration variable t , such
that

∫ t0

−∞
dt 〈ηi(t0) · f i(x(t ))〉 = τa〈ηi(t0) · f i(x(t0))〉. (D9)

Substituting Eqs. (D5) and (D9) in Eq. (D4), we finally re-
cover Eq. (D1).

APPENDIX E: NUMERICAL SIMULATIONS

We carry out Langevin simulations of the dynamical sys-
tem in Eqs. (1) to (3) in two and three dimensions, using a
standard Euler algorithm.

1. System specifications

The active particles are confined in a hypercubic box of
volume V = Ld with periodic boundary conditions. The hard-
core two-body interactions as defined in and below Eq. (2) are
modeled by a steep power-law potential with a finite-range
cutoff of the form [11,18,22,27,28,57]

U (r) = k

[(
2R

r

)32

− 1

]2

�(2R − r), (E1)

where �(x) denotes the Heaviside step function. We fix the
parameter k = 0.2 and the particle radius R = 1. For the
thermal environment we choose temperature T = 0.01 and
dynamic viscosity μ = 0.1, leading to a Stokes friction coef-
ficient γ = 6πμR ≈ 1.88. The active correlation time is τa =
4R2/(3D) ≈ 251 (corresponding to the inverse rotational dif-
fusion coefficient of a sphere of radius R [8]). Variations of
the packing fraction φ [cf. above Eq. (1)] and Péclet number
Pe [cf. above Eq. (3)] are achieved by adjusting the linear box
dimension L and the active diffusivity Da, respectively.

All numerical results are obtained from systems of N =
5000 particles in d = 2 and N = 20 000 particles in d = 3.
The integration time steps �t are chosen relatively small
due to the steep interaction potential Eq. (E1). We adopt
�t � 2 × 10−4, guaranteeing that the maximal displacement
|xi(t + �t ) − xi(t )| remains below R/50 = 0.02. The data
points in Figs. 1(c) and 2(c) are averages over six independent
repetitions of the simulations. The error bars visualize the
corresponding standard error.

2. Initial state

The initial particle positions are generated as follows: For
small packing fractions φ, the particles are scattered uni-
formly across the available volume such that no two particles
overlap, i.e., discarding any candidate positions that would
lead to an overlap. For larger φ, this approach becomes infea-
sible. Instead, we then divide the space into N or more equally
sized unit cells (hexagonal in two dimensions, face-centered
cubic in three dimensions), assign a cell to each particle, and
sample their positions randomly within their respective cells.

The active fluctuations ηi are initialized independently of
the particle positions by sampling from their marginal steady-
state distribution

pss(ηi ) =
√

τa
π

e−τaη
2
i , (E2)

obtained from Eq. (3) by recognizing that it describes diffu-
sive motion in a “quadratic potential” η2

i /(2τa ) at “thermal
energy” 1/(2τ 2

a ).
Starting from these initial conditions, we thermalize the

system by running the simulations up to t = 10 000. Then we
take the dynamics from t = 10 000 . . . 12 000 as our steady-
state sample with trajectories of duration τ = 2000.
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FIG. 4. Cross-check of numerical methods to calculate the ir-
reversibility σ . Plots show the irreversibility per particle σ/N as a
function of the packing fraction φ for Pe = 29 (left) and Pe = 42
(right) in d = 2. Irreversibility is calculated via Eq. (A6) for N =
5000 particles (orange; reference method used in the main text) or
via Eq. (A1) for N = 5000 (green) and N = 10 000 (purple); see
Appendix E 3 for details.

3. Irreversibility

To estimate the irreversibility (6), we numerically evaluate
σ as given in Eq. (A6). Since this quantity is nonlocal in
time, we need to store trajectory segments around the current
simulation time t0 to evaluate σ . Observing the exponential
suppression of large time separations s, we restrict the do-
main of the s integrals in Eq. (A6) and only integrate s ∈
[0,−τ∗ ln ε∗], where ε∗ = 10−6 is the target relative precision.
In other words, we ignore trajectory segments where e−s/τ∗ �
ε∗. In particular, we thus only need to store histories of du-
ration −2τ∗ ln(ε∗). Furthermore, we exploit the smoothening
effect of e−s/τ∗ in Eq. (A6) and allow for a larger time step
�t∗ = n∗�t for the s integrals. We choose n∗ between 5 and
40, with larger values for larger τ∗.

We also cross-checked this approach for selected con-
figurations in d = 2 with a direct evaluation of the full
finite-time trajectory expression 
 − �Ssys as given in
Eq. (A1). We recall that this expression is the exact path-
probability log-ratio for a setup where η is initialized
in the stationary marginal distribution, independent of the
particle positions x [44], which is precisely the initializa-
tion chosen in the simulations (cf. Appendix E 2). Hence
we calculate the double integral 
(τ ) for trajectories of
durations τ = 10 000, 10 500, 11 000, 11 500, 12 000 (i.e., in-
cluding the thermalization phase) and estimate σ by fitting
the linear model 
(τ ) = 
0 + στ to the so-obtained data
points.

The two approaches are compared in Fig. 4: The orange
data points correspond to estimates via Eq. (A2) for N = 5000
particles, which is the same method as used in Fig. 1. The
green data points were obtained via Eq. (A1) as outlined in
the previous paragraph and for N = 5000. To test for poten-
tial finite-size effects, we also include estimates obtained via
Eq. (A1) for N = 10 000 particles. Within statistical uncer-
tainties, these three independent estimates agree.

4. Pressure

The definitions (10b) and (10c) of pint and pa are numeri-
cally inconvenient in combination with the periodic boundary
conditions because the quantities exhibit discontinuities when
a particle “leaves” the volume on one side of the box and

FIG. 5. Fraction of clustering particles nc as a function of the
packing fraction for various Péclet numbers in d = 2 (left) and 3
(right), see Appendix E 5 for details. Error bars indicate one standard
deviation.

“reenters” on the other side, which would need to be cor-
rected. However, both expressions can be rewritten in terms
of purely local quantities, which are continuous across the
boundary and thus numerically more convenient to deal with.

For the active pressure (10c), such a local representation
was derived in Appendix D, namely, Eq. (D1).

For the interaction pressure Eq. (10b), we can substitute the
definition (2) of the interaction forces and exploit that f (xi −
x j ) = − f (x j − xi ). This leads to

pint = 1

dV

∑
i< j

〈 f (xi − x j ) · (xi − x j )〉, (E3)

where xi − x j is interpreted as the “local” distance vector,
i.e., the shortest connection between all periodic copies of
both particles. Note that this is the only configuration that
can possibly contribute because of the short-range nature of
f (xi − x j ).

5. MIPS cluster size

To determine the dilute packing fraction φd in the MIPS
regime as defined in Eq. (18), we need to estimate the number
Nc and fraction nc = Nc/N of particles in large clusters. We
define Nc as the number of particles that have a least k∗
neighbors within a distance of R/10,

Nc =
∣∣∣∣∣∣
⎧⎨
⎩i :

∑
j( �=i)

�

(
2R + R

10
− |xi − x j |

)
� k∗

⎫⎬
⎭

∣∣∣∣∣∣, (E4)

where |{·}| denotes the cardinality of the set {·}. For given
values of the system parameters, we then calculate and av-
erage Eq. (E4) over the simulated steady-state trajectories
using thresholds of k∗ = 5 in d = 2 and k∗ = 10 in d = 3.
The thresholds are chosen slightly below the coordination
numbers for dense packing (6 and 12, respectively) such that
Nc comprises essentially all arrested particles in the bulk of
large clusters, which may sometimes exhibit small defects
[see, for example, Figs. 1(a) and 2(a)]. The resulting fractions
of clustering particles nc for various φ and Pe are shown in
Fig. 5.
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(a)

(b)

FIG. 6. Influence of the cluster threshold parameter k∗ on the
relation (16a) between irreversibility and the thermodynamic state
variables in (a) d = 2 and (b) d = 3. The plots show the irre-
versibility σ (orange), the right-hand side of Eq. (14) (blue), and
the right-hand side of Eq. (16a) for φd = φk∗

d with various values of
k∗ used in Eq. (E4) to calculate φd according to Eq. (18). All other
parameters as in Figs. 1 and 2.

We observe that in d = 3 (right panel of Fig. 5), the clus-
tering fractions nc stay close to zero even after the onset of
MIPS at φ ≈ 0.35 [see right panel of Fig. 7 or Fig. 2(b)]
until they jump to high values around φ ≈ 0.55. This indicates
that the clusters in d = 3 just after the transition to the MIPS
phase are not densely packed. We cannot currently rule out
that this might be a finite-size artifact, but combined with the
results from Fig. 2(c) an alternative explanation is warranted.
Interestingly, in the rightmost panel of Fig. 2(c) we observe a
second drop in the pressure (black curve) at around the same
packing fraction φ ≈ 0.55 at which the clustering fraction nc

jumps from close to zero to large values. This might indi-
cate that at φ ≈ 0.55 there is another “phase transition” or
crossover (within the MIPS phase) related to a restructuring or
“freezing” of the particle arrangement within the clusters [87].
We point out that the quantity nc is not designed to capture
such (or similar) “phase transitions,” it merely measures the
fraction of particles which are completely immobilized by
a large number of nearest neighbors. The physical intuition
behind this definition (explained in detail in Sec. IV B) is
strongly supported by the fact that the drop in the dilute pack-
ing fraction φd, corresponding to the sudden increase of nc at
φ ≈ 0.55, nicely correlates with the drop in the irreversibil-
ity production rate at about the same value of the packing
fraction [see the purple curve in the rightmost panel of
Fig. 2(c)].

Since there is some freedom in choosing k∗, we also
checked the influence of various reasonable choices on the
validity of our relationship between the irreversibility and
thermodynamic state variables in the MIPS regime, Eq. (16).

FIG. 7. Giant number fluctuations exponent α as a function of
the packing fraction for various Péclet numbers in d = 2 (left) and 3
(right), see Appendix E 6 for details. Error bars indicate one standard
deviation.

To this end, we denote by φ
k∗
d the estimate of φd ob-

tained from Eq. (18) by using nc = Nc/N from Eq. (E4)
with the specified value of k∗. Figure 6 shows the left-
and right-hand sides of Eq. (16a)[along with the uncorrected
relation (14)] for choices of k∗ between 4 and 6 in d =
2 and between 9 and 12 in d = 3. The resulting differ-
ences are small, such that the spurious dependence on k∗ is
negligible.

6. Phase diagram

The phase diagrams in Figs. 1(b) and 2(b) are determined
based on the so-called giant number fluctuations exponent
α [12,15] as the order parameter. It is defined as follows:
Consider a random (hypercubic) sub-volume v of the total
box of volume V . We denote by N̄v and �Nv the mean and
standard deviation, respectively, of the number of particles
in such a randomly chosen subvolume v. Since the choice
is random, the mean number is N̄v = Nv/V . The standard
deviation, however, varies depending on whether or not the
particles cluster in certain regions of the space. The scaling
exponent α of �Nv with N̄v ,

�Nv ∝ (N̄v )α, (E5)

determines the inhomogeneity of the particle distribution: For
a spatially homogeneous distribution, we have �Nv ∝

√
N̄v

(α = 1
2 ). If the particles accumulate in densly packed clusters

instead, we find �Nv ∝ N̄v (α = 1).
Numerically, we determine α from snapshots of the sim-

ulated steady-state trajectories at time intervals of τ/200 =
10. For each snapshot and each target mean number N̄v , we
sample one random subspace of volume v = N̄vV/N , and
count the actual number of particles Nv . We estimate �Nv

by calculating the empirical standard deviation of those Nv

over all snapshots. We then extract α as the slope of a linear
least-squares fit to the (log N̄v, log �Nv ) pairs for N̄v in the
range of 5 to 500. We classify the homogeneous phase by
α < 0.7 and the coexistence phase by α > 0.8. The resulting
values underlying the phase diagrams in Figs. 1(b) and 2(c)
are displayed in Fig. 7.
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