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Fluctuation-response design rules for nonequilibrium flows
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Biomolecular machines operate as stochastic flows on networks. Here, we develop a principled approach to
network design where local transition rates are systematically tuned to achieve global dynamical objectives.
Based on the fluctuation-response duality in caliber force theory, our formalism unifies existing nonequilibrium
response relations under a single conjugate structure. Topologically, a force-rate Jacobian yields response
symmetries that establish a local orthogonal control protocol for network flows. Analytically, it parses covariance
to diagnose noise mechanisms, revealing the transition from timing to branching fluctuations in a kinesin motor.
With algebraic closure streamlining multiobjective gradient evaluations, this framework provides a unified

blueprint for designing stochastic dynamics.

DOLI: 10.1103/g8rc-615y

I. INTRODUCTION

Consider a stochastic dynamical process transitioning
among a network of states. In biophysics alone, such stochas-
tic network flows are involved in the molecular mechanisms
of motors and pumps [1-3], ultrasensitive switches in flag-
ella [4,5], the catalytic and allosteric actions in enzymes [6-9],
phosphorylation cycles [10,11], energy and chemical trans-
duction [12,13], and others. A fundamental goal is to control
the long-term statistics of flows, given the local transition
rates.

While Markov state models and master equations describe
these dynamics [14], they do not prescribe design. What
is missing are principles for the optimization, control, and
evolution of network flows: How should one systematically
tune local transition rates to achieve specific global functions?
Mathematically, this requires solving the response gradient—
knowing exactly how local perturbations shift the long-term
stochastic dynamics. However, raw gradients evaluated case
by case do not reveal general principles. To navigate systemat-
ically, we exploit a key physical connection: General response
relations are encoded in the system’s fluctuations.

Echoing Onsager’s regression hypothesis, recent nonequi-
librium (NEQ) advances have established diverse fluctuation-
response equalities and bounds [15-30], revealing that
“noisier” mechanisms are inherently more susceptible to per-
turbative control. However, operationalizing these insights
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for systematic NEQ flow design faces some obstacles. First,
design requires exact gradients, not just bounds. While in-
equalities establish rigorous sensitivity limits, optimization
and control require directional derivatives to navigate pa-
rameter space. Second, exact response equalities remain
mathematically fragmented into isolated identities. While
many response relations have been derived by various power-
ful mathematics, a unifying framework for systematic design
is lacking. Third, gradient evaluations for composite ob-
jectives require query-specific formulations. Optimizing a
biochemical reaction network typically requires the simul-
taneous tuning of multiple targets—such as the means and
variances of state distributions or fluxes. Conventional analyt-
ical approaches evaluate these by defining and differentiating
separate state-space operators for each specific objective. This
repetitive setup creates an implementation overhead for mul-
tiobjective network design. We need an actionable framework
that evaluates these diverse gradients through a single, unified
structure.

Here, we address this need using caliber force theory
(CFT) [31] to construct a unifying fluctuation-response frame-
work with a thermodynamic-like structure. Analytically, this
approach connects the fragmented zoo of NEQ response
equalities through conjugate relations between distribution
and flux observables and their path entropic forces. We
derive a response-inverse-matrix (RIM) relation based on
the force-rate Jacobian matrix that reveals new topological
constraints—node, edge, and cycle symmetries—for orthog-
onal network control. Computationally, it evaluates the exact
gradients of means and variances simultaneously across all
types of observables, eliminating the need for query-specific
setups. In practice, we apply the framework to a data-fitted
kinesin model [2]. Deriving a universal rule that a transition
aligned with the net flux contributes at least as much as its
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reversal, we parse the motor’s internal fluctuations to reveal
the chemomechanical couplings driving its load-dependent
noise transition. This framework provides a road map for
gradient-based design.

II. THEORETICAL FRAMEWORK

Our foundation here is CFT, a dynamical variational for-
malism based on maximum caliber [32,33] that mirrors the
conjugate structure of equilibrium (EQ) thermodynamics in
nonequilibria [31]. We begin by considering the path entropy
of Markov jump processes—defined as the logarithm of path
probability ratio, In(Px/Py). It measures the pathwise en-
tropic cost of driving a unit-rate reference process u to the
dynamics with transition rate k. For a path w, with duration 7,
it can be expressed in terms of counting observables [34]:

n 249 SN Ik — 3 Tioe), (1)

Palw) 4 :
where N;; is the number of transitions i — j, T; is the total
dwell time of state i, and &; = Zj(;ﬁi)(kij — 1) is the excess
escape rate relative to the unit-rate reference. However, these
raw observables have undesirable redundancies. Conservation
laws—time additivity Y, 7; = ¢ and Kirchhoff’s current bal-
ance Zj(#) N;j ~ Zj(#i) Nj; [35]—enforce strong coupling
among them in the long term, rendering the naive counts
(Nij, T;) degenerate axes for control.

CFT resolves this redundancy by identifying the asymp-
totically orthogonal counting variables X and their conjugate
variables & [31,34]:
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where the caliber rate ¢ = j+m(kmj — 1) plays a role in
NEQ processes analogous to the role free energy plays for EQ
systems—as the logarithm of the dynamic partition function
that generates observable statistics from their partial deriva-
tives [31,34]. The vector X = (®;;, T;,, W) is a complete
observable basis consistent with the asymptotic constraints:
(1) edge traffic ®;; = N;; + Nj;; (2) dwell times 7, (exclud-
ing a reference m); and (3) cycle net fluxes W, = N, — Ny,
defined by the net flux across the chord ab of a fundamental
cycle ¢ [36] (mnemonic: the time-irreversible counterpart to
traffic, W = “i” + &). Dividing by time gives their rates x =
(®ij, fn> ¥e), and taking steady-state averages yields the in-
tensive rate coordinate for the parameter space (x) = (X)/t =
(Tijv TTn, JL)

The variables § are the derivatives of average path en-
tropy rate, Span = — ), Px(@w) In[Px(®)/Pu(w)], and thus
can be understood as path entropic forces [31]. Their explicit
transition-rate expressions reveal their physical roles:
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where iy, i1, i2, ..., Iy, ig 1S the state sequence of cycle c. With
the unit-rate process chosen as the zero-force reference, these
edge, node, and cycle forces are the drives pushing the process
to deviate from unit transition activity and break the uniform
symmetry of state distribution and detailed balance symme-
try of net fluxes, respectively. These are purely dynamical,
entropy-based constructs, conceptually distinct from tradi-
tional energy-based thermodynamic forces (such as reservoir
free-energy differences), although the cycle forces seamlessly
map to them when local detailed balance is assumed for
molecular machines (cycle force is half of cycle affinity in
stochastic thermodynamics).

The path entropic forces § and the distribution-flux ob-
servables X are formally conjugate with relations identical
to those in EQ thermodynamics [31]. CFT thus establishes
the maximum caliber and large deviation conjugacy to the
thermodynamic driving forces (cycle affinities) in stochastic
thermodynamics. Most notably, they exhibit a fundamental
conjugacy between observable fluctuations and their corre-
sponding force responses: The average susceptibility of a CFT
rate observable x, to a force §Fp—while holding all other
forces fixed—is exactly their asymptotic covariance [31]:

2
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Thus, fluctuations equal susceptibilities: (1) The strictly pos-
itive variance implies monotonic force responses: Just as
heat capacity is positive, any average rate observable (x,) €
{7ij, s, J.} must increase with its own conjugate drive §. (2)
The symmetry of covariance enforces a Maxwell-Onsager-like
reciprocity far from equilibrium [37]: The susceptibility of
observable (x,) to force g is identical to the response of (xg)
to force §y.

Equation (4) demonstrates how to restore reciprocity in
NEQ responses: It requires a global rate tuning that fixes all
other entropic forces [38]. For example, as the cycle force
equals the reservoir free-energy drive under local detailed
balance, the cross-cycle flux-force response offers one such
far-from-equilibrium generalization of Onsager reciprocity—
restored not by tuning the reservoir alone, but through the
coordinated rate adjustment that holds all other entropic forces
fixed (see Sec. II C of the Supplemental Material for a demon-
stration [34]). Under typical local rate perturbations—tuning
a single rate k;; while holding other rates fixed—the intrinsic
reciprocity is screened out by the chain rule through a force-
rate Jacobian mapping A g = 0§/0 Ink;; (Fig. 1):
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This explains why response reciprocity appears broken under
rate perturbations of NEQ dynamics.

The Jacobian matrix A not only elucidates this apparent
symmetry breaking but structurally encodes all fluctuations
and responses. Utilizing the force-rate relations in Eq. (3)
yields the RIM relation [34]:
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FIG. 1. The sparse structure of fluctuation-response duality. o
(a) The Jacobian matrix A acts as the bridge between stochasticity @ 1.5
and control: It maps physical observables x to independent noise g
. o . £ 1.04 _
sources A (fluctuation structure), while simultaneously linking tran- s
sition rates Ink to conjugate forces § (response structure). (b) The E 0.5

complete observable basis: edge traffic ¢;;, node frequency f,, and
cycle net flux .. (c) A representative four-state network showing
that every transition edge generates an intrinsic independent noise
source A;;. (d) The explicit structure of the Jacobian A for the
four-state example. The symbol k (or —k) denotes the transition
rate k;; corresponding to the specific row index. The prime notation
A,,; denotes the shifted noise source A;,; = A,,; + k;,; for transitions
leaving the reference state m = 1. White squares denote zeros.

where the inverse matrix A~! =V 5 Ink(F) is itself
the reverse Jacobian of this coordinate mapping. Here,
Aij = (Njj — k;;jT;)/t are the compensated jump-count
rates [27,30,39], which possess diagonal asymptotic
covariances t x Cov[A;j, Ayu] ~ mikij 8, 8, and act as
independent noise sources at each transition. These noise
sources are linearly spanned by the CFT observables:
Ao ] ~ AK) X[ ] — Vigke(k).

While the first equality in Eq. (6) is well known [16,27,30],
and inverting the transition rate matrix is a standard way
to derive response relations [24,40,41], Al s unique as a
topological Jacobian mapping between transition rates and
path entropic forces. This mapping exposes the observable-
force conjugate structure underlying the first equality. In the
following sections, we demonstrate how this yields three
main results: (1) It operationalizes a known fluctuation de-
composition [26-29,42] into a mechanistic diagnoser, parsing
the fluctuation landscape to pinpoint dominant noise con-
tributors; (2) it unifies various isolated fluctuation-response
relations [19,20,24-26,28,43] under the overarching topo-
logical constraints of A~'A = I, establishing an orthogonal
control protocol; and (3) the algebraic closure of the Jacobian
matrix bypasses query-specific setups, streamlining multiob-
jective gradient evaluations for locally connected networks.

T T

2 4 6 0 2 4 6
Load (pN) Load (pN)

o
<)
o

FIG. 2. Dissecting a molecular motor’s randomness. (a) The six-
state model for kinesin [2]. (b) The bigger the load that the motor
has to pull, the slower it runs, for given ATP energy sources [2].
(c) Decomposition of the motor’s randomness parameter r. The total
randomness is decomposed into contributions from functional groups
(aggregating forward F and backward B cycles), represented by
the stacked areas. The upper boundary of the stacked areas is the
randomness calculated by the kinesin model, fitted to Ref. [44]. The
motor becomes inefficient when pulling heavy loads.

III. FLUCTUATION DECOMPOSITION
IS A MECHANISTIC DIAGNOSER

We first use RIM to recover a known asymptotic covariance
decomposition [26-29] and show how to operationalize this
theoretical result to reveal the dynamical coupling schemes
within biochemical reaction networks.

The total covariance between any two observables x, x" €
(i}, fu, ¥e) can be decomposed into a sum over their projec-
tions onto independent transition noise axes [26-29,34]:

Covlx,x'] ~ Y Covlx, &;j] x Covlx', &;;], @)
ij

where A; ;= Aij//miki;/t is the unit-variance noise source at
transition i — j. Geometrically, this decomposition reflects
the inner product projection rule for vectors: u-v =7} (u-
€,)(v - &,). We use this to dissect the diffusivity of a kinesin
molecular motor, modeled by a data-fitted six-state network
[Fig. 2(a)] [2]. Defining a randomness parameter r as the
variance-to-mean ratio of the net mechanical stepping rate
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Y = (Ny — N_)/t (where N are the forward and backward
step counts), this randomness expands into a sum over the
local network sensitivities:

= i U = i s oty
Lk (aw)
~we() @
L] )

Sensitivity S;;

Because the noise contribution scales with the squared sen-
sitivity (d(y)/0k;;)*, a transition strongly coupled to the
mechanical stepping inherently amplifies its intrinsic noise
into the long-term stepping fluctuation. This decomposition
itself is known [26-29]; RIM evaluates it systematically, com-
puting all terms simultaneously via A~

The randomness decomposition under different loads and
ATP concentrations is shown in Figs. 2(b) and 2(c). Across
different conditions and within each forward/reverse edge
pair, the transition opposing the net flux never contributes
more noise than its forward counterpart (equality only when
the edge is locally balanced, 7;k;; = m;k;;). Using RIM, we
show that this is a generic, system-independent asymmetry:
The sensitivity contribution of a forward step (aligned with
the net flux) is at least as large as that of the reversal, as it
scales proportionally with the local one-way flux: §;;/S;; =
(mikij)/ (7 jkj;) [45]. Because each group in Fig. 2(c) aggre-
gates a set of forward edges against the reversals of exactly
those edges, the pairwise inequality sums to the same state-
ment at group level.

The diagnostic power of this decomposition is further il-
lustrated by a physical insight into how the kinesin motor
“wastes time”—either by getting stuck at rate-limiting steps
or by bifurcating into backward cycles. Figures 2(b) and 2(c)
reveal a load-dependent shift in the motor’s scheme: (1)
At low loads (far from stalling, on the left), randomness is
dominated by timing noise. The motor wastes time waiting
for the slowest forward reaction—which is also the dominant
fluctuation contributor—to happen, such as ATP arrival at
low [ATP] or ADP release and hydrolysis at high [ATP].
(2) At high loads (near the stall force, on the right), the
mechanism shifts to branching noise. As the heavy load
makes the backward mechanical rate comparable to the for-
ward rate, the motor wastes time taking the wrong turns. The
ADP release step now dominates the randomness because it
acts as the critical kinetic crossroad partitioning the forward
and backward cycles. This mechanistic transition—from tem-
poral variance (waiting for a step to occur) to topological
variance (committing to a directional branch)—demonstrates
how dynamical coupling schemes are encoded within the
covariance-sensitivity decomposition.

In contrast to thermodynamic uncertainty relations that
bound the overall magnitude of randomness based on global
dissipation [46-48], we show that this decomposition—
efficiently evaluated via our framework—pinpoints the spe-
cific transitions driving the motor’s stochastic behavior.

IV. CFT UNIFIES FLUCTUATION-RESPONSE
RELATIONS AND DERIVES LOCAL ORTHOGONAL
CONTROL PROTOCOLS

The Jacobian matrix A connects the thermodynamic-like
conjugate relations [Eq. (4)] to the transition rate responses
of distributions and fluxes (x) € {;;, ,, J.}. This reveals that
many existing response relations [19,20,24-26,28,43] corre-
spond simply to extracting specific columns and rows from the
identity A~'A = I. We summarize these connections below
and demonstrate how these unifying symmetries prescribe a
local orthogonal control protocol. Derivations are provided in
Sec. IV of the Supplemental Material [34].

On each edge ij, there is an edge reciprocity:

1 9(x) 1 9{(x)

T 8kji o

— 2800y 7, 9
TT; 8kij o). ( )

Applied to Arrhenius rate models, this relation governs pertur-
bations to the symmetric barrier height B;; (33[/ = —k;; 8k[/. —
kjid;). The case of (x) =m was recently reported by Be-
bon and Speck [43], with other variables derivable from it.
This symmetry also recovers a universal constraint shown by
Aslyamov and Esposito [25]: The barrier response of any
observable (x) # 7;; is proportional to the unperturbed net
flux Jij = JTZ'kij — njkji, yleldlng BBU. (x) = —(Jij/ﬂi)ak,.j ()C)
Consequently, barrier perturbations cannot tune distribu-
tions m, or distant fluxes if the perturbed edge is locally
equilibrated (J;; = 0); they acquire control authority only
through a nonequilibrium net flux. The symmetry can also
be used to give physical explanations of the inequalities
derived in Ref. [25] (see Sec. IVG of the Supplemental
Material [34]).
On each node n, there is a node escaping symmetry:

Z b 94x) Z knj 90x) _ 8y, - (10)

1y T Okt = T Ok
When applied to Arrhenius rate models, this symmetry
encapsulates perturbations to the site energy E, (k,;
efr), scaling all outgoing rates simultaneously (dg, =
Zj( 4n) knjOk,;))- By applying scale homogeneity, this re-
covers the state distribution response relations [20]. When
applied to fluxes, it restores recent generalizations [19,24]
showing that energy-well perturbations scale network
flows proportionally to local occupancy (0g,Ti; = 7,Ti;
and 0g,J. = m,Je).
On each cycle c, there is a cycle symmetry:

Z l@_ iMZZSM,Jc- (11)
iject i Okij jiee- T Okji

This enforces a new topological constraint: The cumulative
sensitivity along any forward cycle must precisely balance
that of its reversal (for observables (x) # J., including all
7q, Tij, and the other cycle fluxes J.-). For observables other
than the edge traffics on cycle ¢, it can be rewritten in
terms of the antisymmetric rate perturbation d5, = %(ki Ok, —
kjid;,) [20,26]:

2 9({x)

i A S 12
‘T 0F; (12

ijec
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FIG. 3. CFT response symmetries realize local orthogonal con-
trol of nonequilibrium flows. (a) Edge symmetry in Eq. (9) isolates
a local edge traffic 7;; (red). (b) Node symmetry in Eq. (10) isolates
a target state probability 7, (green). (c) Cycle symmetry in Eq. (11)
isolates a fundamental cycle flux J. (blue). In each protocol, apply-
ing the local rate perturbations (via the knob parameter 6 properly
scaling rates based on local ) precisely tunes the target variable
while leaving all other CFT observables (7, 7y, J.) invariant (gray
horizontal lines).

Notably, this constraint revealed by CFT structurally resem-
bles the flux control summation theorem in metabolic control
analysis [49,50].

Typically, perturbing a single transition rate triggers cas-
cading changes across the entire network. These response
symmetries, instead, prescribe a “quarantined” conservative
tuning for distributions and flows: a localized orthogonal con-
trol scheme that tunes a single target variable while keeping
all others fixed [51]. As illustrated in Fig. 3, this operates on
two levels: isolating the target from the rest of the network and
decoupling variables within the target itself.

(1) Edge reciprocity isolates local traffic by symmetrically
tuning a pair of rates with dk;;/06 = 1/(27;) and 9k;;/00 =
1/(27;). This not only isolates the edge but also ensures the
internal net flux and the connecting node distributions remain
fixed.

(2) Node escaping symmetry isolates a change in state
probability m, by scaling its escaping rates k,,; via the chain-
rule factor 0k,; /00 = —k,; /7, (and the reference node m in
the opposite way). This keeps all outgoing net fluxes invariant,
localizing the perturbation.

(3) Cycle symmetry isolates a cycle flux by applying an-
tisymmetric perturbations weighted by 1/(2m) along a closed
loop. This isolates probability transport within the cycle that
also leaves the internal state probabilities and edge traffic on
the cycle unchanged.

A single-variable change can also be realized via CFT’s ob-
servable coordinates: k;; = (t;; + J;;)/(2m;), but such tuning
requires global network adjustments. The response symme-
tries derived here instead establish a strictly local orthogonal
control protocol for NEQ flows.

V. IMPLEMENTATION UNIFORMITY
FOR MULTIOBJECTIVE DESIGN

Optimizing reaction networks requires evaluating exact
gradients of multiple objectives, such as the randomness pa-
rameter 7. Because the CFT Jacobian matrix scales with the
number of edges, its inversion carries a dimensionality cost
that scales less favorably than state-space analytical meth-
ods, such as the Drazin inverse, in dense networks. However,
for sparse, locally connected networks typical of biophysi-
cal systems, CFT achieves near-linear scaling comparable to
that of the Drazin inverse (O(N'?3) versus O(N'1)). While
slightly slower in absolute computational time (see Sec. V of
the Supplemental Material for detailed benchmarks [34]), the
practical benefit of the CFT method is implementation unifor-
mity for multiobjective design [52]. Traditional approaches
require deriving and coding distinct state-space operators
for each new target observable. In contrast, CFT’s alge-
braic closure (JA™! = —A~1(dA)A~") allows a single matrix
inversion to simultaneously evaluate gradients of means
and variances across the entire observable basis, bypassing
repetitive calculus.

VI. CONCLUSIONS

We use path entropic forces to unify nonequilibrium
fluctuation-response relations. This conjugate structure parses
covariance to diagnose network noise mechanisms and yields
topological symmetries unifying response relations and pre-
scribing local orthogonal controls. With implementation
uniformity and its thermodynamics-like two-law founda-
tion [31], the framework provides a principled blueprint for
designing stochastic flows.
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