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Generative models of complex systems often require post hoc parameter adjustments to produce useful
outputs. For example, energy-based models for protein design are sampled at an artificially low “temperature”
to generate novel, functional sequences. This temperature tuning is a common yet poorly understood heuristic
used across machine learning contexts to control the trade-off between generative fidelity and diversity. Here, we
develop an interpretable, physically motivated framework to explain this phenomenon. We demonstrate that in
systems with a large “energy gap” separating a small fraction of meaningful states from a vast space of unrealistic
states, learning from sparse data causes models to systematically overestimate high-energy state probabilities, a
bias that lowering the sampling temperature corrects. More generally, we characterize how the optimal sampling
temperature depends on the interplay between data size and the system’s underlying energy landscape, and that
this interplay is sufficient to elicit the tuning phenomenon; regularizing while training can contribute, but is not
necessary. Crucially, our results show that lowering the sampling temperature is not always desirable. We identify
the conditions under which raising it results in better generative performance. Our framework reveals that post
hoc temperature tuning is indicative of both specific properties of the true data distribution and the limits of the

learned model due to insufficient data availability.

DOI: 10.1103/g8cm-7ps7

I. INTRODUCTION

Energy-based models trained on evolutionary data can
now generate novel protein sequences that replicate natural
function [1]. A crucial yet poorly understood step in these suc-
cesses is the use of an artificially low sampling “temperature”
to produce functional sequences from the trained model. This
adjustment is often the deciding factor between generating
functional enzymes and inert polypeptides. A fundamental
question arises as to what necessitates temperature tuning and
what it reveals about the space of functional proteins and the
limits of the models trained on finite data.

Temperature tuning is a broadly used heuristic across
machine learning contexts, used to improve training [2—4],
generalization/generative performance [5-8], and energy-
landscape dynamics for memory retrieval [9]. It follows the
basic intuition that one can navigate the trade-off between
fidelity (producing believable, high-probability outputs at low
temperature) and diversity (exploring a wide range of novel
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outputs at high temperature). Despite its widespread use, this
practice lacks a principled, quantitative explanation and has
not been systematically connected to known issues of the fit-
ting procedure—particularly how it connects to fundamental
limits in the learning process, such as biases introduced by
training on finite data [10-15].

Inspired by the success of energy-based models in protein
synthesis, we investigate the temperature-tuning phenomenon
using interpretable, physically motivated models. Our cen-
tral hypothesis traces the need for temperature tuning to a
common feature of high-dimensional protein systems. A vast
space of noisy, improbable sequences is separated from a
small set of meaningful, functional states [16]. One may con-
ceptualize this as a large “energy gap” that separates the small
region of low-energy states from the large space of high-
energy ones. When trained on necessarily sparse data from
such a system, a model develops a specific bias, systematically
overestimating the probability of the high-energy states. Low-
ering the sampling temperature serves as a direct correction
for this bias, suppressing the generation of infeasible output
states and improving generative fidelity.

However, our framework reveals a richer and more com-
plex picture. The optimal sampling temperature is not a fixed
parameter but is determined by a quantifiable interplay be-
tween the amount of training data and the properties of the
underlying energy landscape. Crucially, lowering the temper-
ature is not always optimal. We identify the precise conditions
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https://orcid.org/0009-0008-3203-0171
https://orcid.org/0000-0001-8548-3029
https://orcid.org/0009-0008-7666-1389
https://orcid.org/0000-0001-6211-6293
https://ror.org/024mw5h28
https://ror.org/0384j8v12
https://ror.org/024mw5h28
https://ror.org/00awd9g61
https://ror.org/024mw5h28
https://ror.org/024mw5h28
https://crossmark.crossref.org/dialog/?doi=10.1103/g8cm-7ps7&domain=pdf&date_stamp=2026-11-06
https://doi.org/10.1103/g8cm-7ps7
https://creativecommons.org/licenses/by/4.0/

FIELDS, NGAMPRUETIKORN, SCHWAB, AND PALMER

PHYSICAL REVIEW RESEARCH 8, 043137 (2026)

(a) state space ..-----. | | = _L.---sel
— - ® o e o.
€ S e o}
Q ',' ° L] [ 2P .:
E —>|/e e e o/
o : ° ,
8_ I B ° e,
X e .
Q

generate new states
from model

experiment 2

diversity H[q,]

surprise H|[q,p]

>
»

FIG. 1. (a) Schematic of training, modifying, and sampling generative models. Each box represents the entirety of state space—each dot a
data point in that space. (a) (Left) Training data (black dots) are generated by a ground truth distribution, p (solid line). A model is fit to these
data, g (dotted lines). (a) (Middle) Generate samples from the model. Samples may either be taken from areas of high probability in the ground
truth (blue dots) or from areas of low probability in the ground truth (red solid dots—false positives). Note that depending on the ground truth
distribution, the fit model may also fail to generate relevant samples (red empty dots—false negatives). (a) (Right) Modifying the sampling
technique gives a larger proportion of relevant samples. At top, this comes at the expense of missing some areas of ground truth distribution,
increasing false negatives. At bottom, this increases the sampling of false positives. (b) The trade-off between sampling states from the fit
model that are probable, i.e., less surprising/more believable, according to the true distribution vs the diversity of said states—captured by the
trade-off between entropy, H[4. ], and cross entropy, H[§., p], where the above curve is parametrized by sampling temperature 7 of the trained
distribution 4. The difference of these two quantities is Dy (4. ||p), whose minimum (over 7) is denoted by t*. Note that T* need not equal 1,

which would denote sampling the model “as is.”

in which raising the sampling temperature maximizes genera-
tive performance.

The authors in Ref. [1] achieved in vivo functionality of
synthetic sequences by sampling at lower temperature, such
that their histogram of energies under the fitted energy func-
tion closely overlapped the histogram of the training data
energies. The authors noted that a shift toward higher-energy
samples when sampling at model temperature =1 was in
part due to the use of regularization during training. We
highlight that our experiments in Sec. IIC demonstrate that
regularization is not necessary to elicit the temperature-tuning
effect.

To formally characterize the conditions that determine the
optimal temperature, we first establish a metric that quanti-
tatively captures the trade-off between generative fidelity and
diversity. This allows us to define and investigate an optimal
sampling temperature that maximizes generative performance
across different systems and data regimes. We do this in sys-
tems where we know the true distribution, its energy spectrum,
and its temperature. Knowing the ground truth distribution
lets us compute complementary statistical distance metrics
that are useful for diagnosing and interpreting the optimal
adjustments to the model temperature.

II. RESULTS

A. Quantifying generative performance

A good generative model must balance two competing ob-
jectives: First, it must be able to create believable samples, i.e.,
states with high fidelity to the true data-generating process;
second, these must cover as wide a variety of states as possi-
ble, beyond merely memorizing the data itself. When training

data are limited, it is difficult for the fit model to satisfy both
goals, and specialized sampling procedures must be adopted
to achieve a trade-off between the two.

Depicted in Fig. 1(a) are two scenarios in which the sam-
pling procedure must be modified to obtain optimal generative
performance. At left, we can see a fit model, g, to training data
from a ground truth, p. In the middle, we can see that sampling
such models either leads to sampling false positives, that is,
states that are not probable under the ground truth (top), or
false negatives, that is, missing states with significant prob-
ability mass in the ground truth (bottom). Sampling can be
modified such that either (1) more believable states (according
to the ground truth) are sampled (top right) at the cost of a
less diverse representation or (2) a more diverse set of states
is sampled at the cost of accepting unlikely false positives
(bottom right).

A good metric of generative performance is one that mea-
sures this trade-off as the broadening/narrowing of sample
space is conducted. Figure 1(b) introduces the quantities
that track the diversity/believability properties inherent in the
model sampling procedure, where 7 represents the postfitting
“temperature” used to modify the sampling, to be formally
introduced in the next section; T = 1 represents sampling the
model “as is” after fitting.

Consider taking N samples from §,, creating a synthetic
dataset D,. The frequency with which these samples are on
the states of p with significant probability mass may be quan-
tified via (—log p(v)),.p_, Where hereafter log denotes the
natural logarithm. In information-theoretic terms, the quantity
—log p(v) is considered the surprise of the observation v. The
lower the average of this quantity with respect to D;, the
less surprising (or the more believable) the samples may be
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considered. If we take the number of samples, N, to infinity,
we see that

(—1log p()),p. = — Y _ G=(v)log p(v)

lim
N—o0o
= H[q,\l'? p]7

where we identify (—log p(v)),.p_ with the cross entropy of
G.(v) with p. In contrast to cross entropy, we may consider
the entropy of the fit model, H[§. ], as it naturally captures the
variability of states within the model itself:

lim (—10g G (v)),p, = = ) 4:(v) logg: (v)
v

= H[§].
We note that the difference of these two quantities,

Dx(¢:|1p) = H[G:, p] — H[g:], ey

is simply the Kullback-Leibler divergence of g, with p,
giving us the desired metric that captures this believabil-
ity/diversity trade-off. It has been noted elsewhere that
including Dk (g||p) (or a proxy for it) in the objective func-
tion causes the fit model to focus more strongly on modes of
the data distribution, as opposed to using Dk; (p||q) alone, and
is less susceptible to assigning probability mass to spurious
states [17-20], leading to improved generative performance.
This follows from the asymmetry of the KL divergence. Since
for Dxyr(pllg) = (log(p/§))p, the average is taken with re-
spect to p, any place where p is appreciable but § is small, the
Dy, will be heavily penalized, forcing g to be spread out over
the full support. For Dk (§]|p) = (log(4/p))s, it is penalized
where p is small, and § is forced to focus on areas where the
mass is high in p and abandon its tails.

We make use of Dy (4.||p), which has been called the
reversed Dy, [21], as it reverses the arguments of the typical
objective function used for fitting in many machine learning
contexts. We refer to the usual distance metric, Dk (pl|q), as
the forward Dxy .

As shown in Fig. 1(b), as we tune the sampling tem-
perature, 7, obtaining probable states comes at the expense
of diversity (lower entropy); having less surprising samples
implies less diverse samples, and vice versa. Furthermore,
the minimum of the difference of H[§., p] and H[g.] at T*
corresponds to the minimum of Eq. (1) with respect to 7. In
our experiments on the Ising distribution, this minimum is
empirically found to be unique.

To summarize, Dxp (§:||p) (the reversed Dgy) captures
the trade-off between the ability of a fit model to generate
diverse samples versus probable samples with respect to the
ground truth distribution, p. This motivates the existence of
an optimal sampling temperature, t*, that produces states
representing the best trade-off between the two.

B. An illustrative model

To illustrate what necessitates tuning model temperature to
improve generative performance, we set up a simple experi-
ment on a toy model, as depicted in Fig. 2. The ground truth

from which we draw samples is given by

by = P ALY @)
Z(AL)

where L is a vector that assigns each state i to a low- or high-
energy level, L; € {0, 1}, A is the energy gap between levels,
and Z(L, A) = n; 4+ nuexp(—A) is the partition function,
where n; and n;, are the number of low- and high-energy
states. Sampling this model gives the empirical distribution
over states, represented as a vector, Pgata. The goal of learning
is to get best estimates of the level assignment vector, ﬁ,
and the energy gap, A. Shown in Fig. 2(a) is the workflow
of defining a ground truth, generating training samples, and
fitting.

This toy model has desirable properties analogous to those
in real learning settings, especially when considering the case,
where ’;—7 > 1 and A — oo [22]. In this case, low-energy
states may be thought of as the “realistic” samples within a
dataset and high-energy states as “unrealistic,” e.g., the small
number of viable proteins relative to the large number of
sequences in the support that the distribution (theoretically)
allows for. Importantly, fitting L. and A corresponds to dis-
covering meaningful states and adequately segregating them
from meaningless states. The value of A controls the degree
of this separation and directly controls how often the fit model
will generate “realistic” states when sampled.

As is typically done with real data, the parameters that
minimize Dyp (p|lq), where q represents our model ansatz
with the same functional form as p, are found via an empirical
approximation [23] to the true distribution using Pgaca:

DxL(plldz 1) ~ DxL(Pdaal 9 1)

= — Zpdata,i IOg qiAL — H[pdata]
i

= —L(A, L) + constant, 3
defining the loss function used to get best estimate parameters,
A L= argmax L(A, L), 4)
AL
with
—L(A,L) = AL - pgaa +10gZ(A, L), 5)

which correspond to the maximum likelihood estimates
as well, where —L:(A,I:) is the negative log-likelihood
function [24].

For a given estimate of L, the estimate of the energy gap is

given by
. An 1 —L - paaa
A =log 2. o= Plue ) ©)
n L'pdala

where i =) I; and 4y = N, — > [; are the model esti-
mates for number of high- and low-energy states; Ny = ny, +
n; = iy + iy is the total number of states and is fixed. (For
reference, for a model of a protein of sequence length = 100
and ~20 possible amino acids that can occupy each position,
the model’s support has a total of Ny = 20'% possible states.)

This minimal model illustrates the interplay between the
training sample size M and the ground truth energy gap A that
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FIG. 2. Simple toy example of when raising vs lowering temperature improves generative performance. (a) The ground truth consists of
a vector, L, that assigns each of ten states to a low- or high-energy level. Sampling this distribution leads to an empirical distribution over
states, P, Used to get maximum likelihood estimates of the energy level assignment vector and energy gap, L and A. (b) True model in
yellow with A = 5 and data distribution, made from five samples, represented by dotted lines. Fitting to an undersampled distribution causes
the maximum likelihood estimates to overestimate the probability mass on high-energy states and underestimate the mass on the “missed”
low-energy state. (¢c) Checking the decomposition of the forward (red) and reversed (blue) Dg; ’s between the fit and true distributions. Note
the main contributions to each Dy; : the missed low-energy states for the forward and the high-energy states for the reverse. (d) Rescaling
the inferred energy gap by t, while keeping L fixed, affects forward and reversed Dy, ’s. Note that temperature must be changed in opposite
directions to achieve minima for each. The minimum of the reversed (blue) Dy, corresponds to 7* in Fig. 1. (e), (f) Dg.’s decomposed into
contributions from missed low-energy states, found low-energy states, and high-energy states. Note that raising the temperature, t, leads to
mitigation of the contribution from the missed low-energy state for the forward Dy in panel (f) and lowering t leads to mitigation of the
contribution from the high-energy states to the reversed Dy in panel (e). (g), (h) Scaled color images of mean optimal 7* and t'—calculated
from 50 replicates on experiments of a ground truth with n; = 20 and n;, = 80 for several values of M and A (see Appendix A 3, for details

regarding calculation of t* and t’).

leads to the generative temperature-tuning effect. We are inter-
ested in the regime where high-energy “meaningless™ states
outnumber low-energy “meaningful” states, and training data
number is low, resolving this difference poorly. A simple
instance of this, where A =5, n=3,n,=7,and M = 5
samples, giving the empirical distribution, pga,, is shown in
Fig. 2(b). For undersampled training sets such as this, states
3 to 10 have not been sampled. Consequently, states 1 and
2 are assigned as low-energy states by the model and the
objective function minimum “misses” one of the low-energy
states, assigning it as high-energy, as highlighted in Fig. 2(a).

In Fig. 2(c), the performance of the fit model § is measured
according to the two Kullback-Leibler divergences Dk (p||q)
and Dkr.(q||p), the forward and reversed Dy, respectively.
Each of these quantities is decomposed into the sum over the
different states, i.e.,

Zﬁlog—
Zf,log——i— Z f,log— cee,

iefound iemissed
low low

DL (fllg)

where the sum continues over all other states.
It is clear that the forward Dy, (red) is severely penalized
by the missed low-energy state, whereas the reversed Dxp,

(blue) suffers more from contributions of the high-energy
states. Note that while each high-energy state has low prob-
ability in the fit model, the larger number of such states, when
compared to the number of low-energy states, leads to a large
penalty in the reversed Dgy. In addition, the reversed Dy
highlights the deleterious effects of higher-energy states—the
states that are not desirable for generative performance—
where the forward Dgp cannot. The forward Dgp is exactly
the function our objective approximated [Eq. (3)], and its
failure to capture the harm to generativity reflects the mis-
alignment of learning objective and desired performance (see
Appendix D for further details of how this misalignment con-
tributes to the temperature-tuning effect).

The generative performance of our fit model is interrogated
via rescaling A by t while maintaining the estimate of L. Fig-
ure 2(d) shows the effect on each Dy; . The minimum value for
the forward D is achieved by raising the temperature. This
follows the intuition that an undersampled fit with low entropy
ought to have its temperature raised in order to increase proba-
bility of those states missed. Figure 2(f) shows this explicitly,
as this missed state’s contribution to the forward Dyy is the
main one mitigated by raising temperature.

Lowering the temperature mitigates the contribution to
the reversed Dgp from the high-energy states, as shown
in Fig. 2(e). This corresponds well with the intuition
built up from Fig. 1: Lowering the temperature allows
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for sampling more viable states at the cost of lower
diversity.

Figures 2(g) and 2(h) depict the results of several exper-
iments on a larger system with n; = 20, n, = 80 for several
values of A and number of training data, M. From Fig. 2(h),
we can see the tendency for low M and high A to lead
generically to the need to lower 7 in order to achieve t*.
Furthermore, we can identify the regime where A and M
are small as the conditions under which it becomes favorable
to raise T (cf. Appendix C for more details). Note also that
when considering optimal 7 according to the forward Dy, it
is never beneficial to lower 7, as shown in Fig. 2(g).

The basic intuition from this simplified setting suggests
that an undersampled dataset with a wide energy gap between
its low- and high-energy states necessitates lowering the tem-
perature on a fit model. Additionally, the comparatively larger
number of high-energy states determines the extent to which
generative performance is harmed, and therefore, the extent
to which t must be lowered. In short, systems with a large
energy gap and few samples will generally benefit from lower
temperature sampling, while systems with small gaps and few
samples may benefit from raising the temperature; abundant
data means temperature need not be modified.

We expect these intuitions to hold beyond this toy model
setting, as many true data-generating distributions should
exhibit a similar tendency to have far more “meaningless”
high-energy states than “meaningful” low-energy ones. The
available datasets from these systems will typically be under-
sampled.

C. Structured energy landscape

To test whether the intuitions from our simple two-level
illustration carry to more general settings, we conduct exper-
iments on training samples drawn from a nearest-neighbor
Ising model.

The ground truth distribution from which we draw our
training data is defined as

Z]OU vi |, 7)

where (ij) indicates the sum is taken over all nearest
neighbors on the two-dimensional 4 x 4 lattice with peri-
odic boundary conditions and J° = 1. We take M samples
from this at temperature 7 to make the dataset Dy =
(v, @ v®)}, We then fit to these samples by minimiz-
ing the negative log-likelihood objective function via gradient
descent (see Appendix B 1) such that J = argmin(—L(Dr|J))
J

pr(v) = Z(T)

given by
- e -
—L(Dr|}) = -~ 2 log g™ 1), ®)
where the model ansatz is given by
q(v | J) ocexp[—E(v | D], ©))
and the energy function is defined as
E@|J) ==Y T, (10)

i<j

We then take the fit-model energy function and rescale it by a
posttraining temperature, 7,

G|, 7) = exp[E[])/71/Z(z). (11)

The performance of samples drawn from § may then be
measured by Dk (prl|lg:) and Dy (§.||pr). This workflow is
depicted in Fig. 3(a). Note that the ansatz for our fit model
does not know a priori, J;;’s are nonzero in the ground truth;
both the spatial structure and coupling strength are inferred
from data.

Each Dk may be broken down by the contribution from
each state. A natural way to do this is to consider those
states, v, that are on the same energy level in the ground truth
distribution, that is,

Ai = (v E(ul)") = Ey), (12)
where E; is the energy of the ground truth distribution’s ith

level, with Ej the ground state energy and increasing i are
higher and higher energies. We then consider Dg; (f]|g) as

Dx(f119) = Zf(v)lgf()+2f<) f()

veAy ISV

+ Y rolog L 4

veEA) ( )

_ ZZf(v)l f(v)

i veA;

=Y dk (flIg)a, (13)

where we have defined dki.(f]g)a, to be the per-energy-level
DKL-

Furthermore, to compare the total amount of probability
mass on each A; assigned by each model, we consider the
quantities

L3 G, (14)
lveA
1
= —lZpT( V) = Zom e (<E/T). - (5)

veEA;

where g; = |A;] is the density of states per energy level.

By tracking the average probability per state in each energy
level, as defined by Eqs. (14) and (15), we see which kinds of
states are typically overestimated or underestimated by the fit
model. In Fig. 3(c), the associated probabilities per state of §
and pr in each energy level are shown for one experiment at
low T and M. Note that lower excited states are, on average,
underestimated, pr; > §; for i = 1,2, and 3, while higher
excited states are overestimated, pr; < §;, for i = 4 and up.

We expect that higher-energy excited states, when overes-
timated by the fit model, have a greater contribution to the
reversed Dy , thereby representing a harmful effect on gener-
ative performance. Figure 3(d) shows the breakdown of each
Dgr. in accordance with Egs. (12) and (13). Lower-energy
states in the nearest-neighbor Ising model (excited states 1
through 3, which are underestimated by §) form the main
contribution to Dk (pr||§). Overestimation of higher excited
states by ¢ gives the main contribution to Dk (§||pr). This is
in spite of the fact that the fitted probability per state is small
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FIG. 3. Experiments on a 4 x 4 nearest-neighbor Ising model. (a) Starting at left and going clockwise, the ground truth model is defined
at a given temperature 7' by Eq. (7). M samples are taken to form the training set, Dr. These data are fit via minimization of Eq. (8) to give
the parameters J. Grayscale matrices represent connectivity between different spins, with darker squares representing stronger connections.
The generative properties are measured via Dxi.(pr||g.) and Dxi(§.||pr) (see text). (b) Density of states for the first eight excited energy
levels of a 4 x 4 nearest-neighbor Ising model. (c)—(g) Results from one experiment, where M = 71 and T = 2.05. (c) The average amount of
probability per state within each energy level, as described by Egs. (14) and (15). The amount of probability per state is underestimated by ¢
for lower excited states and overestimated for higher excited states. (d) The contribution to each Dy per energy level. The lower excited states
are more deleterious to the forward Dy (red) and the higher excited states are more deleterious to the reversed Dy (blue). (e)—(g) Raising vs
lowering sampling temperature t and its dependence on contributions to each Dg; from states at different energy levels. (e) D ’s as a function
of sampling temperature 7. Note the minima of each are located on opposite sides of T = 1. (f) The reversed Dy, per energy level. Lowering
7 to T* mainly mitigates contributions from higher excited states. (g) The forward Dg; broken down by contributions from different energy
levels. Raising 7 to 7’ decreases the major contribution from excited states 1-3. (h), (i) Ten replicates of an experiment at each T and M are
conducted and the corresponding optimal 7* and 7’ are found for each. The scaled color image depicts the average over replicates.

[Fig. 3(c)]. The larger number of states in higher-energy levels
[cf. Fig. 3(b)] greatly multiplies the deleterious effects of each
G(v) to Dxr(g||pr), as can be seen in Figs. 2(b) and 2(c)
as well.

In Figs. 3(e)-3(g), we see how optimal sampling tempera-
ture mitigates different pathologies captured by the different
Dxy’s [cf. Figs. 2(d)-2(f)]. Sampling temperature T must be
changed in opposite directions to improve performance, de-
pending on choice of Dgp, [Fig. 3(e)]. The contributions from
overestimated excited states must be mitigated by a lower
to lower the reversed Dk [panel (f)]. Raising t mitigates
the contributions from “missed” lower-energy states to the
forward Dy [panel (g)].

With regularity, at low 7" and low M, T must be lowered to
¥ in order to improve Dki (§.||pr), as shown in Fig. 3(i).
Additionally, we can see the regime in which t must be
raised in order to improve generative performance [25]. Ten
replicates of each experiment were done for a ground truth
distribution of Eq. (7) at several different values of 7' and M.
The average value of t* over each set of replicates is reported,
generically showing the requirement to lower t at low training
sample number, M, and low ground truth 7. Interestingly,
7/, which minimizes the forward Dy; , must always be raised
from t = 1, if at all [Fig. 3(h)], distinguishing 7*s and the
reversed Dki.’s ability to capture the necessity for lowering
sampling temperature. Finally, we emphasize that the models
were trained without regularization, showing that it is not
necessary to induce the temperature-tuning effect.

*

III. DISCUSSION

We have established a strong and quantitative connection
between the need to lower sampling temperature, the amount
of available training data, and important properties of the true
data-generating distribution—namely, the size of meaningful
state space versus total state space and the energy landscape
that segregates these states, captured by a ground truth density
of states g; and ground truth temperature 7. These quantities
are especially interesting because learning them is representa-
tive of the fundamental goals of learning a generative model:
to learn the underlying structure of the data, be able to gen-
eralize to states not seen, and determine their relevance for
desired performance.

In fact, in many learning contexts the high-dimensional
state space is vastly undersampled, and only some small frac-
tion of this state space has functional states. The fact that a
small fraction of the state space has most of the probability
mass is analogous to a system with a wide energy gap between
its ground and excited states (or low true temperature that
effectively increases the gap). The need to lower sampling
temperature in fit models arises from the fact that the model
inaccurately overestimates the probability mass on excited
states. Furthermore, we have shown that this bias, and the
need to mitigate it via temperature tuning, is not entirely due
to regularization of the objective function during training.

Other generative modeling techniques beyond energy-
based methods are currently employed for protein design. In
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Ref. [26], the authors indicated the need for low-temperature
sampling in their diffusion model, leading to better protein
backbones at the cost of lower conformational diversity, sim-
ilar to our fidelity-diversity trade-off. With the autoregressive
protein language model ProGen [27], the authors used top-p
sampling to truncate the tails of softmax next-token distribu-
tions; temperature parameters in ESM3 [28] were similarly
used to control the sharpness of the softmax distribution.
In our framework, the data-sparse limit, where specialized
sampling is warranted, occurs when M < n; exp(A/T), as
outlined in Appendix A 4. Whether or not other generative
models for proteins are in an analogous data-sparse regime
warrants further investigation, but the need for specialized
sampling techniques in these other models is consistent with
an analogous bias mechanism.

The temperature-tuning phenomenon in energy-based
models may have implications beyond applications in protein
science, as these models are used in various fields across biol-
ogy, where similar conditions (low sample number and small
meaningful subspace) hold. The maximum entropy principle
[29], a form of energy-based modeling whereby a distribu-
tion is fit to data such that it reproduces observed statistics
but is otherwise as uncertain as possible, has seen success
in discovering underlying principles across several biological
domains: (1) within the context of data-driven protein mod-
eling [14,30-32], (2) ecology [33], (3) collective behavior in
animal groups [34,35], (4) cell regulatory [36] and signaling
networks [37], and (5) theoretical neuroscience [38-42]. It
would be especially interesting to see if raising the temper-
ature may improve performance of models in these various
biological contexts, as our framework predicts this is a viable
possibility.

Energy-based models belong to a wider class of ma-
chine learning techniques, known as generative modeling
[20,43-48], which aims to learn a probability distribution
of a data-generating process given samples and have been
used in scientific research as tools for discovery of principles
underlying complex, high-dimensional systems [49-56].

Since our framework makes the connection between opti-
mal sampling temperature and properties of the ground truth
explicit, it opens up the possibility to investigate how this
optimum may scale with the true number of ground states,
system size, the true distribution’s temperature, and number of
training data. The analysis could be extended to ground truth
energy landscapes beyond the nearest-neighbor Ising model.
Knowing generic relationships that hold across system size
and data-generating distributions could improve training and
performance across a wide variety of systems; such relation-
ships could constrain optimal sampling temperatures in lieu
of knowledge of the ground truth. We emphasize, however,
that while temperature tuning may be a viable approach to
fit-model correction, it may also represent a limit on the extent
to which a model can be improved if additional data remain
unavailable. The extent to which post hoc tuning may im-
prove generative performance and the extent to which it may
diagnose model failure (only solvable by more data) remain
questions for future research.

Our work combines concepts from statistical physics and
machine learning to explain why generative models often
require post hoc correction. We investigate the interplay be-

tween the physical structure of the ground truth, statistical
biases from finite data, and the behavior of performance
metrics, explaining the necessity of temperature tuning. This
perspective is particularly relevant for biological systems,
such as the space of functional protein sequences, where
the optimal sampling temperature can become a probe for
model performance and its limitations due to sparse data. Our
work provides a foundation for designing more robust training
objectives and for using temperature tuning to quantitatively
assess how well a model has learned the essential features of
a complex biological distribution.
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APPENDIX A: SIMPLE TOY MODEL

1. Description

As described in Sec. II B, the probability distribution of the
simple toy model is given by Eq. (2), reproduced here

_exp(—AL)
" z(AL)
Ei = AL;, (A1)

where L is a vector that assigns each state i to a low- or high-
energy level, L; € {0, 1}, A is the energy gap between levels,
and Z(L, A) = n; + npexp(—A) is the partition function,
where n; and n;, are the number of low- and high-energy states.

The goal of inference is to find best estimates of the level
assignment vector, L and energy gap between levels, A. The
objective function to be minimized, corresponding to maxi-
mum likelihood estimation, is

—L(A,L)= AL - pp +log Z(A, L), (A2)
where the best estimates of model parameters are
A, L = argmin[—L(A, L)], (A3)
AL
and for a given L., we have
- jip(1 — L -
& = log M L -Pp) (Ad)
(L - pp)

given by Eqgs. (5) and (6), respectively.
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Sampling states from Eq. (A1) gives the empirical distri-
bution, pp, where pp; € [0, 1] is the measured frequency of
state i from M samples.

Note that the objective function [Eq. (A2)] also corre-
sponds to a data approximation of Dy (pillg;a 1) (up to an
additive constant that does not affect inference) given by
DxL(ppllqa 1.)-

Some properties of L - pp are worth noting. If we denote
the set of states labeled excited by the fit model as é = {i;} and
recall that I:,- = 0 for all ground states, then we can see that

L-pp=) Lpip =) pip (AS)
i iee

The quantity AL - pp may be thought of as the energy of
states averaged over the data distribution:

AL -pp =) ALpip=) Epip=(E)p. (A6)

Furthermore, for a well-sampled distribution we expect to fit
such that true parameters are recovered: L = L, p; p = p; and
therefore,

A}i_{nool:'PD = ZLipi = Zpi =

iefic}

npexp (—A)
ny + npexp(—A)
(A7)

2. Fitting procedure and regularization

We briefly note here that for undersampled datasets in
this setting it is possible for I:'pdata =0, and therefore,
LA L) = log 1’\’,—’ and A — oo. To avoid such a divergence,
and to ensure a fit model with support on all states, we
introduce a pseudocount regularization that assumes the prob-
ability of seeing a given high-energy state under the model is

~1/(M + 1) if and only if L - paaa = O,
1 Agexp(—A)
M+1 "+ ayexp(—A)

N iy
= A =log (TM)
n

(A8)

Consider introducing a pseudocount for unobserved states,
. By observing A more samples, the fraction of these ob-
served states, A/(M + 1), will be excited states according to
our model. Assuming one additional pseudosample on the
unobserved-state side, setting A = 1 recovers Eq. (AS8).

The effect of this regularization is to learn an energy gap,
A, that is too low with respect to the true energy gap, A; thus,
necessitating the need to lower sampling temperature 7. Russ
et al. noted in Ref. [1] that the introduction of regularization
into the fitting procedure compensates for limited training data
and contributes to the deviations of the fit model’s samples
toward higher energies. We can see from our regularization
used in Eq. (A8) that its effect is the same: Compensating
for limited data, inducing generative samples with too high
energies via A.

In Ref. [1], the authors used L2 regularization on the model
parameters themselves, instead of a pseudocount. The effect is
the same, however, smaller parameters lead to higher energies.

Importantly, though regularization contributes to learning
smaller parameters, be they A or J in Ref. [1], it is not

necessary to induce the temperature-tuning phenomenon. This
is exemplified in Sec. II C, where training proceeds without
any regularization of the model parameters, yet the fit model
still requires post hoc tuning to achieve optimal generative
performance. Though regularization can exacerbate the ten-
dency of fit models to overestimate the probability mass on
excited energy states (cf. Ref. [15] for further exploration of
this tendency), the bias inherent in the fit model is also due to
bias in the choice of objective function and limited amount of
training data, as explored in Appendix D 1.

Algorithm I gives the fitting procedure for finding A and L
given pp.

‘We may further simplify fitting the model by reordering the
states in Pdata, i — k’ such that Pdata,k = Pdata,k+1 for 1 < k <
N; — 1, and defining the quantity

14
g(e) = Z[)data,k
k=1

=1 _L'pdataa

where we note that k = 1,2, ..., ¢ index the ground states
and therefore £ = n;. Substituting Eq. (A4) into Eq. (A2)
and taking L. Pdata — 1 — G(), we may define the objective
function

L) =~ (1 =G0 log(1 = G(@)) — G(0)log G(¥)

" l . l
1 -Gl 11— — Olog —, (A9
+ ( Q())og< Ns)+g()ogNS (A9)
which is the same as Eq. (A2) up to a constant that does not
depend on ¢.

Eguation (A9) is optimized over £, and £ is used to find A
and L.

3. Exact expressions for 7* and 7’

The toy model is tractable such that we may take deriva-
tives with respect to T of Dk (§.||p) and Dky (p||q;) directly
and using this to find t* and t’. The key is to break up the sum
over all states into four separate contributions from each of
the possible combinations of level assignments per state: (1)
L =0, L. = 0 (“found low-energy states”), 2) L =0, L = 1
(“missed low”), 3) L =1, L =1 (“found high”), and (4)
L =1, L = 0 (“missed high”).

Noting that the number of found high-energy states is L - L.
and taking care to break up the sum over states accordingly,
we can write

Dxr(4-1Ip)

A qAr,i
= Z qr.i IOg —
: Di

_ Z _ exp(—Aﬁi/r) %_ A
_log(2<r>> Z 2(0) (r AL’)

< Z )_ exp(—A /1)

. A
|:(ﬁh -L-L)—
T

~ % \Zo) 2(0)
+£-L<§—A>]+L(n —L-L)A. (A10)
T 2@ " '
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ALGORITHM 1. Find A, L.

1: given pp = (pp,1,PD,2,---,PD,N), init containers:
: losses=LIST[LENGTH=DN]

: deltas=LIST[LENGTH=DN]

g={}

e={1,2,...,N}

R={pp,1,pD2,...,PD,N}

all e=LIST[LENGTH=N]

all g=LIST[LENGTH=N]|

: L=LIST[LENGTH=N]; L[i]=1 for i=1,2,..., N

© X NPT LN

10: for tin 1 to N do

> ordered list for losses at each training iteration
> for energy gap estimates at each iter

> collection of indices of states assigned ground energy level. inilt as empty
> indices of states assigned excited energy level. init all states as excited

> collection of empirical frequencies of states

> to store state-assignment collections at each learning step
> state assignment vector. init all states as excited

11: find current largest ppi in R and assign corresponding state to ground energy level

12: p = LARGEST(R)
13: i = INDEXOF(p)
14: L1 =0

15: calculate estimate of energy gap and associated loss

16: deltas[t]=GETENERGYGAP(L, pp)

17: losses[t]=GETLOsS(deltas[t], L)

18: update and record current set of states at each energy level
19: e=e\i

20: g = guU{i}

21: all el[t]l=e

22: all gltl=g

23: remove largest pp; from R
24: R=R\p

25: return L and deltas[t] corresponding to minimum of losses
26: t = INDEXOFMIN(losses)

27: L[i]1=1V i € all_e[t]

28: L[i]1=0V i € all g[t]

29: RETURN(deltas[t],L)

> using Eq. (A4).
> using Eq. (A2).

Finding the stationary point with respect to 7 yields

*

y A (A11)
A

"L LE@ L-m

Similarly, we have

Dy (pllqz)
log [ 2@ + 1 IZL)A
= 10 —(n, — . —_
&\ 7z z\ T
—A R R A
_exp(=4) (nh—L-L)A—L-L<——A>
Z T
(A12)
and
. A
A —logx
AL -L+e*(n, —L-L 7
xznl( +e2(my +n1+n1))_ (A13)

n(iy + (n, — L - L)(e™® — 1))

Equations (All) and (A13) were used to calculate t*
and t’ for each experiment in Figs. 2(d)-2(h) and Figs. 4(c)
and 4(f).

4. Limit under which temperature tuning is required

When the energy gap, A, in the ground truth is large, high-
energy/excited states are rarely sampled. However, in the rare
case where they happen to be sampled the empirical frequency
on such an excited state, which is 1/M, grossly overestimates
the true frequency with which that given state should occur.
We may write this as

1 exp(—A exp(—A
LI p(=4) _ exp( ),

Al4
M VA n; ( )

where we note that in the large energy gap regime, the
partition function may be approximated as Z = n; +
npexp(—A) ~ ny.

Rearranging Eq. (A14), we obtain the condition on A un-
der which high-energy states will not be well sampled, and
therefore overfit to by the model:

A > log(M/ny). (A15)
We also note that this defines the undersampled regime as

M <K nexp(A). (A16)
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(a) low A experiment (d) high A experiment
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FIG. 4. « and C [Egs. (C2) and (C3)] determine whether to raise
or lower 7 in order to improve generative performance. (a)—(f) Ex-
periments on the illustrative toy model for five low-energy states and
ten high-energy states, with models fit to ten training samples. (a)—(c)
One experiment for ground truth A = 2. Low training data cause
erroneous assignment of excited states as ground states in the model
(a); weak correlation of model with true distribution, k < C, makes it
advantageous to raise t [panels (b) and (c)]. (d)—(f) One experiment
for A = 7. Strong correlation of model with true distribution, « > C
in panel (d), makes it advantageous to lower 7 [panels (e) and (f)].
In panel (g), each point represents an average of 200 replicates
of experiments done for several values of A, fixed at 80 training
samples. The illustrative toy model contains 20 low-energy states and
80 high-energy states as in Figs. 2(g) and 2(h).

APPENDIX B: ISING MODEL DISTRIBUTION
1. Training from samples

The model is trained until the relative change in the nega-
tive log-likelihood goes below 107, that is,

|clh — =1

-5
VE <1077,

where ¢ indexes the training iteration of the gradient descent.
Note that gradient updates, which are defined as

j,-(;ﬂ) = f,(jt) + n({vivj)p, — (Vivj) m,)s

with learning rate 1, can be calculated exactly since expec-
tation values with respect to the learned model at iteration ¢,
(v;v}) A,,» can be taken over all 2!° states stored in memory,
and do not require a sampling approximation.

For all experiments, the learning rate, n, was set to 0.01.
Fit parameters were initialized J;; ~ N(0, 1) for all i and j.

2. Calculating 7* and 7’

For the values 7* and 1’ reported in Figs. 3(e)-3(i), exact
expressions are not available as in the case of the illustrative
toy model. For each model fit, g, a vector of probabilities for
all 26 is generated for each value of T (swept in the interval
[0.2, 5]) and compared to the corresponding pr (which gen-
erated the training data) via the forward and reversed Dy .
Resulting Dk, versus t plots are fit with a spline function
of degree 4, with exact interpolation (0 smoothing), and zero
boundary conditions. * and t’ are then calculated from the
resulting curves.

In Figs. 3(h) and 3(i), ten replicates of experiments are
done for each value of M and T, and t*, t/ are calculated as
above, then averaged. The scaled color image represents the
mean over these ten replicates.

APPENDIX C: WHEN TO RAISE VERSUS WHEN
TO LOWER SAMPLING TEMPERATURE t

To understand the conditions under which t needs to be
raised or lowered, we must understand the sensitivities of the
reversed D, to changes in t—how much it is punished by re-
moving probability from areas in the support with high mass,
and how much entropy is gained as this mass is redistributed.
To this end, we define the following quantities:

oD 0 . 1
3 = —Dxr(§:llp) = = k() = C(r)), (CD)
T ot T
_ Hlge,pl 1 o
IC('C) = T—BT = TPT COV(Etrue’ E)q,» (C2)
_ O OH[G) _ 1
C(t):=r1 9 tzVar(E)q,, (C3)
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where T, is a temperature parameter for the ground truth and
where we identify the latter quantity as the heat capacity from
traditional statistical physics.

Equation (C1) indicates whether t should be raised or
lowered, as it determines the gradient along which changes
in 7 lead to decreases in the reversed Dk .

Furthermore, as we also see from Eq. (C1) the sign of
aD/dt is controlled by the difference between « and C.
These two quantities may be thought of as susceptibilities
parametrized by 7. k measures the propensity for probability
mass to come off of true low-energy states if 7 is raised and is
proportional to the covariance of true and fit energy functions.
If £ is strongly correlated with Eye, there is a stronger penalty
for raising t and taking mass off of those true low E states. C
measures propensity for probability mass to cover more states
as T is raised.

1. Example from illustrative model

Figure 4 shows the two scenarios of the illustrative toy
model for 15 states in which t is adjusted (5 low-energy, 10
high, and 7, = 1 without loss of generality). Panels (a)—(c)
contain one experiment for a ground truth A = 2. In panel
(a), some true excited states are assigned as model ground
states, leading to poor correlation of E with Eyye and ¢ < C.
Panel (b) shows t being raised to mitigate this mismatch and
in panel (c) we can see that at optimal ¥ the two are equal
and therefore, dD/dt = 0. Panels (d)—(f) show an experiment
for ground truth A = 7. Since k > C, the penalty for taking
mass off of true low-energy states is too great relative to the
propensity to cover more of state space, and 7 should therefore
be lowered.

Figure 4(g) shows experiments for many values of ground
truth A, with 200 replicates each, for 20 low-energy states
and 80 high-energy states, corresponding to the same system
used in Figs. 2(g) and 2(h), with 80 training samples for each
replicate. We can see that on average, in this low sample
regime, low true energy gaps produce the need to raise T as
k < C, and high-energy gaps necessitate the need to lower t
because k > C.

2. For nearest-neighbor Ising experiments

Figure 5 depicts the difference in conditions under which
7 should be raised or lowered as dictated by the reversed Dk,
for experiments on the nearest-neighbor Ising distribution. For
an experiment done at low M and low T in panels (a) and
(b), we see the typical strong contribution from the excited
states. The positive value of the derivative with respect to T of
the reversed Dk indicates it is advantageous to lower t. For
an experiment done at low M and high T in panels (c) and
(d), a similar strong contribution from excited states to the
reversed Dy, dominates. However, the derivative is negative,
and therefore implies 7 should be raised.

The difference between k and C—which track the strength
of the covariance of £ with Eyye (the model’s susceptibility to

low T experiment high T experiment
0.3
0 a c
&% (@) )
=, 021 .
1B
S 01- II . I
30 I
—
' I 1 1 I 1 1 1 I 1 1 1 I 1 I 1 I 1 1
T b d
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energy level index energy level index
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o ° Euwe £
10 A o .oo°:°:.“.. * k(r=1) :COV(AT7E)‘277|
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5 o %
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© o
59 oo 8 o R
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k>C,lowert | k<C, raise T ¢ e,
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2.0 25 3.0 35 4.0 45 5.0
ground truth T

FIG. 5. Per-energy-level breakdown of the reversed Dg;, and its
derivative with respect to t reveals what dictates the need to raise and
lower 7. (a), (b) Results of an experiment done on the 4 x 4 nearest-
neighbor Ising distribution at 7 = 2.3 and § trained on M = 54
samples. In panel (a), contributions to the reversed Dy, are shown for
the first nine excited energy levels. In panel (b), contributions to its
derivative with respect to T evaluated at T = 1 are positive, indicative
of a need to lower 7. (c), (d) Results of an experiment done at T = 4
for M = 54. Strong contributions to reversed Dk also come from
excited states [panel (c)]; however, negative contributions dominate
the derivative [panel (d)], revealing a need to raise t. (¢) Many exper-
iments done on the 4 x 4 Ising distribution at various ground truth 7'.
Each point represents an average over ten experiments done with 54
training data each. For low T, the need to lower 7 is necessitated
by a strong correlation to the true energy function relative to the
model’s energy variance; k > C, corresponding to a positive value of
E%DKL(C?TH Pr)l.=;. For high T, the intramodel variance dominates,
and probability mass can spread out over state space faster than it
comes off of true low-energy states, i.e., k < C and 7 should be
raised.

move probability mass on/off true low-energy states) and the
model’s energy variance (the model’s susceptibility to spread
out probability mass over state space in general)—controls the
sign of 9D /97, and therefore the direction in which 7 should
be changed [cf. Fig. 4(g)]. This is clearly seen in Fig. 5(e). At
low temperatures ¥ > C, and T must be lowered, while at high
T, k < C and 7 should be raised.
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FIG. 6. Bias introduced by the empirical approximation to
Dx1 (pllg) with Dxy (ppllq). (a) Enumerated probability masses for
the first 10 000 states of the ground and first six excited energy levels
of a 4 x 4 nearest-neighbor Ising model, for a ground truth pr at
T = 2.3. pp is the empirical distribution formed by M = 54 samples
from py. § is the maximum likelihood estimate found via Eq. (8).
Note that for excited energy states we have pp > pr (§ > pr for
many, though not all, states, as well). § is subsampled to 1000
randomly chosen states for clarity. (b) g; log % is the contribution
to the reversed Dy, per state (values below 10> omitted for clarity).
(c) Dxr’s decomposed according to Eq. (13) and averaged over 50
replicates. Dxp (pp||pr) is generically large for higher excited states,
and consequently so is Dxy (4| pr)-

APPENDIX D: OBJECTIVE FUNCTION MISALIGNMENT
WITH GENERATIVE PERFORMANCE GOALS

1. Bias introduced by an empirical approximation
of the objective function

Without the true distribution, the objective function must
be approximated as in Eq. (3), DxL(pllq) ~ Dxr(Paatallq)-
What kind of bias might this introduce to learning?

Figure 6(a) depicts the probabilities of the first 10000
states of a 4 x 4 nearest-neighbor Ising model, the associated
empirical distribution pp from training data consisting of

144 r 10° 10> 10*
: [—am wl vl I
2 4 B
1.2 - 5.0
=<DKL(pD||pT)>reps _25
1.0 =<DKL(@||pT)>reps &\
0.0
-‘g 0.8 1 — <dKL(pD||pT)A4>reps
< I <dKL(Q||pT)A >re S
06 . 4 P!
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0.0
L} ! N L | N i L |
10° 10° 10*

training data size M

FIG. 7. Mean values of dxi.(ppllpr)a, and dxi(§l|pr)a, over
50 replicates of experiments for several values of M and T. The
value of T is denoted by the shade of black of each line. Each Dy,
decreases as M increases, though dii.(ppllpr)a, > dxi(@llPr)a,
always. (Inset) This bound is obeyed when considering the total value
of each Dg;. Means with respect to replicates are calculated as in
Fig. 6.

M = 54 samples from a ground truth distribution at 7 = 2.3,
and the associated fit model 4. Note that the minimum value
pp(v) can take is 1/M, which is well above the probability
of higher excited states. Concomitantly, g, representing our
best guess of pr, overestimates many of these excited states,
harming the reversed Dgy [Fig. 6(b)].

Figure 6(c) shows values of Dx1 (pp||pr) and Dxr.(§||pr),
each broken down according to their contributions from the
first seven excited energy levels, using Eq. (13).

Reported are averages over 50 replicates of an experi-
ment with 7 = 2.3, M = 40 for a 4 x 4 Ising distribution.
To ensure adequate comparison across the P = 50 repli-
cates we calculate means reported above as (Dgy (f]|g))

d .
Dy [[ll;];(ij:!ﬁ?;;]](k) where the first term is the mean of the

total Dg;. and the second term is the mean fractional contribu-
tion from each energy level to the total Dy; .

We see that, on average, for these excited energy levels we
have

dxL(ppllpr)a; 2 dxi(@llpr)a,,

with excited states 3—5 contributing most of this systematic
overestimation, and therefore, adversely affecting generative
performance (see Appendix D 2 for further discussion on this
bound).

The excited energy levels in the empirical distribution,
DPp.., are systematically overrepresented with respect to pr.,
and g, are overestimated accordingly.
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2. Upper bounds on Dy, (§]|p)

Dx1.(Gl|pr) is bounded from above by Dk (ppl|pr) per
energy level, which makes intuitive sense—we would expect
our best estimate of the distribution to be no worse than the
data itself.

In information geometry, a standard identity (Pythagorean
relation for the KL divergence) relates the maximum likeli-
hood estimate of a model to data taken from a distribution
(that is, of § to pp taken from p) [58]

Dx1(ppllp) = Dxu(ppllg) + DxL(4l|p). (D1)

This is true when § is in the exponential family of distri-
butions and the support of pp and § are the same. The same

support is shared by both distributions only when pp is well
sampled, that is, every state is sampled at least once. This is
especially rare for low M and low 7', as many states are not
sampled. However, Eq. (D1), implies the following bound:

Dxi(ppllp) > DxL(§lIp) (D2)

and furthermore, we expect this bound to hold in the limit-
ing behavior, M — oco. We find empirically that this bound
is mostly obeyed on a per-energy-level basis, on average,
for low M experiments. In Fig. 7, many such experiments
are conducted for various values of 7 and M on the 4 x 4
Ising model. We see that for energy level 4, dki.(pp||pr)a, >
dxi.(4llpr)a,, even as M is quite low, and for various values
of T.
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