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We classify gapped phases and characteristic nodal points of non-Hermitian band structures on two-
dimensional nonorientable parameter spaces. Such spaces arise in a wide range of physical systems in the
presence of nonsymmorphic parameter space symmetries. For gapped phases, we find that nonorientable spaces
provide a natural setting for exploring fundamental structural problems in braid group theory, such as torsion
and conjugacy. Gapless systems, which host exceptional points (EPs), explicitly violate fermion doubling, even
in two-band models. We demonstrate that EPs traversing the nonorientable parameter space exhibit non-Abelian
charge inversion. These braided phases and their transitions leave distinct signatures in the form of bulk Fermi
arc degeneracies, offering a concrete route toward experimental realization and verification.
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I. INTRODUCTION

Non-Hermitian phases have been broadly studied in sys-
tems where gain and loss are non-negligible, which range
from condensed matter to optics, acoustics, and electrical
circuits [1-11]. Non-Hermitian bands and their degeneracies,
namely, exceptional points (EPs) [12-19], often challenge
cornerstones of topological physics, such as the fermion dou-
bling theorem [20-26] and the bulk-boundary correspondence
[27-31]. This exceptional topology is closely tied to the study
of braids and knots [32-39], formed by complex spectra in
non-Hermitian phases winding around each other. On ori-
entable parameter spaces, the non-Abelian character of the
braid group has revealed many interesting physically observ-
able consequences, including path-dependent fusions of EPs
and spectral flows [40—47]. These observations result from the
interplay between the braid group and the underlying topology
of the orientable parameter space, typically a torus or a disk.

Recent work on Hermitian systems has shown that more
exotic parameter spaces are physically accessible, and that
they fundamentally change the topological classification
[48-55]. For example, certain configurations of gauge fluxes
[48,54—65], spin-space groups [66], or moiré structures [67]
in real space translate into nonsymmorphic symmetries in
momentum space and render the Brillouin zone a nonori-
entable manifold. This enriches topological physics, reducing
Chern numbers to Z, symmetry-protected invariants [48],
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and modifies fermion doubling, requiring even, but possibly
nonvanishing total chirality [50,68].

Such parity requirements are characteristic of Abelian
topology on nonorientable spaces. As braids and knots on
nonorientable surfaces differ decidedly from those on tori or
disks, one may naturally expect richer symmetry-protected
non-Hermitian phases and unique, distinctly non-Abelian
features to arise in the presence of non-Hermiticity and
nonorientability. In this work, we explore this intersection by
investigating the exceptional topology in nonorientable spaces
and its implications for gap closing. We first apply the theory
of braided band structures to nonorientable parameter spaces,
using as examples the Klein bottle K? and the real projective
plane RP?. The classification of gapped bands is given by
eigenvalue braids satisfying certain conditions along noncon-
tractible loops in these nonorientable parameter spaces, while
for gapless systems, the summation of topological charges of
all EPs must respect specific forms. Then, we discuss phase
transitions, which occur when EPs encircle the parameter
space. We provide concrete rules on how the encircling EP and
the topological phase affect each other. Finally, we show that
gapless systems can exhibit a kind of unpaired monopole that
is forbidden both in Hermitian systems and in non-Hermitian
systems on orientable spaces.

II. REVIEW OF EXCEPTIONAL BRAID TOPOLOGY

We start by describing how mutual windings, or braids,
of complex eigenvalues characterize non-Hermitian sys-
tems [33-36,39]. Such systems are described by an mxm
non-Hermitian matrix H(A), with A a set of param-
eters. The eigenvalues of H(A) are complex numbers
E (M), E>x(A), ..., E,()). If there is no EP at A, these com-
plex eigenvalues are distinct, and the complex level spacings
A;j(A) = E;(A) — E;() are nonzero. For an m-band system,
we can follow a parametric loop in A: A(t 4+ 2m) = A(¢). If
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no EP is encountered in this A loop, the m distinct complex
eigenvalues E; rotate around each other in the complex plane
and then return to their initial configuration [43]. Their tra-
jectories, plotted as a function of ¢, trace out m strands that
wind around each other. Such mutually winding m strands
determine a braid pattern B, which is an element of the Artin
braid group B,,.

The braid pattern of m noncolliding strands is a topological
invariant: It cannot change under continuous deformation of
the A loop until a level crossing is met, where some E;(A) =
E;()) [69]. Therefore, by taking a A loop to encircle EPs
in parameter space, the braid of complex eigenvalues gives
the topological charge of these EPs [25,33-35]. The result of
merging two EPs with braid charges B, B’ can be read out by
looking at their combined charge BB’, where the product of
two braids is obtained by concatenating their strand’s wind-
ings [24,26].

We can also use the above eigenvalue braid characteriza-
tion to describe gapped bands [33-35,39]. By considering the
complex level spacings as a generalization of real-valued band
gap, a set of bands is gapped if their level spacings are nonzero
everywhere [33-35,39]:

1AV = |E(A) — E;(0)] > 0, foralli, j,A. (1)

For gapped bands, all parametric loops in A give braid
patterns of the complex eigenvalues. If we can gradually
contract the loop to a single point in the A space, the
m strands traced out during the A loop become straight
lines (constant values) after the contraction, leading to a
trivial braid 1. Thus, contractible loops in the A space al-
ways correspond to trivial braid elements for gapped bands.
In gapped bands, nontrivial braids appear when we follow
the evolution of the complex eigenvalues along noncon-
tractible loops in the A space. For example, if the parameter
space of A is a torus, such as the two-dimensional Bril-
louin zone A = (ky, k,) € [-m, ] x [—m, ] with identified
opposite boundaries, the two loops (k,, k,) = (¢, constant)
and (k,, ky) = (constant, t) parametrized for ¢ € [—m, 7]
are noncontractible. For each of them, we can identify a
braid element, denoted as By, By, respectively. Even though
each large loop on the torus is noncontractible, their com-
bination, (ky, ky) — (ky, ky +2m) — (ke + 27, ky, + 27) —
(kx + 27, ky) — (ky, ky), is contractible because this loop en-
closes a first Brillouin zone and thus can be continuously
deformed into a point (constant loop). This tells us that on
a torus, we have the constraint B,B,B,'B;! = 1 for gapped
bands.

From the above torus example, we see how to classify the
exceptional topology of gapped bands: (1) We identify all
noncontractible loops in the parameter A space. Each type
of noncontractible loop can give rise to a nontrivial braid
of the complex eigenvalues of H(X). (2) We check whether
some combination of noncontractible loops becomes con-
tractible. For each combination, we put a constraint on the
braids obtained in the first step. The exceptional topology
is characterized by the nontrivial eigenvalue braids and the
constraints that the braids must satisfy. (3) Since the braid
group is non-Abelian (for m > 2), there is another redundancy
in applying the braid group to classify the topology [70]. The
braid pattern explicitly depends on the position of the starting

(or base) point A(0), while the topological classes of gapped
bands are global properties of the mutually winding patterns
and therefore independent of A(0). This redundant base-point
dependence requires us to identify all braid patterns B in its
conjugacy class [70], given by bBb~' where b ranges over
all elements in the braid group. For the previous example of
the torus A space, if we label the braids along the k, and the
ky direction as (B,, B), we need to place the gapped bands
characterized by (B,, B,) and the gapped band characterized
by (bB,b~', bB,b~") [34,35] into the same topological class.

In sum, on a torus, the exceptional topology is classified by
the braid pair (By, By) [step (1)] satisfying B,B,B,'B;' =1
[step (2)], and all pairs related by the conjugation relation
(B,,B)) = (bB, b1, bByb‘l) are identified as the same class
[step (3)]. We will use these three steps to classify the ex-
ceptional topology of gapped bands on A spaces consisting of
Klein bottles and real projective planes in Sec. III. Explicit
examples will be given in Sec. IV. In the Supplemental Mate-
rial, we provide a more mathematical derivation of our results
encompassing all two-dimensional closed surfaces, using es-
tablished results from topology [71]. Since step (3) does not
rely on the properties of the A space, we will only explicitly
show the results of steps (1) and (2).

On the other hand, when there are EPs in the system, we
may wonder what happens when all EPs are brought together.
This is closely related to the fermion doubling question [20].
The ways of bringing EPs together on a closed surface are
not unique. The results may depend on the topology of the
trajectories of the EP [26], which is a typical feature of point
defects carrying non-Abelian charges [70]. A convenient way
to consider merging of EPs is to restrict all EPs to move only
within a disklike region. In this situation, by looking at the
topological charge measured from the boundary loop of the
disk, we know the results of bringing all EPs together within
the disk. Since we often have a finite number of EPs, the
disklike region can be chosen to bound the whole parameter
space. In this situation, the topology of the parameter space
will restrict the possible total charges that EPs can have. We
will discuss these questions in Secs. III and VI.

To express the braid group more conveniently, we will
write the braid elements in terms of the products of simpler
generators o; € B, and their inverse in the braid group. These
are braids that intertwine two adjacent strands counterclock-
wise in the complex plane [72]. For example, o; exchanges
neighboring eigenvalues E;, E;; counterclockwise in the
complex plane while keeping all other eigenvalues invariant.

III. BRAIDS IN NONORIENTABLE SPACES

A. Nonorientable parameter spaces

We now consider a parameter space whose geometry
is equivalent to a two-dimensional nonorientable mani-
fold, parametrized by two coordinates A = (p, g). These
coordinates can represent (quasi)momenta [15,37], or more
generic parameters [14,15,73,74], depending on the physi-
cal platform. In this work, we use p, g to denote general
parameters, regardless of physical origin. As we will see,
such nonorientable manifolds can appear as momentum-
space fundamental domains, i.e., parts of a two-dimensional
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Brillouin zone encoding all information of the system. For
this reason, we also call these nonorientable manifolds funda-
mental domains. While our subsequent results hold in general
for nonorientable spaces, we now elaborate on this specific
mechanism.

Starting from an originally 2 -periodic matrix, H(p, q) =
H(p+2m,q) =H(p, g+ 2r), we impose a nonsymmorphic
parameter space symmetry of the form [48]

H(p.q) =H(=p,q+ 7). @

As this glide symmetry identifies half of the (p, ¢) space to the
other half (shifted by g + ), we can restrict our study to the
fundamental domain [—m, ] x [0, 7], where the symmetry
acting on the boundaries gives rise to the K? topology.

In a similar manner, we can obtain the real projective plane
RP? as a fundamental domain by imposing a second glide
symmetry,

H(p,q)=H(p+m, —q), 3)

in addition to Eq. (2). Under the combined action of these two
symmetries, we can further reduce the fundamental domain by
half to [—7 /2, 7 /2] x [—m /2, w/2]. All boundaries of this
square are then identified with the opposing side with reversed
orientation, leading to RP? topology for the fundamental do-
main [50,75]. Some care must be taken regarding the corner
points of the fundamental domain. They are fixed points,
i.e., invariant under the combined action of both symmetries,
which transforms (p, ¢) — (& — p, ¥ — g). The local neigh-
borhood of these points is rotated by a half turn. Invariance of
the Hamiltonian under both symmetries, therefore, means that
these points are pairwise identified with the opposite corner,
and that the Hamiltonian locally must be invariant under a
half-turn rotation group C,. In Hermitian systems, such a
constraint can make degeneracies more abundant: The Hamil-
tonian for any two bands that transform differently under
the rotation must be of the form H = co, (ignoring constant
eigenvalue offset), for o, a Pauli matrix and c a real constant.
The two bands become degenerate when ¢ = 0, i.e., with only
one tuning parameter. Nevertheless, rotations do not protect
degenerate points in the same way in non-Hermitian systems
[76], so these two points are not special compared to other
(p, g) points and do not need to be treated independently for
the purposes of eigenvalue topology.

B. Braid relations and Abelianization

First, we classify the exceptional topology for gapped
bands. The key step is to find the noncontractible loops of
the fundamental domain. To visualize different types of loops
on Klein bottles and real projective planes, it is convenient
to draw these spaces as rectangles and glue the edges of
the rectangle (see Fig. 1). Different types of noncontractible
loops can be readily identified by looking at the rectangle’s
boundaries, starting from a corner point. According to step
(3), after replacing the braids by their conjugation classes, the
classification is independent of the choice of base point.

From Fig. 1, for the Klein bottle, all four corner points of
the rectangle are identified as the same point after the edges
are glued to form the Klein bottle. Therefore, similar to the
torus, the vertical and horizontal edges (marked in blue and

(a)

K2
. B(/

Bﬁf N Blll(z B:)(z (Bll/(z )*lBﬁz : B}g,z N (Bllg,z)z H

FIG. 1. Exceptional phases on nonorientable manifolds: Under
the boundary identification shown in the top-left insets, a free pa-
rameter space becomes (a) the Klein bottle and (b) the real projective
plane, illustrated as an immersion into R? in the bottom-right insets.
The red and blue paths are different types of noncontractible loops
in the space. They can carry nontrivial eigenvalue braids and play
central roles in the classification. The black loop enclosing the fun-
damental domain is a combination of these fundamental loops. It is
contractible and imposes constraints on the braids along the noncon-
tractible loops for gapped phases. This black loop also determines the
fermion doubling question for gapless phases. Background shading
denotes the orientation of the neighboring unit cells.

red, respectively) are noncontractible loops, carrying nontriv-
ial complex eigenvalue braids (B, BEZ). For the projective
plane, only the pairs of corner points across the diagonals
of the rectangle are identified. The edges of the rectangle
are arcs, with a noncontractible loop found by connecting
the horizontal and vertical edges together, with braid By, ’
Unlike the torus and the Klein bottle, there is only one type of
noncontractible loop on the real projective plane.

So far, we have carried out step (1) of the procedure listed
in Sec. II. We now need to find out the constraints on the
braid invariants on these nonorientable spaces. To carry out
step (2), we note that there is a contractible loop enclosing the
fundamental domain, shown in black in Fig. 1. We identify
the sequence of noncontractible loops (red/blue in Fig. 1) that
combine to this black loop. To do so, we must take into ac-
count that opposing boundaries of the fundamental domain are
identified (potentially with reversed orientation), and there-
fore correspond to the same (reversed) loops. These combined
loops must then carry a trivial braid, since the combination is
contractible. On the spaces we discuss explicitly here, we find
that the combinations

2 2 2\ —1 2 2\ 2
By By (By) By =1 (By) =1 @&
have to vanish.

The above relations are very different from those on the
torus. There, the exceptional topology is characterized by
two mutually commuting elements from the braid group
{(By, By)|B.ByB;'B;! = 1}. This commutation constraint is
trivial for Abelian groups, while nontrivial for non-Abelian
groups. The constraint on the Klein bottle, on the other hand,
is not a commutator, and therefore also nontrivial for topology
characterized by Abelian groups. The constraint on the real
projective plane is yet of another type; since there is only one
type of noncontractible loop, the constraint is on a power of

BYY *, the braid element corresponding to this loop.
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In the next section, we will look for explicit examples of
gapped topological bands. We need to solve the constraints
in Eq. (4). For a non-Abelian group, which is the case of
braid groups B,, with m > 2, such constraints can be very
complicated to solve. In order to have a simpler criterion
before solving the full non-Abelian group relations, we in-
troduce the Abelianization B,,/[B,,, B,,] of the braid group
[23,26,33,39,69]. These are weaker versions of the constraints
in Eq. (4), except for the case of two-band models, where the
braid group B, on two strands itself is Abelian and equivalent
to its Abelianization. Given some braid B, its Abelianiza-
tion A € Z, also known as the degree or vorticity of B, is
the difference between its number of overcrossings o; and
undercrossings 0’;1. It can be explicitly computed by A =
VeSS ¢ dx darg(E; — E;) [23,39] (not to be confused
with the reference-point-gap winding, which usually gives a
different value). As mentioned before, Abelianizing the torus
constraint B,B,B, ' B, gives a trivial identity. In comparison,
the Abelianized constraints on nonorientable spaces are not
trivial, giving

2 2

AT +AY

— A AR =248 =0, 24} =0. (5)

Here, as is common convention, we use “+” for products of
elements in an Abelian group.

Now, we consider gapless systems and study what happens
when all EPs in a gapless phase are brought together. Ac-
cording to the results in Sec. II, the total topological charge
of the EPs within a disk is given by the complex eigenvalue
braid when we go around the disk boundary. This total charge
determines what happens when all EPs are moved to the same
position inside the disk. As the eigenvalue braid does not
change if we expand the disk without encountering an EP,
we can deform the disk to bound the whole parameter space,
such as the rectangles in Fig. 1. As the boundary of the rect-
angle decomposes into the noncontractible loops as discussed
above, this indicates that the total topological charge of all EPs
inside the rectangle should have a decomposition:

[T 55 = BB (85) "85, [T 88 = (B3
all EPs all EPs

(6

Notice that here we use product symbols instead of summa-
tion symbols because the braids are in general non-Abelian.
The existence of these decompositions implies that the total
charges of all EPs brought together must take some specific
form, which will decide whether the EPs annihilate, leading
to a gap opening, or fuse into a single degeneracy. Similarly
to the constraints for gapped bands in Eq. (5), we can also
Abelianize the relation in Eq. (6). This gives

YAk =2aK N AR =

all EPs all EPs

ARP (7

We can see that for these nonorientable surfaces, the total
number of mutual windings between the complex eigenval-
ues is an even integer and in general need not vanish. This
is reminiscent of the Hermitian case, where only the parity
of the Chern number is physically meaningful on nonori-
entable spaces [48], which leads to a Z, fermion doubling
theorem [50]. Since for the two-band case the Abelianization

is equivalent to the original braid, this constraint is the full
picture for two-band models. For three or more bands, the full
non-Abelian description in terms of braids is necessary, since
there exist nontrivial braids with Abelianization zero, such as
020, !

The similarity between equations [Eq. (4)] of the braid
constraints for gapped bands and equations [Eq. (6)] of the
total EP charge for gapless bands is not accidental. In fact, it is
related to a systematic way of constructing compact surfaces
from disks of different dimensions, known as the cell complex
construction [77].

IV. GAPPED PHASES AND FERMI ARCS

A. General statements

We now leverage the braid relations derived in the previ-
ous section to fully characterize gapped phases, i.e., phases
without EPs, where the gaps Aj = E; — E; are nonzero
throughout parameter space. As we showed, these phases are
characterized by the respective fundamental braids for the
given parameter space, e.g., the pair (BX’, Bgz) on the two
fundamental loops of the Klein bottle, and BR?* on the single
fundamental loop of the real projective plane. These braid
elements have to satisfy the constraints in Eq. (4).

We begin with the simpler relation, that on the real projec-
tive plane. A gapped phase on RP? must satisfy 1 = (Byy )2,
This condition amounts to finding braid elements that square
to unity (i.e., have Z, torsion in group theory language). Since
the braid group is torsion-free [69], the choice

B =1 (®)

is the only solution. Hence, there is only one trivial excep-
tional phase for gapped bands on RP.

Gapped phases on the Klein bottle need to satisfy the
first equation in Eq. (4). It is more convenient to express the
constraint in the form

BY = BX (BX')™ (Bffz)_], )

i.e., one braid Bf must be conjugate to its own inverse,
with another braid B(Ifz as the conjugating element. If we

Abelianize this equation, the requirement reads A}fz =0,i.e.,
zero braid degree along the direction parallel to p. Since in
two-band models the braid group B, = Z itself is Abelian,
two-band gapped phases must thus have trivial B}fz =1, and

are solely classified by a free choice of B}fz, which is indexed
by how many times the two eigenvalues wind around each
other.

For systems of three or more bands, we need to solve the
non-Abelian conjugacy question [Eq. (9)], in full, which is
a key braid group structure and usually very complicated.
An example of a nontrivial solution is Bllfz = o0, . This
braid is indeed conjugate to its own inverse, i.e., it satisfies
Eq. (9) for the choice Bffz = A = 010201. Here, A is the
fundamental braid on three strands, which plays an important
role in the study of braid groups [69]. Conjugation with A
is equivalent to flipping a braid upside down, i.e., replacing

— — . . 2
01 < 03, 0, LIPAN o, ! which transforms the choice of B;f
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given here into its inverse. In the Supplemental Material, we
discuss Eq. (9) from a group theory perspective using known
conjugacy results for braid groups and enumerate the list of
gapped phases in three bands explicitly [71].

In stark contrast to classifying gapped phases on the torus,
which is solved by mutually commuting braids, gapped phases
on nonorientable surfaces bring us to two fundamental struc-
tural questions in braid group study, torsion and conjugacy
class.

A different way to compare the two spaces is to construct
a torus out of two copies of K2, by gluing them along the
nonorientable boundary. In the setting of Eq. (2), we can
equivalently understand this as breaking the nonsymmorphic
symmetry, and thus needing to describe the given system on
the full torus rather than on two mirrored copies of K?. The
fundamental braids on the torus can then be obtained from the
K? braids on the half torus as B;z = B},fz and Bgz = (Bff2 )2.
In that scenario, all gapped phases on K? are also gapped on
the torus. Conversely, there exist gapped phases on the torus
that cannot be brought into gapped phases on K? by imposing
a symmetry, such as all phases with nonzero degree in B, and
trivial or commuting B,,.

B. Braided phase: three-band example

A model that realizes the Klein bottle gapped phase
(0207, A1) is given by

2 —a 1.0 a=1i—ie*cosp
K _ =i— 0s p,
Hgap - (1) 117 ; ) Where {b — (] + l) e3l(/ Sin p’

(10)

in a parameter space that has been experimentally accessed in
an acoustic setup [78].

Such braided phases can be detected experimentally by
their Fermi arcs. In gapped phases, albeit the complex band
gaps Ajy = E; — Ex # 0 are nonzero, their real parts and
imaginary parts can vanish individually. Fermi arcs are the
lines in parameter space where

RCAU ZRC(E,—EJ)ZO or ImA[jIIm(E[—Ej)ZO,

)

for some pair of eigenvalues E;, E; (see Fig. 2). These Fermi
arcs can be measured directly, for example, in photonic crys-
tals [4], and thus form an accessible signature of gapped
phases. Fermi arcs in phases with nontrivial braids are ir-
removable: As a braid o; swaps two eigenvalues along the
direction p or ¢, both a real and imaginary Fermi arc must
be present. Without fine-tuning, and assuming the system
depends differentiably on its parameters, Fermi arcs form
continuous lines that can only terminate at EPs. In gapped
phases (without EPs), Fermi arcs therefore generically form
closed loops in parameter space.

Fermi arcs can be oriented consistently, such that eigenval-
ues swap places clockwise when crossing the Fermi arc left
to right. This corresponds to distinguishing crossing strands
o; from the inverse operation. Signed counting of oriented
Fermi arcs along a loop thus allows access to a braid’s de-
gree. The orientation reversal across a nonorientable boundary

RN

T -n 7

FIG. 2. Fermi arcs as experimentally accessible signatures. Real
(imaginary) Fermi arcs as defined in Eq. (11) are drawn in red
(blue), with the orientation defined in the main text. (a) The gapped
three-band model on K2 given in Eq. (10), with lighter and darker
tones denoting Fermi arcs of different band pairs. The exceptional
phase, identified by the braids (0,0;', A™!) along the p and ¢
directions, has three Fermi arcs encircling the fundamental domain
in the positive p direction, originating from the Abelianization of
A. This clearly distinguishes this phase from the trivial flatband
phase (1, 1). (b) The two-band model in Eq. (17) at £ =0, per-
turbed to **%HX to better showcase the Fermi arcs. A real and
an imaginary Fermi arc emerge from each EP (star marker), with a
direction given by the eigenvalue crossing behavior. This direction
is inverted on the nonorientable boundary, allowing for a total flux
out of the fundamental domain that matches the total braid degree,
2. (c) The two-band model in Eq. (17), perturbed as in panel (b) and
tuned to £ = 1 exhibits a characteristic monopole. Two real and two
imaginary Fermi arcs emerge from the monopole, accounting for its
total braid degree ZAE; = 2. Such an EP cannot exist alone on an
orientable space, where outgoing Fermi arcs cannot be compensated.

implies that a Fermi arc’s orientation is reversed on crossing.
In order to form closed loops with a consistent orientation,
Fermi arcs in gapped phases must therefore cross nonori-
entable boundaries an even number of times, in similarity
to three-dimensional gapless Hermitian systems [50]. This is
also reflected in the fact that the corresponding braid degrees
in Eq. (5) must be trivial.

We note that experimentally determining which eigenval-
ues cross at a Fermi arc, together with its orientation, allows
one to single out a braid group element al.il, and thus com-
pletely reconstruct the full braid group description. Therefore,
enforcing the stricter gap condition that both the real and
imaginary parts of A j; never vanish, which forbids all Fermi
arcs, constrains the system to the trivial braid phase.

V. BRAID INVERSIONS AND DEFORMATIONS
OF EXCEPTIONAL TOPOLOGY

Transitions between different gapped phases happen nec-
essarily through gap closing. Under deformation of H(p, q),
pairs of EPs form and continuously move through parameter
space. If in the process an EP encircles the parameter space,
i.e., follows a fundamental loop, this changes some of the
fundamental braids and hence leads to a different gapped
phase after all EPs have annihilated pairwise. This process
can also lead to charge inversion of the EP if it goes along the
orientation-reversing direction in the parameter space. If the
nonorientable space arises due to a symmetry as in Eq. (2),
this inversion is similar to the inversion of Dirac points in
Ref. [79].
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FIG. 3. Rules for braided phase transitions. An EP (star marker)
with braid invariant Bgp, measured along the light blue loop, crosses
a (a) periodic [(b) antiperiodic] boundary. This leads to a transition
from braid B, (light red) to Bp = BgpB,, (dark red). The EP’s braid
invariant changes as well, transitioning according to Eq. (13). This
can be understood by observing that an EP from the (anti)periodic
continuation moves into the fundamental domain as the original EP
exits. This entering EP carries the same (inverse) invariant as the
exiting EP, measured from the base point in the neighboring domain.
The change in invariant to Bgp corresponds to a change of base point
associated with the encircling trajectory. If the EP encircles potential
other degeneracies (shaded black) before exiting the fundamental do-
main [dashed blue line in panel (b)], this rule changes by additional
conjugations following the established non-Abelian braiding rules.

A. Phase transition

We begin by deriving the rule for the phase transition. As
shown in Fig. 3, the braids along a A loop in the parameter
space before and after the EP crosses it differ precisely by
the EP’s braid Bgp. This result can be seen by noticing the
difference between the A loops; a path that passes by an EP
on one side differs from the same path passing by on the
other side, and that difference amounts to encircling the EP
once. This implies our first key rule on non-Hermitian phase
transitions: An EP crossing a noncontractible A loop changes
the corresponding braid as

BX. — BX = BrpBX., (12)
for the characterization (Bifz, B}fz) on the Klein bottle. Similar
results can be obtained for the real projective plane by replac-
ing (B[Ifz, Bffz) with BR; *. We note again that, as non-Abelian
invariants, the explicit braid expression can be different if
we choose another base point. However, the rule [Eq. (12)]
is valid for braid invariants obtained with any common base
points in the parameter space, as shown in Fig. 3.

B. Braid inversion

We continue by deriving how the charge of an EP changes
Bep — Bpp when it encircles the parameter space along a
noncontractible loop. To make the picture clearer, it is helpful
to consider an extended zone scheme, with multiple nonori-
entable fundamental domains glued together, think of the EP
as exiting the fundamental domain into the neighboring unit
cell on one side, while a partner EP enters the fundamental
domain from the opposite side. These neighboring unit cells
are (mirrored) copies of the fundamental domain if the crossed
boundary is (non)orientable (see Fig. 3). Thus, the partner EP
that enters the fundamental domain carries the same (inverse)
braid charge. However, this braid is measured from the base

point of the neighboring unit cell. In order to describe the EP
properly after it has entered the fundamental domain, we must
rebase this invariant, following

BEP = Blrepase B]:gt}} B;eéase’ (13)

where the exponent is +1 if the EP moves in the orientation-
preserving direction and —1 in the orientation-reversing
direction. The conjugation action Biepase 1S determined by how
we measure the EP’s charge when it encircles the parameter
space (see Fig. 3). As the EP encircles the parameter space via
the directions of the noncontractile loops, the rebasing action
Biebase 18 explicitly given by

RP? 2
B a enc. RP~,

Brebase = BEZ enc. K2, orientable direction, (14)
B(I;ZB[If2 enc. K2, nonorientable direction.

The movement in the orientation-reversing direction inverts
and conjugates an EP. We term this encircling operation a non-
Abelian charge inversion.

C. Deformation: three-band example
We illustrate such an effect on EPs along a nonorientable

direction in a Klein bottle model by performing a linear defor-
mation

HE . ()= (1 — HHE + HE (15)

transition gap gapless®

where Hglgé is defined in Eq. (10) and

, —a 1 0
K
Hgapless = 1 b 1 ’
0 1 a
where {4 =+ i€, (16)
b =1i(1 4 cos p) + sin pcosgq.

As we show in Fig. 4, the deformation of the exceptional braid
topology happens precisely according to the rules in Egs. (12)
and (13). Tuning away from the gapped model Hglg, the gap
closes and EPs are pair-created locally. One of these carries
Bep =0, . When this EP crosses the noncontractible loop in
the p direction, it changes the eigenvalues braid on the latter
from B, = 020, ' to B, = o', following Eq. (12). After the
EP itself encircles the fundamental domain, its topological
charge measured from the nearest loop corner point of the
fundamental domain becomes Bgp = 02010, L

As the resulting system carries BX B’ (EKZ)”E’E2 =
0,01, the final system is not gapped. The Abelianization of this
expression is 2, which is consistent with the charge summation
rule in Sec. IIl. As gapped phases have zero total Abelian-
ization, in order to transform the system back to a gapped
phase again, it is necessary for the EPs to further encircle the
fundamental domain along the p direction.

VI. GAPLESS SYSTEMS AND MONOPOLE

We now describe gapless systems and what happens when
all EPs are brought together. In situations where summa-
tion of the braid charges in a disklike region is nontrivial
[ L. gps Bep # 1, the presence of EPs is topologically pro-
tected inside the disklike region. When these EPs are brought
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FIG. 4. Phase transition on the Klein bottle. Fermi arcs and
eigenvalue braids of the model in Eq. (15). Increasing parameter ¢,
the gap closes, pairs of EPs form and move through the boundary. At
critical 7y ~ 0.29, an EP crosses the chosen boundary, changing the
fundamental braids from (BX’, BIII(Z) = (07", A 1o (o7, A7),
(a) The parameter space at t = i < ty. Colored lines denote loops
that determine the braids relevant to the transition. They are piece-
wise linear instances chosen equivalent to the loops of the same color
in Fig. 3 in terms of encircling. The measured braid is independent
of the exact shape or parametrization of the underlying loop. Real
Fermi arcs (black lines) terminate in EPs (stars). The light blue
EP is about to cross the boundary, leaving the fundamental domain
while the dark blue EP enters. (b) Spectral braiding along the loops
shown in panel (a) in matching colors, parametrized along arbitrary
loop parameter A. Avoided crossings are highlighted. The light blue
loop encircles the EP about to cross the boundary, giving rise to
its braid charge Bgp = 0, '0; '0; 0201 = 05 '. The light red path
is equivalent to the p boundary before the EP has crossed through,
and carries braid B, = 0, '0, '0102 = 0,0, The dark red path is
equivalent to the p boundary after the EP has crossed through, and
carries braid Bp = 01_102_ loy = 01_'. The braid along the boundary
changes according to Eq. (12). The dark blue loop gives the charge
of the EP after the boundary crossing, Bgp = 02010, ! in line with
Egs. (13) and (14).

to the same position in the fundamental domain, they do not
annihilate. Instead, we will have a single multilevel degener-
acy carrying the original charge [ [, gps Bep # 1. The fermion
doubling intuition of annihilating them pairwise fails.

The single EPs obtained in this way, as monopoles of
eigenvalue braid invariant, are not arbitrary. As we have seen
in Sec. III, the disklike region containing all EPs can be
chosen to bound the fundamental domain, so the total charge
within the disk must follow Eq. (6). This sum braid is al-
lowed to have nonzero even degree [Eq. (7)], which goes
beyond what is possible in non-Hermitian systems on the torus
[23,26].

A. Monopole: two-band example

We illustrate a characteristic monopole of degree two in
the two-band gapless (o7, 1) phase on the Klein bottle with
the model

a=—sinpcosq+i(l +cosp)(1 4+ €/2cos2q), (17)

and ¢ € [0, 1] is an adiabatic parameter. At £ = 0, there are
two EPs in this band structure, at (p, g) = (£7 /2, 7w /2). Both
have the same braid invariant o, summing to Bt'gf =o{. We
can fuse them to a single monopole by tuning to ¢ =1,

merging the two EPs to a o monopole at (p, ¢) = (0, 7 /2)

(see Fig. 2). This is an unpaired monopole and has total braid
degree two, which is forbidden in orientable non-Hermitian
systems [26], where the braid degree as an Abelian invariant
must vanish.

This single EP also has a characteristic signature in
terms of oriented Fermi arcs. In phases with nonzero total
Abelianization, a nonzero number of Fermi arcs must cross
a nonorientable boundary. Since Fermi arcs reverse their di-
rection on such crossing, this adds £2 to the total number of
outflowing arcs. This reflects the evenness requirement for the
total Abelianized charge parity in Eq. (5).

In gapless systems, Fermi arcs can terminate at EPs. Using
the orientation defined in the previous section, open Fermi
arcs are oriented away from the most generic twofold EPs
with square root dispersion, and toward their inverses, re-
sembling flux lines or Dirac strings. Whereas a normal EP
is the source of one real and one imaginary flux line, the
characteristic monopole in the example given in Eq. (17) at
£ =1 is the source of two of each, all oriented away from
the EP, corresponding to its Abelianized braid charge 2. Thus,
both a nonzero number of total outflowing Fermi arcs and
a nonzero total Abelianization charge necessarily require a
nonorientable fundamental domain.

VII. DISCUSSION

In this manuscript, we have classified exceptional topo-
logical phases on two-dimensional nonorientable manifolds.
We have shown that gapped phases on the Klein bottle and
real projective plane are determined by torsion and conjugacy
problems in the braid group, and that these phases can be
distinguished experimentally by their Fermi arcs.

The transitions between distinct gapped phases take place
via gapless systems containing EPs, where we have illus-
trated how telltale Fermi arc signatures arise. These are
closely associated with transitions of the braid when EPs
encircle the parameter space in an orientation-preserving or
orientation-reversing direction. Nonorientability also opens
the possibility of gapless phases that violate fermion dou-
bling even in the Abelian limit. Our work provides insights
into how non-Hermiticity and nonorientability interact to pro-
duce unique topological phases, expanding the boundaries of
non-Hermitian topological band theory, and paving the way
to experimental observation of phenomena unique to such
combined systems. First implementations exist in photonic,
acoustic, and electric systems [80-82].

Continuing this line of inquiry, it is known that additional
internal symmetries extend and amend the topological clas-
sification of non-Hermitian systems [18,39,83,84], and even
allow for the generic occurrence of higher-order EPs [85-87].
An investigation into their interplay with nonorientability
would thus be of great future interest.
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