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Witnessing quantum non-Gaussianity from intensity moments
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Direct measurement of quantum non-Gaussianity requires some variant of a discrete photon-resolving detec-
tion, which is feasible only for low mean photon numbers. For a large mean photon number, intensity detection
by linear photodiodes provides a continuous signal; therefore, the Fock probabilities of the unknown input state
are not directly available. On the other hand, intensity moments can be measured directly, and photon-number
moments can be estimated. Therefore, we derive and analyze a quantum non-Gaussianity witness based solely
on the photon-number mean and variance (or alternatively, the second-order correlation g) of an unknown
state. Due to the simplicity of the used photon-number moments, the measurement results are easy to correct for
losses and additive noise. We provide examples of simple amplification-based measurement schemes where our

witness can be applied directly, thereby opening pathways to proof-of-principle tests and applications.
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I. INTRODUCTION

Quantum non-Gaussian (QNG) states are states that cannot
be expressed as statistical mixtures of Gaussian states. Quan-
tum non-Gaussianity rules out any models based on linearized
open-system dynamics of a harmonic oscillator, described
by a mixture of Gaussian trace-preserving completely posi-
tive maps that evolve the system from its ground state [1].
Such dynamics can only produce a classical mixture of Gaus-
sian states in phase space; therefore, it yields only classical
non-Gaussianity of the Gaussian states. Gaussian states can
always be generated by maximally quadratic Hamiltonians,
and they involve arbitrary coherent classical displacement and
nonclassical quadrature squeezed states. Therefore, quantum
non-Gaussianity and its analysis can reveal genuine nonlin-
ear quantum dynamics beyond such a semiclassical regime
through measurable statistics.

Furthermore, many bosonic protocols, such as quantum
error correction, require more than just classical Gaussian
states or their mixtures [2,3]. These bosonic codes rely funda-
mentally on quantum non-Gaussian states. In quantum optics,
the core components of these codes have already been ex-
amined [4,5]. Quantum codes and error correction are vital
for fault-tolerant quantum computing and could also play a
key role in quantum communication and networking. More-
over, optical non-Clifford gates on bosonic codes demand
quantum non-Gaussian magic states as auxiliary resources
[6,7]. Additionally, quantum non-Gaussian states of light
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are investigated for their potential applications in quantum
sensing [8].

In all-optical systems, several experimental breakthroughs
have been achieved in recent years in the preparation and
manipulation of non-Gaussian states. These include the cre-
ation and control of squeezed cat states [9], remote state
preparation [10,11], multimode non-Gaussianity by mode-
selective photon subtraction [12], the iterative growth of QNG
states using a quantum-memory cavity [13], the ultrafast gen-
eration of non-Gaussian states using broadband parametric
amplifiers [14], the addition of multiple photons to coherent
states of light [15], the certification of non-Gaussian qubit
coherence [16], and a loop-based optical circuit that can se-
quentially perform squeezing gates while maintaining states’
Wigner negativity [17].

Beyond quantum optics, quantum non-Gaussian states
have numerous applications across diverse areas. In trapped
ions and superconducting circuits, they are indispensable
resources for investigations of bosonic quantum sensors
[18-22] and bosonic quantum computing [2,3,23] both for
error correction [24-29] and for universality because Gaus-
sian states can be efficiently simulated on a traditional
computer [30].

At many platforms, however, the preparation and detection
of non-Gaussian states is still far from trivial, and therefore,
simple and easily implementable criteria to verify quantum
non-Gaussianity are very useful. This situation is especially
limiting in quantum optics, as the light is control and probe
of many other matter systems. While certainly providing the
necessary information, full state tomography does not qualify
as either simple to perform or, in the absence of Wigner
negativity, simple to evaluate.

Several witnesses of quantum non-Gaussianity have been
proposed in the literature, tailored to specific practical scenar-
ios. Generally, they rely on identifying observable statistics
that are unattainable by any mixture of Gaussian states. For
example, Ref. [31] defines a witness based on the value of the
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Wigner function at the origin of the phase space W (0, 0), and
the mean photon number m, and proves that W (0, 0) cannot
be lower than a certain function of m for any mixture of
Gaussian states. Similarly, the single-photon probability p;
cannot be lower than a function of the vacuum probability pg
for any mixtures of Gaussians [32,33]. The latter approach has
been thoroughly studied and extended over the years [34-36],
including a witness based on the mean photon number be-
side the vacuum probability pg [37]. Other works rely on
alternative quasiprobability distributions [38,39], generalized
squeezing [40], expectation of the operator e e asa
function of ¢ [41]. Most recently, a procedure for detecting
non-Gaussianity in cluster states based on non-Gaussian nul-
lifiers has been proposed in Ref. [42].

The notion of quantum non-Gaussianity has been ex-
tended to form hierarchies (with the corresponding witnesses)
[43-45]: A state possessing n-photon non-Gaussianity is a
state that cannot be expressed as a mixture of squeezed dis-
placed lower-order Fock states. In this sense, the notion of
quantum non-Gaussianity discussed in this work corresponds
to single-photon non-Gaussianity.

In experimental schemes involving large-gain amplifica-
tion to compensate for subsequent loss and noise, indi-
vidual Fock probabilities might be inaccessible due to the
magnitudes of intensities created. However, photon-number
moments after and before amplification can be estimated
(including loss and noise correction) from the integrated-
intensity moments [46—48], which provides a strong motiva-
tion to derive a non-Gaussianity witness based on moments
only. Simultaneously, a single-mode pump of the ampli-
fier effectively filters other modes of the signal; therefore,
the output state is close to perfect single mode. Regarding
nonclassicality, multiple witnesses have been formulated in
terms of photon-number and integrated-intensity moments
[48]; however, similar criteria for non-Gaussianity are missing
from the literature. In this article, therefore, we ab initio
introduce a quantum non-Gaussianity witness in terms of
the photon-number mean and variance. Analogously to the
probability-based witness, for a fixed value of the mean
photon number m = (N), the photon-number variance s> =
(N = m)?) cannot go below a certain value (dependent on m)
if the state is a single-mode mixture of Gaussian states. Due to
the fact that it is based on the first two moments, the proposed
witness behaves favorably regarding additive noise and loss,
which is easy to exploit.

First, we provide the analytic form of this moment-based
witness and provide proof of its validity. Then, we suggest
a few experimental schemes involving amplification where it
is convenient to use. Finally, we analyze the applicability of
the proposed witness for lossy Fock states and lossy photon-
added thermal states, and discuss how to treat loss and additive
noise in general.

II. MOMENT-BASED QNG WITNESS

Mixtures of Gaussian states in a single mode can be repre-
sented through their Wigner functions as

Wx, p) = fdP(k)Wx(x, p)

for some index variable A and P()A) denoting a probability
measure on the set of possible values of A. The functions
Wi (x, p) are pure Gaussian states obeying the Heisenberg
uncertainty principle:

1 (x—x, T _1fx—x,
W, (x, —= C ,
Hx p)“eXp{ 2<P—Px> »\p—p

where x; and p; denote mean quadratures and C; the covari-
ance matrix of the two quadratures, v/detC, > 1/4.

For such states, the first two photon-number moments can
be calculated as

) = / dxdp <x2 b l)vvoc, »)

2
= /dP(,\) /dxdp <x2 +p* = %)WA(X»P)
:/dP(A)(Z\Aﬁ), M

(N?) = / dxdp [ + p*)* — (& + pPHIW(x, p)
= f dP(n) f dxdp(x* + p*)*Wy (x, p)

. 1 N
- / aPO) (%) 5 = / PO (2, @)

where for the first equality of Eq. (2), we used the identity that
the symmetrically ordered second moment can be given as
@Pat)g=N*+N+1 /2. That is, for mixtures, noncentered
photon-number moments are the appropriate averages of the
component moments. Note that the second moment defined
in Eq. (2) does not involve ordering, that is, (N?) = (a‘aa’a).
We will use the notations m = (N) and s*> = (N?) — m? for
the photon-number mean and variance, respectively. Note that
although the photon-number variance cannot be, in general,
calculated as the average of the component variances, given a
fixed value of m, minimizing s> is equivalent to minimizing
the noncentered second moment (N2).

For dim states (states for which the probability of ob-
serving three or more photons is negligible), the Hanbury
Brown-Twiss coincidence scheme provides a straightforward
way to estimate vacuum and single-photon probabilities pg
and p;. For any given value of pg, there is a maximal
value of p; that a mixture of Gaussian states can possi-
bly attain [33]. Therefore, a measurement result where the
single-photon probability exceeds this limit indicates quantum
non-Gaussianity.

Similarly, we will show that mixtures of Gaussian states in
a single mode have a minimal photon-number variance for a
fixed mean photon number. This minimum-variance curve can
be given by the following parametric equation:

6‘6r 1 872r
mNG(r)=T—§+ 1 3)
3¢ 1 e
N6 =" =5+ )

with 7 > 0. In other words, there are pairs of values of m and

s% inaccessible to mixtures of Gaussian states (area below the

orange line in Fig. 1), and this can be used to witness the non-
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FIG. 1. Comparison of QNG witnesses. (a) In terms of photon-
number mean and variance. The blue line shows the border of the
converted Fock probability-based witness, and the orange line shows
the moment-based witness: The latter has an extended applicability
toward bright states. The areas below either line correspond to pairs
of values indicating quantum non-Gaussianity. The dashed black line
shows the border of the nonclassicality witness, s> < m. (b) The
same lines in terms of s> — m and m for a narrower range of mean
values, showing that the two witnesses are equivalent for low values
of m.

Gaussianity of quantum states of light even if their Wigner
function is strictly positive. While a bit cumbersome, we can
also express the analytic witness of quantum non-Gaussianity
in a nonparametric form as

(457 4+ /1652(s2 + 1) + 1 +2)%?
m >
12/3
3 1
+ V3 -5 )
4\/452 +/16s2(s2+1)+1+2

As detailed in Sec. I, many witnesses of quantum non-
Gaussianity have been developed, each applicable in different
scenarios. Since neither of these is based solely on photon-
number moments, and also because the use cases are different,
providing a fair comparison to the proposed witness is not
straightforward. Nevertheless, for the sake of simplicity, we
transformed the vacuum- and single-photon-probability-based
witness from Ref. [33] to photon-number mean m and vari-
ance s (see the Appendix for derivation). Figure 1 shows
this transformed witness with a blue line. From Fig. 1(b),
we can see that the two witnesses become equivalent as
m < 1: Using the right-hand side of Eq. (5), we obtain
that

2 4 6
mnG = Sxg + Sha + O(ska)»

which is the same as the low-mean behavior of the probability-
based witness [33]. However, for larger values of the mean
photon number m, the moment-based witness considerably
relaxes the condition for identifying QNG. Note that this is

not necessarily a fair comparison (the transformation of the
probability-based witness is only exact if the probability of
observing three or more photons, p3;, is zero); you will find
a better comparison in terms of non-Gaussianity depth in
Sec. IV. Also, the areas of applicability are different: The
main advantage of the moment-based witness is that it is
suitable in scenarios involving amplification.

In the following, we first show the step-by-step proof
for the proposed moment-based witness [Egs. (3) and (4)].
We will also discuss the extension of the witness in the
multimode setting for the two extremes: independent modes
and identical modes. We furthermore provide equivalent
formulations of the witness where the variance in the wit-
ness Eq. (4) is replaced by the appropriate values of the
noncentered second moment (N?2), the second integrated-
intensity moment (W?2), and the second-order correlation
function g (0).

A. Proof

The proof is structured as follows: we will take an arbitrary
mixture and show that each component’s contribution to the
second moment of the mixture can be reduced by replacing
it with a specific optimal displaced squeezed vacuum without
changing the contribution to the mean photon number. That is,
we can reduce the photon-number variance of any Gaussian
mixture by replacing each component with the appropriate
displaced squeezed vacuum. Then, we will show that the
second moment of the photon number for such optimal dis-
placed squeezed vacua is a convex function, and therefore,
the minimum-variance Gaussian mixture for a fixed value
of the mean photon number consists of a single displaced
squeezed vacuum state, the photon numbers of which can be
described by Egs. (3) and (4). Note that throughout this article,
we use the convention £ = (a +a')/2, p = (a — a")/2i for
the quadrature operators; however, this choice does not have
any bearing on the functional form of the witness [Egs. (3)
and (4)] itself since that only involves photon-number
moments.

1. Parametrization of Gaussian states

Any single Gaussian state can be constructed from a ther-
mal state with mean photon number 7 by first squeezing it
along the x axis with squeezing parameter r, then rotating it
about the origin by an angle ¢, and finally displacing it by
(dy, d,). To make the construction unique, without the loss of
generality, we will restrict ourselves to r > 0 and ¢ € [0, 7).
In this parametrization, the Wigner function of the resulting
state is a two-dimensional Gaussian distribution centered at
(dy, d,,) with the covariance matrix

C =

e sin? ¢ + €* cos® ¢

e~ cos? ¢ + e sin’ ¢
o2
— sinh 2r sin 2¢

— sinh 2r sin 2¢ }

where we introduced the notation o2 = (2n+ 1)/4 for
the variance of the initial thermal state. We will fur-
ther parametrize any Gaussian state through the tuple
(o, 1, @, dy, d,). Plugging this state into Egs. (1) and (2), we

033192-3



RACZ, RUPPERT, AND FILIP

PHYSICAL REVIEW RESEARCH 8, 033192 (2026)

FIG. 2. Steps of optimizing the photon-number variance of a
Gaussian state without changing the mean photon number. We start
off with an arbitrary Gaussian state represented by ellipse (0), and
first rotate it about its center (dy, 0) (1), and then increase its distance
from the origin while keeping its squeezing parameter unchanged un-
til we arrive at the displaced squeezed vacuum marked (2). State (3)
represents the minimal photon-number variance displaced squeezed
vacuum given the mean photon number and has the moments de-
scribed in Egs. (3) and (4).

obtain for the mean and the variance of the photon number of
this state:

m=—3+TrC+d}+d,, (6)
st = —40* + 2(Tr C)* 4 40 %" (dy cos ¢ +d,sin ¢)?
+ 402 2 (—d, sing +d, cos @), 7

where TrC = 202 cosh 2r.

2. Orientation of the state

Let us look at a single component of the mixture and
choose a frame of reference in which its center lies on the
x axis, in x = dy [see ellipse (0) in Fig. 2]. We will de-
note its parameters by (o9, 7o, @0, do, 0). The corresponding
photon-number mean m and variance s(z) from Egs. (6) and
(7) are

my = —3 +d; + Tr Gy, (8)
s% = — l — 4c761 + 2(TrCy)* + 4d§002e_2'
+ 2d3o¢ cosh 27 sin? gy. 9

Since the trace of C;y does not depend on the value of the
rotation angle ¢y, neither does my. Therefore, the first goal
is to find the value of ¢ that minimizes 53 while leaving ro
and dp (and, as a consequence, mjg) unchanged. Looking at
Eq. (9) and keeping in mind that we assumed ry > 0 and
@o € [0, ), this is trivially achieved by setting the rotation
angle to zero. In other words, reorienting the state such that
the eigendirection of its covariance matrix corresponding to
the smaller eigenvalue is aligned with the x axis results in a
lower photon-number variance while leaving the mean photon
number unchanged.

This improved state is represented by the ellipse (1)
in Fig. 2 and has the parameters (o] = oy, 11 =19, @1 =
0, di = dy, 0). The corresponding covariance matrix and

photon—number moments are
e—ZrO 0
C] = 0'02 X [ 0 62,,0 (10)
and

m; =mgy = ) +d§ + 2002 cosh 2ry,

1
2= -2 —doy + 2(Tr Cy)* + 4dioie™™

1
e 4oy + 80y cosh? 2ry + ddjoge ™. (11)

3. Lower-variance displaced squeezed vacuum

Now that we have arrived at state (1), let us compare it
with the displaced squeezed vacuum (2) in Fig. 2 that has
the same mean photon number and the same value of the
squeezing parameter. That is, state (2) is represented by the
tuple (or = 1/2, rn = ro, 92 =0, dp # dp, 0), and therefore
has the covariance matrix

1 e—Zro 0
G = ZI: 0 e |
Using that the mean photon numbers are equal in states (1)
and (2), we obtain

1
d3 +20¢ cosh2rg = dj + 5 cosh 2ro. (12)
Turning to variances, we have
1 1
s% =-3 + 3 cosh? 2ry + dzzefzro. (13)

Therefore, using Egs. (11)—(13), we obtain

1
2 —s3=e " (ooz - -
4

X [4d§ + e (-1+ 40 cosh 4ry + sinh 4ro)].

Each term in this equation is non-negative: 002 - i >0,

d? >0, —1+ 40§ coshdrg > —1 440 > 0, and sinh4ry >
0, since we use non-negative values only for the squeezing pa-
rameter. As a consequence, s% < s%, so we achieved a decrease
in the variance without changing the mean photon number
(my = m; = my). The moments of state (2) are then

m _ 1 d? 1 h2re = d2 4 sinh?
2= 2+ 2+2COS ro = dy + sinh” ry,
S%=—§+§cosh 2r0+d2 ’2’”——Sm2 To d2 —2ry

4. Optimal displaced squeezed vacuum

Now, we will find the displaced squeezed vacuum with the
minimal variance for a fixed value of the mean photon number
m. This optimal squeezed vacuum is represented by ellipse
(3) in Fig. 2 and has the parameters (o3 = 1/2, r3 =r #
ro, ¢3 = 0, d3 # d,, 0). The optimization problem is then

= d32 + sinh?r = my = fixed,

sinh? 2 :
S% = —2 d +€72’d32
sinh?2r . . ,
= — + e " (my — sinh” r) = min.
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FIG. 3. Behavior of the QNG witness [Eqgs. (3) and (4)] for a
mixture of two optimal displaced squeezed vacua. The purple line
shows the noncentered second moment of an optimal displaced
squeezed vacuum as a function of its mean photon number, that
is, sIZ\IG(r) + mlz\IG(r) as a function of myg(r) (r > 0). The mixture
components are shown with black disks, with mean photon numbers
one and three. Any state corresponding to their mixture lies in this
representation on the thin black line connecting the two black disks.
The black circle corresponds to a 60%—40% mixture of the initial
states, which has a mean photon number of 1.8. However, since the
purple line represents a convex function, we obtain a lower second
moment for a single optimal displaced squeezed vacuum with the
same mean, 1.8 (black triangle).

This problem is straightforward to solve analytically by re-
quiring ds% /dr = 0; this yields 0 = 1 + €% — 2¢% — 4e*'my,.
While the latter equation does not allow us to express the
optimal r as a function of my in a closed form, it clearly
works the other way around, yielding the parametric form in
Egs. (3) and (4). We can also express the optimal displacement
as di = e (¢* — 1)/4, which is non-negative for r < 0, so
there are no issues with nonphysicality.

5. Convexity of the second moment of the optimal displaced
squeezed vacuum

So far, we have shown that any mixture of Gaussian states
can be replaced by a mixture of optimal displaced squeezed
vacua that have the same mean m but a smaller variance s2,
or equivalently, a smaller noncentered second moment (N?2).
Here, we will show that the second moment (N?) of optimal
displaced squeezed vacua is a convex function of the mean
photon number m. From the parametric form in Eqgs. (3) and
(4), we obtain

d? 4
dmlg (SIZ\IG + mIZ\IG) =2- 35 1
which is non-negative for any r > 0, implying convexity. Us-
ing this convexity, we can again apply Jensen’s inequality
to show that the second moment of the photon number of a
single optimal displaced squeezed vacuum with a given mean
m is smaller than that of the mixture of multiple optimal
displaced squeezed vacua with the same mean photon number.
Figure 3 demonstrates Jensen’s inequality for two components
in the mixture. For a multicomponent mixture, one can replace

any pair of components by the optimal displaced squeezed
vacuum having the same mean photon number as the average
of the two components and continue on with this procedure
until only a single component remains.

That is, we have shown that for a fixed value m of the
mean photon number, the mixture of Gaussian states that has
the smallest value of (N?) consists of a single Gaussian state,
namely, an optimal displaced squeezed vacuum. Note that, of
course, a phase-randomized version of this state produces the
same photon-number moments.

B. Multimode case

Previously, we assumed that the amplification process with
a single-mode pump efficiently filters out a single output mode
before the detection. However, we still discuss here some
aspects for multimode light. While tackling the general case
of arbitrarily interdependent modes is not feasible, the two
extremes of either all modes being independent or all modes
being identical are instructive.

1. Independent modes

Considering M independent (uncorrelated) modes, measur-
ing the total number of photons (N = Zfil aja,-) corresponds
to the sum of independent random variables, and therefore
both the means and variances corresponding to the individual
modes add up. The mean and the variance per mode are then

1 < S (e
m:M;m,», szzn—lgs?.

Clearly, with m; fixed, the minimal variance in each mode is
attained by the appropriate displaced squeezed vacuum. Tak-
ing two of these modes (with means m; and variances siz, with
i € {1,2}), it can be shown that replacing them by optimal
displaced squeezed vacua with m} = m; + m, and m} =0,
the resulting variance contribution will be smaller than the
original, s + s (=0) < s} + 53 (see Fig. 4, diamond versus
triangle). Continuing with this process pairwise, it follows that
the lowest variance is attained by a single mode containing all
the photons, and the remaining modes empty. Therefore, the
previously attained single-mode QNG witness is applicable in
the multimode case as-is if the modes are independent.

Importantly, since beam splitters do not change the sum
of the number of photons in a pair of modes, interdependent
modes that are only dependent due to mixing on a network
of beam splitters are, for our purposes, equivalent to the case
of all modes being independent. Therefore, again, the non-
Gaussianity witness is applicable in its single-mode form in
such cases.

2. Identical modes

As the other extreme, we may also consider M (M > 1)
identical modes. Clearly, in this case we just multiply the
photon numbers of a single mode by the number of modes,

and therefore the moments become
my = M my, 512\4 = M? 5(2),

with mg and s} denoting the mean and variance of the photon
number of a single copy of the mode. Due to this sim-
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FIG. 4. Behavior of the QNG witness [Egs. (3) and (4)] for two
independent modes: number variance per mode and mean photon
number per mode. The black disk corresponds to two identical opti-
mally squeezed modes with m; = m, = 15. The black filled triangle
corresponds to the average from the two states denoted by the empty
triangles (m; = 5, my = 25), the average photon number per mode
is again 15; however, the variance is lower than in the identical
case. The black filled diamond shows the average from m; = 0 and
my = 30 (empty diamonds): Due to the convexity of the optimal

variance curve, this is the setup that provides the lowest variance for
m = 15.

ple form (both my and s3, strictly increasing with mqy and
s(z), respectively), the state that minimizes the variance is,
again, an optimal displaced squeezed vacuum. Therefore, the
minimum-variance curve can be given by

my = M mng(r), S}zw =M sﬁG(r).

Figure 5 shows that if the number of modes M is unknown,
assuming M =1 is the worst-case scenario. That is, the

single-mode witness provides a stricter criterion for non-
Gaussianity than any higher-mode witness.

10 M1
8- M=2
—M=3
oS 6
)
4,
2,
0 .
0 2 4 6 8 10

myr

FIG. 5. Mean and variance of photon numbers for optimal dis-
placed squeezed vacua in the case of M identical modes. This
illustrates that assuming M = 1 provides the worst-case scenario in
the identical multimode case; that is, if such a state can be repre-
sented by a point below the M = 1 orange line, it also qualifies as
QNG for any M > 1.

C. Equivalent formulations

So far, for mathematical convenience, we worked mainly
with the photon-number mean and variance. In the following,
we provide a few equivalent formulations of witness that may
be handier depending on the scenario.

1. Formulation in terms of the noncentered second moment
For any fixed mean photon number,

<N> _ ( ) _ eﬁr 1 N e—2r
TN =TT T
parametrized by r > 0, the noncentered second moment of the
photon number is lower bounded for any mixture of Gaussian
states (see Fig. 3, purple line):

(N?) = mig(r) + sug(r)

eer e()r e4r 1 e—2r 38—4;*

-t —+

16 4 2 4 4 16
Importantly, note that for mixtures of arbitrary states, it is the
noncentered second moment that transforms linearly; that is,
it is the convexity of this quantity that is relevant in the proof.

2. Formulation in terms of integrated-intensity moments

Advantageously, for the experiments with classical
integrated-intensity detectors, one can also describe the pho-
ton number distribution as a Poissonian random variable
with a random intensity parameter W, the integrated intensity
[48,49], which corresponds to the detector’s response over a
finite time window. In mathematical terms, this is a mixed
Poisson distribution, and we can express the relationship be-
tween the characteristic functions as Cy (&) = Cy [(e® — 1) /i]
(see Ref. [49], Sec. 14.9). For example, a thermal number
distribution can be obtained as a Poissonian with an ex-
ponentially distributed mean. The relationship between the
moments of the integrated-intensity and the photon-number
moments is simply (W) = (N) and (W?2) = (N?) — (N). That
is, for a fixed mean photon number m, the second moment
of the integrated intensity is a strictly increasing function
of the second moment of the photon number, so the second
integrated-intensity moment is minimal exactly when the sec-
ond moment of the photon number is minimal. The proposed
QNG witness is therefore straightforward to express in terms
of integrated-intensity moments. For any fixed mean intensity,

o 1 e

W = = — — = ,
(W) = mng(r) T 2t 3
parametrized by r > 0, the second moment of the integrated
intensity is lower bounded for any mixture of Gaussian states:

—2r

(W?) = mig(r) + sig(r) — mng(r)

B eer e6r N e4r N 1 872r N 3674r
16 2 4 2 16
= Wi, ().

That is, if we have a pair of experimental averages W and
W2, then W2 < Wi, [mgé(W)] is a witness of quantum non-
Gaussianity (with m;l(l} denoting the inverse function of myg).
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FIG. 6. Formulation of the QNG witness in terms of second-
order correlation function and mean photon number. The black
dashed line represents the witness for nonclassicality, the solid or-
ange represents line the witness of non-Gaussianity, whereas the blue
line represents the transformed witness of quantum non-Gaussianity
from Eq. (5) in Ref. [33]. The dotted orange line shows the
asymptotic approximation of the orange line, 1 — (m + %)’1 +3-
2783 (m + 1)™* — (m + )% The black disks show the g values
of Fock statesn =1, ...,14, 1 —n~'. The points below the purple
dashed line are nonphysical.

3. Formulation in terms of the second-order correlation g'»

The second-order correlation function can be expressed
from the mean and the variance of photon numbers as

(2)=<:z\72:>_<w2> : s 1

8

~

(N2 (w2 m>  m

’

with the pair of colons denoting normal ordering. Clearly, for
a fixed value of m, g is linearly increasing with s%. As a
consequence, for a fixed value of the mean photon number
(N) = (W) = mng(r), the second-order correlation function
is lower bounded for any mixture of Gaussian states:

SIZ\IG(r) _ 1

mig(r)  mng(r)

el2r + 2elOr + 368r _ 4661' _ 3e4r _ 262r + 3
(e()r + e4r + e2r _ 1)2

g =1+

= g ().
In other words, similarly to the previous instance, if the ex-
perimental value of g@ is lower than g [mys(W)] (a point
below the orange line in Fig. 6), it is a witness of the quantum
non-Gaussianity of the state.

Figure 6 shows the transformation of the probability-based
witness with blue and the moment-based witness with orange.
The usual nonclassicality witness of g < 1 is shown with
the dashed black line. For large values of r, we can use the
approximation myg(r) & €% /4 — 1/2, and the QNG border
in terms of g can be approximated from below

X L SR L s
NG - - .
m+ 3 253 (m + %)4/3 (m+ %)2

This approximation is shown with the orange dotted line. The
purple dashed line shows the boundary of physical states (for
any state with mean photon number m, the physical state
that achieves minimal variance is a mixture of Fock states
[Lm]) and || m] 4 1)). The distance between this boundary of
physical states and the QNG boundary has its maximum in
m = 1 and decreases as m—*/3, which shows that, practically,
the required experimental precision for QNG witnessing in-
creases with the mean photon number m.

The black disks, on the other hand, correspond to the g
values of pure Fock states, 1 — nl, showing that for not too
large values of the mean photon number, there is enough
distance between the orange line and the disks to certify the
non-Gaussianity of states other than Fock states.

Note that similar results can be obtained for the Fano factor

_ Var@V)  s?

() m
Namely, F < 1 is a known nonclassicality witness. While
using the Eqs. (3) and (4), one can get a similar witness for
QNG using Fano factor since if only mixtures of Gaussian
states are considered,

sﬁc(”)
~ mne(r)

= ]:Nc,(r).

III. EXAMPLES OF DIFFERENT
MEASUREMENT SCHEMES

The moment-based non-Gaussianity witness is applicable
in any situation where there is a reliable way to infer the values
of m and s? (or its alternatives). In what follows, we will show
a few straightforward examples of doing that. Note that our
aim here is not to solve a realistic experimental problem, but
rather to show some examples where our witness could be
applied. Therefore, our solution details only the ideal case,
while for the noisy cases, a similar analysis could be applied
as detailed in Sec. IV C.

These examples rely on the fact that we can express the
photon-number moments m = (a*a) and s* = (@Taata) — m?
by expanding the integral expressions at the beginning of
Sec. II to

(15)
s% = Var? + Varp? + 2Cov(%?, p*) — %, (16)
where VarO = (0?) — (0)? and
Covli? 1) = [ P W e, p)dxdp = () 77)

5&2132 +p\25&2 1 -

A. Witness from homodyning

Performing a homodyne measurement is the most
straightforward approach to estimating quadrature moments.
Looking at Egs. (15) and (16), we need the moments (%),
(P*), (&%), (p*), and [ x*p*W (x, p) dxdp. While the first four

of these are straightforward to obtain, (2?p?) is not. However,
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by measuring in four directions: 0, 7 /4, 7 /2, and 37 /4, this
cross term can also be obtained by showing that (cji /a) +
(@es) = (@) + (@2 2))/2+3 [ P*W (x, p)dxdp,  with
g, = Xcos ¢ + psing denoting the quadrature in direction
@. After straightforward manipulations, this leads to the
following form for the photon-number moments:

m = 3[(33) + (a2 a) + (@2 o) + (@3aja) — 1], (AD)

s> = 2[(4g) + (4%4) + (4i/2> + (‘?3&/4)]

z[(@%) + <Cﬁ/4) + <Cﬁ/2) + (Cﬁn/zt)]z - zlt' (18)

So after measuring the quadrature moments in these four
directions, one can estimate the photon-number moments and
check if they are a witness of quantum non-Gaussianity, that
is, if the corresponding point (m, s*) lies below the orange
line in Fig. 1. Alternatively, we can convert the criterion
from m and s?> to the average quadrature moments Q> =

34 3 A
% > =0 (e ) and 0* = i > =0 (qlfn/4) as

eGr +672r
Ok (r) = —s (19)
Org(r) = E[e”' +8e¥ —4 4 3¢7]. (20)

That is, we have witnessed QNG if for Q% = Q};(r), the
average of the fourth quadrature moments Q* < Q4NG(r).

Phase-random local oscillator

A broadly available detection scheme that involves am-
plification using a strong single-mode local oscillator is a
homodyne measurement with a phase-random local oscillator.
Essentially, this approach assumes that the local oscillator is
not phase locked to the signal, so it randomizes the phase of
the state and subsequently measures a single quadrature. By
changing variables, we obtain the mean photon number as

(Ny = /dxdp <x2 + p* — %)W(x, »)

1
/drdq) (r — 5) x rW (¥ cos ¢, rsing)

00 1 271d
:271/ dr (rz— —) X r/ —(pW(rcosw,rsimp)
0 2 0 2
/ d ! W(r),
= rlr?—< r
0 2

where

2
W(r) = r/ do W (rcos ¢, rsin )
0

is exactly the Wigner function of the state after phase random-
ization in polar coordinates, including the Jacobi determinant

ax o
ar ]
l=r
w o op
ar Ll

Similarly,
(N?) = / dxdp (> + pH)(x* + p* — DW(x, p)

= foo dr i (r* — DW (7).

0

Clearly, this also means that the phase-randomization step
does not affect the photon-number mean or variance. Using
the symmetry of the Wigner function of this randomized state,
Egs. (17) and (18) simplify to

m=2(¢") -1 (1)
st =3g" —48*) - § (22)

where § denotes an arbitrary quadrature of the phase-
randomized state. As a result, the non-Gaussianity witness
derived in terms of m and s is easy to express via (4%)
and (4*): We have a witness of quantum non-Gaussianity if
for (¢%) = QﬁG(r), the fourth moment (§*) < Q;G(r). The
quantities (§°) and (4*) are, of course, straightforward to
estimate from a finite sample of realizations of § measured
in the homodyne setup with a phase-random local oscillator.
So all that remains is to check if the point determined by these
empirical values lies below the parametric curve defined by
Egs. (19) and (20). This witness represents an alternative to
the approach used in Ref. [34].

B. Phase-sensitive amplification

An alternative approach uses optical preamplification
followed by integrated-intensity detection and analyzing
photon-number moments estimated from them. This approach
was first proposed and experimentally verified [50] to show
the quantum non-Gaussianity of states without phase depen-
dence, specifically heralded single photons. In what follows,
we extend that technique to arbitrary single-mode states: Us-
ing the amplified moments, we estimate the original values of
m and s> before amplification in order to be able to apply the
witness given in Eqs. (3) and (4).

The action of a phase-sensitive amplifier, assuming that it
amplifies (antisqueezes) the x quadrature, can be expressed as
W'(x, p) = W(xe™, pe")
for some value r > 0. This amounts to multiplying the x
quadrature by ¢” and the p quadrature by e~". For high
values of the parametric gain r, the output intensity is
then approximately proportional to £>. Since Eqgs. (17) and
(18) only contain even moments, parametric homodyning
as described in Refs. [51,52] is also applicable to verify
quantum non-Gaussianity. This would require amplification
in four directions, similarly to the standard homodyne case

(Sec. IIT A).

Alternatively, note that that all terms in Egs. (15) and (16)
((£%), (p?), Cov(x2, p*)) are directly available through a dou-
ble homodyne setup, at the cost of additional noise. This noise
can, however, be corrected for. For example, in the horizontal
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FIG. 7. Double parametric homodyne scheme. The input state is
first split on a balanced beam splitter (BS). Then the state in the
horizontal arm is strongly parametrically amplified (OPA) in the x
quadrature direction, and the state in the vertical arm is first phase
shifted by 7 /2 and then parametrically amplified by an identical
amplifier (OPA). The integrated intensities are then measured in
either arm, and are proportional to x*> and p?, respectively.

arm of Fig. 7, we have

1 1
= —3% + _Avac’
X ﬁxo ﬁx U
N 1[,. 3. 1
w9 = [+ 2+ 5.

where %y, denotes the x quadrature of vacuum ({Xya.) =
(#.) =0, (£2.) = 1/4, (&} ) = 3/16). The effect is iden-
tical when looking at the moments of p. The covariance of
%2 and p3 is unaffected by the addition of vacuum; there is
only a factor of 1/4 coming from the beam splitter. We can
then plug in the quadrature moments that have been corrected
for noise into Eqs. (15) and (16) to estimate m and s, and
finally check if the estimated point lies below the orange line
in Fig. 1.

C. Phase-insensitive amplification

A phase-insensitive amplifier amplifies the signal at the
cost of adding noise from the idler mode. In the simplest form,
its action can be described as [53]

$=vGi +VG— 1%,
p=~Gp,—VG—1p;,

for some gain G > 1 with (£;/;, p,/;) denoting the signal/idler
quadratures and (X, p) the output quadratures. Knowing the
various quadrature moments of the idler mode, the amplified
quadrature moments are straightforward to express and cor-
rect for.

As the simplest example, let us consider the idler to be vac-
wum (= (%) = (pi) =0, (&) = (p}) = 1/4, (&) = (p}) =
3/16, Cov(fciz,fc,-) = Cov(ﬁ%,ﬁ;) = 0). In this case, we can
express the amplified photon-number moments as

G-1

1
M=G(&)+(p) + —— — 3

5 =mG+G—1, (23)

3.0
2.5¢
2.0¢

~8 1.50
1.0¢
0.5:
0.0

0

Mest

FIG. 8. Sensitivity of the corrected value of the photon-number
mean and variance to the estimated gain Gey. Assuming that the
true values are m = 2.5, s> = 1 (indicated with a black disk), and
G = 100, we calculated from Egs. (23) and (24) the values M = 349
and S? = 42200. Then, we inverted Eqs. (23) and (24) using dif-
ferent values of estimated gain Gy (purple line). Specific values
of Gey/G are indicated with labeled blue disks along the purple
line. The orange line shows the border of the moment-based QNG
witness.

§? = G*[Varz? 4 Varp® + 2Cov(22, p*)]
+G(G = D(&) +(p3) — 5
=G’s*+GG—-1m+(BG*-2G-1)/4, (24)

with m and s?> denoting the initial photon-number mean and
variance of the signal. Using Egs. (23) and (24) and G known,
we can estimate m and s> from M and S? and check whether
these estimates meet the QNG witness in Egs. (3) and (4). Of
course, the same can be done based on integrated-intensity
moments, which amounts to replacing Eq. (24) by

W2=S2+M*—M=G*>+m®—m)
G-1
+ = 7(G = 1) + 16Gm]. (25)

Alternatively, we can substitute m and s> in Egs. (23) and
(24) [or in Egs. (23) and (25)] with myg(r) and SI%IG(I") from
Egs. (3) and (4) to obtain a witness in terms of the amplified
moments.

In experiments, we know the value of G only up to a finite
precision quantified by the error bars around Ges. We should
therefore consider this finite precision in the estimation of the
preamplification moments. Figure 8 shows how the estimated
preamplification moments change when assuming different
values for Gey/G. Clearly, by assuming a larger value for
estimated gain Gy, both the variance and the mean decrease,
moving deeper into the non-Gaussian region (possibly pro-
viding even nonphysical values). Therefore, if we have a
confidence interval (Gpin, Gmax), the conservative choice is
to invert Egs. (23) and (24) using Gpin.

IV. RESILIENCE OF QUANTUM NON-GAUSSIANITY
TO LOSS AND NOISE

In the previous section, we looked at a few possi-
ble schemes where m and s> may be estimated without
photon-number resolving detectors. In the current section, we
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look at how the moment-based witness [Eqgs. (3) and (4)] be-
haves assuming that these estimates are exact. This allows us
to explore the limits of the applicability of the moment-based
QNG witness independently of the particulars of the exper-
iment from which the estimates mes and 52, were obtained.
We can also look at it as the infinite sample size limit of the
measurement, where ey = m and sgst =52

Quantum non-Gaussianity depth [35] measures the max-
imum loss (or equivalently, the minimal transmittance ;)
a given measured state can suffer and still be recognized as
QNG by the witness under consideration. Note that this is a
different concept from QNG measures, which are most often
defined by a distance between the density operator and the
density operator of the Gaussian state with the same mean
quadratures and covariance matrix [54]. The calculation of
such measures does require full state tomography. Quantum
non-Gaussianity depth, in contrast, can be determined without
state tomography by using a calibrated attenuator in front of
the detector. We will use QNG depth as a figure of merit to
compare our moment-based witness to the witness based on
Fock-0 and Fock-1 probabilities [33] for a few types of states.

In the following, we first look at the quantum non-
Gaussianity depth of Fock states and photon-added thermal
states as examples. We will further examine how loss and
additive noise affect the witness and how it may be corrected
for.

A. QNG depth of Fock states

As the simplest demonstration of the applicability of the
witness [Eqgs. (3) and (4)], we calculate how much signal
loss a Fock state can tolerate in order for the witness to still
recognize its non-Gaussianity. It is straightforward to show
that if a Fock state |n) passes through a beam splitter with
transmissivity 7, its photon-number mean and variance be-
come

m=nn, s*=n—nn. (26)

For any set of values n and », it is easy to check whether
(m, s2) lies below or above the border of the non-Gaussianity
witness given by Eqs. (3) and (4). Figure 9(a) shows how the
moments of Fock states 1-5 change as they pass through a
beam splitter with different values of the transmissivity n €
[0, 1]. For n = 1, each curve starts at (n, 0) (black disks) and
arrives in the origin when 7 is decreased to zero. For n > 1,
each curve intersects with the QNG border for some value
n* > 0 (which defines the QNG depth), and this n* increases
with n. This means that, expectedly, higher Fock states can
tolerate less loss, that is, their QNG depth is smaller.

Table I compares the QNG depths using the probability-
based witness [using that po = (1 —n)" and p; = nn(l —
n)"~! for lossy Fock states] and the moment-based witness.
For the Fock-1 case, we have a mixture of vacuum and single
photon, which is always non-Gaussian. For Fock-2 and higher,
the new witness Eqs. (3) and (4) provides a considerably larger
depth (smaller ny,) for all cases without a need to specify
photon-number probabilities. Note that for the probability-
based witness, this assumes that we can estimate both p, and
p1 quite accurately, even if they are both close to zero, which
might be difficult in practice.

20 —
L ,// n = ]
1.5 // n-3
~ b e —n=4]
» 1.0 //’ _n=5
0.5f F#& ]
0.0 ® ®
0 1 2 3 4 5
m
0
g
. —0.17
T 0.2
-0.3 ‘ ‘ ‘
0 0.25 0.5 0.75 1
m

FIG. 9. QNG depth of Fock states without added noise. (a) The
photon-number mean and variance of lossy Fock states 1-5, the
proposed QNG witness is shown with the black solid line. The QNG
depths are given by the intersections of the colored curves with the
black line. The black disks indicate the lossless, n = 1 states. The
dashed black line shows the nonclassicality border s> = m. (b) The
same lines depicted via s> — m as a function of the mean. The numer-
ically calculated intersection points for Fock states 1-3 are indicated
with red diamonds.

Let us note that our witness extends the applicability range
from microscopic states (m < 1) to mesoscopic states (m
could be well above 1), but in principle it can be applied to any
state. For large values of the squeezing parameter r, Egs. (3)
and (4) simplify to

e6r ) 4r
mng(r) ~ Tv SNg(r) ~ 3

and therefore the equation for QNG depth can be solved
asymptotically and yields 1 — fmin = 34%/°n~1/3 (see Fig. 10,
black dashed line indicating the asymptotic slope). We can
see that this analytic approximation is close to the nu-
merically calculated values for large Fock states (orange
points). Note that the compared (pg, p;)-based witness is most
suited for low mean photon numbers. A similar extension of
range for mesoscopic states could be achieved also to the
probability-based witness, but that needs a more sophisit-
icated setup with multiple single-photon detectors [36,55]

= §<4m>2/3, @7)

TABLE I. QNG depth 1 — 5y, of different Fock states via the
probability-based witness and the moment-based witness.

1- Nmin
n Prob.-based Moment-based
1 1 1
2 0.63 0.82
3 0.51 0.72
4 0.46 0.66
5 0.42 0.61
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FIG. 10. The numerically calculated QNG depths [defined by the
witness Eqgs. (3) and (4)] of Fock states 1-15 as a function of n
(orange points) on a doubly logarithmic scale and the asymptotic
slope of —1/3 indicated for reference.

and/or a more complex witness involving only numerically
attainable critical values [45].

B. QNG depth of photon-added thermal states

The photon-number distribution of a k-photon-added ther-
mal state with (initial) mean photon number 7 can be given

—n—k (”) n > k (28)
(1 +‘ n)" ! k ’ -

which, in mathematical terms, is a random variable obtained
by adding k to a negative binomial distribution with param-
eters k+ 1 and (1 +n)~! [i.e., it is distributed as NB(k +
1, 1/(1 4+ n)) + k]. Note that this describes the case of adding
k photons realistically to a thermal state, meaning that 7 = 0
is equivalent to our previous case of Fock states.

The photon-number mean and variance are therefore

pPk(n) =

my () =k + (k+ D, s3,() = (k+ Da@ + 1).

After passing through a beam splitter with transmittance 7,
these moments change to

myx (7, ) = nlk + (k + Dyl
2@, ) =n*(k + D + 1)
+ n(1 = lk + (k + 1)l (29)

Figure 11 shows the photon-number mean and variance of
single-photon-added thermal states as 7 is increased from O
to 0.4. We can see that the 7 = 0 case coincides with a lossy
single photon, which is always in the QNG regime for n > 0.
If we increase the size of the initial thermal state, the variance
of the lossless state (n = 1, black disks) increases, until at
n ~ 0.4, it reaches the QNG border. This means that the
moment-based witness cannot show the non-Gaussianity of
single-photon-added thermal states whose initial mean photon
number 7 is over 0.4.

The numerically calculated values of QNG depth for both
the probability-based and the moment-based witnesses are

—m=0
1f—7m=0.1
n=02
~ —m=03
. 05— 7 =04 °
(a) L d
0
0 0.5 1 1.5 2
m
O.
g
NL -0.05
(b)
-0.1 :
0 0.25 0.5
m

FIG. 11. QNG of single photon-added thermal states. (a) Photon-
number mean and variance of single-photon-added thermal states
with initial mean photon number 7 between 0 and 0.4. The black
disks correspond to the lossless, n = 1 case. (b) s> —m for a nar-
rower range of mean values. The red diamonds indicate where the
curves corresponding to 7 = 0, 0.1, and 0.2 intersect the border of
the moment-based QNG witness.

collected in Table II. We can see that if we add more and more
photons, then the QNG depth mostly decreases. That is, by
adding more photons, we do not obtain a more non-Gaussian
state. If that is our main goal, then adding only a single photon
is more efficient.

On the other hand, if we increase the initial mean photon
number 7 of the thermal state, the QNG depth also decreases.
This is again expected behavior, as the contribution of the
classical thermal state will be higher compared to the added
Fock state. For low values of 7, the moment-based method
shows again a higher QNG depth compared to the probability-
based witness. This, however, changes for larger values of 7,
where the moment-based method fails to work around 7z ~ 0.4
as the same moments can be increasingly well approximated
with Gaussian distributions. In contrast, the probability-based
method works even for larger thermal states. This is because
for n = 1, the probability of zero photons is always zero for
any photon-added thermal state, which automatically implies
non-Gaussianity. However, in a realistic experiment with dif-

TABLE II. QNG depths 1 — ny,;, of k-photon-added thermal
states with initial mean photon number 7 using the probability- (P)
and the moment-based (M) witnesses.

k=1 k=2 k=3

n P M P M P M

0 1 1 0.63 0.82 0.51 0.72
0.1 0.76 0.88 0.54 0.71 0.45 0.61
0.2 0.62 0.71 0.47 0.56 0.41 0.47
0.3 0.52 0.44 0.42 0.36 0.38 0.29
0.4 0.45 0 0.38 0.06 0.35 0.02
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ferent noises and imperfect detection, the property of po = 0
is difficult to achieve.

C. Loss and noise correction

As an extension to the previously investigated cases
of Fock states [Eq. (26)] and photon-added thermal states
[Eq. (29)], let us look at a general state with initial photon-
number moments m1y and sé and assume that it suffers loss that
can be described with the aggregate transmissivity 7,,, and an
(aggregated) independent additive noise with mean m;s. and
variance s2 . . The altered moments can be given as

noise*

M = Nagg - Mo + Mnoise,

st = nagg(l - nagg)mO + Tizs(z) + srzloise' (30)

The added loss 15 has the same effect as the attenuation
for QNG depth 5, the two of them will have a combined
attenuation of 7,5, = 7Nioss X 7. We have two choices on how
to handle this situation:

(1) Accepting loss: We check the non-Gaussianity of the
lossy state, in which case the QNG depth will be simply
smaller (Ufmn = Tmin/ Moss)-

(2) Removing loss: If we know the value of loss 7o, We
may simply correct the moments of our state for the given
loss. In this case, the QNG depth does not change.

Which case we decide on depends on the actual situation.
In general, removing the loss is applicable if we have a pre-
cise understanding of the loss (e.g., correcting for detection
inefficiency), so that we do not overcompensate. Note that if
we want to be precise, we should obtain a confidence inter-
val for the loss and take the lower bound to remain on the
safe side.

The situation for the noises is very similar: If one knows
both my6ise and sfmise exactly (by measuring the properties of
the noise separately), they can be subtracted from the empir-
ical values of m and s> to remove their bias. Our method of
using moments is extremely useful here, as for additive noises,
the mean and the variance simply add up, and so they can be
very easily corrected for noise. In contrast, if we are interested
in the probability distribution, then an additive noise means
a convolution, the inversion of which is numerically very
difficult. So again, if we can characterize the imperfection pre-
cisely, we can remove its effect entirely. Note that in practice,
different noises can have a different effect in Eq. (30), e.g.,
in the case of amplification and a Gaussian additive noise, the
bias mpeise Will come from the variance for preamplification
noise, and will come from the mean for postamplification
noise.

For the sake of completeness, let us also check what hap-
pens if we cannot remove the noise. In this case, the QNG
depth decreases, but not as trivially as for losses. Let us
look at a numerical example of Fock states with two dif-
ferent types of noises (Fig. 12). This means that we have
the following values in Eq. (30): my = n and 59 = 0. In the
first case (solid lines), the noise is Poissonian with mean 7,
s0 we have mpgise = 2., = 1. In the second case (dashed
line), the noise is thermal with mean 7, SO My = 12 and
2. =na@+1).

noise

10— o 1
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FIG. 12. QNG depth of Fock states one to five assuming an
independent noise added during detection. Solid lines: Poissonian
noise; dashed lines: thermal noise. The dashed and solid lines of the
same color correspond to the same Fock state (see legend).

The behavior of the QNG depth is very similar in both
cases: More added noise decreases the QNG depth of Fock
states, and the higher the Fock state, the less sensitive its QNG
depth is to this bias. The difference is that for the same noise
mean, the Poissonian noise gives a significantly higher QNG
depth, as it has a smaller variance than the thermal noise for
the same mean. Note that the tolerable noise in either case
has the same magnitude as the signal, which gives a good
applicability for practical scenarios. If we have an even worse
signal-to-noise ratio, the earlier discussed option of subtract-
ing the estimated values of m,0is. and sﬁoise helps to reduce the
disruptive effect of the added noise.

V. CONCLUSION AND DISCUSSION

Non-Gaussian states are important for different quantum
applications. One may characterize such states by performing
a complete tomography, but if we are interested only in their
non-Gaussianity, providing a non-Gaussianity witness is a
sufficient and, in general, simpler task. The standard method
in the literature to achieve this is to perform a coincidence
measurement, which can characterize the probability distribu-
tion of the unknown state at low photon numbers. A witness
based on zero- and single-photon probabilities [33] can then
be applied to establish the quantum non-Gaussianity of a state:
For a fixed value of zero-photon probability p, there is a
maximal value of the single-photon probability p; that any
mixture of Gaussian states might reach. If the experimen-
tal value of p; exceeds this limit, one can certify quantum
non-Gaussianity. This approach works well for specific
tasks but requires single-photon detectors, which limits its
applicability.

In our work, we introduced a witness for the non-
Gaussianity of quantum states that relies only on measuring
the mean and the variance of photon numbers. Similarly to its
Fock probability-based counterpart, we obtained a parametric
curve [Eqgs. (3) and (4)] (Fig. 1, orange line), which provides a
lower limit on the photon-number variance achievable by mix-
tures of Gaussian states given a fixed value of the mean. Thus,
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any state whose photon number variance lies below this limit
has to be non-Gaussian. By converting the probability-based
witness to photon-number mean and variance, we can com-
pare its behavior with the proposed witness: Their boundaries
coincide for low values of the mean photon number, but the
moment-based witness significantly relaxes the QNG require-
ment for larger values. We provided alternative formulations
of the witness, among others, we expressed it in terms of the
mean and the second-order correlation g® (Fig. 6, orange
line), which provides a simple QNG witness similar to the
g® < 1 witness of nonclassicality (dashed line). Note that a
current, independent approach came to our attention, which
uses correlation functions to characterize the non-Gaussianity
of states [57]. Similarly to the standard approach, they also
use single-photon detectors, importantly, our witness does
not need single-photon detectors, so it is applicable in any
scenario that allows one to infer the first two photon-number
moments of the state. We also examined the multimode case
for the two extremes: independent modes and identical modes.
In either case, the single-mode witness is applicable.

The proposed witness is applicable in any context where
we can reliably estimate the photon-number mean and vari-
ance; we provided a few such experimental scenarios. In
general, estimating the mean for a dim state is not straightfor-
ward, but multiple methods can obtain it with high precision.
One method is to apply a local oscillator and perform a ho-
modyne measurement, which can fully characterize the state.
We showed that for our witness, a non-phase-locked local
oscillator is enough, which provides a homodyning in a phase-
randomized way. Another common method to measure the
mean is to amplify the signal and measure the intensity of the
amplified state. We showed that in both the phase-insensitive
and phase-sensitive cases, we may apply our QNG witness
with minimal modifications. Note that we provided our exam-
ples for an ideal case as a proof-of-principle demonstration.
However, since we showed that practical losses and noises are
straightforward to deal with, we expect our witness to be ap-
plicable to real (mesoscopic and/or multimode) experimental
setups (such as Refs. [50,58]), extending the characteriza-
tion of non-Gaussianity well above the currently achievable
limits.

Finally, assuming that we have obtained accurate estimates
of the photon-number mean and variance of the input state, we
analyzed this witness for a few simple states as an example.
For this purpose, we used the notion of QNG depth, which is
defined as the maximum value of loss (1 — ny,) a given state
can suffer and still be witnessed as non-Gaussian. We inves-
tigated Fock states and photon-added thermal states, and in
both cases, we achieved a decent QNG depth, which is better
than the standard (py, p;) witness [33] in practical scenarios.

In general, the proposed moment-based witness [Egs. (3)
and (4)] performs best in regimes where the probability of
observing three or more photons is non-negligible, but the
overall mean photon number remains small (~1-10). For very
low photon numbers, the moment-based witness performs
similarly to the standard probability-based witness. For very
high mean photon numbers, the moment-based witness be-
comes increasingly strict (Fig. 10), as even for perfect Fock-n
states, the QNG depth decreases as n~'/3. Note that even
though the witness is focused to Fock states and their im-

perfect versions, it applies to arbitrary quantum states. As is
typical for witnesses, it is difficult to fully assess its practical-
ity in general. For example, we can use it to provide a QNG
witness for small odd cat states, but even cat states display
super-Poissonian photon statistics (g2(0) > 1), and therefore
cannot be identified as QNG by the proposed witness.

As a further advantage, due to the favorable properties
of the statistical mean and variance, any loss and additive
intensity noise can be very easily dealt with. To obtain the
probability distribution after such imperfections, we need to
deconvolve the noise, which is numerically a difficult task.
In contrast, noise only modifies the moments linearly, so by
accurately characterizing the magnitude of loss and noise
precisely, we can easily minimize their effect. Note that know-
ing the full Wigner function or, at least the photon-number
probabilities for higher values of the photon number, pro-
vides, of course, more information than merely (m, s%) or
the probabilities (po, p1) from the compared witness. How-
ever, estimating the Wigner function or higher photon-number
probabilities is a more complex task (technically and/or wit-
ness wise) than the estimation of the first two photon-number
moments. So another advantage of the moment-based witness
is exactly that it is applicable to brighter states without added
complexity.

In summary, we introduced a witness for quantum non-
Gaussianity based on the photon-number mean and variance,
which is particularly suited for experiments involving high-
gain amplification. Other than providing an extension of the
applicability of QNG witnesses to brighter states, as a further
advantage, it also provides straightforward ways to correct for
loss and noise. As an outlook, this approach also conveniently
lends itself to an extension toward higher-order quantum non-
Gaussianity as a counterpart of Refs. [36,43].
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FIG. 13. Illustration of converting the Fock probability-based
QNG witness [Eq. (A1)] to a witness in terms of m and s*>. The
probability-based witness identifies states as non-Gaussian if they
lie above the thick black line, in the gray area (above the gray area,
Po + p1 > 1, the states are nonphysical). For a fixed value of the
mean photon number m and ¢ = 0.15, the potential states lie on the
blue line [see Eq. (A4)]. Therefore, in this example, we have a non-
Gaussianity witness for py < p;(0.15). However, we do not actually
know the value of c. Nevertheless, assuming ¢ = 0 (orange line) and
check the non-Gaussianity criteria for that, py < p;(0), makes sure
that we are in the gray area, since then py < pj(0) < p;(0.15) (i.e.,
the state will be in thicker part of the blue line).

APPENDIX: CONVERTING THE FOCK
PROBABILITY-BASED WITNESS TO PHOTON-NUMBER
MEAN AND VARIANCE

The non-Gaussianity witness in terms of zero- and single-
photon probabilities from Ref. [33] is

exp{ — 3(¢* — 1)(1 — tanh r)}

po(r) = ,
coshr
4r _ 1o 4r _
Bi(r) = (e — Dexp{ — 1(e : (1 tanhr)}‘ Al
4 cosh’ r

with r > 0 (see black line in Fig. 13). This means that for any
fixed value of vacuum probability py = po(r), the value of the
single-photon probability cannot exceed p; (r) for any mixture
of Gaussian states. Therefore, given an experimental pair of
values (pg, p;) that lies above the black line in Fig. 13 (in the
grey area), one can certify non-Gaussianity. The witness does
not say anything about the non-Gaussianity of states that lie
below this black line.

After straightforward manipulations of the definitions, we
can calculate the photon-number mean and variance as

[e.¢] oo
m=Y npy=2-2po—pi+ Y paln—2),

(A2)
n=0 n=2
2= anpn —m? =2py— (m—2)(m—1)
n=0
+ Y paln=2)(n = 1). (A3)

n=2
Introducing the notation ¢ = Y .-, p,(n — 2) and suppose
it is a fixed value along with the mean m, we obtain the
equation

pr=2—m+c—2po (A4)

for the line representing possible states in the p; — po
graph (see Fig. 13, orange and blue lines). Quantum non-
Gaussianity under these assumptions is equivalent to py being
smaller than pf(c), the abscissa of the intersection point of
this line and the black curve prescribed by Eq. (A1) (which
defines the section of the line within the gray, QNG area).
It is straightforward to show that ¢’ < ¢ < pj(c’) < p§(c).
Therefore, if py is smaller than p{(0), then py < pj(0) <
pi(c) implies non-Gaussianity for all values of c. That is, we
established that assuming ¢ = 0 < p3 = 0 is the worst-case
scenario if we want to show quantum non-Gaussianity for a
fixed value of the mean photon number.

In order to obtain a bound for the moments instead of
probabilities, we can also express py from Eq. (A3). We
get that the non-Gaussianity witness pg < p{;(0) is equivalent
to 5% < 2p5(0) — (m —2)(m — 1) + aniz pn(n—2)(n—1).
Since Z:iz pn(n—2)(n — 1) > 0 (with equality for ps3y =
0), the state is certainly QNG if

s? < 2p5(0) — (m —2)(m — 1). (AS)

As a reminder, we calculate pfj(0) by taking the intersection
point for ¢ =0 (i.e., p3+ = 0), and the right-hand side of
Eq. (AS) corresponds to exactly same case.

In summary, we can convert the Fock probability-based
witness to photon-number mean and variance by assuming
p3+ = 0, which yields

m(r) = pi(r) +2x (1 = pi(r) = po(r)).  (A6)

F(r) = pi1(r) + 4 x (1= pi(r) — po(r)) — m*(r).

Importantly, the conversion is only exact if p3;y =0,
for psy > 0, the transformed witness Eqs. (A6) and (A7)
is stricter than the original, (Al). Furthermore, the trans-
formed witness’s applicability is restricted to m < 2. How-
ever, note that the original witness is also inconclusive if
po = p1 = 0, which is not restrictive for the moment-based
witness.

(A7)
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