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Spin-exchange collisions have been widely studied in recent years, and various quantum-mechanical scattering
approaches have been developed to calculate the rates. However, these methods based on global knowledge of
wave functions can be computationally demanding, are limited to small systems, and do not offer a mechanistic
interpretation. Here, we present a semiclassical transition-state theory (SCTST) derived from first principles
to describe the nonadiabatic transition between two states that differ only in their spins, where classical TST
and Landau-Zener theory fail. We apply our theory to describe the spin-exchange collision between the nuclear
spin of *He and the electronic spin of 2*Na. SCTST reveals that the reaction proceeds via temperature-dependent
transition states, determined by an intricate compromise between minimizing the activation energy and maximiz-
ing the hyperfine coupling. It further demonstrates the importance of quantum delocalization effects prevalent
in spin exchange even when tunneling is suppressed and successfully explains the observed weak temperature
dependence of the rate. Finally, we showcase the power of SCTST by making predictions for the *He + CH3
spin-exchange collision in full dimensionality, where we find that the internal degrees of freedom induce

symmetry-broken transition states.

DOI: 10.1103/glys-ydzp

I. INTRODUCTION

Utilizing the spin degree of freedom for information
storage and fabrication of quantum materials has been one of
the key goals in the field of spintronics [1]. The bottleneck
for this process is the generation and control of the spin while
preserving the charge of the system [2]. The nuclear spins of
odd isotopes of noble gases have a nonzero quantum number
and a long coherence time [3], as they are well shielded
by the electron cloud from external agents. However, these
nuclear spins can be coherently controlled by coupling them
with the electronic spins of alkali metals via spin-exchange
processes [4,5], making them important candidates for con-
structing quantum materials [6]. Other forms of spin exchange
are prevalent in atom-photon collisions [7] and have recently
been shown to cause energy transfer between atomic hyperfine
and molecular rotational states [8]. Thus, it is crucial to under-
stand the mechanism of the spin-exchange process in order to
aid the rational design of quantum materials.

Various quantum scattering methods have been proposed
over the years to calculate the rate constants for spin-exchange
processes [9—14]. For instance, the exchange between the
nuclear spin of *He and the electronic spin of the valence
electron of **Na is known to be mediated by short-range
hyperfine couplings [15], of which the isotropic Fermi contact
interaction plays the dominant role [9]. After removing the
center-of-mass motion, the Hamiltonian for the spin-exchange
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process in the absence of a magnetic field is [16]
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where m is the reduced mass, r is the internuclear distance,
L is the spatial angular-momentum operator, and V(r) is
the potential energy. The final term couples the nuclear and
electronic spin angular-momentum operators, / and S, via the
Fermi contact interaction,
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Here, 1o and pye are the Bohr magneton and nuclear mag-
netic moment of *He, I = % is the nuclear spin quantum
number, and pp.(7) is the electron spin density at the nucleus
of He. We neglect the long-range anisotropic spin-dipolar
part of the hyperfine coupling, which only becomes impor-
tant at very low temperatures [14]. Additionally, since we
are describing spin exchange and not spin relaxation, the
spin-rotation term, which couples the electronic spin with the
spatial angular momentum (and is proportional to Na’s weak
spin-orbit coupling [16]), has been omitted in the expression.

Although quantum scattering methods can in principle
solve this problem numerically exactly, they involve te-
dious calculations of the partial waves and do not provide
an intuitive understanding of the spin-exchange mechanism.
Moreover, these scattering methods are limited to a few de-
grees of freedom and even with modern computation power it
is impossible to tackle collisions with polyatomic molecules.
Furthermore, they require global knowledge of the system and
calculating the potential as well as the hyperfine coupling be-
tween the collision partners at large distances can be difficult
because of the effects of various long-range interactions.

On the other hand, classical methods such as Marcus
theory [17] and nonadiabatic transition-state theory (TST)
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[18,19] utilize Landau-Zener transmission coefficients [20,21]
based on information at the minimum-energy crossing point
(MECP) of the reactant and product potential energy surface
(PES) and have been used to calculate spin-flip rates (also
known as intersystem crossing) in molecules in an elegant
manner [22]. However, in the case of spin-exchange colli-
sions, the reactant and product PESs are identical and thus
“cross” at every point, which causes the classical rates to
diverge. Moreover, due to the absence of a unique transition
state, the mechanism is unclear. Hence, it is necessary to
devise a more powerful type of transition-state theory that can
describe the spin-exchange process.

In this article, we describe a semiclassical transition-state
theory (SCTST) that stems from instanton theory [23-25] and
its generalization to nonadiabatic reactions [26,27]. It uses
path integrals rather than wave functions and thus offers a
different way of looking at the phenomenon. The resulting
method requires only local knowledge of the system at a single
geometry, called the “hopping point,” which is defined as the
minimum of the temperature-dependent effective potential,
thus significantly reducing the computational cost. Nonethe-
less, it is able to predict the spin-exchange rates with good
accuracy, which confirms that the hopping point is the key to
understanding the mechanism and can thus be thought of as
the transition state for this process.

II. DERIVATION OF THE SCTST RATE

We take the initial (reactant) state of the system to be
IR) = |1]) and the final (product) state to be |P) =[] 1),
where the two arrows represent the nuclear and electronic
spins. The Hamiltonians for each state are thus A, = (n|H|n)
for n € {R, P}, which have kinetic energy identical to the first
two terms of Eq. (1) and potential energy V,(r) =V (r)+
A(r)/4 =~ V(r). The two states are coupled by

A A A(r)
Alr) = (ANE-SIT) = —— 3
The thermal rate is given by
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- —BE
kZg = Znh‘/(; N(E)e " dE, “)

where the cumulative reaction probability (assuming the cou-
pling to be weak) is defined using Fermi’s golden rule [28]

N(Eg) =(Q2m)" Y (2t + 1)/ |A(ER, Ep)I?
12

x 8(Er — Ep) dEp. 5

Here, the scattering states (with angular-momentum
quantum number ¢ and collision energy E,) obey
H, W' (E,) = E,¥'(E,) and are coupled by A‘(Eg,Ep) =
(VR (ER)| A | (Ep)). Finally, Zg = (m/2 BR*)*? is the
reactant partition function per unit volume.

As we wish to avoid computing scattering wave functions,
we now present an alternative formula in a basis-independent
representation obtained using the Fourier transform of the
delta function [27,29]:
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where we have introduced an arbitrary component of imagi-
nary time, T.

The most direct way to obtain a classical rate equation is
by evaluating the trace as a phase-space integral [30],

kg Zg = = — 1 ///oo A2(x) e PIIpIP/2m
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with x being the internuclear vector and p its conjugate mo-
mentum. In the general case, the integral over time results
in a factor of §[Vr(x) — Vp(x)] and thus forces the hop to
occur at a crossing point, as in Marcus theory. However, it
becomes immediately evident that for completely overlapping
potentials where Vg (x) = Vp(x) for all x, which is the case for
spin-exchange collisions, the time integral becomes undefined
and the classical approach completely breaks down.

To solve this problem, we return to quantum mechanics
and express the trace in the path-integral formalism. First, we
consider a general case where Vg and Vp are different func-
tions before studying the implications of setting them to be
identical. Writing Eq. (4) in terms of the quantum-mechanical
propagators K, (x',x”, 7,) = (x'|e"™"/"|x"), the rate expres-
sion becomes [29,31]

1
kZr = e /// AX)Kr (X', X", Bli — T — it)
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To obtain a high-temperature limit for the rate, we approx-
imate the propagators in the semiclassical short-time limit
[31-33], as discussed further in the Supplemental Material
[34]: K, (X', X", 1,) >~ (m/2mwht,)*?e~5/" with the classical
limit of the action [35-37]:

m
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For simplicity, we have transformed the variables to x =
%(x/ + x”) and & = (x’ — x”). The rate constant now becomes

1 3/2 3/2
KZp ~ - / / / m m
R’ 27 Bt 2 hitp

x A(x)? e~ e +S)/h g dx dr, (10)

where we have approximated A(x + %)‘;‘) ~ A(x), which is
valid in the high-temperature limit. The resulting Gaussian
integral over & is trivially performed.

In many golden-rule processes [27], one can treat A(x)
as slowly varying; however, this so-called Condon approx-
imation is no longer valid here as it leads to divergent
rates. To extend the theory for a coupling that strongly de-
pends on the internuclear position, we move the A(x) terms
to the exponential [38] by introducing the effective action
Sett = Sr(0, X, r) + Sp(0, X, Tp) — 2/ 1In AA(?)‘), where Ag is
an arbitrary constant required to take care of the units. Finally,
we convert X to polar coordinates:

A2 3/2
k Zg ~ —Q(Lz) // drrteSe/idrdr.  (11)
n- \2nBh
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We then perform a steepest-descent integration in r and ¢
around the stationary point of the effective action:

kaZe = aR By [T L s (12)
c - TN —5 Ly, —.—=—¢ )
1 £R hz ot ﬂh —Eeff

where Zyo = 2mr?/ ,3)‘12 is the rotational partition function
measured at the hopping point. Additionally, 7 = Bhi— 1
and 7p = 7 correspond to the imaginary time spent on the
reactant and product states (which is determined by the
stationary-action condition). The negative sign before s
comes from the Cauchy-Riemann relations that allow us to
evaluate the derivatives in imaginary time:

%St 3%Sefr
ar? Arot
et = . 13
off = 1925w %S (13)
dtor 972

Performing the derivatives using Eq. (9) in the short-time
limit gives the determinant

,BFzQ—2E KR — Kp

Kr — Kp o I (14)
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with Q = (g Qr + Qp)/Bliand E = thalsz, where «, and
2,, are the first and second derivatives of the potential V,,(r) at
the hopping point r*. These expressions are similar to the ones
derived in previous works [37,39] except for the introduction
of the effective action. In fact, in the high-temperature limit,

we recover a form identical to that of nonadiabatic TST,

2
kg = zn_?&@ e BVIB). 15)
Bh~ hlkr — kp| Zr

This formula is related to Marcus theory, which is recovered
from the additional assumption of harmonic potentials. One
recognizes that the prefactor is proportional to the Landau-
Zener factor in the weak-coupling limit. The key difference
is that the hopping point is determined by the optimization
of an effective potential, Vi (r; B) = Vr(r) — % In %:) on the
crossing seam Vg (r) = Vp(r), which leads to the concept of a
temperature-dependent MECP with VEB) = V().

An interesting phenomenon arises when we attempt to
apply this classical theory to spin-exchange collision. In this
case, the reactant and product surfaces are identical every-
where, such that the gradients kg = kp are equal, which
causes the Landau-Zener factor and hence the classical rate
Eq. (15) to diverge. However, in contrast to the phase-space
approach of Eq. (7), it is now clear how the issue can be fixed.

The problem stems from the fact that the determinant £,
is zero when xr = kp. Thus, instead of truncating the action
at the lowest order, we are forced to include some quantum-
mechanical effects [34],

2.3
n

m 2 Kn‘L'
nVn — A4 16
" + 7, Va(x) i (16)
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&, x, ) >

Tn

where the final term is recognized from the action of a linear
potential [35,39] and accounts for quantum-mechanical de-
localization. In this way, SCTST goes beyond classical rate
theories by including certain quantum effects, which, as we
now show, are crucial to describe the spin-exchange process.
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FIG. 1. Hopping points, r*, for spin-exchange collisions between
3He and *Na from 200 to 900 K in steps of 100 K. With increasing
temperature, the hopping point (also known as the transition state)
climbs to higher energies to access larger coupling. The insets show
the potential energy curve and the coupling along a wider range of
internuclear distances. The shallow minimum in the potential plays
no role in the semiclassical theory.

The semiclassical determinant now becomes

BRQ—2E 0
et (17)
4m

SC AL
eff — 0

where because of the symmetry of the problem, x = kg = kp,
Q = Qr = Qp, and T = p = Bh/2. Note that the final term
in Eq. (16) is clearly subdominant in the high-temperature
limit. However, it is nonetheless essential to describe the
quantum fluctuations correctly to obtain a nonzero determi-
nant and hence a well-defined rate.

The semiclassical rate constant is therefore defined by
combining Egs. (12) and (17) as

2em A2 Zee 1
kscrst = 5 l eV (18)
B2 hli/2| Zg Bho

where mw? = Q — 28/Bh. This rate expression for SCTST
appears strikingly similar to Eq. (15). However, it is marked
by certain important differences, in particular, that the pref-
actor differs from the Landau-Zener form and thus avoids the
problem of divergence.

In this way, SCTST provides an intuitive picture of the
whole spin-exchange mechanism where the most probable
approach distance is described by the hopping point, ¥, also
known as the transition state. As shown in Fig. 1, there is a
competition between the activation energy required to reach
this point and the gain in increasing the coupling. For this
reason, the spin-exchange process does not follow the usual
Arrhenius law, as increasing the temperature raises the activa-
tion energy in such a way that the rate constant only changes
slightly. This is in agreement with experiments [40,41], where
no significant temperature dependence of the spin-exchange
rate was observed over the measured small temperature range.
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FIG. 2. Rate constants for the spin-exchange between *He and
2Na compared with the experimental measurement of Ref. [40]. The
semiclassical rates converge to the quantum-mechanical rate (FGR)
at high temperatures. The inset shows the reaction cross sections,
o (E), compared with experimental measurements of Ref. [42]. Ex-
periments suggest that the rate is roughly constant (within error bars)
over the small temperature range measured (as indicated), which is in
line with our calculations in which the rate constant only has a mild
temperature dependence, rather than the usual exponential Arrhenius
behavior.

III. RESULTS

SCTST was used to calculate the spin-exchange rates for
the >He+Na reaction. Figure 2 shows that the SCTST rates
are in good agreement with the quantum rates calculated
via Fermi’s golden rule with scattering wave functions. In
particular, SCTST captures the qualitative trend of the rates
decreasing roughly linearly with temperature [34] as sug-
gested previously by Walter et al. [13], who had proposed an
empirical temperature scaling relation for the rate constant.
However, this apparent linear dependence of the rate constant
on temperature is fortuitous and we see a deviation from
linearity when the Fermi contact interaction is replaced by a
simpler exponential function (not shown).

Note that the strong deviation from the usual exponen-
tial Arrhenius form is a consequence of the femperature-
dependent transition states and not an indication of tunneling
effects. In fact, the close agreement between our SCTST rate
(which neglects tunneling) and quantum results confirms that
tunneling is not important in this case. In particular, including
the higher-order term from Eq. (16) into the exponent has a
very minor effect on the result.

Our first-principles study also agrees with previous works
[11,12], where an atomic model was used to approximate
the Fermi contact with an empirical enhancement fac-
tor obtained by comparing theoretical calculations of the
frequency-shift enhancement factor with experiment. The ex-
perimental rate constant reported by Borel er al. [40] is
(6.1£0.6)x1072°cm?s~! at 319°C, which is very close to
our quantum rate of 5.3x1072° cm®s~! and our SCTST rate
of 4.8x10720 cm? s~!. This highlights that the error made by
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FIG. 3. Temperature-dependent transition states for spin ex-
change between 3He and CH; at different temperatures. r is defined
as the He-C distance. 6 is defined as the angle between the normal
of the plane of H atoms and the He-C vector. With increasing tem-
perature, the intermolecular distance decreases so that A increases
[34]. We also notice a sudden change in the angle at which the He
approaches the methyl radical, leading to symmetry breaking at low
temperatures. The insets show the structure of the transition states at
300 and 90 K, with the H-He distances labeled.

SCTST with respect to the quantum-mechanical rate is less
than the uncertainty of the experimental result.

In addition to calculating thermal rates, we can also predict
reaction cross sections using SCTST. Formally, the cumula-
tive reaction probabilities are related to the thermal rate by an
inverse Laplace transform of Eq. (4),

h Bsptioco
e A (19)
1 Jg,,—ico

where ®(B) = k(B) Zr(B). The stationary point B, satisfies
E = —(W)ﬁ:ﬁsp, which is assumed to be larger than
the real part of all the singularities of ®(f). Making the
stationary-phase approximation [43,44] for a given energy, we
obtain the cumulative reaction probability

—12
N(E) ~ L d’1n D(B) eBoE+In ®(By) (20)
2 dp? B=ps

Finally, the spin-exchange cross section can be obtained as
o(E) = nh*N(E)/2mE [45].

The results in the inset of Fig. 2 show that at higher ener-
gies the semiclassical approximation approaches the quantum
result and shows only a minor error at lower energies. Our cal-
culations are also in good agreement with the spin-exchange
cross section measured by Soboll [42].

Another advantage of SCTST is that it is trivially gen-
eralized to multidimensional systems [34], allowing the
description of polyatomic molecules with internal degrees of
freedom. We demonstrate this by studying the spin-exchange
mechanism for *He + CHj3 in full dimensionality using on-
the-fly electronic-structure theory [34,46]. Figure 3 shows
a significant change in the structure of the transition states

013086-4



SEMICLASSICAL SPIN EXCHANGE VIA ...

PHYSICAL REVIEW RESEARCH 8, 013086 (2026)

with temperature. The spin density of the methyl radical is
primarily distributed perpendicular to the plane of the hy-
drogen atoms since the lone electron is in a p orbital;
consequently, the He nucleus tends to approach along this
direction to access more coupling. For this reason, in the
high-temperature limit, the transition state has a C3, symmetry
with He at the center of methyl. However, at low temperatures,
we notice symmetry breaking in the transition state as the He
atom moves away from the center. The resulting decrease in
coupling is compensated by a reduction of the intermolecular
repulsion. Furthermore, we also notice changes in the um-
brella mode of the methyl [34], where at high temperatures
it assumes a less planar structure due to steric effects from the
He atom.

IV. CONCLUSION

In conclusion, we have developed a semiclassical
transition-state theory for nonadiabatic transitions between
two identical PESs and used it to explain the mechanism of
the spin-exchange phenomenon in a simple way. This clarifies
the role of quantum effects in the process—although there
is negligible tunneling, it is necessary to include quantum
delocalization even at high temperatures in order to avoid
divergences. The results are in good agreement with exper-
iment and could in principle be systematically improved by
increasing the accuracy of the electronic-structure calcula-
tions as well as by perturbatively incorporating extra effects
such as anharmonicity and higher-order contributions beyond

Fermi’s golden rule [47-49]. SCTST can be extended further
to include anisotropic, spin-rotation and spin-orbit couplings
[14,16,50] along with the effects of electric and magnetic
fields [51-53] either perturbatively or by incorporating them
explicitly in the electronic-structure calculations. Some of
these interactions can split the surfaces such that they do not
cross anywhere. Once again, standard classical approaches
fail. However, SCTST can be generalized to these systems,
as the existence of a transition state on the effective potential
is well defined even in the absence of a crossing point [34].
Moreover, as shown, the method is not limited to atom-atom
scattering but can also be used to study spin-exchange col-
lisions with polyatomic molecules or even nanoclusters and
the surfaces of bulk materials. In this way, the SCTST ap-
proach opens up possibilities for a better understanding of the
spin-exchange process to aid the rational design of quantum
technologies by controlling the spin-polarization timescales.
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