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Distinct reentrant transitions in a quasiperiodic Raman lattice
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We investigate a one-dimensional lattice with spin-orbit coupling (SOC) and a Zeeman potential containing
uniform and quasiperiodic components. By tuning SOC, anomalous mobility edges emerge that separate critical
from noncritical states, yielding a reentrant transition between two mixed phases, M; — M, — M;, where M,
(M) lacks (hosts) anomalous mobility edges. A reentrant criticality transition, defined as multiple entries into
the critical phase, is identified. As a counterpart to reentrant delocalization/localization transitions, it completes
the basic framework of reentrant phenomena across extended, localized, and critical states. The uniform Zeeman
potential drives a reentrant delocalization transition, arising from the splitting of the localized region induced
by the shift of mobility edges. This reveals a distinct pathway for reentrant phenomena beyond hybridization

mechanisms.

DOI: 10.1103/g15k-q96k

Introduction. In the field of Anderson localization [1], the
competition between different types of quantum states has
been extensively studied [2-8], particularly in quasiperiodic
systems [9—13]. Many interesting phenomena are discovered,
e.g., mobility edges [14], well-defined critical energies that
separate extended states from localized ones. Beyond the con-
ventional picture of mobility edges, recent studies reveal the
proliferation of critical states in the spectrum, inducing the
emergence of anomalous mobility edges [10,11], also known
as new mobility edges [12,13]. This phenomenon goes beyond
the conventional mobility-edge paradigm and allows for rich
coexistence manners among extended, localized, and critical
states. These rich coexistence phenomena have been both
theoretically predicted and experimentally confirmed across
a variety of physical systems [15-19].

Recently, an intriguing phenomenon has been discovered
in modified quasiperiodic systems, known as the reentrant
delocalization/localization transition [20-22]. In contrast to
the general quasiperiodic systems, where the adjustment of
a single parameter induces only a delocalization/localization
transition [3-8], the modified quasiperiodic systems exhibit
two or more distinct delocalization/localization transitions.
This reentrant behavior generally originates from hybridiza-
tion mechanisms, which can be driven by an enhanced
density of states [20-25]. The relevant experimental verifi-
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cation and advances in photonic platforms further emphasize
the practical relevance of reentrant transitions [20,25,26],
which has broad significance for exploring complex delocal-
ization/localization transitions in superconducting simulators
[27-29], cold atoms [15-18,30-32], and other platforms.
These reentrant behaviors highlight a complex landscape
of localization physics, which is crucial for understand-
ing the interplay between disorder-induced localization and
hybridization-driven delocalization.

Quasiperiodic systems host extended, critical, and local-
ized states, yet reentrant phenomena involving critical states
remain unexplored. The inclusion of critical states is expected
to generate richer competition, leading to a more complex
scenario for reentrant behavior. Furthermore, beyond the hy-
bridization mechanism, it remains an open question whether
other mechanisms can drive reentrant transitions. In this Let-
ter, we study the reentrant transition in a quasiperiodic Raman
lattice. In the presence of a Zeeman potential, spin-orbit cou-
pling (SOC) induces a reentrant transition between mixed
phases, distinguished by the absence or presence of anoma-
lous mobility edges. Remarkably, the system repeatedly enters
the purely critical phase, giving rise to a reentrant criticality
transition. By tuning the Zeeman potential, we demonstrate a
reentrant delocalization transition via direct control of mobil-
ity edges, revealing a distinct origin of reentrant behaviors.
Since the model we adopted is feasible in optical Raman
lattice experiments [30-32], all phenomena can be realized
experimentally.

Model and quantities. We investigate a one-dimensional
lattice model with SOC and a Zeeman potential, described by
the Hamiltonian [34]
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where é;a (¢jo) is the creation (annihilation) operator with
spin o =1, | at the site j and 7, = é;’aéjyg is the number
operator. t+ and A denote the strengths of nearest-neighbor
spin-conserved hopping and SOC induced spin-flip hopping,
respectively. The Zeeman potential is given by

Vi =VcosQmaj+¢)+ W, (2)

where V (W) represents the amplitude of the quasiperiodic
(uniform) component. « is taken as the ratio of adjacent
Fibonacci numbers, o = F;,_1/F,, [30,35,36]. For m — oo,
o approaches the inverse of the golden ratio, o = (v/5 —
1)/2. The random phase factor ¢ € [0, 2r) generates differ-
ent examples of the quasiperiodic Zeeman potential. Unless
otherwise specified, we sett = 1 as the energy unit and adopt
periodic boundary conditions. The system size is selected as
a Fibonacci number L = F,,. Specifically, we take L = 2584
with o = 1597/2584.

For A = 0, Eq. (1) reduces to two separated Aubry-André
(AA) models for each spin [37], which exhibit a transition
from a purely extended phase to a purely Anderson localized
phase. The transition occurs at V/t = 2 [37]. In this regime,
the properties of the system are independent of W. For A # 0
and W = 0, the inclusion of SOC can induce a purely critical
phase [30] and the phase diagram is consistent with that of the
non-Abelian AA model with p-wave superfluidity [38]. Upon
the introduction of W, band splitting arises, weakening the
correlation between different spin components and competing
with SOC [33].

To characterize different states, we employ multiple diag-
nostic quantities. The core one is the inverse participation ratio
(IPR), defined as Z,, = Z?;& (u‘}m + v;"n) [38—40], where n is
the energy level index and u;, (v;,) denotes the amplitude
of the spin-1 (spin-}) component of the eigenstate |¥ ™) =
Z?;é (u J'»”é;T +v jné; lvac). IPR is associated with the nor-
malized participation ratio, N, = (2LZ,)~" [21,41], and the
fractal dimension, D, = — In(Z,,)/ In(2L) [42—46], where 2L
corresponds to the Hilbert space dimension. To distinguish
pure phases from mixed phases, we calculate the composite
participation ratio n = log,,[(Z,) (N,)] [47-49], where (-) de-
notes averaging over the entire spectrum.

Phase diagrams. Figure 1(a) presents a global phase dia-
gram influenced by both W and A for V/t = 2. It contains
purely critical phases (C) and purely extended phases (E),
while no purely localized phases (L) are observed, which
only appear for large V [33]. In addition, two mixed phases,
denoted as M; and M,, are identified. The M; (M) phase
corresponds to the regions without (with) anomalous mobility
edges. Specifically, M; consists of a mixture of localized
and extended states, whereas M, mixes critical states with
localized states, extended states, or both. Along the abscissa
(W/t = 0), the system undergoes a transition from C to E
as A increases, with the transition point located at A/t =2
[30,38]. In contrast, along the ordinate (A/t =0), Eq. (1)

AJt | AJt

FIG. 1. Phase diagrams in the W—A plane for (a) V/t = 2.0 and
(b) V/t = 1.4, respectively. Color indicates the value of 1. White let-
ter C (E) marks the purely critical phase (purely extended phase). M;
and M, denote the mixed phases without and with anomalous mobil-
ity edges. White dotted lines mark W/f = 1 in panel (a) and A/t =
0.5 in panel (b). Orange markers in panels (a) and (b) indicate points
further analyzed in Figs. 2 and 3, and Fig. 5, respectively. 7 is used
only to distinguish pure and mixed phases. The distinction between
pure phases relies on fractal dimensions, and colored dot markers
indicate transition points between different phases extracted from
finite-size scaling analysis (see the Supplemental Material [33]).

reduces to the AA model [37], where W does not change
the properties of the system. Since V/t =2 is the critical
point of the AA model, the entire ordinate is in C. In the
limiting case of A/t — 00, the system resides in E for finite
W [33]. Therefore, tuning A can induce a C-E transition.
In this process, conventional and anomalous mobility edges
emerge. Interestingly, the M; phase is not contiguous, which
is divided into two separate regions by the M, phase. This
causes the system to experience a reentrant transition of M
as A increases. The fundamental reason for this phenomenon
is analyzed below. Moreover, a reentrant criticality transition
is observed in the regime of perturbative W. In Fig. 1(b), we
show another phase diagram for V/t = 1.4. In this scenario,
the abscissa undergoes an E-C-E transition as A increases
[30,38], whereas the ordinate is in E. Compared to Fig. 1(a),
E encroaches upon the survival region of mixed phases, re-
sulting in a significant suppression of mixed phases. Note
that the stability of mixed phases varies with W and A. It
results in the M; phase being divided into three regions [33].
More importantly, it causes the system to undergo a reentrant
delocalization transition as W increases for weak A, e.g.,
A/t = 0.5, marked by the white dotted line in Fig. 1(b). When
perturbative random disorder and interactions are introduced,
the phase diagram is not substantially modified, indicating the
robustness of the reentrant behavior.

Conventional and anomalous mobility edges. In Fig. 2(a),
we show the spectrum as a function of A for V/t =2 and
W/t = 1. This demonstrates that localized states appear dur-
ing the C—E transition, leading to conventional and anomalous
mobility edges. To distinguish two classes of anomalous mo-
bility edges, we label them aME, and aME,, defined as
the critical energies separating critical states from localized
and extended states in the spectrum, respectively. In Figs.
2(b)-2(d), we use 1000 samples to calculate the mean fractal
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FIG. 2. (a) Spectrum as a function of A, along the white dotted
line in Fig. 1(a). (b)~(d) Mean fractal dimension (D) at various
energy levels for A/t = 0.6, 1.0, and 1.3, as indicated by orange
markers M, @, and A in Fig. 1(a), respectively. Other cases for
A/t = 1.4, 1.8, and 3.0 are provided in the Supplemental Material
[33]. Black dotted lines mark conventional mobility edges, whereas
red and blue dotted lines denote two distinct classes of anomalous
mobility edges.

dimension (D) for various energy levels to show more details
of mobility edges. In Fig. 2(b), (D) approaches unity as the
system size increases in the region 0.618 < n/L < 1.382 [33],
indicating extended states [42—46]. Outside this region, (D)
decreases with the system size and is expected to approach
zero in the thermodynamic limit [33], signaling localized
states [42—46]. The separation points, marked by black dotted
lines, correspond to conventional mobility edges. Figure 2(c)
illustrates anomalous mobility edges aM E|, where in the criti-
cal regions 0.618 < n/L < 0.766,0.944 < n/L < 1.056, and
1.234 < n/L < 1.382, (D) approaches a finite value within
0 < (D) < 1 as the system size increases [33], revealing the
presence of critical states. The behavior of localized states
outside the critical regions remains consistent with that in
Fig. 2(b). The anomalous mobility edges aM E, are shown in
Fig. 2(d), marked by blue dotted lines. Here, extended states
emerge within 0.854 < n/L < 1.146, owing to the enhanced
density of states near the middle of the spectrum at A/t =
1.3, as illustrated in Fig. 2(a). This is consistent with the
reemergence mechanism of extended states during reentrant
localization transitions [21,24], where the increased density
promotes overlap among nonextended states, facilitating the
formation of extended states. When we increase A to reduce
the density of states, these extended states are destroyed and
reduced to critical states again [33]. As A further increases,
the system reenters an M; phase before entering E. The coex-
istence behavior in this regime is similar to that in Fig. 2(b)
[33]. It is worth noting that the rich coexistence phenomena
remain robust against weak random disorder and interaction
perturbations [33].

In(Z) In(Z)
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FIG. 3. (a)—(d) The IPR associated with the energy level index
as a function of V/t for W/t =1 and A/t = 0.6, 1.0, 1.3, and 1.8,
respectively. Red dotted lines mark V/t = 2, corresponding to orange
markers M, @, A, and * in Fig. 1(a).

To clarify the origin of the reentrant transition in Fig. 2(a),
we fix W/t =1 to investigate the localization transition in-
duced by the quasiperiodic Zeeman potential for A/t = 0.6,
1.0, 1.3, and 1.8, as shown in Figs. 3(a)-3(d). For A/t = 0.6,
the system undergoes an E-L transition as V/¢ increases. Dur-
ing this process, both conventional and anomalous mobility
edges emerge in the spectrum. In comparison to the case of
W/t = 0 discussed in the Supplemental Material [33], the ad-
dition of the uniform Zeeman potential W in Fig. 3(a) causes
extended and localized states to encroach upon regions orig-
inally occupied by critical states. This change results in the
emergence of localized states at the specific amplitude of the
quasiperiodic Zeeman potential, e.g., V/t = 2, indicated by
the red dotted line in Fig. 3(a). When A/t = 1.0 in Fig. 3(b), E
is suppressed relative to the case of A/t = 0.6, and the system
forms localized states under a weaker quasiperiodic Zeeman
potential. Moreover, the increase of A is more conducive
to the existence of critical states [30,33,38], promoting the
formation of anomalous mobility edges. As A continues to
increase, it produces the opposite effect in Fig. 3(c), where
a larger A facilitates the survival of E, requiring stronger V
to drive the localization transition. This trend is consistent
with the case of W/t = 0 [33]. Remarkably, as V increases,
the extended states vanish completely at V/t = 1.4 and then
reappear near the middle of the spectrum within 1.9 < V/t <
2.4, following the same mechanism discussed in Fig. 2(d).
For even larger A, the localization transition with both con-
ventional and anomalous mobility edges shifts to higher
amplitudes of the quasiperiodic Zeeman potential in Fig. 3(d).
When we fix V/t = 2 (red dotted lines) in Figs. 3(a)-3(d), the
system experiences mixed phases M; — M, — M; — M; as
A increases. Fundamentally, the above phenomena, whether
localized states emerge during the critical-extended transition
or the reentrant transition of M, all originate from the non-
monotonic role of SOC. The enhancement of SOC initially
suppresses extended states, thereby promoting critical and
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FIG. 4. (a) IPR as a function of A for V/t =2 and W/t = 0.01.
(b)—(d) (D) at various energy levels for A/t = 0.0, 0.4, and 0.8,
respectively. Other parameters are the same as those in Fig. 1(a). The
white dotted lines in panel (a) mark boundaries between different
phases, whereas the red dotted lines in panel (c) indicate anomalous
mobility edges aM E,.

localized phases. In contrast, further increasing SOC favors
the reemergence of extended states while suppressing critical
and localized ones. Moreover, SOC regulates the density of
states and induces hybridization-driven delocalization, which
further contributes to the observed reentrant behavior.

Reentrant transitions. Figure 4(a) displays the IPR associ-
ated with the energy level index n as a function of A for V/t =
2 and W/t = 0.01, where W is chosen sufficiently small to
preserve the purely critical phase [33]. As A decreases from
4 to 0, the system undergoes an E-M,—C—M,—C transition,
entering the purely critical phase C twice. Notably, the two
C originate from distinct mechanisms. For A/t = 0, the vari-
ation of W does not affect the nature of the system, and the
choice of V/t = 2 ensures that the system remains in C regard-
less of W. In contrast, for A > 0, W competes with A, leading
to the breakdown of part of C into the M, phase. The surviving
Cintheregion 0.5 < A/t < 1.6, together with C at A/t = 0,
gives rise to a reentrant criticality transition as A decreases.
Moreover, Fig. 4(a) also shows that noncritical states penetrate
C from multiple locations, resulting in two distinct M, phases.
In Figs. 4(b) and 4(d), we present (D) as a function of the
energy level for A/t = 0 and A/t = 0.8, respectively. As the
system size increases, the fractal dimensions of all states ap-
proach values within 0 < (D) < 1, indicating that the system
resides in C. In contrast, for A/t = 0.4 in Fig. 4(c), both
localized and critical states coexist in the spectrum, producing
anomalous mobility edges aM E; (red dotted lines).

In addition to the reentrant criticality transition, we also
observe a reentrant delocalization transition, as shown in
Fig. 1(b). To explore the mechanism behind this phenomenon,
we vary A/t from 0.8 to 0.5 and plot the spectra as a function
of W in Fig. 5. When A/t = (.8, extended states appear near

In(Z)

W/t

FIG. 5. (a)-(d) Spectra as a function of W/t for A/t = 0.8, 0.7,
0.6 and 0.5, sliced from Fig. 1(b). In panel (d), the gray regions mark
purely extended phases E and red dotted lines correspond to orange
markers M, ®, A, and * in Fig. 1(b).

the middle of the spectrum for small W/¢, in contrast to the
case of A/t = 1.0 [33]. This behavior can be attributed to
two primary factors. First, the reduction of A/t facilitates
the transition from critical states to extended states [38,50].
In the limit A/t — 0, Eq. (1) reduces to the AA model,
where all states are extended for V/f = 1.4 [37]. Second,
critical states in the middle of the spectrum possess larger
fractal dimensions, indicating greater spatial extension, and
are thus more likely to evolve into extended states as A/t
decreases. This trend is also clearly illustrated in Figs. 5(a)—
5(d), where the region of extended states around the spectrum
center expands systematically with decreasing A /t. Crucially,
Figs. 5(a)-5(d) demonstrate that the region where localized
states exist shrinks as A/t decreases. When A/f = 0.5 in
Fig. 5(d), localized states vanish entirely within the region
W/t € [1.21, 1.51]. Although a finite W makes the system
violate the pure phase criterion [2], the absence of overlap be-
tween mobility edges and the spectrum restores a pure phase
[33]. As a result, the localized region is split into two parts,
causing two distinct delocalization transitions. Specifically,
the first transition into E occurs at W/t = 1.21, which is sub-
sequently destroyed at W/t = 1.51. Upon further increasing
W/t, the system reenters E at W/t = 1.98, thereby exhibit-
ing the reentrant phenomenon. Experimentally, this reentrant
delocalization can be probed via wave-packet dynamics and
the retention of initial-state memory, which provide direct sig-
natures of mobility-edge shifts, and the specific experimental
steps and details are shown in the Supplemental Material [33].

Conclusions. In this Letter, we investigate reentrant tran-
sitions in an optical Raman lattice. In the presence of the
Zeeman potentials, SOC generates anomalous mobility edges
that drive reentrant transitions between mixed phases. We
also observe a reentrant criticality transition, supplementing
the basic framework of reentrant phenomena in quasiperi-
odic systems. Moreover, we identify a reentrant delocalization
transition induced by the uniform Zeeman potential. This
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reentrance occurs because the region supporting localized
states enclosed by mobility edges fails to overlap with energy
bands within a certain region, leading to the disappearance
of localized states. This mechanism presents a way to induce
reentrant transitions.

The underlying model studied here is supported by well-
established experimental schemes [30], and its basic phase
diagram has already been realized in ultracold atomic systems
[19] and programmable superconducting simulators [29]. The
inclusion of a uniform Zeeman splitting introduces richer
reentrant phenomena and provides a promising platform
for further theoretical and experimental research. It is also

worthwhile to introduce this work into interacting systems and
non-Hermitian systems to explore complex reentrant transi-
tions.
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