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Recently, the driven dynamics of localization phase transition have garnered growing interest. However,
studies so far have mainly considered initial localized states, whose driven dynamics follow the Kibble-Zurek
mechanism (KZM). In this study, we investigate the driven dynamics of the localization phase transition in the
Aubry-André model starting from a gapless extended state, which violates the adiabatic-impulse scenario of
KZM. By linearly driving the quasiperiodic potential strength across the critical point, we numerically simulate
the driven dynamics and analyze the scaling behavior of both the inverse participation ratio (I) and the dynamic
deviation from the instantaneous ground-state energy (D). We demonstrate that the driven dynamics starting
from initially extended states satisfies the criterion for the applicability of KZM and its extension, finite-time
scaling (FTS). The scaling functions governing the driven dynamics of both I and D have been derived based on
FTS and numerically validated. We found that the scaling functions exhibit significant differences at large R and
small R, and also differ considerably from the scaling functions when the initial state is localized, highlighting
the crucial role of initial-state behavior. The established scaling laws remain robust across a wide range of system
sizes and driving rates, providing testable predictions for experimental realizations.
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I. INTRODUCTION

The localization phenomenon remains a perennial focal
point in the study of quantum condensed matter [1–9]. Fore-
most among these is disorder-induced Anderson localization,
although it fails to predict the localization transition in lower
dimensions [2]. In recent years, quasiperiodic systems have
attracted significant interest, as they host unique manifesta-
tions of phases of matter and exhibit transitions between them
[10–23]. The Aubry-André (AA) model is a canonical exam-
ple of quasiperiodic systems [10]. Based on the AA model and
its extensions, researchers have conducted extensive studies
on localization phenomena and related topics [24–66], such
as the mobility edges [21,31–37], the interplay between lo-
calization and interaction [38–53], and the interplay between
localization and non-Hermitian physics [54–66].

Meanwhile, rapid experimental progress has stimulated in-
creasing interest in the nonequilibrium dynamics of quantum
systems [67–71]. Research in this area not only promotes the
exploration of states of matter, but also allows for precise
manipulation and preparation of quantum states [72–77]. In
particular, the study of driven dynamics has garnered sig-
nificant attention due to its relevance to adiabatic quantum
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computation and programmable quantum devices [78–82].
Within theoretical frameworks addressing driven dynamics,
the Kibble-Zurek mechanism (KZM) has been developed to
characterize dynamical behavior near critical points [83–91].
A cornerstone of KZM is the adiabatic-impulse hypothesis,
which requires the system to initially reside in a gapped
ground state [87,88]. Nevertheless, driven quantum systems
with gapless initial conditions have also come under theo-
retical investigation [92–94], prompting the formulation of
finite-time scaling (FTS) as a generalization beyond the
gapped-state assumption [95–97]. In FTS, the driving rate
serves as a key scaling parameter, leading to a complete scal-
ing description of the full nonequilibrium evolution [95]. Most
recently, a universal criterion has been proposed to evaluate
the applicability of both KZM and FTS in describing driven
dynamics starting from gapless initial states [98].

There has been growing interest in the nonequilibrium
dynamical behavior of localization transitions [99–106]. For
example, studies have focused on periodically driven dy-
namics and the characteristics of dynamical localization in
such systems [99–102]. Furthermore, numerous studies have
investigated the driven dynamics of localization transitions
[107–112]. It has been found that when the system is slowly
driven from an initial state far from the critical point, the
dynamics of the localization transition can be well described
by the KZM [107,108]. Moreover, in systems where multiple
localization mechanisms coexist, e.g., the coexistence of dis-
order and AA potential, researchers have found that the driven
dynamics also obey a hybrid KZM [110–112].

In previous studies, researchers have primarily focused
on the driven dynamics of localization phase transitions
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in sufficiently large systems with initially localized states
[107,108]. However, theoretical investigations into driven dy-
namics starting from extended states remain scarce. Since
extended states represent a type of gapless initial state, it is
particularly meaningful to investigate whether driven dynam-
ics starting from such states can still be described by KZM
and FTS. Furthermore, comparing the dynamical behavior
in these systems with that originating from localized initial
states offers valuable insights into the role of initial state in
nonequilibrium quantum evolution.

In this work, we investigate the driven dynamics across the
localization transition using the one-dimensional AA model,
starting from a gapless extended state. For the first time, we
demonstrate that such dynamics, initiated from an extended
state, fulfills the criteria for applying the FTS. By linearly
ramping the quasiperiodic potential through the critical point,
we numerically simulate the nonequilibrium evolution and
uncover scaling behaviors that are qualitatively distinct from
those observed when starting from a localized state. Using
the inverse participation ratio (I) and the energy deviation
from the instantaneous ground state (D) as order parame-
ters, we propose scaling functions based on FTS, which are
numerically verified over a broad range of system sizes and
driving rates. Notably, these scaling functions exhibit funda-
mentally different forms in the slow and fastdriving regimes,
underscoring the uniqueness of our findings compared to
previously established results for dynamics beginning in lo-
calized phases. The scaling laws uncovered here are not only
new but also robust, providing the first comprehensive frame-
work for understanding driven localization transitions from
extended initial states.

The rest of the paper is arranged as follows. In Sec. II,
the model of AA model is introduced. In Sec. III, we present
the scaling equations of the driven dynamics of both I and
D when starting from extended states, and numerically vali-
date these equations. Finally, a brief summary is presented in
Sec. IV.

II. THE AA MODEL

The Hamiltonian of the AA model reads [10]

H = −
L∑
j

J (c†
j c j+1 + H.c.) + λ

L∑
j

w( j)c†
j c j . (1)

Here, c†
j (c j ) is the creation (annihilation) operator of the hard-

core boson on j site, J is the hopping amplitude, and L is
the system size. w( j) = cos [2π (γ j + φ)] with γ being an
irrational number is the quasiperiodic onsite potential, and λ

measures the amplitude of the quasiperiodic potential. φ ∈
[0, 1) is the phase of the potential. In our numerical simula-
tions, we adopt J = 1 as the unit of energy, and the irrational
parameter γ is chosen as the golden ratio (

√
5 − 1)/2. To im-

plement periodic boundary conditions (PBCs), which require
cL+ j = c j , the quasiperiodic potential must also be periodic.
This necessitates approximating the irrational γ by a rational
number with L in the denominator. In our simulations, we sat-
isfy this requirement by choosing a sequence of system sizes
L = Fm and setting γ = Fm−1/Fm, where Fm are Fibonacci
numbers [55,107]. γ converges to the golden ratio as L → ∞.

FIG. 1. Energy gap �E as a function of L for the extended and
critical states. For the extended state, we use the ground state of λ =
λc − 1 as an example. The results are averaged for 1000 samples of
φ. The log-log coordinate is used.

This approach leverages the properties of Fibonacci numbers
to best approximate the incommensurate potential under PBC.

In the thermodynamic limit L → ∞, the AA model has a
localization-extended transition point at λc = 2J . For λ < λc,
all eigenstates are extended, while for λ > λc, they are lo-
calized. At the critical point λ = λc, the eigenstates become
critical, making this model a pristine platform for exploring
localization physics beyond the Anderson paradigm. It has
been established that the critical exponents of this transition
differ from those of disorder-induced Anderson transitions,
placing it in a distinct universality class [26,42].

Another important feature of the AA model is that when
the system is in the extended phase, the energy gap between
ground and first excited states (�E ) becomes zero in the
thermodynamic limit of L → ∞, resulting in a gapless state.
When the finite-size effect is taken into account, �E of the
extended state exhibits a power-law dependence on system
size, scaling as L−z′

, where z′ > 0 is the dynamical exponent
of the extended state. As shown in Fig. 1, we present �E as
a function of L for both the extended and critical states. It
can be observed that the L dependence of �E for both states
exhibits linear behavior on a log-log scale. The exponent
obtained from the power-law fitting for the extended state is
z′ = 2.00(3), while the dynamical exponent for the critical
state is z = 2.37(2) [107,113].

III. THE DRIVEN DYNAMICS WITH INITIAL EXTENDED
STATES

A. General theory of driven dynamics with initial gapless states

In this section, let us briefly introduce the theoretical
framework for driven dynamics starting from a gapless initial
state. We assume that the initial value of λ is far from the
critical point λc and that the system is driven linearly across
the critical point λc at a constant rate R. Defining ε ≡ λ − λc

as the distance to the critical point, the driving process satisfies

ε = ε0 + Rt, (2)
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where ε0 = λ0 − λc represents the initial distance to the criti-
cal point.

In the conventional quantum version of KZM theory, the
driven dynamical process is divided into the adiabatic evo-
lution regime and the impulse regime [87,88,107]. For |ε| >

R1/rν with ν being a critical exponent and r = z + 1/ν, the
evolution is in the adiabatic regime, and the system evolves
adiabatically because the state has sufficient time to adapt to
changes in the Hamiltonian. However, when the system enters
the impulse regime of |ε| < R1/rν , the state stops evolving
due to critical slowing down. Therefore, the frozen state is
no longer the ground state but an excited state. This scenario
can be comprehensively described by the scaling functions of
KZM.

For the driven dynamics with the initial state being a
gapless state, the situation differs fundamentally. Due to its
gapless nature, the system’s evolution deviates from adiabatic-
ity even during the initial stages. Excitations can be copiously
produced in the initial gapless phase and subsequently car-
ried into the critical region, influencing the nonequilibrium
properties near the quantum critical point. Consequently, the
conventional Kibble-Zurek approximation of distinct adia-
batic and impulse regimes breaks down in this scenario.

However, recent studies on driven dynamics starting from
a gapless initial state have revealed that if the system satisfies
the following precondition [98]:

z′ < r, (3)

the driven dynamics can still be described by the KZM and
FTS. This is because, when this condition is met, the dominant
nonequilibrium universal behavior originates from the critical
region of the quantum critical point. In this case, the driving
rate R with the critical exponent r governs the dynamic scaling
behavior.

For the AA model, the dynamical exponent of the extended
state is z′ = 2, while the critical exponents at the quantum
critical point are ν = 1 and z = 2.37, yielding r = z + 1/ν =
3.37. This clearly satisfies the aforementioned criterion in
Eq. (3). In the following discussion, we take the ground state
of the AA model at λ = λc − 1, which is sufficiently far from
the critical point, as the initial state, and then slowly vary λ

across the critical point into the localized phase. The driven
dynamic processes are simulated by numerically solving the
Schrödinger equation for the AA model, and I and D are
taken as order parameters to verify the applicability of FTS.

B. Driven dynamics of I
I is defined as [114,115]

I =
∑L

j=1 |	( j)|4∑L
j=1 |	( j)|2 , (4)

where 	( j) is the wave function. For a localized state, the
wave function is localized on some isolated sites, and I ∝ L0,
whereas I ∝ L−1 for the extended states. For the critical state,
it scales as I ∝ L−s/ν with s = 0.333 [26].

Near the critical point, I scales as

I = L−s/ν f (εL1/ν ), (5)

FIG. 2. (a) Static I vs ε for different L and (b) the rescaled curves
according to Eq. (5). The results are averaged for 1000 samples of φ.
The log-log coordinate is used.

where f (·) is the scaling function of the static I. In Fig. 2,
the curves of static I as a function of ε for different L, as
well as the rescaled curves according to Eq. (5), are plot-
ted. It can be observed that all curves collapse onto a single
one after rescaling. To quantify the quality of the data col-
lapse, we calculated the standard deviation of the rescaled
ILs/ν values at fixed RL−r across different system sizes L.
At εL1/ν = 6.64 × 10−4, the calculated standard deviation is
2.1 × 10−3 with a mean value of 0.748; at εL1/ν = 4.65, the
standard deviation is 1.3 × 10−2 with a mean value of 0.364,
confirming the validity of Eq. (5).

We now discuss the behavior of I when the system is
driven to the phase transition point (i.e., ε = 0) at different
rates R. In Fig. 3(a), we present I at ε = 0 as a function of
R for different L. Our scaling analysis indicates that at large
R and for a fixed L, I scales as I ∝ R(s−ν)/rν . For instance,
as shown in Fig. 3(c) for L = 55, a power-law fit to the large-
R behavior gives I ∝ R−0.1979(3), confirming the theoretical
exponent (s − ν)/rν. Furthermore, for a fixed large R, our

FIG. 3. Driven dynamics of I with initial extended states. I at
ε = 0 vs R for different R (a) before and (b) after rescaling. In panel
(b), the red dashed line has a slope of −0.1982(7). (c) Scaling of I
with R for L = 55 at large R. Power-law fitting yields I ∝ R−0.1979(3),
with the obtained exponent agreeing with (s − ν )/(rν ). (d) I vs L at
R = 0.25 (largeR). Power-law fitting yields I ∝ L−1.00(5). The results
are averaged for 10 samples of φ, and the log-log coordinate is used.
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data are consistent with the scaling I ∝ L−1. A representative
power-law fit at R = 0.25, shown in Fig. 3(d), yields an expo-
nent of −1.00(5), confirming this scaling behavior. Hence, in
the large-R regime we obtain

I ∝ L−1R
s−ν
rν . (6)

In contrast, for small R, the evolution of the system will
approach the equilibrium case; hence, I at ε = 0 tends to the
usual finite-size scaling form of I ∝ L−s/ν .

Based on the framework of FTS [95], the scaling form of I
should satisfy the following relation to reconcile these scaling
behaviors:

I =
{

L− s
ν f1(RLr, εR− 1

rν ), for small R,

L−1R
s−ν
rν f2(RLr, εR− 1

rν ), for large R,
(7)

in which fi(·) is a scaling function of driven dynamics of
I, and both f1 and f2 at ε = 0 tend to become constants.
Additionally, in Eq. (7), the criteria for distinguishing between
large R and small R vary for different L. As shown in Fig. 3(a),
the region where the I versus R curve appears as a flat straight
line can be considered as small R, while the region where
the I versus R curve appears as a sloping straight line can be
regarded as large R. Following Eq. (7), we rescale I and R as
ILs/ν and RLr , with the results shown in Fig. 3(b). We can see
that for small R, the curves of ILs/ν versus RLr for different
L collapse into a single flat straight line. For large R, ILs/ν

is proportional to (RLr )(s−ν)/(rν). At RLr = 6.9729 (small-R
regime), the mean value of ILs/ν is 0.744 with a standard
deviation of 0.0097. For the large-R regime, at RLr = 697.23,
the mean value is 0.420 with a standard deviation of 0.0057.
In both cases, the small standard deviations relative to their
mean values confirm excellent data collapse. As a result, the
rescaled curves collapse into a straight line with a slope of
(s − ν)/(rν). These results validate the scaling relations given
in Eq. (7) at ε = 0. It should be noted that the distinct scaling
behaviors of I observed here for large and small R are absent
in the driven dynamics starting from localized initial states.

Now, let us discuss the form of Eq. (7) at ε = 0 from the
perspective of the spatial distribution of the wave function.
As shown in Fig. 4, we present the spatial distribution of the
squared modulus of the wave function |	( j)|2 when driven to
ε = 0 for small and large values of R, as well as the distribu-
tions of critical and extended states in the static case. At small
R, the wave function exhibits the typical self-similar structure
of a critical state, as shown in Fig. 4(a1), which agrees with the
static distribution in Fig. 4(a2). An interesting characteristic
of this self-similar structure is that both the spacing between
consecutive major peaks and the spacings of secondary peaks
follow the Fibonacci sequence [60]. Since I is a quantity that
measures the spatial distribution of the wave function, it is
reasonable to postulate that I at small R will follow the same
scaling law as the static I, namely, Eq. (5).

As R increases, the wave function’s distribution begins to
exhibit relatively uniform probability across each lattice site,
as shown in Fig. 4(b1). This distribution closely resembles
that of a static extended state, depicted in Fig. 4(b2). Hence,
we conclude that I behaves similarly to that of an extended
state, exhibiting a scaling of I ∝ L−1. The remaining dimen-
sion of I is then borne by R, manifesting as a scaling relation

FIG. 4. Snapshots of states during a slow ramp at ε = 0, with
quenching rates R = 1.6 × 10−6 [panel (a1)] and R = 2.5 × 10−1

[panel (b1)]. The corresponding spatial distributions of the static
wave functions for the critical (λ = 2) and extended λ = 1 states are
shown in panels (a2) and (b2), respectively. The system size is chosen
as L = 144, with φ = 0.001. The y axis in the figure is plotted on a
logarithmic scale.

of the form R(s−ν)/rν . The emergence of these results at large R
precisely indicates that the behavior of the gapless initial state
can influence the dynamics near the critical point.

To further examine the applicability of FTS in the driven
process, we fixed RLr to an arbitrary value and calculated the
ε dependence of I for different L, as shown in Fig. 5(a1).
Following Eq. (7), the rescaled curves of I versus ε collapse
onto each other, as demonstrated in Fig. 5(a2). At ε = 0, the
rescaled ILs/ν has a mean value of 0.410 with a standard
deviation of 0.028, indicating a high-quality data collapse.
This data collapse further validates the correctness of Eq. (7).

FIG. 5. Curves of I vs ε for fixed RLr = 950.58 with different L
(a1) before and (a2) after rescaling according to Eq. (7). Curves of I
vs ε for fixed L = 987 (b1) before and (b2) after rescaling according
to Eq. (8). The results are averaged for 10 samples of φ. The arrows
in panels (a1) and (b1) denote the quench direction.
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For sufficiently large L, Eq. (7) can be simplified to the
following form:

I = L−1R
s−ν
rν f3(εR− 1

rν ).

And, for fixed L, it becomes

I = R
s−ν
rν f4(εR− 1

rν ). (8)

As shown in Fig. 5(b1) and 5(b2), where we fixed L =
987 as an example, Eq. (8) was numerically verified. The
rescaled curves for different R values collapse onto a univer-
sal curve when scaled according to Eq. (8). At ε = 0, the
mean and standard deviations of IR−(s−ν)/(rν) are 1.579 ×
10−3 and 7.7 × 10−6, respectively, indicating a tight data col-
lapse. Therefore, the excellent data collapse strongly validates
Eq. (8).

When the system is driven starting from a localized state,
for large R, the wave functions at the phase transition point
still exhibit characteristics of a localized state [107]. Since
for a localized state I ∝ L0, the scaling equation of I in this
case differs from that when the initial state is extended. For
sufficiently large L, the driven dynamics of I with an initial
localized state satisfies

I = R
s

rν f5(εR− 1
rν ). (9)

Equation (9) has been confirmed in multiple studies
[107,108].

C. Driven dynamics of D
The dynamic deviation from the instantaneous ground-

state energy D is also an important quantity in characterizing
the dynamical behavior of localization phase transitions [108].
Its definition is given by

D(t ) = 	∗(t )H (t )	(t ) − Eg(t ), (10)

where H (t ) is the instantaneous Hamiltonian in the driving
process and Eg(t ) is the corresponding ground-state energy.
	(t ) = e−iH (t )	(0), and 	(0) is the initial state. As can be
seen from Eq. (10), D always vanishes at t = 0, but it shares
the same dimension as �E .

As shown in Fig. 6(a), we present D at ε = 0 versus R
curves for different L. We find that for small R, the depen-
dence of D on R for a fixed L follows D ∝ R2.00(3) [as plotted
in Fig. 6(c)]; while for a fixed R, the dependence of D on L
exhibits D ∝ L4.372(5) as shown in Fig. 6(d), where the expo-
nent is close to 2r − z. Consequently, in the small-R regime,
we can write

D ∝ R2L2r−z. (11)

It is important to emphasize that this scaling behavior is re-
ported here for the first time and represents a distinct feature
not observed in dynamics starting from localized states. For
large R, we observe that D scales as R0.7033(6) [see Fig. 6(c)]
and is independent of L, with this exponent closely matching
the value of z/r.

To construct a unified scaling equation that simultane-
ously satisfies the aforementioned scaling relations while
incorporating both finite-size effects and off-critical-point cor-

FIG. 6. Driven dynamics of D with initial extended states. D
at ε = 0 vs R for different R (a) before and (b) after rescaling. In
panel (b), the slopes of the blue and red dashed lines are 1.998(4)
and 0.7045(8). (c) Scaling of D with R for L = 34 at small R, and
for L = 55 at large R. Power-law fitting yields show D ∝ R2.00(3) for
small R and D ∝ R0.7033(6) for small R. (d) D vs L at R = 3.98 × 10−6

(small R). Power-law fitting yields D ∝ L4.372(5). The results are
averaged for 10 samples of φ, and the log-log coordinate is used.

rections, we propose the following scaling ansatz:

D =
{

R2L2r−zg1(RLr, εR− 1
rν ), for small R,

R
z
r g2(RLr, εR− 1

rν ), for large R,
(12)

where gi(·) is the scaling function for the driven dynamics of
D. At ε = 0, g1 and g2 tend to become constants.

To verify this scaling equation, we rescale D at ε = 0 and R
as DLz and RLr . According to Eq. (12), DLz scales as (RLr )2

for small R, while for large R, DLz ∝ (RLr )z/r . As shown in
Fig. 6(b), the rescaled curves collapse into a straight line with
a slope of 1.998(4) in the small-R region, while in the large-R
region, they collapse into another straight line with a slope
of 0.7045(8). At RLr = 6.9729 (small-R region), DLz has a
mean value of 2.9 × 10−4 and a standard deviation of 5.9 ×
10−5. At RLr = 697.23 (large-R region), the mean value and
standard deviation of DLz are 6.2 and 0.72, respectively. This
data collapse further confirms the validity of Eq. (12) at ε = 0.

We now discuss the origin of this scaling form for D at ε =
0. In the small-R region, although the gap of extended states
becomes vanishingly small in finite systems, the initial state
can still be considered gapped. Consequently, the gap domi-
nates the driving dynamics. For fixed L, D can be expanded
as D = ∑

n AnRn. Since D must remain positive regardless
of whether R is positive or negative, the expansion should
contain only even powers of R. Keeping the lowest order
term, we obtain D ∝ R2. Concurrently, the remaining scaling
dimension must be borne by L, which gives rise to D ∝ L2r−z

in the large-R regime, as D shares the same dimension as the
�E and the driven dynamics at large R can be described by
conventional finite-size effects, we obtain D ∝ Rz/r . Although
the gapless nature of the initial state invalidates the adiabatic
assumption at large R, the scaling behavior of D remains
unaffected by the initial state because its initial value is always
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FIG. 7. Curves of D vs ε for fixed RLr = 950.58 with different L
(a1) before and (a2) after rescaling according to Eq. (7). Curves of �

vs ε for fixed L = 987 (b1) before and (b2) after rescaling according
to Eq. (8). The results are averaged for 10 samples of φ. The arrows
in panels (a1) and (b1) denote the quench direction.

zero. To further validate the correctness of Eq. (12) during the
driving dynamics, we fix RLr to an arbitrary constant value
and compute the variation of D with ε for different L. As
shown in Fig. 7(a1), we present the D versus ε curves for
different L when RLr = 950.58. After rescaling, all curves
collapse onto a single universal curve as shown in Fig. 7(a2);
at ε = 0, the values of DLz for different L have a standard
deviation of 1.1 and a mean of 7.9, robustly confirming the
validity of Eq. (12).

For sufficiently large L, Eq. (12) can be simplified to

D = R
z
r g3(εR− 1

rν ). (13)

In Fig. 7(b1), we show the D versus ε curves for different
R values at L = 987. The rescaled curves exhibit perfect col-
lapse as shown in Fig. 7(b2), with the values of DLz at ε = 0
across different R showing a standard deviation of 7.7 × 10−4

and a mean of 6.36 × 10−2, thereby verifying Eq. (13). Note
that Eq. (13) is identical in form to the scaling equation for the
initial localized state [107,108].

IV. CONCLUSION

In summary, we have systematically studied the driven
dynamics of the localization phase transition in the AA
model starting from a gapless extended state. Through ex-
tensive numerical simulations and scaling analysis, we have

demonstrated that the driven dynamics in this regime is well
described by the FTS framework. We have established that the
driven dynamics with initial extended states satisfies the FTS
applicability criterion (z′ < r), enabling a complete scaling
description of the full nonequilibrium evolution. The scaling
functions for both I and D have been derived and numerically
validated, and these scaling functions are reported here for
the first time. We observe that the scaling functions of these
order parameters differ significantly between the small-R and
large-R regimes. Furthermore, these scaling relations exhibit
fundamentally different forms compared to those derived from
localized initial states, highlighting the crucial role of initial-
state behavior in the ensuing driven dynamics. The robustness
of these scaling functions across various system sizes and
driving rates underscores the universal nature of the nonequi-
librium dynamics originating from gapless extended states.

Our work not only extends the understanding of driven
dynamics in localization phase transitions beyond the conven-
tional initial localized state, but also highlights the significant
crucial role of the initial state in shaping the subsequent
nonequilibrium behavior. Given experimental advances in re-
alizing the AA model with ultracold atoms and optical lattice
[116,117], the proposed scaling relations provide directly
testable predictions for future experimental investigations of
nonequilibrium dynamics in quasiperiodic systems. Addition-
ally, recent studies have also explored the driven dynamics of
initially localized states in non-Hermitian localization phase
transitions, revealing that such dynamics can be described
by the KZM [108,112]. In subsequent research, we will fur-
ther investigate the driven dynamics of extended states as
initial states in non-Hermitian localization phase transitions
and verify the applicability of the FTS in driven dynamics of
non-Hermitian systems.

ACKNOWLEDGMENTS

This work was supported by the National Natural Sci-
ence Foundation of China (Grants No. 12274184 and No.
12404105), the Qing Lan Project, the Natural Science Foun-
dation of Jiangsu Province (Grant No. BK20233001), Jiangsu
Key Laboratory of Frontier Material Physics and Devices
(Grant No. KJS2351), and the Natural Science Foundation of
the Jiangsu Higher Education Institutions of China (Grant No.
24KJB140008).

DATA AVAILABILITY

The data that support the findings of this article are openly
available [118].

[1] P. W. Anderson, Absence of diffusion in certain random lat-
tices, Phys. Rev. 109, 1492 (1958).

[2] E. Abrahams, P. W. Anderson, D. C. Licciardello, and T. V.
Ramakrishnan, Scaling theory of localization: Absence of
quantum diffusion in two dimensions, Phys. Rev. Lett. 42, 673
(1979).

[3] P. A. Lee and T. V. Ramakrishnan, Disordered electronic sys-
tems, Rev. Mod. Phys. 57, 287 (1985).

[4] B. Kramer and A. MacKinnon, Localization: Theory and ex-
periment, Rep. Prog. Phys. 56, 1469 (1993).

[5] T. Schwartz, G. Bartal, S. Fishman, and M. Segev,
Transport and Anderson localization in disordered two-
dimensional photonic lattices, Nature (London) 446, 52
(2007).

[6] F. Evers and A. D. Mirlin, Anderson transitions, Rev. Mod.
Phys. 80, 1355 (2008).

013093-6

https://doi.org/10.1103/PhysRev.109.1492
https://doi.org/10.1103/PhysRevLett.42.673
https://doi.org/10.1103/RevModPhys.57.287
https://doi.org/10.1088/0034-4885/56/12/001
https://doi.org/10.1038/nature05623
https://doi.org/10.1103/RevModPhys.80.1355


DRIVEN DYNAMICS OF LOCALIZATION PHASE … PHYSICAL REVIEW RESEARCH 8, 013093 (2026)

[7] M. Segev, Y. Silberberg, and D. N. Christodoulides, Anderson
localization of light, Nat. Photonics 7, 197 (2013).

[8] D. S. Wiersma, Disordered photonics, Nat. Photonics 7, 188
(2013).

[9] A. Yamilov, S. E. Skipetrov, T. W. Hughes, M. Minkov, Z. Yu,
and H. Cao, Anderson localization of electromagnetic waves
in three dimensions, Nat. Phys. 19, 1308 (2023).

[10] S. Aubry and G. André, Analyticity breaking and Anderson
localization in incommensurate lattices, Ann. Israel Phys. Soc.
3, 133 (1980).

[11] J. Biddle and S. Das Sarma, Predicted mobility edges in
one-dimensional incommensurate optical lattices: An exactly
solvable model of Anderson localization, Phys. Rev. Lett. 104,
070601 (2010).

[12] H. Yao, A. Khoudli, L. Bresque, and L. Sanchez-Palencia,
Critical behavior and fractality in shallow one-dimensional
quasiperiodic potentials, Phys. Rev. Lett. 123, 070405
(2019).

[13] J. Schirmann, S. Franca, F. Flicker, and A. G. Grushin, Phys-
ical properties of an aperiodic monotile with graphene-like
features, chirality, and zero modes, Phys. Rev. Lett. 132,
086402 (2024).

[14] M. Gonçalves, B. Amorim, E. V. Castro, and P. Ribeiro,
Critical phase dualities in 1D exactly solvable quasiperiodic
models, Phys. Rev. Lett. 131, 186303 (2023).

[15] J. Šuntajs, T. Prosen and L. Vidmar, Localization challenges
quantum chaos in the finite two-dimensional Anderson model,
Phys. Rev. B 107, 064205 (2023).

[16] U. Agrawal, S. Gopalakrishnan, and R. Vasseur, Universal-
ity and quantum criticality in quasiperiodic spin chains, Nat.
Commun. 11, 2225 (2020).

[17] U. Agrawal, S. Gopalakrishnan, and R. Vasseur, Quantum
criticality in the 2D quasiperiodic Potts model, Phys. Rev. Lett.
125, 265702 (2020).

[18] V. Goblot, A. Štrkalj, N. Pernet, J. L. Lado, C. Dorow, A.
Lemaître, L. L. Gratiet, A. Harouri, I. Sagnes, S. Ravets, A.
Amo, J. Bloch, and O. Zilberberg, Emergence of criticality
through a cascade of delocalization transitions in quasiperiodic
chains, Nat. Phys. 16, 832 (2020).

[19] S. Roy, S. Chattopadhyay, T. Mishra, and S. Basu, Critical
analysis of the reentrant localization transition in a one-
dimensional dimerized quasiperiodic lattice, Phys. Rev. B 105,
214203 (2022).

[20] U. Agrawal, R. Vasseur, and S. Gopalakrishnan, Quasiperiodic
many-body localization transition in dimension d > 1, Phys.
Rev. B 106, 094206 (2022).

[21] X.-C. Zhou, Y.-J. Wang, T.-F. J. Poon, Q. Zhou, and X.-J. Liu,
Exact new mobility edges between critical and localized states,
Phys. Rev. Lett. 131, 176401 (2023).

[22] A. Smith, J. Knolle, R. Moessner, and D. L. Kovrizhin, Ab-
sence of ergodicity without quenched disorder: From quantum
disentangled liquids to many-body localization, Phys. Rev.
Lett. 119, 176601 (2017).

[23] H. Roche Carrasco, J. Schirmann, A. Mordret, and A. G.
Grushin, Family of aperiodic tilings with tunable quantum
geometric tensor, Phys. Rev. Lett. 135, 236603 (2025).

[24] J. Biddle, D. J. Priour, B. Wang, and S. Das Sarma, Local-
ization in one-dimensional lattices with non-nearest-neighbor
hopping: Generalized Anderson and Aubry-André models,
Phys. Rev. B 83, 075105 (2011).

[25] Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and O.
Zilberberg, Topological states and adiabatic pumping in qua-
sicrystals, Phys. Rev. Lett. 109, 106402 (2012).

[26] X. Bu, L.-J. Zhai, and S. Yin, Quantum criticality in the disor-
dered Aubry-André model, Phys. Rev. B 106, 214208 (2022).

[27] T. Lv, Y.-B. Liu, T.-C. Yi, L. Li, M. Liu, and W.-L. You,
Exploring unconventional quantum criticality in the p-wave-
paired Aubry-André-Harper model, Phys. Rev. B 106, 144205
(2022).

[28] A. Sahoo, A. Saha, and D. Rakshit, Stark localization near
Aubry-André criticality, Phys. Rev. B 111, 024205 (2025).

[29] C. Y. Guo, Multiple intermediate phases in the interpolating
Aubry-André-Fibonacci model, Phys. Rev. B 109, 174203
(2024).

[30] T.-C. Yi, Y.-Y. Fang, W. Chen, W.-L. You, and Y. Zhang, Un-
veiling quantum criticality of disordered Aubry-André-Harper
models via typical fidelity susceptibility, Phys. Rev. A 112,
023308 (2025).

[31] S. Saha, S. K. Maiti, and S. Karmakar, Multiple mobility edges
in a 1D Aubry chain with Hubbard interaction in presence of
electric field: Controlled electron transport, Physica E 83, 358
(2016).

[32] S. Ganeshan, J. H. Pixley, and S. Das Sarma, Nearest neigh-
bor tight binding models with an exact mobility edge in one
dimension, Phys. Rev. Lett. 114, 146601 (2015).

[33] Y. Wang, X. Xia, L. Zhang, H. Yao, S. Chen, J. You, Q.
Zhou, and X.-J. Liu, One-dimensional quasiperiodic mosaic
lattice with exact mobility edges, Phys. Rev. Lett. 125, 196604
(2020).

[34] H.-T. Hu, Y. Chen, X. Lin, A.-M. Guo, Z. Lin, and M. Gong,
Exact mobility edges in quasiperiodic network models with
slowly varying potentials, Phys. Rev. B 112, 054201 (2025).

[35] T. Liu, X. Xia, S. Longhi, and L. Sanchez-Palencia, Anoma-
lous mobility edges in one-dimensional quasiperiodic models,
SciPost Phys. 12, 027 (2022).

[36] J. Gao, I. M. Khaymovich, X.-W. Wang, Z.-S. Xu, A. Iovan, G.
Krishna, J. Jieensi, A. Cataldo, A. V. Balatsky, V. Zwiller, and
A. W. Elshaari, Probing multi-mobility edges in quasiperiodic
mosaic lattices, Sci. Bull. 70, 58 (2025).

[37] S. Banerjee, S. R. Padhi, and T. Mishra, Emergence of distinct
exact mobility edges in aquasiperiodic chain, Phys. Rev. B
111, L220201 (2025).

[38] S. Iyer, V. Oganesyan, G. Refael, and D. A. Huse, Many-
body localization in a quasiperiodic system, Phys. Rev. B 87,
134202 (2013).

[39] M. Schreiber, S. S. Hodgman, P. Bordia, H. P. Lüschen, M. H.
Fischer, R. Vosk, E. Altman, U. Schneider, and I. Bloch, Ob-
servation of many-body localization of interacting fermions in
a quasirandom optical lattice, Science 349, 842 (2015).

[40] V. Mastropietro, Localization of interacting fermions in the
Aubry-André model, Phys. Rev. Lett. 115, 180401 (2015).

[41] V. Khemani, D. N. Sheng, and D. A. Huse, Two universality
classes for the many-body localization transition, Phys. Rev.
Lett. 119, 075702 (2017).

[42] S.-X. Zhang and H. Yao, Universal properties of many-body
localization transitions in quasiperiodic systems, Phys. Rev.
Lett. 121, 206601 (2018).

[43] M. Rispoli, A. Lukin, R. Schittko, S. Kim, M. E. Tai, J.
Léonard, and M. Greiner, Quantum critical at the many-body
localization transition, Nature (London) 573, 385 (2019).

013093-7

https://doi.org/10.1038/nphoton.2013.30
https://doi.org/10.1038/nphoton.2013.29
https://doi.org/10.1038/s41567-023-02091-7
https://doi.org/10.1103/PhysRevLett.104.070601
https://doi.org/10.1103/PhysRevLett.123.070405
https://doi.org/10.1103/PhysRevLett.132.086402
https://doi.org/10.1103/PhysRevLett.131.186303
https://doi.org/10.1103/PhysRevB.107.064205
https://doi.org/10.1038/s41467-020-15760-5
https://doi.org/10.1103/PhysRevLett.125.265702
https://doi.org/10.1038/s41567-020-0908-7
https://doi.org/10.1103/PhysRevB.105.214203
https://doi.org/10.1103/PhysRevB.106.094206
https://doi.org/10.1103/PhysRevLett.131.176401
https://doi.org/10.1103/PhysRevLett.119.176601
https://doi.org/10.1103/dzqm-9kwj
https://doi.org/10.1103/PhysRevB.83.075105
https://doi.org/10.1103/PhysRevLett.109.106402
https://doi.org/10.1103/PhysRevB.106.214208
https://doi.org/10.1103/PhysRevB.106.144205
https://doi.org/10.1103/PhysRevB.111.024205
https://doi.org/10.1103/PhysRevB.109.174203
https://doi.org/10.1103/pwfy-2j1v
https://doi.org/10.1016/j.physe.2016.04.003
https://doi.org/10.1103/PhysRevLett.114.146601
https://doi.org/10.1103/PhysRevLett.125.196604
https://doi.org/10.1103/2rfb-j778
https://doi.org/10.21468/SciPostPhys.12.1.027
https://doi.org/10.1016/j.scib.2024.09.030
https://doi.org/10.1103/PhysRevB.111.L220201
https://doi.org/10.1103/PhysRevB.87.134202
https://doi.org/10.1126/science.aaa7432
https://doi.org/10.1103/PhysRevLett.115.180401
https://doi.org/10.1103/PhysRevLett.119.075702
https://doi.org/10.1103/PhysRevLett.121.206601
https://doi.org/10.1038/s41586-019-1527-2


WANG, YU, SUN, AND ZHAI PHYSICAL REVIEW RESEARCH 8, 013093 (2026)

[44] F. Weiner, F. Evers, and S. Bera, Slow dynamics and strong
finite-size effects in many-body localization with random
and quasiperiodic potentials, Phys. Rev. B 100, 104204
(2019).

[45] S. Xu, X. Li, Y.-T. Hsu, B. Swingle, and S. Das Sarma, But-
tery effect in interacting Aubry-André model: Thermalization,
slow scrambling, and many-body localization, Phys. Rev. Res.
1, 032039(R) (2019).

[46] L.-J. Zhai, S. Yin, and G.-Y. Huang, Many-body localization
in a non-Hermitian quasiperiodic system, Phys. Rev. B 102,
064206 (2020).

[47] T. Cookmeyer, J. Motruk, and J. E. Moore, Critical properties
of the ground-state localization-delocalization transition in the
many-particle Aubry-André model, Phys. Rev. B 101, 174203
(2020).

[48] A. Štrkalj, E. V. H. Doggen, I. V. Gornyi, and O. Zilberberg,
Many-body localization in the interpolating Aubry-andré-
Fibonacci model, Phys. Rev. Res. 3, 033257 (2021).

[49] L.-Z. Tang, G.-Q. Zhang, L.-F. Zhang, and D.-W. Zhang,
Localization and topological transitions in non-Hermitian
quasiperiodic lattices, Phys. Rev. A 103, 033325
(2021).

[50] A. Štrkalj, E. V. H. Doggen, and C. Castelnovo, Coexistence
of localization and transport in many-body two-dimensional
Aubry-André models, Phys. Rev. B 106, 184209 (2022).

[51] Y. Prasad and A. Garg, Single-particle excitations across
the localization and many-body localization transition in
quasiperiodic systems, Phys. Rev. B 109, 094204 (2024).

[52] K. Huang, D. D. Vu, S. Das Sarma, and X. Li, Interaction-
enhanced many-body localization in a generalized Aubry-
André model, Phys. Rev. Res. 6, L022054 (2024).

[53] A. Chakrabarty, S. Banerjee, T. Mishra, and S.
Datta, Emergence of non-trivial phases in interacting
non-Hermitian quasiperiodic chains with power-law hopping,
arXiv:2508.14724.

[54] Q.-B. Zeng, S. Chen, and R. Lü, Anderson localization in the
non-Hermitian Aubry-André-Harper model with physical gain
and loss, Phys. Rev. A 95, 062118 (2017).

[55] H. Jiang, L.-J. Lang, C. Yang, S.-L. Zhu, and S. Chen, Inter-
play of non-Hermitian skin effects and Anderson localization
in nonreciprocal quasiperiodic lattices, Phys. Rev. B 100,
054301 (2019).

[56] S. Longhi, Metal-insulator phase transition in a non-Hermitian
Aubry-André-harper model, Phys. Rev. B 100, 125157 (2019).

[57] S. Longhi, Non-Hermitian Maryland model, Phys. Rev. B 103,
224206 (2021).

[58] Y. Liu, Y. Wang, X.-J. Liu, Q. Zhou, and S. Chen, Exact
mobility edges, PT-symmetry breaking, and skin effect in one-
dimensional non-Hermitian quasicrystals, Phys. Rev. B 103,
014203 (2021).

[59] C.-X. Guo, C.-H. Liu, X.-M. Zhao, Y. Liu, and S. Chen, Exact
solution of non-Hermitian systems with generalized boundary
conditions: Size-dependent boundary effect and fragility of the
skin effect, Phys. Rev. Lett. 127, 116801 (2021).

[60] L.-J. Zhai, G.-Y. Huang, and S. Yin, Cascade of the delocaliza-
tion transition in a non-Hermitian interpolating aubry-andré-
Fibonacci chain, Phys. Rev. B 104, 014202 (2021).

[61] Q. Lin, T.-Y Li, L. Xiao, K.-K Wang, W. Yi, and P. Xue, Topo-
logical phase transitions and mobility edges in non-Hermitian
quasicrystals, Phys. Rev. Lett. 129, 113601 (2022).

[62] A. P. Acharya and S. Datta, Localization transitions in a non-
Hermitian quasiperiodic lattice, Phys. Rev. B 109, 024203
(2024).

[63] C.-X. Guo, L. H. Su, Y. L. Wang, L. Li, J. Z. Wang, X. H Ruan,
Y. J. Du, D. N. Zheng, S. Chen, and H. P Hu, Scale-tailored
localization and its observation in non-Hermitian electrical
circuits, Nat. Commun. 15, 9120 (2024).

[64] C.-C. Zeng, Z. Cai, G.-H. Wang, and G. Sun, Fidelity and
criticality in the nonreciprocal Aubry-André-Harper model,
Europhys. Lett. 149, 38001 (2025).

[65] Y.-M. Sun, X.-Y. Wang, and L.-J. Zhai, Hybrid scaling proper-
ties of the localization transition in a non-Hermitian disordered
Aubry-André model, Phys. Rev. B 110, 054202 (2024).

[66] R.-J. Chen, G.-Q. Zhang, Z. Li, and D.-W. Zhang, Mobility
rings in a non-Hermitian non-Abelian quasiperiodic lattice,
Phys. Rev. A 112, 013320 (2025).

[67] R. Blatt and C. F. Roos, Quantum simulations with trapped
ions, Nat. Phys. 8, 277 (2012).

[68] S. Mukherjee, A. Spracklen, M. Valiente, E. Andersson, P.
Öhberg, N. Goldman, and R. R. Thomson, Experimental ob-
servation of anomalous topological edge modes in a slowly
driven photonic lattice, Nat. Commun. 8, 13918 (2017).

[69] C. Gross and I. Bloch, Quantum simulations with ultracold
atoms in optical lattices, Science 357, 995 (2017).

[70] S. Ebadi, T. T. Wang, H. Levine, A. Keesling, G. Semeghini,
A. Omran, D. Bluvstein, R. Samajdar, H. Pichler, W. W. Ho,
S. Choi, S. Sachdev, M. Greiner, V. Vuletić, and M. D. Lukin,
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