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Dimensional crossover of bound complexes in a two-species Bose-Hubbard lattice:
Correlations and dynamics
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We study the equilibrium and nonequilibrium formation of four-particle complexes in a balanced two-species
Bose-Hubbard model with repulsive intraspecies and attractive interspecies interactions. Using exact diagonal-
ization, we characterize the transition from weakly to strongly correlated dimer and tetramer states along the
one- to two-dimensional crossover in coupled-chain geometries by combining local correlation signatures with
global diagnostics such as the binding energy and interspecies entanglement entropy. We show that transverse
connectivity between chains qualitatively reshapes the phase diagram, substantially enlarging the tetramer region
and, in particular, stabilizing weakly bound tetramers when compared to the one-dimensional chains. By tuning
the interchain hopping, we identify a transition from a degenerate manifold of spatially separated dimers to a
localized tetramer ground state, driven by the lifting of one-dimensional configurational degeneracies and an
associated kinetic-energy gain. By extending our analysis to larger complexes of six and eight particles, we
reveal that these binding mechanisms are robust and suggest a general pathway for the formation of higher-order
complexes. Finally, we demonstrate interaction and geometric quench protocols to dynamically prepare these
complexes with high fidelity. Our results provide a microscopic framework for engineering and probing few-body
bosonic bound states in tunable lattice geometries.
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I. INTRODUCTION

Ultracold atoms provide an exceptionally clean and tun-
able platform to explore few-body bound complexes [1,2],
with independent control over interactions, dimensionality,
and geometry enabled by Feshbach resonances and optical
lattices [3–8]. This versatility has fueled intense interest in
self-bound quantum matter, including quantum droplets and
other related phases, on both the theoretical [1,9–14] and
experimental fronts [15–24]. Few-body precursors of bound
states [1] were particularly discussed also for low-dimensional
geometries; see, for example, Refs. [2,25–30]. In binary
mixtures, attractive interspecies interactions may lead to the
formation of composite dimers, which can further cluster
into higher-order bound states such as tetramers or hexam-
ers [31]. These few-body complexes form the fundamental
building blocks of larger self-bound structures; for instance,
in mass-balanced one-dimensional (1D) Bose-Bose mixtures,
a crossover from repulsive to attractive effective dimer-dimer
interactions is predicted to signal the emergence of a dilute
dimerized liquid [32].
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Optical lattices add a further layer of complexity
by imposing spatial discreteness, enabling Hubbard-type
descriptions [4–8,33–35] and facilitating the emergence of
exotic bound states that lack a continuum counterpart, such as
repulsively bound pairs [36]. Theoretical exploration has re-
vealed a rich hierarchy of lattice-bound complexes, including
dimers, trimers, and multimers existing outside the stan-
dard scattering continuum [37,38], as well as lattice-induced
Efimov-like states [39,40]. For 1D mixtures, the predicted
formation of dimerized liquids has been characterized using
density-matrix renormalization group techniques and effec-
tive hard-core dimer models [41–43]. Recently, few-body
bound clusters in small two-dimensional (2D) lattices have
been studied using exact diagonalization [44].

Despite significant advances in lattice pairing and effective
dimer descriptions, the microscopic mechanisms governing
tetramer formation in dilute two-component bosonic lattices,
and their dependence on geometry and dimensional crossover,
remain largely incomplete, especially in a nonequilibrium set-
ting. In particular, there is a need for (1) a systematic mapping
of few-body complexes across interaction parameters using
diagnostics that go beyond energy considerations alone, (2) a
reliable discrimination between weakly bound and strongly
bound four-body states in higher-dimensional lattices, in-
cluding their characteristic correlation signatures, and (3)
dynamical protocols demonstrating how these complexes can
be prepared and interconverted in real time. Addressing these
challenges is timely in view of recent experimental advances
enabling the deterministic preparation and site-resolved
detection of few-particle systems in microtraps [45–48], op-
tical tweezer arrays [49,50], and optical lattices equipped
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with the capability of quantum gas microscopes [51–60]
to directly image real-space correlations with single-site
resolution.

In this work, we investigate a particle- and mass-balanced
two-species Bose-Hubbard system with repulsive intraspecies
and attractive interspecies interactions between bosons of
kinds A and B. In such a mixture, particles generally tend
to maximize their binding by forming the largest possible
bound cluster allowed by the total particle count N . In the
following, we primarily focus on the NA = NB = 2 case where
this maximum cluster corresponds to a tetramer. Using exact
diagonalization in real space, we first establish a comprehen-
sive equilibrium picture of few-body complexes in a strictly
1D chain and in coupled-chain geometries that interpolate
continuously toward the 2D limit. This minimal setting of
four particles, enforced by the computational restriction with
the exact-diagonalization methodology employed in our work,
serves the purpose of elucidating lattice-mediated stability
of few-body bound complexes. Due to the attractive inter-
species interaction, the ground state always corresponds to
a dimerized state, with a local pairing between A and B
species. Note that this dimerization vanishes and the ground
state corresponds to a four-particle scattering state when the
attractive interaction is switched off. We map the occurrence
of weakly and strongly correlated [61] dimer and tetramer
states across the interaction parameter space using a set of
complementary diagnostics: the four-body binding energy, the
interspecies von Neumann entanglement entropy (including
its curvature in the parameter space to locate the weakly
correlated–strongly correlated dimer crossover), and spatially
resolved one- and two-body density matrices that directly
expose pairing and clustering in real space. This approach
provides a consistent microscopic classification of weakly
correlated dimerized states, strongly correlated dimer pairs,
and four-body bound complexes, and it enables us to resolve
distinct correlation fingerprints beyond energy-based criteria
alone.

A central result of our study is that lattice geometry and
transverse connectivity between 1D chains reshape the sta-
bility and internal structure of tetramers. By systematically
increasing the number of coupled chains and by independently
tuning the interchain tunneling Jy, we show that the tetramer
region expands substantially upon approaching a spatially
symmetric 2D configuration. Most importantly, we identify
a narrow but robust parameter corridor in which tetramers
persist even when the constituent AB pairs are only weakly
bound and spatially extended for large intraspecies repulsion.
This regime is absent in strictly 1D chains, and the underly-
ing bound-state structure can be distinguished from strongly
bound tetramers through characteristic two-body correlation
signatures. We further demonstrate that varying Jy drives a
geometry-controlled reordering of the ground-state manifold:
A highly degenerate set of spatially separated dimers in the
decoupled limit evolves into a localized tetramer ground state
as transverse hopping lifts 1D configurational degeneracies
and provides a kinetic-energy gain. While the main analysis
focuses on the NA = NB = 2 system to maintain numerical
exactness across various lattice geometries, we also examine
larger particle numbers and identify higher-order bound com-
plexes, such as hexamers and octamers. These results establish

that the role of dimensionality in stabilizing bound states is
not restricted to few-body tetramers, but persists for larger
composite structures.

Finally, guided by the equilibrium phase diagrams, we
establish nonequilibrium protocols, such as interaction ramps
and geometric quenches, that dynamically prepare and inter-
convert dimer and tetramer states with high fidelity, while
tracking the real-time buildup of pairing and clustering via
density matrices, binding energy, and entanglement growth.
Together, these results provide a microscopic route to engineer
and diagnose few-body bound complexes in tunable lattices
that are directly compatible with current capabilities for deter-
ministic few-particle preparation and site-resolved detection.

The remainder of this article is organized as follows. Sec-
tion II introduces the model Hamiltonian, numerical methods,
and key observables. Section III presents the equilibrium
phase diagrams and correlation signatures of NA = NB = 2
system for both strictly 1D lattices (Sec. III A) and coupled
arrays of 1D lattices. The latter explores two geometric con-
trols: varying the number of chains (Sec. III B 1) and tuning
the interchain hopping Jy (Sec. III B 2). In Sec. III C, we
investigate the stability of higher-order complexes by ex-
tending our analysis to larger particle numbers (N = 6 and
N = 8). In Sec. IV, we investigate the nonequilibrium for-
mation of few-body bound states, focusing on interaction
quenches (Sec. IV A) and on dimensional crossovers induced
by quenching the interchain hopping strength (Sec. IV B).
Finally, in Sec. V, we summarize our main findings and out-
line possible future directions. Additional insights into the
formation of two-particle bound state (AB pair) are provided
in Appendix A. In Appendix B, we provide further discussion
on the effects of open and periodic boundary conditions.

II. THEORETICAL MODEL

A. Setup and Hamiltonian

We consider a Bose-Bose mixture interacting via only
short-range contact interactions and confined in an opti-
cal lattice, which could be either one- or two-dimensional.
The mixture can correspond, for example, to two different
hyperfine states of the same atomic species. The system
is modeled by the two-species Bose-Hubbard Hamiltonian,
which reads [62]

Ĥ =
∑
i, j,σ

[ − Jx b̂†σ
i+1, j b̂

σ
i, j − Jy b̂†σ

i, j+1b̂σ
i, j + H.c.

]

+
∑
i, j

[∑
σ

U

2
n̂σ

i, j

(
n̂σ

i, j − 1
) + UAB n̂A

i, j n̂
B
i, j

]
. (1)

Here, σ = (A, B) labels the two bosonic species and (i, j)
denotes the lattice site indices of a 2D square lattice. Jx (Jy)
is the nearest-neighbor hopping amplitude along the x (y) di-
rection for both species. The operators b̂σ

i, j and b̂†σ
i, j annihilate

and create, respectively, a boson of species σ at site (i, j), and
n̂σ

i, j = b̂†σ
i, j b̂

σ
i, j is the corresponding number operator. In the 1D

limit, the Hamiltonian reduces to the corresponding 1D form
upon setting Jy = 0 and replacing the site index (i, j) with i.

Throughout this work, we consider positive hopping ampli-
tudes Jx, Jy � 0 and repulsive intraspecies on-site interactions
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U > 0, both taken to be species independent. The interspecies
on-site interaction is chosen to be attractive, UAB < 0. Finally,
all energy scales are measured in units of the hopping ampli-
tude Jx, which is set to unity (Jx = 1). It should be noted that
the parameters of the model Hamiltonian can be expressed
in terms of the recoil energy (ER) and are ultimately depen-
dent on the lattice depth, lattice constant, s-wave scattering
length, and Wannier functions of the lowest band. We refer to
Refs. [35,63], which provide an estimation of these parame-
ters using the microscopic Hamiltonian.

B. The many-body wavefunction and method

To calculate the stationary and the nonequilibrium dynam-
ical properties of the system described above, we employ the
exact-diagonalization method in real space. In this method,
various choices for the distribution of particles of the two
species constitute the basis states of the system. The single-
species basis states on an Lx × Ly lattice are denoted as
|φσ

k 〉 ≡ |nσ
0,0, nσ

0,1, . . . , nσ
Lx−1,Ly−1〉k

, where nσ
i, j represents the

occupancy of species σ at site (i, j) for the kth possible
configuration of particle distribution. We remark that Lx (Ly)
denotes the number of lattice sites along x (y) direction of
the 2D square lattice and refers to the size of the lattice in
units of the lattice constant a. Also, in our notation, lattice
site indices start from 0. The Hilbert space of the full system
then consists of basis states of the form |φA

k 〉 ⊗ |φB
l 〉. The

many-body wavefunction of the system can thus be expressed
as

|�〉 =
∑
k,l

Ckl

∣∣φA
k

〉 ⊗ ∣∣φB
l

〉 ≡
∑

m

Cm |ψm〉 , (2)

where |ψm〉 ≡ |φA
k 〉 ⊗ |φB

l 〉 are basis states corresponding to
the various configurations of particles of the two species A
and B on the lattice.

In this work, we use coupled basis states |ψm〉 to con-
struct the Hamiltonian matrix Hmm′ = 〈ψm| Ĥ |ψm′ 〉, with
open boundary conditions (OBCs). We have also verified that
the observed phases are robust against finite-size effects. A
detailed comparison between OBCs and periodic boundary
conditions (PBCs) is provided in Appendix B, confirming
that the qualitative physics remains unchanged. The matrix
is highly sparse due to short-range hopping allowed in the
tight-binding model. Subsequently, we obtain the ground state
and a few low-lying excited states of the system by diagonaliz-
ing the Hamiltonian matrix using the PARPACK library [64].
For additional details on the numerical exact-diagonalization
method used in the present work, see Refs. [65,66].

The dynamical evolution of the many-body state [Eq. (2)]
is studied by performing the unitary evolution of the initial
state under the time-dependent Hamiltonian as i∂t |�(t )〉 =
Ĥ (t ) |�(t )〉. Choosing |ψm〉 as time independent, we get

i
∂Cm(t )

∂t
=

∑
m′

〈ψm| Ĥ (t ) |ψm′ 〉Cm′ (t ). (3)

This equation represents a set of coupled partial differential
equations involving time-dependent coefficients of the wave-
function Cm(t ). We solve these equations numerically using a
fourth-order Runge-Kutta method with time step �t = 0.001.

C. Observables

Below, we introduce the key observables employed to
characterize both the stationary and dynamical features in
this work. Depending on the interspecies and intraspecies
interaction strengths, the system can exhibit different states
from weakly correlated to strongly correlated dimers, and
bound states (see the discussion in subsequent sections). At
the single-particle level, these states can be compared by
examining the one-body density distribution, defined at each
lattice site (i, j) as

ρ
(1)
(i, j);σ = 〈ψ |b̂†σ

i, j b̂
σ
i, j |ψ〉. (4)

To elucidate the role of intraspecies and interspecies cor-
relations, we further consider the diagonal elements of the
two-body reduced density matrix, defined as

ρ
(2)
(i, j),(i′, j′ ); σσ ′ = 〈ψ |b̂†σ ′

i′, j′ b̂
†σ
i, j b̂

σ
i, j b̂

σ ′
i′, j′ |ψ〉. (5)

This quantity represents the probability of simultaneously
finding a boson of species σ at site (i, j) and a boson of
species σ ′ at site (i′, j′). It characterizes intraspecies corre-
lations for σ ′ = σ and interspecies correlations for σ ′ = σ̄ ,
where σ̄ denotes the other species. It thus provides direct
insight into the spatially resolved localization properties of
two particles relative to each other and serves as a clear
indicator of the formation of different few-body complexes
across interaction regimes.

The existence of few-body bound states can be further
quantified by examining the binding energy, which is defined
as the difference between the ground-state energy of the four-
particle system, EAABB, and the ground-state energy of two
uncorrelated dimers, each with energy EAB (note that here a
trimer is not an energetically favored state),

Eb = EAABB − 2EAB. (6)

A negative value of Eb signals the formation of a stable bound
state.

To further distinguish the weakly correlated state from
strongly correlated states, we analyze the entanglement en-
tropy. The many-body wavefunction of the system in Eq. (2)
can be expressed according to a truncated Schmidt decom-
position of rank D, namely, |�〉 = ∑D

k=1

√
λk |φ̃A

k 〉 ⊗ |φ̃B
k 〉,

where λk are the Schmidt coefficients [67]. This is achieved
by a singular value decomposition of the coefficient matrix
Ckl = (UλV )kl , where λ is a diagonal matrix containing the
Schmidt coefficients, and the matrices U,V relate the rotated
basis {|φ̃σ 〉} with {|φσ 〉}. The Schmidt coefficients enter as
the eigenvalues of the reduced density matrix of any one of
the species (say ρA) and encode the entanglement between the
two species. Thus, the entanglement can be quantified as the
von Neumann entropy of ρA [68] defined as

SN = −TrρA ln ρA. (7)

The entanglement entropy provides a complementary measure
of quantum correlations between the two species that consti-
tute the system [69,70]. Note that for a maximally entangled
state, S max

N = ln(min(DA,DB)), where Dσ is the size of the
Hilbert space of species σ .

Finally, to assess the adiabaticity of the quench dynamics
and quantify the fidelity of the dynamically prepared states,
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FIG. 1. Ground-state few-body complexes and correlation signatures in a 1D lattice. (a) Binding energy, Eb, and (b) von Neumann
entanglement entropy, SN, of the four-particle system as functions of UAB/U and U/Jx . (c) SN (blue curve) and its derivative ∂SN/∂ (U/Jx )
(red curve) as a function of U/Jx for a fixed ratio UAB/U = −0.35. Panel (a) delineates the regions corresponding to the weakly and strongly
correlated dimer and tetramer states. The white dash-dotted line indicates the transition to the regime of negative binding energy, signaling
the formation of a tetramer. The green line demarcates the low- and high-interspecies-entanglement regimes (S max

N ≈ 4.91, for a maximally
entangled state), and is identified from the peak of ∂SN/∂ (U/Jx ) [see, e.g., panel (c)]. (d1)–(d3) One-body density distributions of species σ ,
ρ

(1)
i;σ , for the tetramer [panel (d1)], weakly correlated dimer [panel (d2)], and strongly correlated dimer [panel (d3)], states, respectively. Markers

at the top indicate the corresponding parameter values in panel (a). (e1)–(e3) Interspecies two-body densities ρ
(2)
ii′,σσ

and (f1)–(f3) intraspecies

two-body densities ρ
(2)
ii′,σσ

, corresponding to the same parameter points marked in panel (a).

we compute the many-body overlap

O(t ) = 〈
�eq

gs (Hfin)
∣∣�(t )

〉
, (8)

which measures the projection of the time-evolved state |�(t )〉
onto the equilibrium ground state |�eq

gs (Hfin)〉 of the Hamilto-
nian at the final interaction strength. Physically, O(t ) provides
a direct diagnostic of how closely the quench dynamics fol-
low the ground-state manifold of the target state. Values of
O(tfin) approaching unity indicate near-adiabatic evolution,
implying minimal excitation into higher-energy states and
confirming that the final state faithfully realizes the target
dimer or tetramer phase. This global observable complements
the local information obtained from one- and two-body den-
sity correlations, ensuring that the observed spatial structures
correspond to the intended many-body ground states.

III. EQUILIBRIUM PHASES AND CORRELATIONS

In this section, we analyze the equilibrium phases and
correlation properties to identify few-body bound complexes,
specifically dimers and tetramers, across different interaction
regimes. We first characterize these states in a single 1D lattice
chain and then extend the analysis to arrays of coupled chains.
This approach allows us to elucidate the role of effective
dimensionality and to assess how tunable interchain hop-
ping influences the formation and stability of these composite
structures.

A. 1D lattice

We begin by considering a 1D lattice of Lx = 16 sites with
open boundary conditions. The resulting phase diagram is
presented in Fig. 1(a), where we map the system’s behavior by
calculating the binding energy Eb in the UAB/U versus U/Jx

plane. The tetramer region is located underneath the white
dash-dotted line in Fig. 1(a), where Eb < 0 holds. As shown in
Fig. 1(d1) (triangular marker), the tetramer is characterized by
a highly localized one-body density, ρ

(1)
i,σ . As U/Jx increases,

the tetramer region in the phase diagram progressively con-
tracts, and in the strong intraspecies interaction limit, it exists
only as a narrow corridor around UAB/U ≈ −1 [see Fig. 1(a)].

To distinguish between the weakly and strongly correlated
dimer phases outside the tetramer region, we analyze the
interspecies entanglement entropy, SN [Fig. 1(b)]. Weakly cor-
related dimer phase: This phase is characterized by a low
entanglement entropy, SN, and a positive binding energy
(Eb > 0). It occupies the low-U/Jx regime and is bounded by
the solid green line and dashed white line in the top-left corner
of Fig. 1(a), typically existing in the weak-interaction regime.
The corresponding one-body density profile is relatively de-
localized [Fig. 1(d2), circular marker]. Strongly correlated
dimer phase: As U/Jx increases, the system undergoes a
crossover into a strongly correlated dimer state. Although
the binding energy remains positive (Eb > 0), this phase is
distinguished by a significant increase in SN. The associated
one-body density, ρ

(1)
i,σ , exhibits two well-separated spatial

peaks, corresponding to the center-of-mass positions of two
distinct dimers [Fig. 1(d3)] in our 1D chain.
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TABLE I. Classification of few-body states based on the binding
energy Eb and the curvature of the interspecies entanglement entropy
∂2SN/∂ (U/Jx )2.

Eb ∂2SN/∂ (U/Jx )2 Few-body state

Eb > 0 >0 Weakly correlated dimer
Eb > 0 <0 Strongly correlated dimer
Eb < 0 >0 Weakly correlated tetramer
Eb < 0 <0 Strongly correlated tetramer

Given that the entanglement entropy varies smoothly, we
pinpoint the crossover boundary by examining the curvature
of SN. Specifically, we analyze the derivative ∂SN/∂ (U/Jx ),
which exhibits a characteristic concave structure [Fig. 1(c)].
We define the crossover point as the maximum of this deriva-
tive. The region where ∂2SN/∂ (U/Jx )2 > 0 (to the left of
the maximum) corresponds to the weakly entangled dimer
phase, while ∂2SN/∂ (U/Jx )2 < 0 (to the right of the maxi-
mum) identifies the strongly entangled dimer phase. Note that
for a maximally entangled state, S max

N = ln(Lx + Nσ − 1
Nσ

) ≈ 4.91.
The classification scheme for various phases is summarized in
Table I.

To provide deeper insight into the spatial structure of
these states, we present the intraspecies and interspecies
two-body density matrices, ρ

(2)
ii′;σσ ′ [see Eq. (5)], for the

representative markers shown in Fig. 1(a). A maximum in-
terspecies correlation occurs along its diagonal due to the
attractive interspecies interaction [see Figs. 1(e1)–1(e3)]. In
the tetramer state, this diagonal weight is sharply peaked at
the center, confirming a tightly bound four-body cluster. In
contrast, for the strongly and weakly correlated dimer states,
the diagonal feature is more delocalized, reflecting weaker
binding and increased spatial separation between particles.
Turning to the intraspecies two-body density matrix ρ

(2)
ii′;σσ

[Figs. 1(f1)–1(f3)], we observe a depletion along the diago-
nal arising from the repulsive interaction U . This depletion
is weakest for the tetramer bound state, as expected, and
strongest for the strongly correlated dimer state, where the
emergence of two symmetric antidiagonal lobes indicates
that the two particles of the same species are spatially sepa-
rated into different dimers. Specifically, Fig. 1(f1) reveals that
particles of different species preferentially occupy nearest-
neighbor sites in the tetramer. This observation implies a
nearest-neighbor dimer-dimer attraction, corroborating the ef-
fective dimer model previously reported for 1D chains [42].
As we demonstrate below, this behavior persists for arrays of
1D lattices.

B. Array of 1D lattices

Next, we investigate how the system’s phase diagram is
modified by varying the lattice geometry. Specifically, we con-
sider an 8 × Ly geometry, where Ly ∈ {1, 2, . . . , 8} denotes
the number of coupled 1D chains. To maintain computa-
tional feasibility while exploring the y direction, we reduce
the longitudinal extent from Lx = 16 sites to Lx = 8. This
choice balances the exponential growth of the Hilbert space
inherent to our exact-diagonalization calculations. Given the
ultradilute nature of the system and the strictly on-site

FIG. 2. Effect of lattice geometry. Binding energy Eb as a func-
tion of UAB/U and U/Jx for (a1) a 1D Lx × Ly = 8 × 1 lattice and
(a2)–(a4) arrays of 1D lattice configurations with different Ly (see
legends), assuming isotropic hopping Jy = Jx . The tetramer phase
exists over an increasingly larger region of the phase diagram as
the Ly increases. For large U/Jx , the tetramer eventually appears in
two narrow strips of the phase diagram, located around UAB/U ≈ −1
and ≈ −0.1. The former region consists of bound states formed
from strongly correlated AB pairs, while the latter corresponds to
weakly correlated AB pairs (see text). Shown also are the behaviors
of the (b1) interspecies and (b2) intraspecies correlators between a
reference site (i′, j ′) = (3, 3) in the bulk and its few neighboring sites
as functions of UAB/U for an 8 × 8 system at U/Jx = 20 [dashed line
in panel (a4)].

interaction model, finite-size effects remain minimal and do
not qualitatively alter the underlying few-body physics. This
is evidenced by the consistent binding-energy profiles ob-
tained for the Lx = 16 and Lx = 8 in the 1D cases [compare
Figs. 2(a1) and 1(a)]. To this end, we examine the crossover
toward the 2D limit from two complementary perspectives:
(1) the discrete addition of 1D chains and (2) the continuous
tuning of the interchain hopping, Jy.

1. Sequential row addition (Ly scaling)

The evolution of the binding energy for isotropic hopping
(Jx = Jy) is shown in Figs. 2(a2)–2(a4). Increasing the number
of rows from Ly = 1 to Ly = 8 results in a substantial expan-
sion of the tetramer region (Eb < 0) within the UAB/U versus
U/Jx parameter space, with the phase penetrating deeper into
the low-|UAB/U | regime for Ly � 4 [Figs. 2(a3) and 2(a4)].
Concurrently, for UAB/U > −0.5, a sharp bending of the
dimer-tetramer boundary toward higher U/Jx is observed for
the symmetric 8 × 8 lattice. Notably, our results show that
the tip of this curvature lies approximately on the green solid
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curve, which marks the crossover from the weakly to the
strongly correlated regime.

Recall that the formation of the tetramer bound state orig-
inates from the spatial proximity of particles of species A
and B, driven by attractive interspecies interactions, which
concomitantly lower the total energy of the system. The ex-
pansion of the tetramer region with increasing Ly originates
from the progressive relaxation of 1D kinematic constraints.
In the strictly 1D limit, particles are restricted to a linear
arrangement, which incurs a significant kinetic-energy penalty
to maintain the spatial proximity required for four-body bind-
ing. As Ly increases, the system gains configurational degrees
of freedom along the transverse direction. This occurs due to
an increase in coordination number and additional transverse
hopping, which allows rearrangements that reduce unfavor-
able on-site intraspecies occupancy. This allows the particles
to optimize attractive interspecies correlations while simulta-
neously minimizing the kinetic-energy cost associated with
1D confinement.

This kinetic relaxation is maximized in the symmetric 2D
lattice. Consequently, even at small |UAB/U | [71], the system
can reach a state where all four particles remain in sufficient
proximity to be weakly bound, resulting in Eb < 0. To further
elucidate this behavior, let us concentrate on a fixed value
of U/Jx = 20 in Fig. 2(a4) and analyze the evolution of in-
terspecies and intraspecies correlators, relative to a reference
site (i′, j′) = (3, 3), as a function of UAB/U ; see Figs. 2(b1)
and 2(b2).

For −0.42 � UAB/U � −0.16, where Eb < 0, the parti-
cles within each AB pair are relatively weakly bound. In
this regime, the particles are distributed over a larger spatial
extent, which is reflected by the sharp drop in the on-site
interspecies correlator [red curve in Fig. 2(b1)]. This spatial
delocalization is further confirmed by the relative distance
between A and B particles discussed in Appendix A. Never-
theless, the two delocalized AB pairs maintain close proximity
within the tetramer phase, as indicated by the local maxima in
the intraspecies correlators [Fig. 2(b2)].

However, as |UAB/U | increases, the interspecies separation
decreases more rapidly for particles belonging to the same
dimer than for those in different dimers. Consequently, each
pair becomes highly localized, leading to a separation of the
two dimers. This transition is evident from the sharp increase
in the on-site interspecies correlator and the concurrent de-
crease in the intraspecies correlator at nearest-neighbor sites
in the regime −0.75 � UAB/U � −0.42, where the system
consists of two separated dimers [Figs. 2(b1) and 2(b2)]. As
|UAB/U | increases further, the distance between these local-
ized dimers continues to decrease. Eventually, for UAB/U <

−0.75, the dimers preferentially occupy a common neigh-
borhood to form a strongly bound tetramer, contributing
to Eb < 0. Therefore, the 2D lattice structure enhances
the stability of the weakly bound tetramer regime, giving
rise to a characteristic narrow corridor of Eb < 0 at lower
|UAB/U |. Understanding the physical mechanism underlying
this regime and the use of two-body correlators to distinguish
these delocalized tetramers from the strongly bound structures
typically observed at larger |UAB/U | constitute a key highlight
of this work.

2. Hopping anisotropy (Jy tuning)

To further elucidate the impact of connectivity and di-
mensionality on the phase diagrams, we examine an 8 ×
5 lattice with tunable interchain hopping Jy, as shown in
Figs. 3(a1)–3(a4). In the decoupled limit (Jy = 0), the system
reduces to an array of independent 1D chains, and the phase
diagram closely resembles the strictly 1D case [compare
Figs. 3(a1) and 2(a1)]. However, the underlying ground-state
manifold is highly degenerate, and therefore, nontrivial; see,
for example, Fig. 3(b), where we show energies of the low-
lying eigenstates (indexed by label α) as a function of Jy for
UAB/U = −0.6 and U/Jx = 10. Due to the strong sensitivity
of the entanglement entropy to different linear combinations
of states within the degenerate ground-state manifold, we do
not show the (typical green curve) boundary between the
weakly and strongly correlated phases.

In the 1D tetramer regime, as previously discussed [see
Fig. 1(f1)], the constituent dimers preferentially occupy
nearest-neighbor sites within a single chain to maximize four-
body binding. For an array of Ly = 5 decoupled chains (Jy =
0), the tetramer ground state leads to a fivefold degenerate
ground state, where a localized tetramer can form in any
one of the five independent chains. Conversely, in the dimer
regime of a single 1D lattice, the dimers maximize their spatial
separation to minimize kinetic constraints. Therefore, when
considering Ly = 5 chains in the Jy = 0 limit, two dimers can
occupy any two distinct chains, resulting in a tenfold degen-
erate ground-state manifold of (5

2) configurations. Meanwhile,
we have found that the first excited manifold is fivefold degen-
erate, consisting of states where both dimers are constrained
to the same row, recovering the 1D-like configuration (not
shown).

The introduction of finite interchain hopping (Jy > 0),
however, removes these degeneracies, as illustrated by the
energy spectrum in Fig. 3(b). For Jy = 0, at the representative
parameters UAB/U = −0.6 and U/Jx = 10, the system resides
in the tenfold degenerate dimer manifold in the ground state;
see the inset of Fig. 3(b). As Jy/Jx increases, the tetramer con-
figuration gains significant kinetic energy through transverse
hopping pathways (along Ly), eventually becoming the ground
state of the system. Consequently, an increase in Jy drives
a systematic expansion of the tetramer phase at the expense
of the dimer phase, as evidenced in Figs. 3(a1)–3(a4). This
behavior underscores how transverse connectivity stabilizes
multiparticle bound states by relaxing the kinetic penalties
inherent to 1D.

To elucidate the structural evolution within the tetramer
phase and the dimer-to-tetramer crossover driven by Jy, we
compute two-body correlation functions for the interaction
parameters indicated by the markers in Figs. 3(a1)–3(a4).
Specifically, we fix one particle at (i′, j′) = (3, 2), corre-
sponding to a local maximum of the one-body density in
the bulk, and evaluate the correlations as the coordinates
(i, j) of the second particle span the lattice. Given that the
Jy = 0 ground states exhibit fivefold and tenfold degeneracies
for the tetramer and dimer phases, respectively, we per-
form our analysis on a representative configuration for each
case. For the tetramer, we select the state where all particles
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FIG. 3. Effect of anisotropic hopping. (a1)–(a4) Binding energy Eb as a function of UAB/U and U/Jx on an Lx × Ly = 8 × 5 lattice for
anisotropic hopping parameters with Jy/Jx = 0 [panel (a1)], 0.3 [panel (a2)], 0.7 [panel (a3)], and 1 [panel (a4)]. (b) Energies of the lowest 25
eigenstates as a function of Jy on an 8 × 5 geometry for UAB/U = −0.6 and U/Jx = 10. For uncoupled chains (Jy = 0), the chosen parameters
correspond to a dimer ground state with a tenfold degeneracy, while for Jy = Jx the ground state is a tetramer. The inset further highlights
the degeneracy of the ground states at Jy = 0. Two-body (c1)–(c4), (d1)–(d4) interspecies density matrices ρ

(2)
(i j),(3,2);σ σ̄ and (e1)–(e4), (f1)–(f4)

intraspecies density matrices ρ
(2)
(i j),(3,2);σσ , where one particle is fixed at (i′, j ′) = (3, 2) for selected points indicated by the markers in panels

(a1)–(a4). For UAB/U = −0.6 and U/Jx = 10, ground state switches from a dimer to a tetramer as Jy increases [panels (c1)–(c4) and (e1)–(e4)],
while for UAB/U = −0.85, U/Jx = 8 (Eb < 0), the ground state remains a tetramer [panels (d1)–(d4) and (f1)–(f4)].

occupy the j = 2 row; for the dimer phase, we consider the
configuration where the two dimers reside in the j = 2 and
j = 3 rows.

We first examine the parameter set, UAB/U = −0.6 and
U/Jx = 10 [square markers in Figs. 3(a1)–3(a4)], where the
ground state undergoes a transition from a dimer to a tetramer
phase for Jy � 0.3Jx. At Jy = 0, the interspecies correlator
is most prominent at site (i, j) = (3, 2), signaling strong on-
site pairing, with additional significant correlations appearing
at neighboring sites along the j = 3 row [Fig. 3(c1)]. Con-
sistent with this, the intraspecies correlator is nonzero only
along the j = 3 row, peaking at the (3, 3) site [Fig. 3(e1)].
As Jy increases, the interspecies correlator at the reference
site progressively drops while enhancing at the surrounding
sites [Figs. 3(c2)–3(c4)]. Similarly, the intraspecies correlator
strengthens across all neighboring sites while developing a
local dip at the reference site [Figs. 3(e2)–3(e4)].

A similar trend is observed for the parameter set
UAB/U = −0.85 and U/Jx = 8 [triangular markers in
Figs. 3(a1)–3(a4)], where the tetramer becomes increas-
ingly bound, as evidenced by a progressively larger negative
binding energy with increasing Jy. At Jy = 0, both the inter-
species [Fig. 3(d1)] and intraspecies [Fig. 3(f1)] correlators
strongly resemble the strictly 1D case discussed earlier. As
Jy increases, the correlation density is redistributed toward
neighboring sites, reflecting a shift in the spatial structure; see

Figs. 3(d2)–3(d4) and 3(f2)–3(f4). This redistribution signi-
fies the formation of a tightly bound tetramer in the 2D lattices
where particles maintain spatial proximity while minimizing
double occupancy, a consequence of the competition between
increased hopping and effective on-site repulsion.

C. Bound complexes with larger particle number

So far, we have exemplified the role of dimensionality
on few-body bound states and the associated correlation sig-
natures by considering the NA = NB = 2 system, where the
tetramer constitutes the primary bound cluster. Considering
the case of isotropic hoppings (Jy = Jx), we now extend this
discussion to higher-order bound complexes that arise for
NA = NB = 3 and 4, corresponding to hexamer (N = 6) and
octamer (N = 8) states, respectively. The binding energies of
the hexamer and octamer complexes are defined as

Ehex
b = EAAABBB − min{3EAB, EAABB + EAB},

Eoct
b = EAAAABBBB − min{4EAB, 2EAABB, EAAABBB + EAB}.

(9)

In Figs. 4(a1) and 4(a2), we plot the binding energy of
the NA = NB = 3 system and show the phase boundaries for
NA = NB = 2, 3, 4 in a 1D chain with L = 8 sites, shown
in panel (a1), and compare them with those for the 8 × 2
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FIG. 4. Bound complexes with different particle numbers. (a1),
(a2) Binding energy Eb as a function of UAB/U and U/Jx for the NA =
NB = 3 system. The transition boundary separating the NA + NB

bound complexes (Eb < 0) formed of NA = NB = 2, 3, 4 is displayed
with red, orange, and white lines, respectively, for 8 × 1 and 8 × 2
lattices. (b1), (b2) Eb as a function of UAB/U at fixed interaction
strength U/Jx = 10 for 8 × 3 and 8 × 4 lattices. The region with
the negative binding energy shrinks along the UAB/U axis with
increasing Nσ .

lattice shown in panel (a2). The region of negative binding
energy (Eb < 0) for these complexes lies within the area
enclosed by the solid curves, with each color denoting a
specific particle number. As the particle number increases,
the Eb < 0 region shrinks in the UAB/U parameter space.
However, for large values of |UAB/U | and U/Jx, increasing
the particle number results in only negligible shifts of the
transition boundary between Eb < 0 and Eb > 0. This con-
sistency persists across higher dimensions, such as the 8 × 3
and 8 × 4 lattices [Figs. 4(b1) and 4(b2)]. Due to the rapid
growth of the Hilbert space for these systems, we compute
the binding energy at a fixed value of U/Jx = 10. We observe
that for larger N , the onset of the bound phase (Eb < 0) shifts
toward smaller values of UAB/U . Most importantly, the central
observation of this work, that the stability of these bound
complexes is significantly enhanced when moving from 1D
chains to coupled 1D arrays, holds irrespective of the total
particle number N .

Having established that the equilibrium stability of these
complexes is robust across different particle numbers and
geometries, we next examine their formation dynamics. For
the remainder of this work, we focus on the NA = NB = 2
case as a representative model. This choice allows for a
detailed investigation of the dynamical evolution and entan-
glement signatures during the dimensional crossover without
the prohibitive computational cost associated with larger N in
two-dimensional geometries.

IV. DYNAMICAL FORMATION OF FEW-BODY
BOUND STATES

Following our analysis of the equilibrium phase diagrams,
we investigate the dynamical formation of the few-body struc-
tures. The dynamics are initiated using two protocols: (1) an

interaction quench in a single 1D or 2D lattice, driving the sys-
tem from a weakly correlated dimer into a strongly correlated
dimer or tetramer regime; and (2) a dimensional crossover
in an 8 × 5 lattice, induced by quenching the interchain
hopping Jy.

In both cases, the transition is implemented via a linear
time-dependent ramp of the control parameter V (t ), which
represents the intraspecies interaction U/Jx, the interspecies
ratio UAB/U , or the hopping parameter Jy. The protocol is
defined as

V (t ) = Vini + (Vfin − Vini )
t

τQ
, (10)

where τQ denotes the quench duration. For t > τQ, the sys-
tem evolves unitarily at the final parameter value Vfin. The
resulting nonequilibrium states are characterized by moni-
toring the time evolution of single- and two-particle density
distributions, as well as global observables such as the state
fidelity, interspecies entanglement entropy, and the instanta-
neous binding energy.

A. Interaction quench dynamics

We first examine the dynamical transition from an initial
weakly correlated dimer to strongly correlated dimer and
tetramer phases in a 1D lattice. The system is initialized in
a weakly correlated dimer phase characterized by U = 2Jx

and UAB = −0.35U . We then quench the interaction strength
to the strongly correlated dimer regime (U = 25Jx) while
keeping the ratio UAB/U fixed by linearly ramping U/Jx over
a duration τQ = 100 (expressed in units of J−1

x ). To identify
the structural reorganization in real space, we show the time
evolution of the one-body density ρ

(1)
i;σ in Fig. 5(a1). The ini-

tially delocalized density begins to reorganize around t ≈ 15;
by the end of the interaction ramp (t = 100), a stable double-
peak structure emerges. This spatial bifurcation signals the
formation of two localized pairs, characteristic of the strongly
correlated dimer phase.

In contrast, a quench to the tetramer regime, character-
ized by U = 2Jx and UAB = −0.95U , leads to a qualitatively
different density evolution [Fig. 5(a2)]. For t � 25, the cor-
responding ρ

(1)
i,σ progressively localizes at the center of the

lattice, signaling the formation of a tightly bound tetramer.
To further resolve the spatial rearrangement of particles,

we examine the time evolution of the two-body reduced den-
sity matrices, ρ

(2)
ii′;σσ ′ , shown in Fig. 6. For the weakly to

strongly correlated dimer quench, the interspecies correlator
ρ

(2)
ii′;AB [Figs. 6(a1)–6(a4)] develops a pronounced diagonal

ridge with two symmetric maxima about the lattice center,
indicating robust local AB pairing within dimers. Simulta-
neously, the intraspecies correlator ρ

(2)
ii′;σσ [Figs. 6(b1)–6(b4)]

evolves from an initially weak diagonal depletion into a struc-
ture featuring a pronounced suppression along the diagonal
(i = i′) accompanied by distinct off-diagonal lobes. This be-
havior reflects the spatial separation of same-species particles
into different dimers to minimize intraspecies repulsion. Con-
versely, for the weakly correlated dimer to tetramer quench,
ρ

(2)
ii′;AB [Figs. 6(c1)–6(c4)] becomes sharply localized at the

center of the diagonal, signaling the formation of a tetramer.
The corresponding intraspecies correlator [Figs. 6(d1)–6(d4)]
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FIG. 5. Dynamics following interaction quenches in a 1D lattice.
(a1), (a2) Time evolution of the one-body density, ρ

(1)
i;σ , for (a1) an

intraspecies interaction quench from U = 2Jx to U = 25Jx at UAB =
−0.35U , representing a weakly correlated to strongly correlated
dimer transition, and (a2) an interspecies interaction quench from
UAB = −0.35U to UAB = −0.95U at U = 2Jx , representing a weakly
correlated dimer to tetramer transition, for τQ = 100. (b) Temporal
evolution of the fidelity O(t ). The inset shows the fidelity at the end
of the quench O(t = τQ ) as a function of τQ. (c) Time evolution of
the interspecies entanglement entropy, SN (left axis), and the binding
energy, Eb (right axis). Solid and dashed lines correspond to the
weakly correlated dimer to strongly correlated dimer and tetramer
quenches, respectively.

exhibits only a weak diagonal depletion due to a stronger
localization tendency.

To move beyond the qualitative spatial patterns observed in
the density evolution and provide a quantitative assessment of
the quench dynamics, we analyze several global observables.
We first assess the adiabaticity of the process, the fidelity of
the time-evolved state by computing the many-body overlap
O(t ), defined in Eq. (8) As shown in Fig. 5(b), the overlap for
both the weakly correlated dimer to strongly correlated dimer
(solid magenta line) and weakly correlated dimer to tetramer
(dashed magenta line) quenches approaches unity as the dy-
namical evolution reaches the end of the ramp (t → τQ). This
high fidelity demonstrates that the linear ramp is sufficiently
slow to avoid significant excitations, ensuring that the dynami-
cally generated clusters faithfully realize the intended ground-
state phases; see the inset of Fig. 5(b). The internal correlation
structure of the emerging phases is further characterized by
the evolution of the von Neumann entanglement entropy, SN,
and the binding energy, Eb, shown in Fig. 5(c). Starting from a

FIG. 6. Evolution of two-body correlations following interaction
quenches. Instantaneous profiles of the two-body reduced density
matrices for (a1)–(a4), (c1)–(c4) interspecies pairs ρ

(2)
ii′;σ σ̄

and (b1)–

(b4), (d1)–(d4) intraspecies pairs ρ
(2)
ii′;σσ

(σ = A, B). Panels (a1)–(a4)
and (b1)–(b4) depict the dynamical formation of strongly corre-
lated dimers following a quench from U/Jx = 2 to U/Jx = 25 at
UAB = −0.35U . Panels (c1)–(c4) and (d1)–(d4) illustrate the forma-
tion of a tetramer state following a quench from UAB = −0.35U to
UAB = −0.95U at U = 2Jx . Both processes originate from a weakly
correlated dimer. The diagonal and off-diagonal features track the
emergence of localized spatial correlations and the development of
bound-state structures over time.

weakly entangled state, SN increases rapidly as the interaction
ramp induces strong correlations. Notably, the strongly corre-
lated dimer phase (solid blue line) saturates at a significantly
higher entanglement entropy than the tetramer phase (dashed
blue line), for the chosen parameters. Concurrently, the bind-
ing energy Eb (red dashed curve) evolves toward negative
values (for t � 25), signaling the energetic stabilization of the
bound states. Therefore, these global diagnostics complement
the real-space information provided by the one- and two-body
density profiles. The stationary values attained by these ob-
servables at long times indicate that the quenched state closely
approximates an eigenstate of the final Hamiltonian.

Finally, for completeness, we extend this analysis to a
2D 8 × 5 lattice with isotropic hopping. Following a quench
from U/Jx = 2 to 25 at UAB/U = −0.6, the evolution of Eb

is presented in Fig. 7 for τQ = 100. From an initial weakly
correlated dimer state (Eb > 0), the system enters a transient
tetramer regime (Eb < 0), reaching a minimum that reflects
a strongly bound state. This feature eventually diminishes as
the state dynamically evolves toward the strongly correlated
dimer phase near the end of the quench. As in the 1D case,
adiabaticity is preserved (O ≈ 1 at the end of quench) for the
2D transition.

B. Dimensional crossover between dimers and tetramers

To further explore the interplay between lattice geometry
and few-body complexes such as the dimer and tetramer states
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FIG. 7. Weakly correlated dimer to tetramer to strongly cor-
related dimer quench. For an isotropic 8 × 5 lattice, quenching
U/Jx = 2 to 25 at constant UAB/U = −0.6 and τQ = 100 triggers a
crossover between a weakly correlated dimer to a tetramer and finally
a strongly correlated dimer phase. The tetramer regime is identified
with negative Eb (red curve).

studied here, we investigate the dynamical crossover induced
by a sudden quench of the interchain hopping parameter, Jy.
As established in Sec. III B, reducing the interchain hopping
Jy relative to the intrachain hopping Jx shrinks the tetramer
region of the phase diagram [see Figs. 3(a1)–3(a4)]. Conse-
quently, for a fixed set of interaction parameters, tuning the
hopping anisotropy can trigger a transition from a 2D tetramer
to a collection of 1D strongly correlated dimers.

We model this dimensional crossover using an 8 × 5 lattice
with interaction parameters UAB/U = −0.6 and U/Jx = 10.
The system is initialized in the ground state of the isotropic
lattice (Jy = Jx), where the particles form a tightly bound
tetramer. We then linearly ramp the transverse hopping Jy

to zero over a quench duration τQ = 500, thereby effectively
decoupling the system into an array of independent 1D chains.
The slow ramp is deliberately chosen to ensure adiabatic
evolution as the system approaches the highly degenerate
ground-state manifold of the Jy = 0 limit [see Fig. 3(b)].

The structural reorganization during this process is cap-
tured by the instantaneous one-body density, ρ

(1)
(i, j);σ , shown

in Figs. 8(a1)–8(a4). Initially, the density is sharply localized
at the center of the lattice, a hallmark of the 2D tetramer.
As Jy decreases, the tetramer one-body density spreads along
Ly. Upon reaching the decoupled limit (Jy → 0), the density
redistributes into a dimer phase, characterized by a nearly
uniform distribution along Ly within the Lx, except for minor
edge effects.

To resolve the internal structure of these composites, we
examine the two-body reduced density matrices by fixing one
particle at the lattice center (i′, j′) = (3, 2). The interspecies
correlator [Figs. 8(b1)–8(b4)] remains centered at the refer-
ence site (i, j) = (3, 2) throughout the time evolution. This
confirms that, even as the tetramer dissolves, strong local AB
pairing is preserved within the resulting dimers. In contrast,
the intraspecies correlator [Figs. 8(c1)–8(c4)] undergoes a
dramatic transformation during the quench. The initial distri-
bution is sharply peaked at (i, j) = (4, 2), indicating that the
probability of finding particles of the same species at nearest-
neighbor sites is maximized due to the effective dimer-dimer
attraction within the tetramer, as argued earlier. As the quench
progresses, this characteristic tetramer signature evolves into
a structure featuring a distinct central minimum along the
Lx direction. By the end of the quench (t = 500), the two
A particles (and similarly the two B particles) preferentially
occupy distinct 1D chains at different Ly positions, thereby
minimizing their mutual intraspecies repulsion U in the de-
coupled limit.

This spatial redistribution explains the absence of the local-
ized “humplike” features in the 2D one-body density, which
are a hallmark of 1D bound complexes [compare Figs. 8(a3)
and 8(a4) with Fig. 5(a1)]. By populating distinct 1D chains,
the particles effectively bypass the energy penalty imposed by
U . Furthermore, this evolution confirms that the system has
successfully transitioned into the tenfold degenerate ground-
state manifold of the decoupled limit. In this regime, the

FIG. 8. Geometric quench from 8 × 5 to array of uncoupled 1D chains. Dynamical crossover from an initial tetramer to a strongly
correlated dimer state, triggered by linearly ramping hopping strength Jy/Jx from 1 at t = 0 to 0 at t = 500 for U/Jx = 10, UAB/U = −0.6, and
τQ = 500. Instantaneous profiles of one-body density matrix [panels (a1)–(a4)] and two-body reduced density matrices showing interspecies
[panels (b1)–(b4)] and intraspecies [panels (c1)–(c4)] correlations during the dynamics. (d) Overlap of the dynamical state with the equilibrium
tenfold degenerate ground-state manifold at Jy = 0, achieving a value O ≈ 1 at the end of quench. (e) Entanglement entropy and binding energy
during dynamics. The crossover from bounded state to unbounded state occurs at t ≈ 344.
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two AB dimers are free to occupy any combination of the
available chains to minimize the total energy, consistent with
the degeneracy arguments presented in Sec. III B.

We quantify the transition’s progress using the many-body
fidelity O(t ), defined as O(t ) = ∑

α |〈�eq
gs,α (Jy = 0)|�(t )〉|2,

where α labels the different ground states with tenfold degen-
eracy at Jy = 0. As shown in Fig. 8(d), the fidelity starts at a
low value (≈0.35), reflecting the distinct symmetry of the 2D
tetramer, but converges to O ≈ 0.998 by the end of the ramp.
This confirms that the quench effectively prepares the system
in the target dimer manifold. We also track the binding energy
[right axis, Fig. 8(e)] to assess the system’s transition. The
transition is marked by the vanishing of the binding energy
at t ≈ 344, signaling the point where the four-body bound
state becomes energetically unstable and dissociates into two
independent dimers. The entanglement entropy grows linearly
as the system explores the expanding configurational space
during the crossover [Fig. 8(e)].

V. CONCLUSIONS

In this work, we have characterized the formation of few-
body bound states, specifically dimers and tetramers, within
the ground state and nonequilibrium dynamics of a particle-
balanced, four-body binary mixture in an optical lattice. Using
binding energy and interspecies entanglement entropy as pri-
mary diagnostics, we mapped the regions of existence of these
complexes across a phase diagram spanned by the attractive
interspecies and repulsive intraspecies interactions. Starting
from 1D lattices, we have systematically extended our analy-
sis to arrays of coupled chains, thereby understanding the role
of dimensionality through controlled variation of the number
of chains and the interchain hopping strengths. Guided by the
resulting equilibrium phase diagrams, we have investigated
the dynamical formation of such states following quenches of
both interactions and interchain tunneling. To interpret these
processes, we integrated local density matrices with global
measures, such as state fidelity and entanglement growth, to
quantify the efficiency of the dynamical preparation and the
buildup of many-body correlations.

Focusing on the ground-state properties, we have found
that as the system becomes increasingly extended in the
transverse direction, the tetramer phase expands substantially,
occupying regions of the phase diagram where it is absent in a
strictly 1D lattice. Most importantly, by tuning the interchain
hopping Jy from zero to finite values in a 2D lattice, we have
demonstrated that the system undergoes a transition from a
highly degenerate manifold of spatially separated dimers to
a localized tetramer ground state. This transition is driven by
the lifting of 1D configurational degeneracies and a significant
gain in kinetic energy as particles exploit transverse hopping
pathways.

Microscopically, these states are uniquely identified by
their distinct correlation signatures. The tetramer is char-
acterized by a sharply peaked diagonal in the interspecies
density matrix, accompanied by a minimized depletion in the
intraspecies matrix. This indicates that particles of the same
species preferentially occupy nearest-neighbor sites, signal-
ing the formation of a tightly bound, four-body cluster. In
contrast, the strongly correlated dimer phase is distinguished

by two spatially separated peaks in the one-body density
and the emergence of symmetric, off-diagonal lobes in the
intraspecies correlations. These lobes reflect the spatial sep-
aration of two distinct composite pairs, driven by effective
intraspecies repulsion. As the effective dimensionality of the
system increases, either by adding additional lattice chains
or by tuning the interchain hopping parameter, the nearest-
neighbor distribution of intraspecies two-body correlations
becomes increasingly concentrated around the reference site,
while preserving a dip at the reference-site position. This
indicates that, compared to a strictly 1D lattice, a 2D configu-
ration relaxes kinetic constraints, allowing proximity between
particles and thereby enhancing the likelihood of bound-state
formation. In addition, by extending our analysis to larger
particle numbers, we identify the formation of higher-order
bound complexes, including hexamers and octamers. Al-
though the parameter regime supporting bound states becomes
progressively narrower with increasing N , the enhancement
of stability with increasing dimensionality remains robust.
This demonstrates that the increased dimensionality provides
a generic mechanism for stabilizing composite bound states
beyond the few-body limit.

Our dynamical simulations demonstrate that strongly cor-
related dimer and tetramer states can be prepared from a
weakly correlated dimer via experimentally viable interac-
tion and geometric quenches. Following linear ramps of the
interaction strength, the system undergoes a distinct struc-
tural bifurcation depending on the final interaction regime.
In the weakly to strongly correlated dimer quench, the ini-
tially delocalized density evolves into a stable double-peak
structure, characterized microscopically by off-diagonal lobes
in the intraspecies two-body density matrices, signaling the
spatial separation of repulsive pairs. Conversely, the weakly
correlated dimer to tetramer quench triggers the formation of
a single sharply localized one-body density peak at the lattice
center, supported by a strong interspecies two-body diagonal
correlations. The high state fidelities O → 1 and the satu-
ration of binding energy at the characterized values confirm
that these quenches faithfully prepare the target ground-state
phases. By quenching the interchain hopping Jy, we real-
ize a controlled transition from a two-dimensional tetramer
to a collection of one-dimensional dimers. This geometric
quench drives a transverse delocalization of the one-body
density and a reorganization of two-body correlations: while
local AB pairing remains robust, particles of the same species
redistribute across distinct chains to minimize intraspecies re-
pulsion. The transition of the binding energy to Eb > 0 and the
convergence of the fidelity to the tenfold degenerate manifold
of the decoupled limit confirm the dynamical dissociation of
the four-body cluster into spatially separated dimers.

Looking forward, the insights gained in this work provide
a robust foundation for several future research avenues. A nat-
ural extension is to study the hopping imbalance case [72,73],
or species imbalance case, and how these few-body bound
complexes gradually evolve into self-bound lattice liquids
at finite density [74–76]. Addressing this crossover will
likely require a synergistic approach that combines ex-
act diagonalization with advanced ab initio methods such
as ML-MCTDHX [77–80]. A particularly intriguing direc-
tion involves extending this framework to Bose-Fermi or
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Fermi-Fermi mixtures [81], where Pauli blocking is expected
to introduce unique constraints on the formation of bound
states. Furthermore, investigating the role of long-range inter-
actions, such as dipolar couplings [82], could reveal additional
features due to anisotropic interactions (depending on the
orientation of dipoles) in the few-body phase diagram. Finally,
our established quench protocols offer a clear roadmap for fu-
ture experiments. Utilizing quantum gas microscopy [58,59],
it is now feasible to probe the real-time synthesis and frag-
mentation of these exotic quantum complexes with single-site
resolution, providing a direct experimental test of the correla-
tion dynamics predicted here.
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APPENDIX A: TWO-BODY STATES—AB PAIR

With two particles, one of each species, on an 8 × 8 lattice
with isotropic hoppings, the ground state corresponds to a
two-particle bound state, an “AB pair,” arising from the attrac-
tive interspecies interaction, which lowers the total energy by
inducing pairing between the two species. However, depend-
ing on the strength of the attractive interaction, the pair has
a sharp or delocalized spatial extent. These two-body pairs
serve as the building blocks of larger bound complexes, and
define the geometric structure there. Thus, it is meaningful
to quantify the spatial extent of the pair by computing the
separation between its two constituents, defined as

Rσσ ′ = a
∑

(i, j),(i′, j′ )

ρ
(2)
(i, j),(i′, j′ ); σσ ′

√
((i − i′)2 + ( j − j′)2),

(A1)

where a denotes the lattice spacing. Figure 9(a) shows R2
σσ

(green curve), the size of the AB pair as a function of
UAB/(20Jx ), clearly distinguishing regimes of tightly bound
and weakly bound AB pair. Figures 9(b1)–9(b4) present the
two-body reduced density matrices for selected values of
UAB/Jx, indicated by green diamonds in panel (a). For large
|UAB/Jx|, the correlator is sharply localized at the reference
site, with only minimal spreading to neighboring sites [pan-

FIG. 9. Two-body AB pair on an 8 × 8 lattice. (a) Size of the
AB pair, R2

σσ (green curve), for a two-particle system as a func-
tion of UAB/(20 Jx ). Corresponding average separation between two
particles of the same species Rσσ (red curve), for a four-particle
system comprising two particles of each species as a function of
UAB/U at U/Jx = 20. (b1)–(b4) Two-body reduced density matri-
ces at UAB/(20 Jx ) = −0.9, −0.5, −0.25, and −0.1, indicated by the
green markers in panel (a).

els (b1) and (b2)], characteristic of a strongly localized AB
pair. In contrast, for smaller |UAB/Jx|, the correlator becomes
increasingly delocalized [panels (b3) and (b4)], consistent
with a larger spatial extent of the AB pair. Finally, returning
back to the four-particle case discussed in the main text, we
calculate the average separation between particles of the same
species. In this case, we choose on-site intraspecies interaction
U = 20 Jx, and vary the ratio UAB/U to facilitate meaning-
ful connections with the two-particle case. The intraspecies
separation (Rσσ ) is shown by the red curve in Fig. 9(a). The
gray dashed line marks the phase boundary separating dis-
tinct four-particle phases, as shown in Fig. 2(a4). For −1 <

UAB/U < −0.75, the tetramer is formed from sharply local-
ized AB pairs. As |UAB/U | decreases, the AB pair becomes
increasingly delocalized, and the system eventually transitions
into a weakly correlated dimer phase at sufficiently small
values of |UAB/U |, as evidenced by R2

σσ ∼ Rσσ . Prior to this
transition, however, diffused AB pairs can still bind to form a

FIG. 10. Effect of boundary conditions. Binding energy for the
1D and 2D lattices with PBCs. Dash-dotted white (black) curve
displays the boundary separating the tetramer phase for N = 4 in 1D
and 2D lattices with open (periodic) boundary conditions. The green
dashed curve, which demarcates the weakly and strongly correlated
phases, remains similar for the OBC and PBC cases.
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tetramer. This occurs in the range −0.42 < UAB/U < −0.16,
where Rσσ (red curve) exhibits a local minimum, consistent
with the formation of a bound state.

APPENDIX B: EFFECT OF BOUNDARY CONDITIONS

To assess the role of finite-size effects in our study, we
present results obtained using PBCs in all spatial directions.
For this analysis, we consider the case NA = NB = 2 on a
1D chain with 16 sites and on a 2D 8 × 8 lattice, allowing
us to examine the different phases of the system. Figure 10
shows the binding energy, where the black dash-dotted curve
marks the boundary separating the tetramer and dimer phases.

For comparison, the corresponding transition boundary ob-
tained with OBC is shown by the white dash-dotted curve.
We observe that the tetramer phase is slightly enlarged under
PBCs, extending toward lower values of |UAB/U |. However,
the overall structure of the phase diagram remains qualita-
tively unchanged for the two choices of boundary conditions.
Most importantly, we find that, compared to the 1D case, the
tetramer phase occupies a significantly larger region of the
phase diagram in the 2D lattice. This clearly indicates that
the stabilization of bound states is enhanced with increasing
lattice dimensionality. The green dashed curve, which de-
marcates the weakly and strongly correlated phases, remains
similar for the OBC and PBC cases.

[1] A. Bulgac, Dilute quantum droplets, Phys. Rev. Lett. 89,
050402 (2002).

[2] S. Mistakidis, A. Volosniev, R. Barfknecht, T. Fogarty, T.
Busch, A. Foerster, P. Schmelcher, and N. Zinner, Few-body
Bose gases in low dimensions—a laboratory for quantum dy-
namics, Phys. Rep. 1042, 1 (2023).

[3] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Feshbach
resonances in ultracold gases, Rev. Mod. Phys. 82, 1225 (2010).

[4] M. Greiner, O. Mandel, T. Esslinger, T. W. Hänsch, and I.
Bloch, Quantum phase transition from a superfluid to a Mott
insulator in a gas of ultracold atoms, Nature (London) 415, 39
(2002).

[5] I. Bloch, Ultracold quantum gases in optical lattices, Nat. Phys.
1, 23 (2005).

[6] O. Morsch and M. Oberthaler, Dynamics of Bose-Einstein con-
densates in optical lattices, Rev. Mod. Phys. 78, 179 (2006).

[7] M. Lewenstein, A. Sanpera, V. Ahufinger, B. Damski, A.
Sen(De), and U. Sen, Ultracold atomic gases in optical lattices:
Mimicking condensed matter physics and beyond, Adv. Phys.
56, 243 (2007).

[8] I. Bloch, J. Dalibard, and W. Zwerger, Many-body physics with
ultracold gases, Rev. Mod. Phys. 80, 885 (2008).

[9] D. S. Petrov, Quantum mechanical stabilization of a collapsing
Bose-Bose mixture, Phys. Rev. Lett. 115, 155302 (2015).

[10] D. S. Petrov and G. E. Astrakharchik, Ultradilute low-
dimensional liquids, Phys. Rev. Lett. 117, 100401 (2016).

[11] G. E. Astrakharchik and B. A. Malomed, Dynamics of one-
dimensional quantum droplets, Phys. Rev. A 98, 013631 (2018).

[12] K. Mukherjee, T. A. Cardinale, L. Chergui, P. Stürmer, and
S. M. Reimann, Droplets and supersolids in ultra-cold atomic
quantum gases, Eur. Phys. J.: Spec. Top. 232, 3417 (2023).

[13] F. Brauneis, A. G. Volosniev, and H.-W. Hammer, Two-
dimensional bosonic droplets in a harmonic trap, Phys. Rev. A
111, 063308 (2025).

[14] I. A. Englezos, P. Schmelcher, and S. I. Mistakidis, Multicom-
ponent one-dimensional quantum droplets across the mean-field
stability regime, SciPost Phys. 19, 133 (2025).

[15] H. Kadau, M. Schmitt, M. Wenzel, C. Wink, T. Maier, I. Ferrier-
Barbut, and T. Pfau, Observing the Rosensweig instability of a
quantum ferrofluid, Nature (London) 530, 194 (2016).

[16] I. Ferrier-Barbut, H. Kadau, M. Schmitt, M. Wenzel, and T.
Pfau, Observation of quantum droplets in a strongly dipolar
Bose gas, Phys. Rev. Lett. 116, 215301 (2016).

[17] M. Schmitt, M. Wenzel, F. Böttcher, I. Ferrier-Barbut, and T.
Pfau, Self-bound droplets of a dilute magnetic quantum liquid,
Nature (London) 539, 259 (2016).

[18] L. Chomaz, S. Baier, D. Petter, M. J. Mark, F. Wächtler, L.
Santos, and F. Ferlaino, Quantum-fluctuation-driven crossover
from a dilute Bose-Einstein condensate to a macrodroplet in a
dipolar quantum fluid, Phys. Rev. X 6, 041039 (2016).

[19] C. R. Cabrera, L. Tanzi, J. Sanz, B. Naylor, P. Thomas, P.
Cheiney, and L. Tarruell, Quantum liquid droplets in a mixture
of Bose-Einstein condensates, Science 359, 301 (2018).

[20] P. Cheiney, C. R. Cabrera, J. Sanz, B. Naylor, L. Tanzi, and
L. Tarruell, Bright soliton to quantum droplet transition in a
mixture of Bose-Einstein condensates, Phys. Rev. Lett. 120,
135301 (2018).

[21] I. Ferrier-Barbut, M. Wenzel, F. Böttcher, T. Langen, M. Isoard,
S. Stringari, and T. Pfau, Scissors mode of dipolar quantum
droplets of dysprosium atoms, Phys. Rev. Lett. 120, 160402
(2018).

[22] G. Semeghini, G. Ferioli, L. Masi, C. Mazzinghi, L. Wolswijk,
F. Minardi, M. Modugno, G. Modugno, M. Inguscio, and M.
Fattori, Self-bound quantum droplets of atomic mixtures in free
space, Phys. Rev. Lett. 120, 235301 (2018).

[23] J. J. A. Houwman, D. Baillie, P. B. Blakie, G. Natale, F.
Ferlaino, and M. J. Mark, Measurement of the excitation spec-
trum of a dipolar gas in the macrodroplet regime, Phys. Rev.
Lett. 132, 103401 (2024).

[24] L. Cavicchioli, C. Fort, F. Ancilotto, M. Modugno, F. Minardi,
and A. Burchianti, Dynamical formation of multiple quantum
droplets in a Bose-Bose mixture, Phys. Rev. Lett. 134, 093401
(2025).

[25] E. Tempfli, S. Zöllner, and P. Schmelcher, Binding between
two-component bosons in one dimension, New J. Phys. 11,
073015 (2009).

[26] G. Bougas, S. I. Mistakidis, P. Giannakeas, and P. Schmelcher,
Few-body correlations in two-dimensional Bose and Fermi ul-
tracold mixtures, New J. Phys. 23, 093022 (2021).

[27] L. Chergui, J. Bengtsson, J. Bjerlin, P. Stürmer, G. M.
Kavoulakis, and S. M. Reimann, Superfluid-droplet crossover
in a binary boson mixture on a ring: Exact diagonalization
solutions for few-particle systems in one dimension, Phys. Rev.
A 108, 023313 (2023).

[28] F. Theel, S. I. Mistakidis, and P. Schmelcher, Crossover from
attractive to repulsive induced interactions and bound states

033111-13

https://doi.org/10.1103/PhysRevLett.89.050402
https://doi.org/10.1016/j.physrep.2023.10.004
https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1038/415039a
https://doi.org/10.1038/nphys138
https://doi.org/10.1103/RevModPhys.78.179
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/PhysRevLett.115.155302
https://doi.org/10.1103/PhysRevLett.117.100401
https://doi.org/10.1103/PhysRevA.98.013631
https://doi.org/10.1140/epjs/s11734-023-00991-6
https://doi.org/10.1103/PhysRevA.111.063308
https://doi.org/10.21468/SciPostPhys.19.5.133
https://doi.org/10.1038/nature16485
https://doi.org/10.1103/PhysRevLett.116.215301
https://doi.org/10.1038/nature20126
https://doi.org/10.1103/PhysRevX.6.041039
https://doi.org/10.1126/science.aao5686
https://doi.org/10.1103/PhysRevLett.120.135301
https://doi.org/10.1103/PhysRevLett.120.160402
https://doi.org/10.1103/PhysRevLett.120.235301
https://doi.org/10.1103/PhysRevLett.132.103401
https://doi.org/10.1103/PhysRevLett.134.093401
https://doi.org/10.1088/1367-2630/11/7/073015
https://doi.org/10.1088/1367-2630/ac0e56
https://doi.org/10.1103/PhysRevA.108.023313


GAUR, MUKHERJEE, AND REIMANN PHYSICAL REVIEW RESEARCH 8, 033111 (2026)

of two distinguishable Bose polarons, SciPost Phys. 16, 023
(2024).

[29] L. Chergui, F. Brauneis, T. A. Cardinale, M. Schubert, A. G.
Volosniev, and S. M. Reimann, Transition from spontaneous to
explicit symmetry breaking in a finite-sized system: Bosonic
bound states of an impurity, Phys. Rev. A 111, 053307 (2025).

[30] T. G. Backert, F. Brauneis, M. Čufar, J. Brand, H.-W. Hammer,
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