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Fluctuation dissipation relations for the nonreciprocal Cahn-Hilliard model
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Recent results demonstrate how deviations from equilibrium fluctuation—dissipation theorem can be quantified
for active field theories by deriving exact fluctuations dissipation relations that involve the entropy production [M.
K. Johnsrud and R. Golestanian, Phys. Rev. Res. 7, L032053 (2025)]. Here we develop and employ diagrammatic
tools to perform perturbative calculations for a paradigmatic active field theory, the nonreciprocal Cahn-Hilliard
(NRCH) model. We obtain analytical results, which serve as an illustration of how to implement the recently
developed framework to active field theories, and help to illuminate the specific nonequilibrium characteristics

of the NRCH field theory.

DOLI: 10.1103/flzv-1q7x

Introduction. Fluctuation dissipation relations (FDRs) are
ubiquitous in equilibrium statistical physics. As consequences
of an underlying time-reversal symmetry, they relate the dis-
sipative relaxation of a system to its random fluctuations.
These identities are powerful demonstrations of how funda-
mental properties at the microscopic level can be leveraged to
make statements about the macroscopic behavior of a system.
In the same spirit as the relationship between symmetries
and conservation laws, invariance of a model under a trans-
formation allows us to derive identities relating correlations
and response functions [1-3]. If the system is driven out
of equilibrium, these symmetries no longer apply and the
restrictions that lead to the FDRs are lifted. Early examples
of generalizing such relations are the fluctuation theorems
of Jarzynski [4] and Crooks [5]. Although the symmetry is
lost, these relations are still deeply connected to time reversal
as they relate the probability of forward- and backward-time
paths [6]. A notable example of a nonequilibrium FDR is the
Harada-Sasa relation [7-9], which connects the total deviation
from the equilibrium FDR to the entropy production, which is
a measure of the irreversibility of the dynamics.

In the emerging subject of active matter [10], an impor-
tant aim is to connect microscopic dynamics that explicitly
break time-reversal symmetry to emergent, macroscopic be-
havior. A powerful way to achieve this goal is by using field
theories, especially those that can be systematically coarse-
grained such that the connection across the scales can be made
manifest [11-23]. In these cases, we do not have access to
equilibrium FDRs, with a small number of exceptions, such
as the Kardar-Parisi-Zhang (KPZ) equation in one dimension
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[24]. A systematic strategy to determine relationships out of
thermal equilibrium between fluctuations, response functions,
dissipation, and time reversal is therefore coveted, with exam-
ples including efforts such as generalizing the Harada-Sasa
relation to active field theories [25]. In a companion paper
[26], we derive explicit and exact formulas for the deviation
from the equilibrium FDR in active field theories by applying
time-reversal transformations in the response-field formalism
[27,28]. The tools developed there can be used to make pow-
erful statements about active field theories, such as finding a
reduced set of equilibrium FDRs that hold for systems with
odd mobility, or shedding light on the suitable definition of
entropy production when the symmetries allow for a certain
amount of freedom.

It is important to establish how the formal relations derived
in Ref. [26] can be implemented in practice. To follow the
standard strategy of dealing with field theories [1], we will
naturally need to develop a perturbative diagrammatic frame-
work. By treating simple expectation values in a nonlinear
model as a series of more involved expectation values in a
linear model, one can systematically approximate and evalu-
ate the quantities in question [29]. Analogously, we can treat
time-reversed quantities as a series of time-forward quantities,
allowing us to apply the tools of perturbative field theory. The
developed framework allows us to derive directly applicable
relations between the correlation functions and the response
functions in a systematic fashion, yielding generalizations of
the equilibrium fluctuation-dissipation theorem (FDT).

In this Letter, we demonstrate how the above strategy can
be developed using the specific example of the nonrecipro-
cal Cahn-Hilliard (NRCH) model [21,22]. This is a minimal
model for interactions that break the action-reaction symme-
try [30-36], and consequently, time-reversal symmetry, which
implies that the FDT does not apply. To apply the formal
FDRs found in Ref. [26] to the NRCH model, we develop
a diagrammatic perturbative expansion and obtain relations
between correlation and linear response that are valid far from
equilibrium. We will first introduce the NRCH model, and
then illustrate the techniques in a linear version of the model,
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FIG. 1. Illustration of the NRCH model. (a) At the microscopic
level, red and blue particles catalyze chemical reactions that involve
the chemical c, illustrated in green, which mediates their nonrecipro-
cal interaction [30,37]. (b) This gives rise to effective interactions K,
acting on the species described by the densities ¢,. (c) The forces K,
originate from two different sources: the equilibrium component that
derives from a free energy F, here taken as a Mexican-hat potential
[in addition to surface tension term o (V¢)?], plus nonreciprocal
forces W,. (d) These forces break time-reversal symmetry, leading
to the emergence of a steady state in the form of a traveling pattern
with a nonzero current J.

before generalizing them to the full nonlinear model. While
we choose a specific model for the calculations in this paper,
the developed approach is directly applicable to other active
or otherwise nonequilibrium models [26].

The NRCH model. The effective interactions of living or
synthetic agents that constitute nonequilibrium active mat-
ter will generically have broken action-reaction symmetry
[30,31,33,38]. As a concrete example, we consider catalyt-
ically active particles, which can be propelled by gradients
of the reactant and product molecules described by chemical
concentration fields c;(x,t) [39]. The chemical fields then
naturally act as mediators of effective interactions between
catalytically active particles, because they act as sources and
sinks of the chemicals while they simultaneously respond to
the chemical gradients V¢; produced by other particles. In
mixtures of different types of catalytically active particles,
since the rates of the production and consumption of the
chemicals and the strengths of the coupling to the gradients
generically differ for the different species, their interactions
will be nonreciprocal [40]. In cases where the chemical fields
are screened—due to the Michaelis-Menten kinetics of the
reaction or decay—the interactions are finite-ranged [41,42].
At the level of dynamical field theory for the density of
the catalytically active particle, ¢, (x, ), the interactions will
manifest themselves in the form of a local effective force,
K,[¢], which will generically be nonreciprocal [21]. This is
illustrated in Fig. 1 .

The NRCH model is an extension of the Cahn-Hilliard
model [43—45], which describes the equilibrium dynamics of
phase separation, to systems with broken action-reaction sym-
metry [21,22]. It takes the form of a stochastic field equation

dpax, 1) = =V TK,[pl(x, 1) + vV —=2V2D E,(x, 1), (1)

where I is the mobility and D is the noise strength. The force
can be represented as follows:

Flo]

Ka[(p] = - 8(/)

+ Walgl, @)

where F is the free energy, and W,[¢] is a nonreciprocal
interaction. For two species, the latter takes the form

Wale]l = gloleawen, (3)

where € is the antisymmetric Levi-Civita tensor obeying
€10 = —€31 = 1, and g[g] is a functional of ¢,. Summa-
tion over repeated indices is implied. This form cannot be
written as a functional derivative of a free energy, thus break-
ing time-reversal symmetry. Equations (2) and (3) represent
the Helmholtz decomposition of the force in ¢, space into
its dlvergence -free and curl-free parts, as f ‘SW" =0 and

f €api— 8(0 6% = 0. Moreover, Egs. (2) and (3) glve rise to a
steady-state entropy production of the form

r
Stgl = / e, W13, 1), @)

where we have used the shorthand f, . = [dr [ dx.

The NRCH features traveling waves [21,22] that represent
an underlying true long-range polar order even in two di-
mensions [23], effervescent phases [46], topological defects
[47,48], as well as complex spatiotemporal patterns in multi-
component systems [49]. Entropy production in NRCH has
also been the subject of recent investigations [50,51]. The
model is taken to be invariant under rotations in ¢, [i.e.,
SO(2) symmetry] [23,46,47], as illustrated in Fig. 1, since
both F and g depend only on ¢* = ¢? + 3. Invoking this
symmetry renders NRCH theory as the conserved general-
ization of the complex Ginzburg-Landau equation with noise
[52]. This restricted model serves to simplify analysis, while
it has still been shown to feature the main nonequilibrium
phenomenology of the NRCH [23,46,47].

An important identity for systems with an equilibrium
steady state, such as the Cahn-Hilliard model, is the FDT. It
relates correlation functions, defined in real space as Cgp(x —

"t —1') = (p,(x, )pp(x’, 1)), and the linear response of
the system to a perturbation field h,(x,?), quantified by
the susceptibility x,,. This is defined in Fourier space as
Xab (@ ©)8q1q80rar = g;%(;q g>)> [53]. The susceptibility is re-
lated to the Green’s function G via x = ¢°I"G. Interestingly,
the correlation functions and the Green’s functions are related
as follows:

Cap(q, @) = 2¢*DIGG (g, w), ®)

even in nonlinear nonequilibrium systems, as a consequence
of causality [27,28,54]. The power of the FDT is that C
and x (or G) are important observables of the system, both
experimentally and theoretically. Lack of such stringent cri-
teria is one of the reasons generalizing statistical mechanics
to systems far from equilibrium is such a daunting task.
Here, by applying methods from perturbative field theory on
the FDRs proposed in Ref. [26], we derive the following
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identity:
Gup(q, ©) — Cac(q, ©)Co) (—q, —®) Gap(—q, —)
iw
= qz_DCab(qs 0)), (6)

using a one-loop approximation. This relation, which is the
main result of the paper, is as stringent as the FDT; in fact,
an FDT that is valid even in nonequilibrium conditions is
recovered in the reciprocal limit where C = C*. The result
provides a powerful identity for the NRCH class of active
matter, which can be used in experimental or computational
probes of the behavior of such systems.

As quantitative probes, C and G can either be considered
phenomenological at the field-theory level and measured di-
rectly, or connected to a microscopic model. In the former
case, the correlation function is measured from a time series
of the densities ¢,, while G (or the response to perturbations
x) can either be measured by perturbing the system or in-
deed inferred from Eq. (6) given C. The relation holds for
any and all frequencies or wave numbers. In the latter case,
these quantities are functions of the microscopic parameters
accessible to a coarse-graining procedure. For example, the
system of catalytically active particles illustrated in Fig. 1
can be coarse-grained to tie the microscopic dynamics to the
parameters in the field theory [42]. Moreover, the derivation
of Eq. (6) demonstrates how our framework can be used in
practice to derive identities in other nonequilibrium systems
by applying diagrammatic techniques.

FDRs. The action associated with Eq. (1) is [27]

Alp. 9] = / (1@0(3100 + V2TK,) — 292D}, (7)
1,x

where @, is a response field (or auxiliary field) used to
incorporate the noise averaging at the outset. We define
a vector of the response and physical fields, (Y, --) =
(i@1, -+, ¢1,---). In general, we use the indices a, b, c...
when referring to ¢ and @, while 7, j, k . . . refer to the combi-
nation . Matrices acting on i are block matrices acting on
@, and ¢,. We use the shorthand notation

Mag My i(bb
My = , 8
Vi (Ma,; Mub><(ﬂb ®)
and refer to the submatrices as “quadrants”. The tilde on the
subscript (such as M,;) indicate that this element acts on
i@p. The expectation value of a functional O[] is (O[y]) =
[ Dy O[yle AV,

In Ref. [26], we obtain four exact matrix identities:

[5";’2 (G+ -Gl - &cy) GL-G' + L;’—‘;gci} .

G, —G_—i2c, Cc, —C_

qz

©))

J

Aj=—o+ O +

: <%+£QW+ O”Q‘2> +1<+H«+

Here, the sign in the subscript denotes the sign of the ar-
guments, e.g., Cy (g, w) = Cpp(+q, tw). The Hermitian
conjugation is defined as Gl =(Gyo)' = G:TF, and we note that
in Fourier space we have G_ = G7.. The right-hand side of
Eq. (9) is

(Vi(g, 0)¥(g, )™ = 1)) = Aij(g, ©)8g1¢801ar, (10)

where S is the total entropy production operator, defined in
Eq. (4) for NRCH.

Linear model. To introduce the diagrammatic approach
and demonstrate how it works in practice, we start by in-
cluding only the linear terms in the equation of motion. In
this case, the interaction term reads K,[¢] = —[(r — V)8 +
ap€qp]ep, corresponding to F = %fx 0.(r — V)@, and g =
—ap. We consider the FDR given in the lower quadrants of
Eq. (9). For the right-hand side of Eq. (9), we employ a
diagrammatic approach that we develop as follows. The prop-
band Gap =a b
[27]. The response propagator is obtained by inverting the
equations of motion, which in this case can be done explicitly,
yielding

agators are drawn as Cap =@

G = —iwl + ¢°T[(r + ¢*)I + ape], an

where I denotes the identity tensor. The correlation propagator
can be derived using C = 2¢*DGG".

We can, at this point, calculate C explicitly in terms of the
parameters r and « to verify Eq. (6), as is done in Ref. [54];
see Eq. (S17) and the discussion leading up to it. We may
furthermore directly tie it to microscopic models such as the
catalytic active particles, illustrated in Fig. 1. As an example,
in Ref. [42] g (o in their notation) is expressed explicitly
[see their Eq. (A2)] in terms of microscopic parameters such
as the density of the two species, catalytic activity, mobility
and so on. These can further be related to specific exper-
imental setups, such as Janus colloids catalyzing hydrogen
peroxide; see Table 1 of Ref. [42].

We now introduce the tools to derive Eq. (6). By writing the
total entropy production [Eq. (4)] in the following form § =
—Jyo %(puad;,gog‘, we next introduce a vertex corresponding to
“entropy consumption”, namely,

w e
a—ow—,b = 0ab(W)0wtwr = —2zwffoeab5w+w/. (12)

Note that the form of this vertex is model specific, as can be
seen, e.g., from the fact that here it only has two legs, since
the active term is linear.

The lower-left quadrant of the right-hand side of Eq. (9)
is denoted A_ ;. Expanding this as a perturbative series in
the nonreciprocal parameter o (using the diagrammatic rules
introduced above) yields

3O,
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which simplifies to

A=t (et et e ) (O g [O 20 ) s

because the vacuum bubbles—diagrams without external
legs—factorize. These bubbles sum up to (¢~5) = 1 (see Ref.
[54] for details). The remaining connected diagrams are easily

calculated, as we illustrate by writing out the simplest diagram
q,w

q,w
= /Cac<q/7w/)éw’+1/6q’+ko—cd(V)Gdb(_k7_V)éufwékftp
v,k
= Cac(—q, ~w)0ca(w)Gap(—q, —w)Sq-+q/ Ourtor- (15)

a

b

We observe that diagrams with two external legs and no
loops result in the chaining together of propagator and
entropy-consumption vertices, with the signs of the arguments
alternating, yielding

A_ = C_O'+G_ =+ C_O'+C_O'+G_
+ C70'+C7(7+C70'+G7 + T,
=C_O'+[I+C_O'++C_U+C_U++"']G_. (16)

The result is summed as a Dyson series, resulting in A_ ; =
[C_X,G_].p, where we defined a resummed entropy operator

2(q, ®) = [o(w) ' = C(—¢q, —0)]7". (17)

The same techniques can be applied to the other blocks of
Eq. (9). X corresponds to the amputated version of A, and will
therefore appear also there, e.g., for the antisymmetric part
of the correlation function, Cy — C_ = C_X,C_ (note that
C'=C,s0C_= Cf_). A nonvanishing antisymmetric part
of C and the deviation from the FDT are both signatures of
nonequilibrium behavior, and our formalism connects them
through X. All these relations can be verified by explicit
calculation of C and G, as detailed in Ref. [54].

We have further verified our scheme by explicitly calculat-
ing the right-hand side of Eq. (9) in terms of a new action
As =A+ S, for which Dl’.i = (Y;¥;e~5) is the propagator,
and subsequently using A =D’ — D, where D;; = (Y, ;).
This method, however, becomes significantly more cumber-
some for more complex, nonlinear models, as some of the nice
features of the response-field formalism are lost. In particular,
the response-response block D;e i = (Ba@pe™5) will not van-
ish (unlike D). ’

Nonlinear model. The diagrammatic approach allows us to
perform calculations in richer theories. We extend the NRCH
by adding a quartic term, %mp“, to the free energy. We also
add a nonlinear term, —o @€, and a surface tension,
BV2eupp, to the nonreciprocal interaction W,. The total in-
teraction is then

K, = —(r — V2 4+ up®)p, — (2o — BoV? + 19 )eap.
(18)

(

This version of NRCH contains all the relevant terms (in
the renormalization group sense) with rotational invariance
[55,56], and has been used as a testing ground for exploring
the effects of nonreciprocity in conserved systems [46—48].
The free energy and traveling wave state are illustrated Fig. 1.

The Green’s function for the linearized dynamics is
now given by G = —iwl + ¢*T[(r + ¢*)I + (ap + Pog?)e].
Moreover, the response action A[yr] acquires the additional
interaction term

Ally] = —/ T 8abed 1PaPrPePas (19)
tx

where gupca = (USap + @1€4p)8c4. The entropy is now

1
S=— / (E%(i%pawb + 0% Gupppep d>7 20)
r.x

where we have defined the entropy consumption couplings

2
. oo+ . Lo

Gﬁ) = —ZZwFO—'Boqeab, a‘fgzd = —la)l"—leabécd, 21
D D

representing a four-point vertex, in addition to the original

two-point vertex. These new terms are represented graphically

by four-point vertices as follows:
b d b d

_ _21,4) )
=-q Fga(bcd)’ - Ua(bcd)' (22)

a c a Cc

The first vertex is the standard interaction vertex in dynam-
ical field theory, while the second is a new addition, which
represents the interaction needed for the time-reversed expec-
tations. The arrow symbolizes the leg of the frequency w, and
the parenthesis around the indices indicate symmetrization.
(We choose not to symmetrize with respect to a to avoid
having a complicated w dependence.)

Following standard treatments of perturbative field the-
ory, we systematically approximate quantities, such as the
“renormalized” Green’s function Gy for the full nonlinear
equations in a loop expansion.

At the one-loop level, we may write
l—lgop

Ay = ooy = 1)) =T A + AP

= (Y (e — 1)) + (i (e = 1)e™)

o
(23)

where expectation values with a zero subscript are taken in the
linear theory. We have here defined S = S, + S, where S, is
the entropy consumption associated with o®, and S, derives
from ™. The terms A" and A® include only one of the
four-point vertices each, which simplifies the calculations.
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We will first consider A, which means we only have
the two-point entropy-consumption vertex, but we have the
standard four-point interaction vertex representing g*. The
corrections to G and C are given by the self energy, for which
the leading order (one-loop) correction is _ () . Through
a Dyson series structure, this gives rise to the renormalized
propagators (pg) = —&— and (pip) = —&~~, with renor-
malized r and o parameters, namely, rg = r 4+ 87 and op g =
ap + o, which are the only parameters that are renormalized
to one-loop order. These calculations are detailed in Ref. [54].
As we only consider the FDR between two-point functions
here, we need not consider the renoramlization of u# and «;
[56].

The diagrammatic expansion for A is significantly more
complicated when we include interactions. We find that a

J

large portion of the diagrams corresponds to the renormal-
ization of the propagators C and G, and all corrections to
AM above and beyond this are contained in a renormalized
entropy-consumption vertex o,(e%i)j = =(_)= which is the sum

of 0@ and all of its one-particle irreducible (1PI) corrections.
Note that 01321.)‘ has external legs corresponding to both ¢
and @ (similzirly to D;;). It is therefore more appropriate to
consider the physical fields and the response fields on an
equal footing, as indicated by the double legs representing
Y;. We denote D = , and the corresponding renor-
malized propagator D = == We may now write out
the interacting version of Eq. (14) by simply substituting
the propagators and vertices with their renormalized counter-
parts. This yields a result similar to the tree-level summation,
namely

AL, = =@+ (8= @08+ -80BO8= ) 1+ D+ ;[ D2 D+ ) e

where the expression in the second parentheses adds up to
unity. The details are presented in Appendix A, while the
calculation of o,(ez) is shown in Appendix B. The calculation
of A@ is similar, though not without subtleties, and can be
found in details in Appendix C. Similarly to the case at tree
level, A and A® are written in terms of resummed entropy
operators, 2312,2) and EI(;”, respectively. However, these now
contain the perturbative corrections to the entropy consump-
tion in the form of regularized quantities: §r, oy, and the
divergent integral 10(1l ),

Discussion. Using the one-loop calculations, we observe
that by defining Xy = 21(3) + 24 we obtain a result that is
independent of [ D with only the lower-right quadrant being
nonzero. This calculation yields the following FDRs, verified
at one-loop order:

Cry — Cr— = Cr-Zp4Cr, (25)
iw
Gry — Gg- — ﬁcm = Cr-2g+Gg-, (26)
iw " iw - 7
D_q2 GR+ — GR+ — D—qzCR_ = GR_ER+GR—- 27)

We may utilize these expressions to eliminate ¥. From
Eq. (25), we obtain Xg; = Cr'(Cg:Cg' — I), which can be
inserted into Eq. (26) to yield Eq. (6). Similarly, inserting this
form into Eq. (27) gives

2io[G—-G' =2 c) =176 =1, (28)
q*D

where we employ the notation |A|> = AAT and drop the sub-
scripts for notational convenience. We observe that the same
motif appears in both of these equations: the deviation of
C*7'C and |G*~' G|? from the identity captures the deviation
away from the equilibrium FDT. These identities are as strin-
gent as their equilibrium counterparts, in the following sense:

(

given a measurement of the physical correlation function Cppy
of some system, one can infer the properties of Gppy, O Xphy»
directly.

As discussed in Ref. [26], A (and thus X) can
be related to total entropy (S) using the field-theoretic
Harada-Sasa relation [25], by applying the functional trace
TrA = LT fq‘w Auu(q, ) where L is the system size and T
is the total observation time. We find [26]

(—$) = Tr¢’DG* ' SG* = Tr C*, (29)

where we have used Eq. (5) and the cyclic property of the
trace. Since ©C* = C*~!C — I, we find that the motif dis-
cussed above is again observed. We can compare this result
to the entropy obtained for the linear theory, given by the
bubble diagram (—Sp)g = (» = TroC (see Ref. [54]). This
illustrates that, indeed, X is a renormalized version of the
two-point entropy consumption vertex o. We note further that
.C* is precisely the operator that appears in the diagram d®
in Appendix B.

The procedure presented in this paper can be applied to
any out-of-equilibrium system that satisfies the assumptions
of Ref. [26] (mainly time and space translational invariance).
The recipe is as follows: (i) Define the time-reversal trans-
formation 7. As discussed in Ref. [26], the lack of a T
symmetry can introduce some freedom in choosing 7. A
fortuitous choice may even yield exact results at this step, such
as the case of models with odd mobility [26]. (ii) Calculate
the entropy S = TA — A, and use it to write down the FDRs
[Eq. (9)], and extract the entropy consumption vertices o.
Depending on the theory, these may have two or more legs.
(iii) Perform the diagrammatic expansion and calculate the
diagrams. At this stage there might be simplifications for any
given theory, such as the following observation in the case of
NRCH: the fact that only the lower-right quadrant of Xy is
nonzero allowed us to derive Eq. (6). Another example can be
observed for the case of KPZ: if the dynamics involves only
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one field, then C = C* and G* = G, thereby connecting the
FDRs and greatly reducing the calculations needed.

To summarize, we have introduced a framework to quan-
tify deviations from the equilibrium fluctuation dissipation
relations in active field theories, in the form of a diagram-
matic formalism that allows for perturbative calculations of
the observables of interest. With this, we are able to perturba-
tively write down identities relating the correlations and the
response functions, as well as the entropy production. The
calculations performed here demonstrate the strength of the
developed framework using the specific example of the NRCH
model, and gives important insight into the particular nonequi-
librium character of NRCH. In the accompanying paper, we
sketch how similar calculations can be performed for other
active field theories [26] as well as other non-equilibrium field
theories such as the KPZ equation [24].
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Appendix A: Loop expansion of AV Calculations in non-
linear field theories are done by expressing expectation values
of the full interacting field theory, as perturbation series in
the free theory denoted by a zero subscript, (O) = (Qe™1),.
Here, A; is the part of the response-field action containing
the interaction vertex. Thus, Ag ij = (Ve 2 — e M) is
an expansion both in the number of loops and powers of «y,
leading to a large set of diagrams.

Consider the diagrams that this expansion will give rise to.
First, we see that where there is a propagator in Eq. (13), there
will now be a renormalized propagator. In addition, there will
be new loops in the bubbles, and diagrams similar to those
that renormalize C and G, but containing one or more entropy-
consumption vertices. As an illustration, we write the first few
diagrams in the expansion of Afllb),

OO0+, ©+F+00+ .

Rab—w-f' 2 + BB+ & & ®

+&+Q+%+w@+%+%+

(AD

+JL+4L+%+QQ+QQ+QQ+

Here, we have only included enough terms to illustrate how we can perform a resummation of the expansion. In fact, we can
capture all the remaining new terms with the definition of the renormalized entropy consumption operator,

OR ,4]

o _ +&+Q+@+@+...+&+Q+W@+

(A2)

Notice that these diagrams are “amputated”. To obtain the diagrams of Ag, we attach propagators to the end of each side of the
diagrams. Forexample, & =C_Q G'. Notice here that the external legs correspond to both ¢ and i, which is why we

have given the object ij indices. One can see that the definition given above directly captures all diagrams in the second line, and
the three first ones in the third line. The three last terms in the third line are then constructed by chaining together CR, Gg, and
a,g ). in the same way as was done with C, G, and o before. These three particular diagrams are captured by CRUR )GRO'IE )Gr,
leading again to a Dyson series. The second and third lines are thus captured by the diagram in the first parenthesis of Eq. (24).
In fact, this definition also captures all the bubble diagrams. One might expect to have bubble diagrams that connect entropy
vertices alg ) with the renormalized propagators Dg. However, by cutting one of the internal legs of Dg, we notice that this
diagram corresponds to a bubble with only Uz(e ). In diagramatic terms, 3‘@ - ce=0~ . Asa specific example,
take <O — QN € =(=.. It would therefore be double counting to include these bubbles. With these definitions, the
combinatorics are exactly the same as in the linear case, as detailed in Ref. [54], and again, the bubble diagrams factor out. The
case for the other quadrants of AQ) are similar, only with different external legs, so the full expansion is captured by Eq. (24).

Appendix B: One loop dzagrams of oy 2 The leading order in o corrections to the entropy consumption is
T
0 HOWN
O O

2 _

UR,z] - (Bl)
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These diagrams are the same as those renormalizing G and C, detailed in [54], but with the substitution G — Co @G and
C — Co®@C. Calculating these integrals directly gives a divergence that does not seemingly match §7. However, they represent
only the first set of one-loop corrections in an infinite series. For consistency, one has to take into account one-loop corrections
to all orders in o, which results in an exact cancellation, namely

dglb) = Q = Qv» + Q» + QN +eee= _3q29a(bcd) /[C+E£2)C+]cd(V» k) = 0. (B2)

v,k

We can see that this vanishes without performing the integral, as Cy E(_Z)C+ =Cy — I is antisymmetric, and it is contracted
with the symmetric indices of g,(cq)- The one-loop correction to the lower-right quadrant is given as

@ ok + Bok®
d?) = = —6e(dan) / K2(C4 2D G ea(kyw) = 8ai T, I, 1 = / k2<0‘° o ) (B3)

(2m)d r k2

v,k

where we have defined the integral I, D for bookkeeping. We will not need explicit evaluation of this integral, because it cancels
a contribution from A®.

Thus there is no contribution to 0122) 5 and the diagrams contributing to ¢~ vanish, while there is a nonzero correction to
O'R b This contribution may seem puzzling at first, as it is nonzero in the w %0 limit, unlike the bare entropy-consumption
vertices. However, as we will see below, this contrlbutlon w1ll cancel with a term from A®), leaving only corrections oc w. As a

result, only the algz » quadrant of URZ) is nonzero, and Z w1ll have the same form [54].

2 )

Appendix C: Calculation of A™. First, we note that all bare propagators now have the form (y;yje™)o = D’ , where the
prime indicates the presence of the exponential factor. These can be interpreted as the leading order time-reversed propagators
We denote these diagrammatically by a slash, and calculate them as in the linear case above, e.g.,C| = —— = [C o211
This(cz?n be obtained either by using the diagrammatic expansion or by explicit matrix inversion [54]. The lower-right quadrant
of A;;" is then

2>:@+@+@+~--1'R°PW+W+W. €D

Here, we have defined the renormalized primed propagator, Cj, = —%—, in relation to Ck, in the same way as C is defined in
relation to C’, only with o (2) instead of the bare vertex. We have chosen to use the renormalized C and ¢ ®, which is justified as
the differences are of two- loop order (hence only renormalized quantities appear). When doing this, we find expressions similar
to those at tree level, only with renormalized parameters, in the same way as seen in the case of Cg. We have also defined the

new renormalized entropy vertex, as a sum of two-point, one-particle irreducible contributions

g%”:{}:il+@»+@. (C2)

The first two diagrams correspond to the same integral, which we denote as d®, while the last integral is denoted as d®. The

diagrams are
r
d(3) Qb = agb = 3/k e )( w)C (V) = —diway /k M;lc? = —ilwdag—¢€ (C3)

a(bed D

l/7

Here, da is the correction to ¢y from the self-energy, and contains the integral Ig(lz) = f B r-:T; see Ref. [54] for details. The last
one-loop contribution to the deviation from the FDT is

4% = Qb — 6/ ey )Cla(v) = —8on T 151 (C4)

We see that, in fact, d® = —d™ and d® o iw, as expected. We note the appearance of a Dyson series, and define
1 -1 ;11 _
Tht = CelG[ox)  — G ] GGl (©5)

2)
such that AR+ =

legs exclusively, the lower-right quadrant is the only nonzero component, following the pattern from o

= [Cgry ER7CR+]ab The other quadrants of Agz i follow a similar pattern. In fact, as O'Rl has ¢-external

(2) . Thus, we define

L032054-7
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)

Agl,ij = [Dgy E,(f_)DRJr]ij-, where Z,(:Zj has the same form as X2 : it is zero except for the lower-right quadrant given by " ..

Rij>

This can be seen from the diagrammatics, or by performing explicit matrix inversion, as shown in Ref. [54]. Upon adding the
resummed operators, Xz = X R2> + 2124), the contributions from d® and d® cancel, leaving only that from d® o iwda.
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